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Abstract
We study tautological sheaves on the Hilbert scheme of points on a smooth quasi-
projective algebraic surface by means of the Bridgeland-King-Reid transform. We obtain
Brion-Danila’s Formulas for the derived direct image of tautological sheaves or their dou-
ble tensor product for the Hilbert-Chow morphism; as an application we compute the
cohomology of the Hilbert scheme with values in tautological sheaves or in their double

tensor product, thus generalizing results obtained in [16] for tautological bundles.

1 Introduction

Let X be a smooth quasi-projective algebraic surface, X" be the Hilbert scheme of n points
on X. If L is a line bundle on X, there is a natural rank n vector bundle LI on the Hilbert
scheme associated to the line bundle L, called the tautological bundle. In [16] we studied
tautological bundles and their tensor product on the Hilbert scheme with particular attention
to their cohomology. The aim of this note is the generalization of some of the results of [16],
extending them to tautological sheaves. The starting point of this work is the remark that
the universal family Z C X[ x X of the Hilbert scheme is transverse to any coherent sheaf

on X, and that we can consequently define tautological sheaves FI" on the Hilbert scheme

O=
X—XIn]

of kernel Oz; the same remark implies moreover that the tautological functor is exact. We
compute the image of the Bridgeland-King-Reid transform @ : D*(X ") — D%H(X”) of a

tautological sheaf and of a tensor product of them. For a tautological sheaf F[™ we obtain

X[ for an arbitray coherent sheaf F' on X by means of the Fourier-Mukai functor ®

a complete answer in terms of an explicit &,-equivariant complex C} € Dlén (X™), like in
the case considered in [16]. For the tensor product of tautological bundles, to obtain a good
characterization of the image along the lines of [16], we have to restrict ourselves to torsion free
sheaves with pairwisely disjoint singular loci. In order to prove Brion-Danila’s Formulas for
the derived direct images of a tensor product of tautological sheaves for the Chow morphism,
we interpret the invariants of the image of the Bridgeland-King-Reid equivalence in terms of
an invariant Fourier-Mukai functor whose kernel is the sheaf of &,,-invariants of the structural
sheaf Opy, 1) of Haiman’s polygraph D(n, k). We get in this way general formulas for the the
derived direct image of a tautological bundle or for a tensor product of two of them. As an
application we can compute the cohomology of X ("] with value in any tautological sheaf or in
a tensor product of tautological sheaves E'" @ F[™ if the sheaves E and F are torsion free

with disjoint singular loci.



2 Tautological sheaves

Notation 2.1. Let X be a smooth quasi-projective algebraic surface. We will indicate with
X[ the Hilbert scheme of closed subschemes of length n on X, or, more briefly, the Hilbert
scheme of n points on X, and with £ C X[ x X the universal subscheme; it is well know that
the scheme Z is Cohen-Macauley, since it is flat and finite over the smooth variety X" (see [1,
chapter 10, n. 7, §2,3]). Moreover we will denote with S*X := X" /&,, the symmetric variety,
with 7 : X™ —» S™X the quotient morphism and with p : X[ — §7 X the Hilbert-Chow

morphism.

2.1 Tautological sheaves

Consider the projections: X" M xnl « X PX, X Denote with (I)?(i ) the Fourier-

Mukai functor: Rpxm,(O=z ®& - pi (=) @ D(X) —— D’ X)), from the bounded
XIIixx

derived category of coherent sheaves on X to the bounded derived category of coherent sheaves

on X[ with kernel O=. We will make use of the following preliminary results.

Lemma 2.2 ([16, Lemma A.2]). Let A a be a regular noetherian local ring, My, ..., M) finite
Cohen-Macauley modules over A, such that codim(M; ® --- @ M;) = 22:1 codim(M;). Then
M;, i=1,...,1, are transverse, that is, Torfl(Ml, ..., M) =0, for alli> 0.

Proposition 2.3. Let F' be a coherent sheaf on the smooth quasi-projective algebraic surface
X. Then:
O n .
Tor, X" *X(Oz,p%xF) =0  Vi>0. (2.1)

Proof. For any coherent sheaf F', it is easy to check that the sheaves Oz and p% F are
cinlnyx PXF) = codimywm, x(0=) +
codim xiny y x (D% F). If F is Cohen-Macaulay, then p% F' is Cohen Macauley, and then Oz and

transversely supported, that is, codimyn, x(Oz ®o

pi F are transverse by Lemma 2.2, since = is Cohen-Macauley. Therefore (2.1) follows. Hence
(2.1) is true for any 0-dimensional coherent sheaf, because any such sheaf is Cohen-Macaulay.

If F is of dimension 1, it can be written as the extension':

0— Fy—F —F —0

with Fy of dimension 0 (hence Cohen-Macaulay) and Fj of dimension 1 without immersed
points (hence, again, Cohen-Macaulay); the long exact Tor-sequence gives the sought transver-

sality. If F' is of dimension 2, we can write the exact sequence:

0O—T7T —F —G—0

1Such an extension can be obtained as follows. The statement is local; consequently, it suffices to prove
such an extension when X is a smooth affine variety X = Spec(A). Let M be a finite generated module of
dimension 1 over A. Let {0} = N;crN; a primary decomposition for the zero module in M. Take I’ the subset
of I such that N; is an embedded component if ¢ € I’ and take J = I \ I’. Remark that J # 0. Define
My := M/ Njey Nj. It is easy now to check that M projects onto M7 and the kernel My of the projection
M — M, when nonzero, is supported on closed points and hence of dimension zero. Finally, for any maximal
ideal m in A, the localized module (M1)m is a module of dimension 1 and depth 1 over the noetherian regular

local ring A, since of dimension 1 without embedded components; hence it is Cohen-Macauley.



where T is the torsion subsheaf (of dimension < 1) and G is torsion-free. Therefore Og and T

are transverse. To see that Oz and G are transverse, write the short exact sequence:
0— G —G" —Q —0.

The the bidual G** is reflexive: it is well known that a reflexive sheaf on a surface is locally
free; moreover the sheaf @ is of dimension 0. The long exact Tor-sequence gives again the

wanted transversality, first for G and then for F. O

Due to the previous proposition and to the fact that = is finite over X[, we can give the

following definition.

Definition 2.4. Let X be a smooth quasi-projective algebraic surface and F' be a coherent
sheaf on X. The tautological sheaf FI") on X[ naturally associated to the coherent sheaf F
on X, is the sheaf:

n] . x£0=
F = 902 1 (F)

Remark 2.5. By virtue of Proposition 2.3, the Fourier-Mukai transform @gixw (F)
of the coherent sheaf F' appearing in the previous definition coincides with the sheaf
(pxin)«(O= RO tn, « pxF). If E is a vector bundle on X of rank r, since E is flat and
finite of degree n over X"l then EI is the well known tautological bundle (of rank nr) over

X[ naturally associated to the vector bundle E on X.
As a corollary of Proposition 2.3, we have:

Corollary 2.6. The functor [—]["] : Coh(X) — Coh(X™M), introduced in Definition 2.4, is

ezxact.

Remark 2.7. The functor [-]" := @92 : D*(X) — D¥(X["), introduced in Definition

2.4, induces the functor in K-theory: [—]™ : K(X) — K(X[™), defined, for example, in [12].

2.2 Tensor product of tautological sheaves

Consider the cartesian diagram:

) X oo+ X
S(n,k) s Ex ... x5 X PX Xx.oxX
t o DPxinl X -+ X Dxln) (2.2)

xlnl et oyl Ly x ]

where E(n, k) is the k-fold fibered product: Z(n, k) := E X xm -+ X xm) E and j and i are the
diagonal immersion. Remark that the projections ¢t and pxin X - -+ X pxin) are flat and finite of
degree n* over X "] and X x ... x X[ respectively. Consider F1, ..., F} coherent sheaves

on X and their exterior tensor product? on F; X --- X F, on Xk,

2We recall that if X and Y are two algebraic varieties and if F and G are coherent sheaves on X and
Y, respectively, the exterior tensor product F' X G is the coherent sheaf on X X Y defined as: F X G :=
px F ®0 .,y Py G, where px and py are the projections of X X Y onto X and Y, respectively.



We will make use of the following Base Change Formula; it is an immediate consequence?

of [6, Proposition 6.9.8].

Proposition 2.8. Consider the fiber product:

x % . x

I O f
, v

Y Y

where X,Y , X', Y’ are noetherian k-schemes and f and f' are proper morphism. Let F a

coherent Ox -module, and G a coherent Oy -module. Then:
Rf(F®h, ) ~REF @5, G (2.3)
where F @&, G is naturally seen as an element of D™ (X').

Remark 2.9. 1. Suppose Y’ is flat over Y, then X’ is flat over X. If G = Oy, we get the
known formula for Flat Base Change [9]: Rf,(u*F) ~ v*Rf.F.

2. If X is flat over Y and G = Oy, we get: Rf.(Lu*F) ~ Lo* (R f.F).

Applying the Base Change Formula (2.3) to Diagram (2.2), remembering Proposition 2.3
and the fact that if F' and G are two coherent sheaves on two algebraic varieties X and Y,
respectively, then trivially F X* G ~ FK G in D™(X x Y), we have:

12

Al el ot B Li*(pxin X = X pxin))«(Px X -+ X px )" Fy K- X Fy,
t*Lj*(pX X oo X pX)*Fl XX F

O=(n
PN (AR RF) .

1

1

2.3 The Bridgeland-King-Reid equivalence

In this section we will transform tautological sheaves and their tensor products with the
Bridgeland-King-Reid equivalence (see [2]) for the action of the symmetric group &,, on the
product X™. We have first of all to introduce the isospectral Hilbert scheme. For every subset
JC{1,....n}, |J| =p, p > 1, denote with p; : X —— X the projection onto the factors
in J. If |J| > 2, we will indicate with A the pull-back of the small diagonal in X7 via the

projection py.

Definition 2.10. The isospectral Hilbert scheme B™ is the reduced fibered product B™ :=
(X["] Xgnx X™)req of X™ and X[ over the symmetric variety S™X.

The isospectral Hilbert scheme plays a fundamental role in applying the Bridgeland-King-
Reid theorem to the the action of the symmetric group &, to X™. It has been defined and

studied by Haiman in [7] and [8]. Haiman proves the following theorem.

3To get Proposition 2.8, it is just sufficient to set S = Y, S’ = Y’ in [6, Proposition 6.9.8] and to express

the result in the language of derived categories instead of spectral sequences.



Theorem 2.11. The isospectral Hilbert scheme B™ is irreducible, normal, Cohen-Macauley
and Gorenstein. Moreover it can be identified with the blow-up of X™ along the scheme-theoretic

union of the pairwise diagonals A, for all1 <i < j<n.

By definition the isospectral Hilbert scheme B™ fits in the (non cartesian) commutative

diagram:

pr P, xn

q ™ (2.4)

xinl _H, gnx

where p and p are birational, 7 and ¢ are finite, and ¢ is flat.

Remark 2.12. Since X[™ is smooth and ¢ is finite and surjective, the Cohen-Macauley prop-
erty of B™ is equivalent to the flatness of the morphism ¢ (see [4, Ex. 18.17]). Moreover
B"™ inherits the &,-action. As a consequence B™ is a flat family of &, -clusters, that is,
S, -invariant closed subschemes By of X", £ € XM such that HO(BQ) ~ C[6,]; hence
X[l ~ B"/@,,. Haiman actually proves that B" is the universal family of &,-clusters and
that X" can be identified with the Hilbert scheme of regular &,-orbits Hilb®" (X") on X™,
in the sense of Nakamura (see [11], [10], [14], [7]). Diagram (2.4) is then exactly the picture
of the derived McKay correspondence of Bridgeland-King-Reid theorem, whose hypothesis are

now easily satisfied, since S™X is Gorenstein and p is semismall.
The Bridgeland-King-Reid theorem, in this context, states:

Theorem 2.13. The Fourier-Mukai functor:

Opn n n
oQer o, DY(XIM) — DY (X7 (2.5)
from the bounded derived category of coherent sheaves on X!™ to the bounded derived category
of G,,-equivariant sheaves on X™, is an equivalence.

BN

In the sequel we will denote more briefly with ® the Fourier-Mukai transform @?{[MH n

of Theorem 2.13 and we will also call it the Bridgeland-King-Reid equivalence?. We will
indicate with D; C X™ x X the partial diagonal A; 41 in X™ x X and with D the scheme
theoretic union D := U7, D;. We will finally denote with D(n, k) the k-fold fibered product
D Xxn - Xxn DC X" x X¥ of D over X" and with D(n, k) the reduced scheme underlying

—~— —_~—

D(n,k): D(n,k) := D(n,k),.q- The scheme D(n,k) is Haiman’s polygraph (see [7], [8], [16]).

A~

Remark that D(n,1) = D is reduced, since it is a scheme theoretic union of smooth varieties,

and hence D(n,1) = D(n,1) = D. Denote with mx» and 7x the projections of X™ x X onto
X" and X, respectively; denote moreover with w the projection w : X™ x X*¥ — X",

We aim to compute the image of the (derived) tensor product Fl["] ... @ F,L"} of tauto-
logical sheaves on X[ for the Bridgeland-King-Reid transform (2.5). By Haiman’s vanishing

4Remark that, by Projection Formula and since B™ is a closed subscheme of the product X[ x X™ the
transform ® coincides with the functor Rpx o ¢*, in the notations of Diagram (2.4).



theorem [8, Thm 5.1], the composition:

o(F" @t of By = 08 L o d Y (FIK - R E) (2.6)
=D (K- R Fy) (2.7)

can be computed (see [16, Eq. (2.2)]) as a Fourier-Mukai functor with kernel the structural
sheaf of the polygraph D(n, k).

The case k£ = 1: the complex C}.. We extend the definition of the complex of equivariant
sheaves C}, given in [16] for a line bundle, for a coherent sheaf F' on X. For every subset
J C{1,...,n}, |[J| = p > 2, denote with F; the sheaf p%(j;,F), where j; is the diagonal
immersion of X into X7. Define C%, ~ @} p;F and Cp := @j_p4, Fy , for p > 1. The
differentials %, : C? —— CP" are defined by: 9% (z); := Y ics EiJT{it|a, where x is a
local section of C%. and where ¢; 5 is the sign: ¢; j := (—1)ﬁ{be‘7|b<i} . The complex (C, O%)
is endowed with the following &,,-action. Let 0 € G,, and o, : X” —— X" the permutation
of the factors given by: 0. (z1,...,2n) — (To-1(1); -+, To-1()). We have 0. (Ay) ~ Ay ).
Therefore we can give Cy the natural &,,-linearization: (o.x); := €0,J0+Te-1(), Where g, j is
the signature of the only permutation 7 € &,, such that o~!7 is strictly increasing.

We now recall the following result from [16]. Let I C {1,...,l}. We will indicate with T
the complementary of I in {1,...,l}. If My,..., M; are modules on a ring A, we will indicate
with M7 = ®;er M;.

Proposition 2.14 ([16, Proposition A.3]). Let (A,m) be a noetherian regular local ring and

M;,i=1,...,1, finite Cohen-Macauley modules on A. Consider the exact sequences:
0— N,— E, — M; — 0

where E; are free A-modules. Let K? be the complex (in degree 0 and 1): K :=
E; — M; — 0. Suppose that codim(M; ® --- @ M;) = 22:1 codim M;. Then the complex
K* =K :

l l
0 -_— ®i:l Ez -_— @izl Ml ®E{17}4>

— €B|[|:2MI®E74> e, — ®é:1Mi — 0
is a right resolution of the module ®§=1Ni. Moreover Tor;(Ny,...,N;) =0 for all i > 0.

Remark 2.15. For any non-empty multi-index § # I C {1,...,n}, define D; as being the
scheme-theoretic intersection: Dj := N;crD;. The fact that D is a scheme-theoretic union
of transverse smooth subvarieties D; of the smooth variety X™ x X allows us, applying the
preceding proposition to the sequences 0 —— Ip, —— Oxnyx — Op, —— 0, i =
1,...,n, to resolve the structural sheaf Op with a Cech-type right resolution K* defined by
K? = @|11=p+10p,, O (x) s := Zieri,J:cJ\{i”DJ (see [16, appendix A] for details). Each
term of the complex K*® is flat over X (via the projection mx : X™ x X —— X) because,
for all @ #£ I C {1,...,n}, the schemes D; are trivially flat over X (via the projection mx).
Consider now the fourth quadrant hypertor spectral sequence EY? = Tor?f; (KP,G), converging

to Tor(_gfo‘_ q(O p,G), where G is a quasi-coherent sheaf over X. It clearly degenerates at level



EP? because EV'? = 0 if ¢ # 0. This implies that Torlox (Op,G) =0 for [ >0, and for all G,
yielding that the sheaf Op is flat over X (via the projection 7x).

Theorem 2.16. Let X a smooth quasi-projective algebraic surface and F a coherent sheaf
on X. Let FI"l the tautological sheaf on the Hilbert scheme X associated to F. The image
®(FM) of the tautological sheaf FI™ for the Bridgeland-King-Reid equivalence ® is concen-

trated in degree 0 and is quasi-isomorphic in Dbgn(X”) to the complex (Cy, O%):
&(FIly ~ pg*FIM ~C3. .
Proof. By Equation (2.7) the Bridgeland-King-Reid transform of FI" is simply:
B(FIM) = 092 (F) = 7o (Op @by, TxF) .

We now have, by Remark 2.15: Op ®éxnxx % F ~ Op ®éx F =0p ®p, F, because D is
flat over X. This yields

B(FIM) = @2 (F) = Txn o (Op ®0yn, x TxF) = Txn (K® ®0yn, x T F) -
Now one proceeds like in the case of a line bundle (see [16, Theorem 2.2.2]), proving that

Txn (KP @0y, x TxF) =~ Ch for all p. O

The case k > 1. In the case k > 1 consider the cartesian diagram:

Tx X+« XT
D k) v Dx-.xD "X X XxooxX
—_—— —_—
k—times k—times
w O TTxn X =+ XTxn (2.8)

Xn;/L,anxXn
[ —
k—times
Remark 2.17. Remark that
L(rx x - x7x) (PR RF) =Lay L R RELay Fy = 75 FL K- Koy Fy

because Op is flat over X (via the projection 7x), by Remark 2.15.
Notation 2.18. We indicate now with D7 C X" x X* the subscheme D’ := (id x p;)~!(D)
and with D} € X™ x X* the subscheme D7} := (id x p;)~*(D;), where p; : X* —— X is the
projection on the j-th factor. Consider now the resolution K® of the sheaf Op on X" x X

of Remark 2.15; by flatness of the map id x p; the sheaf Op; is resolved by the complex
(id x p;)*K*, which will be denoted more briefly by K3. In the following we will sometimes

consider D} and IC; as objects over X, via the projection X" x X* —— X¥* niley's

Remark 2.19. By definition of the non reduced polygraph D(n, k), if Fy, ..., F} are coherent
sheaves on X, by Base Change Formula (2.3) applied to the fibered product D(n, k) and to
the sheaves Op1 ®o, Fi, ..., Opr ®o, Fi, we get the quasi-isomorphism:

w. (K} ®@ox Fi) @60 -+ 06 (Ki ©0x Fi)]
= w*[(ODl ®OX Fl) ®éxn e ®éxn (ODk ®0X Fk)]
~ mxn (Opr ®oy F1) ®G, ., Of ., Tx»s(Opr ®oy Fi)

> Chy ®byn @b n Ch - (29)



Now, there exists a canonical morphism:

(Opr @ox FI) @540 ++* @6 n (Opr @0k Fi) —> Ot 5, (FIR-+- R Fy)

and hence a natural morphism
a: (Opr ®oy F1) ®(Z§Xn s ®éxn (Opr ®oy Fr) — OD(n,k) ®éxk (XX Fy).

Pushing forward by w,, and remembering Remark 2.19, we get a natural morphism in the
derived category D (X"):

ai=w,a:Ch @@l cp — ®(FM el .. o M) (2.10)

In all generality the comparison between the sought image ‘I>(F1[n] L ... @ Flin]) and the

hyperderived tensor product Cg, L. . ef Cy, can’t go much further.

Lemma 2.20. Let F}, ..., F} coherent sheaves on X. Consider the statements:
(i) Tor, X" (F" . FI"y =0, vi > 0;
(i) Tory X (Op i), Fi K- R F,) =0, Vi > 0;

(iii) @(Fl["] L. .ol Flin]) is concentrated in degree 0.

Then we have the implications: (i) = (ii) < (iii).

Proof. From the quasi-isomorphism:
o(F" @l @F F") ~ w.(Opi ®b , iR K F) .

we get that (i7) is equivalent to (éi7). Moreover if (i) holds, then, by the preceding quasi-

isomorphism, ®(F 1[n] L. ..@lF ,L"]) is a complex concentrated at the same time in degree > 0

and < 0, then (7i¢) holds. O
Proposition 2.21. Let X be a smooth quasi-projective algebraic surface and let Fy, ..., Fy
be coherent sheaves on X such that the tautological sheaves Fl[n], AU F,Ln] are transverse.

Then the mapping cone of the natural morphism « (2.10) is acyclic in degree > 0; this means
that Rip*q*(Fl[n] ® F,£"]) = 0 for all i > 0 and in degree 0 we have the epimorphism:
p*q*(Fl[n}) Q- ®p*q*(Fl£"]) ., p*q*(Fl[”] R ® F}L”])

Proof. The fact that the mapping cone of the morphism « is acyclic in degree > 0 can be proved
exactly in the same way as in the case of a line bundle (see [16, Theorem 2.3.1]): it relies on

the transversality of F! l[n], o B ILn] and on Haiman’s vanishing theorem, using Lemma 2.3. O

Lemma 2.22. Let X a smooth quasi-projective algebraic surface. Let Q;, i =1,...,l coherent
sheaves of dimension 0. Then for each i the tautological sheaf QE"] is Cohen-Macauley of
codimension 2. If Supp Q; NSupp Q; = 0 for all i # j then codim Q[ln] R ® an] = 2l; hence

TOT?XM (Q[ln], cee l[n]) =0 for alli>0.



Proof. The sheaves @; are 0-dimensional and hence Cohen-Macauley; by Auslander-Buchsbaum
Formula [13, Thm 19.1], they can be resolved locally (on adequate affine open sets U C X)) by

locally free resolutions

The open subsets of the form U™, where U is an affine open subset of X, cover the Hilbert
scheme X" by [16, lemma 1.4.3]. The following diagram is now commutative:

_ln]
where the vertical arrows are restriction functors. Hence, for any tautological sheaf FI[™ its

restriction to U™ is the tautological sheaf associated to F|U:
F[n]|U[n1 — (F|U)[n] )

Applying the functor [—]I"} (relative to U) to the above resolutions of Qi|U we get locally free
resolutions P of QE"] on U™ of at most length 2:

K2

PP =0 — (Ry)" — (R — (R —> Q| — 0.

The support Supp an] is of codimension 2, hence by Auslander-Buchsbaum Formula the sheaf
QE"} is Cohen-Macauley. Denote with Z; the support of @; and consider W := Supp Q[ln} ®
e ® Ql["} = SuppQ!™ N+ N Suprl["] ={¢ec XM | ¢nZz #0Vi}. We will now prove
that codimym W = 2I. If [ > n then it is clear that W = 0; if | < n and £ € W then
w(é) — 22:1 p; > 0 where p; € Z;NE, 1 =1,...,1, are [ distinct points; hence W is contained in
the finite union of the subschemes p = (py +- - - +p;+S" "' X), where (p1,...,p) € Z1 x--- X Z;.
If X is a partition of £ € N*, denote with Sl)fX the stratum of S*¥X given by O-cycles of
the form >, A\;z;. Each closed subscheme p='(p; + -+ + p; + S"'X) is the finite union :
pH(pite A HSTTIX) = Unp T (pr - -+pz+5fle), where A = A\ +- - -+, is a partition of
n—1. Hence dim W = maxy{dim g~ (p1+- - -+p+S7 ' X)}, where \ runs among the partitions
of n — 1. We can write Sy ' X = U;Vy, where I C {1,...,1},0 < |I| < min{l,n — I} and Vj =
{ne SZ\’_ZX |ordy,, n > 1Vj € I}, where we indicated with ord,; n the order of the cycle 7 at
the point p;. Now dim V; = h—|I| and dim g~ (pr+- - +p14n) = Sor, (Ai—1)+|I| = n—I+]|1],
for each n = Z?Zl \iz; € Vi, by [5]; hence dimp=t(py + - +p + Vi) =n—1+h <2(n—1).
Therefore codim yn) = (py + -+ - +p; +S" 1 X) > 2I. Hence 2[ < codim Q[ln] ®-® Ql[n} <2l

The result now follows from Lemma 2.2. O

Lemma 2.23. Let F;, i = 1,...,k, be torsion free coherent sheaves on the smooth quasi-
projective algebraic surface X. Suppose that the singular loci Sing F; are pairwisely disjoint.
[n]

Then Fl[n], el F,Ln] are transverse and their tensor product Fl[n] ® .- @ F." is torsion free.

Proof. The sheaf F; is resolved by the complex K = F;* — (Q; — 0, where F;* is locally

free and dim @; = 0. Since the functor [—] ["] is exact, the tautological sheaves Fi[n] are resolved



by the complexes (K ;)[”]; this proves that F Z-[n] is torsion free if F; is. Since Sing F; = Supp Q;,
i=1,...,k, are pairwisely disjoint, by the previous lemma codim Q[ln] ®-- ~®QL"] = 2k. Hence,
by Proposition 2.14, the tensor product of complexes (K$)" @ ---® (K2)™ resolves the sheaf
Fl[n] ®-® F,En}, which is torsion free, because of the injection in the locally free Fl[n] ®X-®

FIE"] — (Ff)PM ... @ (F;*)"; moreover the sheaves Fl[n], ce F,Ln} are transverse. O
We can now strengthen Proposition 2.21.

Theorem 2.24. Let F;, i = 1,...,k, be torsion free coherent sheaves on a smooth quasi-
projective surface X, with pairwisely disjoint singular loci Sing F;. Then the image ‘I’(Fl["] ®

e ® F,Ln]) of the tensor product of tautological sheaves FZM

is concentrated in degree 0 and
is quasi isomorphic to the sheaf p.q* (Fl[n] Q- ® F,£n]), which is torsion free; this sheaf is
isomorphic to the quotient of ®_p.q* (Fl-[n]) by the torsion subsheaf and can be realized as the

quotient modulo torsion E%C /tors, of the term E%L of the hyperderived spectral sequence

EPUFy,... F) = D  Torg(Ch,....CE)

i1+ Fip=p

associated to the hyperderived tensor product Cg, L. ..ol Cy,. and abutting to the cohomology
HP(Cy @ - @M Ch ).

Proof. Once we know that the tensor product Fl[n] ® - QF ,£"] is torsion free, then q*(Fl[n] ®
i o®F,£”]) is torsion free (because ¢ is flat®). As a consequence p*q*(Fl[n] ®-- ~®F,£"]) is torsion
free as p.Opn-module, but p,Opn ~ Oxn, by [16, Theorem 1.7.3]. Hence p*q*(Fl["] ®-- -®F,£"])
is torsion free as Oxn»-module. The proof now goes on easily as in the case of a line bundle
(see [16, Thm 2.3.1 and Cor. 2.3.2]). O

3 Invariants of Polygraphs

The aim of this section is to compute the &,,-invariants® of the image <I’(F1["] ® - Flin]) of
the tensor product of tautological sheaves Fl["] R ® F,En]. Since X"l ~ B"/&,, and since
(see [16, Proposition 1.7.2])

(" @ o R =l o (F @ @ F') =Ru.(F" @0 i)

this will provide general Brion-Danila Formulas for the derived direct image of Fl[n] R QF] ,Ln]
via the Hilbert-Chow morphism. Instead of using results from Proposition 2.21 or Theorem
2.24, we will take a slightly different point of view, computing the invariants ®(F} 1[71} R
F ,£n])6" as the image of a Fourier-Mukai functor with kernel the invariants of the structural
sheaf of polygraph Oan y on S™X x X*: in this way we can obtain somewhat more general

results than directly applying Proposition 2.21.

5The fact that g is flat implies that, for any coherent sheaf G on X", g*G** ~ (¢*G)** (see, for example

[17, Prop. 21]), whence, if G is torsion free, the injection ¢*G —— (¢*G)**.
6We recall that if G is a finite group and if F' is a G-equivariant coherent sheaf on an algebraic variety X,
upon which G acts, the sheaf of invariants F'G of the sheaf F is by definition the sheaf FG := G F, where
G ._ [7}G

7 : X — X/G is the quotient projection and ﬂf is the G-invariant push forward 7§ : o Tr«, that is,

the push forward followed by the functor of G-invariants.
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3.1 Equivariant Fourier-Mukai functors

Let X and Y two varieties equipped with the actions of two finite groups G and H. Then G x H
acts on the product X x Y via the diagonal action. The projections mx and 7y are equivariant
with respect to the projections GXx H — G and Gx H — H , respectively. As a consequence
of general facts (see [15]), they define functors: 7% : Cohg(X) — Cohgy (X xY) and my ¢ :
Cohgx (X xY) — Cohp(Y), which can be derived, defining equivariant pull-back and push-
forwards: 7% = L% : Dg(X) — Dg, (X xY) and Rry ¢ : DG, (X xY) — Dy (Y).
The bifunctor — ® — passes as well on the G-equivariant level, hence, deriving it, we get a
bifunctor: — ®% — : Dg, (X X Y) x D5, (X xY) — Dg, 54(X x Y) . The choice of a
kernel P € D, (X x Y) defines a functor : — @ P:Dg, ;(X xY) — Dg, (X xY).

The composition of these functors defines the equivariant Fourier-Mukai functor with kernel P:
8%y = Rry G (i (—) ®" P) : DG(X) —» Dy(Y).
Let us consider the diagram:

TX Ty

X xY

x/G X% xia v 2 yim

Taking the invariants of P by G x H, we get a kernel P¢*H ¢ D~(X/G x Y/H) and conse-

quently an associated Fourier-Mukai functor:

PGXH

®x/G—y/u : D (X/G) — D™ (Y/H) .
This new functor is linked with the previous by the relation:

Proposition 3.1.
PGXH H P *
Px/Gy/m = Vs 0 Px_y oLu”.

Proof. If F € D~(X/G) we have:
WTo@f_y oLu'F = ufl o Ry I(ny (Lu'F) b, P)
= oo Rwa(L(u xv) 'y q(F) ®éxw P)

= Rﬂ-y/H*(u « ’U)SXH(L(U’ X U)*?T}/G(F) ®éx><Y P)

. I GxH
= Ry, |[Ta(F) 86,0,y 0 (40X 0).P)

= Ry, |[Ts6(F) 86,y o (1 x )P
PGXH

= Px/goyia(F)

where we used Projection Formula in the fourth equality and the fact that G x H acts trivially

on Ty /GF in the fifth equality. O

Applying the proposition to our situation we get immediately:
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Corollary 3.2. Let X a smooth quasi-projective algebraic surface and Fy, ..., F coherent

sheaves on X. Then

Spx{1}
n n o n, n
(F@F - @F ) = a8 0 0PN (K- R F) =000 (FIK--RKF).

As a consequence, in order to compute the invariants @(Fl[n] L ... el F,L"})G"7 the main
point is the computation of the invariants Og&xlg} = (7 xid)*G" X{l}(’)p(n’k) € Coh(S"X x X*)
of the structural sheaf of the polygraph D(n, k). This will be done in the next section for k < 2.

3.2 Invariants of the polygraph

Remark 3.3. Let f : X —— Y be a proper morphism of smooth algebraic varieties; let
moreover Z C X be a reduced subscheme of X such that f | » + Z — Y is finite and surjective.
Now if P* is a complex of coherent sheaves on X, supported on Z, then f,HP(P*®) = HP?(f.P*)
and moreover” HP(P*) = 0 if and only if HP(f.P*) = 0.

Consider now the hyperderived spectral sequence

Oyn ; ;
E:ll)7q(F1,...7Fk) = @ Tori(); xxk(lc? ®oy Fl,...,K:Zk Rox Fk)
i1t Fip=p
associated to the derived tensor product (K} ®oy F1) ©5 ., - ® ., (Kf @6, Fr) €
Dban {1}(X " x X*) and abutting to its p + g-cohomology. Rewriting the quasi-isomorphism
(2.9) in term of this spectral sequence, and remembering that the first complex is w,- acyclic,

since supported in D(n, k), which is finite over X" we get:
’LU*IEZf"q(Fl, e ,Fk) ~ Ef’q(Fl, ey Fk) s
and explicitating the terms E’? and EP?, we have, for any i1, ..., ix:
w, Tor_o(K{ ®oy Fi,...,Ki* ®0y Fi) = Tor_o(Ci,...,CE ) . (3.1)
Consider the diagram:

id
X x xk IS onx o« x*

™

X" S"X
Consider moreover the spectral sequence on S X x X*:
PR, . Fp) = (r x id) S WEPYE L F)
supported on D(n, k)/&,, x {1}. Then we have:
v €U . ) =S EPY .. Fy) . (3.3)

Indicate with EY(Fy, ..., Fy) the spectral sequence (3.3). As a consequence of Remark 3.3,
the spectral sequences E}"? and €'? behave exactly as the spectral sequences E7*? and £V,
respectively. As an immediate corollary of this fact and of Theorem 2.24 (or of [16, Thm 2.3.1
and Cor. 2.3.2]), we have:

"Here we denote with HP(P®) the sheaf of p-cohomology of the complex P*.
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Corollary 3.4. The structural sheaf of the polygraph Op, k) can be identified with the term
E%0(Ox,...,0x) of the hyperderived spectral sequence associated to the derived tensor product
K @6, - @b, Kiiits &, x {1} -invariants ngnxi)l} can be identified with the term

¢%0(Ox,...,0x) of the spectral sequence €74 (Ox,...,Ox)
Corollary 3.5. We have Og"x{l} ~ (@7_,0p,)® 11} op S"X x X.

Proof. From Op ~ K*® we get (’)S"X{l} ~ (K*)®»>*{1} One can prove by a direct computation
that (KP)®»*{1} =0, for p > 0, whence the result. Otherwise, using Diagram (3.2) for k > 1,
the lemma follows applying v.: V*Og"x{l} = Ru*OE?] = (@prOx)®n ~ v, [(K*)S*{1h)]
where we used the known Brion-Danila Formula (see [3]) in the middle isomorphism. O

Corollary 3.6. We have the short exact sequence on S™X x X?2:

0 — Opil) — (K @ K)o — (K @ k3o — 0.

Proof. We proved in [16] that the sheaf £2:0(Ox, Ox) ~ v, ng”’nxé)l} is quasi-isomorphic to the
two-term complex: 0 — (C  ®CQ )" — (C&, ® CH, )®» —— 0. This complex is
exactly the complex 0 — v, (K9 @ K9)®»* 11} — » (K9 @ K3)S*{1} —~ 0. Moreover
ngnx,li)l} ~ ¢%9(Ox,Ox) is in the kernel of the map: (K ®9)S»> 11} — (K @C3)Sn> {1},
Since the terms (K9 @ K9)©»*{1} and (K9 @ K3)®»*{1} are supported in D(n, k)/&, x {1}

and since v, restricted to D(n, k)/&,, x {1}, is finite, we can conclude by Remark 3.3. O

4 Brion-Danila Formulas and cohomology

In this last section we will use the computations of the invariants of the polygraphs D(n, k),
for k < 2, performed in the previous section, in order to find general Brion-Danila’s Formulas

for the derived direct image of a tautological sheaf and of a tensor product of two of them.

Theorem 4.1. Let F a coherent sheaf on the smooth quasi-projective surface X. Then
Ru F") ~ (@,p} ).

Proof. We have

Ru. F" = v (05" @b, F) > v.((@7,00,)5 ) @b, F)
= V*(EB;;IODi Qo F)GHX{l} = (@?zler)Gn
where we used the flatness of D; over X and the fact that &,, does not act on F'. O]

Theorem 4.2. Let E and F' be coherent sheaves on the smooth quasi-projective surface X.
Then we have the long exact sequence on S™X:

0 — R 2u.(EM™ @' FI"ly —+ (@, Tora(p; E, p; F))°" — (@ies,s=2Tora(p; B, Fs))°"
— R ' (BM @ F") — (&, Tori(p} E, p; F))°" —— (®ics,5—2Tor1 (p; E, Fy))®" —
— ROu(BM @ FIM) — (€% ® )" — (Cp ®Cp)°" — 0

As a consequence Rip, (B @F FI'ly =0 if i ¢ [-2,0].
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Spx{1},

Proof. Denote now with P*® the complex resolving the sheaf O Dn2)

P 0 — (KY @ k) — (k) @ k5 — 0,
concentrated in degree 0 and 1. Let P* the complex on X™ x X2 defined by: P*® := 0 — K&
K9 — K9 ® K§ — 0. We have P* = (P*)S»*{1}, By Projection Formula we have:
P eb , (ERF) = (rxid” WP ef  (ERF)
= (7 x 1d)§nx{1} {75. ®<Loxz (EX F)}
Hence

Ry (B @F FI) > 0 (PP @f , ERF) = w(nxid)? ™ [ﬁ' oL . (EX F)}

x2

= Sny, {75' ®5_, (ER F)}

We compute now w,[P*® ®éx2 (EXF)] via the spectral sequence: EY'? = w*Tor?gQ (PP, EXF),
O (P*,EX F). By (3.1) we have:

abutting to w,Tor_J~

w,kTor(;)é‘2 (P°,ERF) = Tor_,(C%,C%) , w*Tor(_Qé(2 (PL,ER F) = Tor_,(C%,CL) .

Remark now that if ¢ < 0 Tor_,(C%,C%) = &7 Tor_,(p; E,p; F), and that Tor_,(C%,C}) =
©4,7)=2,ies Tor_¢(p; £, Fy). Since EP%is a two columns spectral sequence, the result follows.
O

Remark 4.3. Remark that, in the long exact sequence of the previous proposition,
Tor,(piE,piF) = p;Tory(E, F), Tory(p;E, F;) ~ Tor,(E, F);. Indeed, for Tor,(p;E,piF):

PiE®G, , piF = w. [(Op:i ®o OD§)®éXn 2 (EXF)], and indicating with A the diagonal
in X2

Xnxx2

(ODi 0) OD;) ®éxn><x2 (E|Z F) = OAi,n+1,n+2 ®éxg (EX F)
= OA'L,'7L+1,71+2 ®éA (OA ®éxz (E X F))

= OAq:,n+1,n+2 X0a (E ®éx F)

XM x X2

because A; 41042 € X™ x X? is flat over A. The case Tor,(E;, Fy) ~ Tor,(E,F); is

analogous.

Corollary 4.4. Let E and F transverse coherent sheaves on X. Then Rip, (B @F Fl*l) =0
if i # 0 and we have:

0 — RO (EM @ FI") — (Ch @ C})®" — (Cp @ Cp)®" — 0.

In particular, the statement holds if E and F are torsion free; if moreover they have disjoint
singular loci, we have ROp, (B @ FIN) = 1, (EM @ FIn),

Proof. The first statement is immediate. If E and F are torsion free, then Tor;(F, F') = 0, for
1>0. Indeed E~R}:=0 —> E** —» Qg — 0and F ~ RS :=0 — F* — Qp,
where Qg and QQr are the cokernels of the natural injections E —— E** and F' —— F**,
respectively. Then Tor;(E, F) can be computed via the fourth-quadrant spectral sequence
EPY = @, 1i,=pTor_, (R}, R?). Now EY? = 0if p > 2orif p = 0,1 and ¢ < 0. Moreover
E1 = Tor_4(Qr,Qr) = 0 if ¢ < —2. Hence Tor;(E,F) = 0, for ¢ > 0. The last statement

follows from Lemma 2.23. O
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Applying Theorem 4.1 and Corollary 4.4 we get the following results on the cohomology.

Corollary 4.5. Let F' a coherent sheaf on the smooth quasi-projective algebraic surface X.
Then H*(XM, Fl’)y ~ H*(F) @ S*'H*(Ox).

Corollary 4.6. Let E and F two transverse coherent sheaves on the smooth quasi-projective
surface X. Then the hypercohomology of the Hilbert scheme of n points on X with values in
the complex EM ®%5 - FI") s given by:

xIn

H (X!, B @f  FI) ~ Y (B) o HY (F)® " H(0x) Q H'(Ee F)© J .

[n]

where J is the kernel of the map: S" 'H*(Ox) —— S" 2H*(Ox) induced by the map
S 72X —— S"LX, defined by y — y + a, where a is a fized point in X. In particular,
the statement is true if E and F are torsion free; if moreover the singular loci of E and F are
disjoint, the formula gives the cohomology H* (X["],E["] ® F["]).

Proof. The proof follows from Corollary 4.4 in the same way as done in [16] for line bundles. [
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