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Abstract

We study tautological sheaves on the Hilbert scheme of points on a smooth quasi-

projective algebraic surface by means of the Bridgeland-King-Reid transform. We obtain

Brion-Danila’s Formulas for the derived direct image of tautological sheaves or their dou-

ble tensor product for the Hilbert-Chow morphism; as an application we compute the

cohomology of the Hilbert scheme with values in tautological sheaves or in their double

tensor product, thus generalizing results obtained in [16] for tautological bundles.

1 Introduction

Let X be a smooth quasi-projective algebraic surface, X [n] be the Hilbert scheme of n points

on X. If L is a line bundle on X, there is a natural rank n vector bundle L[n] on the Hilbert

scheme associated to the line bundle L, called the tautological bundle. In [16] we studied

tautological bundles and their tensor product on the Hilbert scheme with particular attention

to their cohomology. The aim of this note is the generalization of some of the results of [16],

extending them to tautological sheaves. The starting point of this work is the remark that

the universal family Ξ ⊆ X [n] × X of the Hilbert scheme is transverse to any coherent sheaf

on X, and that we can consequently define tautological sheaves F [n] on the Hilbert scheme

X [n] for an arbitray coherent sheaf F on X by means of the Fourier-Mukai functor ΦOΞ
X→X[n]

of kernel OΞ; the same remark implies moreover that the tautological functor is exact. We

compute the image of the Bridgeland-King-Reid transform Φ : Db(X [n]) - Db
Sn

(Xn) of a

tautological sheaf and of a tensor product of them. For a tautological sheaf F [n] we obtain

a complete answer in terms of an explicit Sn-equivariant complex C•F ∈ Db
Sn

(Xn), like in

the case considered in [16]. For the tensor product of tautological bundles, to obtain a good

characterization of the image along the lines of [16], we have to restrict ourselves to torsion free

sheaves with pairwisely disjoint singular loci. In order to prove Brion-Danila’s Formulas for

the derived direct images of a tensor product of tautological sheaves for the Chow morphism,

we interpret the invariants of the image of the Bridgeland-King-Reid equivalence in terms of

an invariant Fourier-Mukai functor whose kernel is the sheaf of Sn-invariants of the structural

sheaf OD(n,k) of Haiman’s polygraph D(n, k). We get in this way general formulas for the the

derived direct image of a tautological bundle or for a tensor product of two of them. As an

application we can compute the cohomology of X [n] with value in any tautological sheaf or in

a tensor product of tautological sheaves E[n] ⊗ F [n], if the sheaves E and F are torsion free

with disjoint singular loci.
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2 Tautological sheaves

Notation 2.1. Let X be a smooth quasi-projective algebraic surface. We will indicate with

X [n] the Hilbert scheme of closed subschemes of length n on X, or, more briefly, the Hilbert

scheme of n points on X, and with Ξ ⊆ X [n]×X the universal subscheme; it is well know that

the scheme Ξ is Cohen-Macauley, since it is flat and finite over the smooth variety X [n] (see [1,

chapter 10, n. 7, §2,3]). Moreover we will denote with SnX := Xn/Sn the symmetric variety,

with π : Xn - SnX the quotient morphism and with µ : X [n] - SnX the Hilbert-Chow

morphism.

2.1 Tautological sheaves

Consider the projections: X [n] �
p

X[n]
X [n] × X pX- X. Denote with ΦOΞ

X→X[n] the Fourier-

Mukai functor: RpX[n]∗(OΞ ⊗LO
X[n]×X

p∗X(−)) : Db(X) - Db(X [n]), from the bounded

derived category of coherent sheaves on X to the bounded derived category of coherent sheaves

on X [n], with kernel OΞ. We will make use of the following preliminary results.

Lemma 2.2 ([16, Lemma A.2]). Let A a be a regular noetherian local ring, M1, . . . , Ml finite

Cohen-Macauley modules over A, such that codim(M1 ⊗ · · · ⊗Ml) =
∑l
i=1 codim(Mi). Then

Mi, i = 1, . . . , l, are transverse, that is, TorAi (M1, . . . ,Ml) = 0, for all i > 0.

Proposition 2.3. Let F be a coherent sheaf on the smooth quasi-projective algebraic surface

X. Then:

Tor
O

X[n]×X

i (OΞ, p
∗
XF ) = 0 ∀ i > 0. (2.1)

Proof. For any coherent sheaf F , it is easy to check that the sheaves OΞ and p∗XF are

transversely supported, that is, codimX[n]×X(OΞ ⊗O
X[n]×X

p∗XF ) = codimX[n]×X(OΞ) +

codimX[n]×X(p∗XF ). If F is Cohen-Macaulay, then p∗XF is Cohen Macauley, and then OΞ and

p∗XF are transverse by Lemma 2.2, since Ξ is Cohen-Macauley. Therefore (2.1) follows. Hence

(2.1) is true for any 0-dimensional coherent sheaf, because any such sheaf is Cohen-Macaulay.

If F is of dimension 1, it can be written as the extension1:

0 - F0
- F - F1

- 0

with F0 of dimension 0 (hence Cohen-Macaulay) and F1 of dimension 1 without immersed

points (hence, again, Cohen-Macaulay); the long exact Tor-sequence gives the sought transver-

sality. If F is of dimension 2, we can write the exact sequence:

0 - T - F - G - 0
1Such an extension can be obtained as follows. The statement is local; consequently, it suffices to prove

such an extension when X is a smooth affine variety X = Spec(A). Let M be a finite generated module of

dimension 1 over A. Let {0} = ∩i∈INi a primary decomposition for the zero module in M . Take I′ the subset

of I such that Ni is an embedded component if i ∈ I′ and take J = I \ I′. Remark that J 6= ∅. Define

M1 := M/ ∩j∈J Nj . It is easy now to check that M projects onto M1 and the kernel M0 of the projection

M - M1, when nonzero, is supported on closed points and hence of dimension zero. Finally, for any maximal

ideal m in A, the localized module (M1)m is a module of dimension 1 and depth 1 over the noetherian regular

local ring Am, since of dimension 1 without embedded components; hence it is Cohen-Macauley.
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where T is the torsion subsheaf (of dimension ≤ 1) and G is torsion-free. Therefore OΞ and T

are transverse. To see that OΞ and G are transverse, write the short exact sequence:

0 - G - G∗∗ - Q - 0 .

The the bidual G∗∗ is reflexive: it is well known that a reflexive sheaf on a surface is locally

free; moreover the sheaf Q is of dimension 0. The long exact Tor-sequence gives again the

wanted transversality, first for G and then for F .

Due to the previous proposition and to the fact that Ξ is finite over X [n], we can give the

following definition.

Definition 2.4. Let X be a smooth quasi-projective algebraic surface and F be a coherent

sheaf on X. The tautological sheaf F [n] on X [n], naturally associated to the coherent sheaf F

on X, is the sheaf:

F [n] := ΦOΞ
X→X[n](F ) .

Remark 2.5. By virtue of Proposition 2.3, the Fourier-Mukai transform ΦOΞ
X→X[n](F )

of the coherent sheaf F appearing in the previous definition coincides with the sheaf

(pX[n])∗(OΞ ⊗O
X[n]×X

p∗XF ). If E is a vector bundle on X of rank r, since Ξ is flat and

finite of degree n over X [n], then E[n] is the well known tautological bundle (of rank nr) over

X [n], naturally associated to the vector bundle E on X.

As a corollary of Proposition 2.3, we have:

Corollary 2.6. The functor [−][n] : Coh(X) - Coh(X [n]), introduced in Definition 2.4, is

exact.

Remark 2.7. The functor [−][n] := ΦOΞ
X→X[n] : Db(X) - Db(X [n]), introduced in Definition

2.4, induces the functor in K-theory: [−][n] : K(X) - K(X [n]), defined, for example, in [12].

2.2 Tensor product of tautological sheaves

Consider the cartesian diagram:

Ξ(n, k) ⊂
j - Ξ× · · · × Ξ

pX × · · · × pX- X × · · · ×X

2

X [n]

t

?
⊂

i- X [n] × · · · ×X [n]

pX[n] × · · · × pX[n]

?

(2.2)

where Ξ(n, k) is the k-fold fibered product: Ξ(n, k) := Ξ×X[n] · · · ×X[n] Ξ and j and i are the

diagonal immersion. Remark that the projections t and pX[n] ×· · ·×pX[n] are flat and finite of

degree nk over X [n] and X [n] × · · · ×X [n], respectively. Consider F1, . . . , Fk coherent sheaves

on X and their exterior tensor product2 on F1 � · · ·� Fk on Xk.
2We recall that if X and Y are two algebraic varieties and if F and G are coherent sheaves on X and

Y , respectively, the exterior tensor product F � G is the coherent sheaf on X × Y defined as: F � G :=

p∗XF ⊗OX×Y
p∗Y G, where pX and pY are the projections of X × Y onto X and Y , respectively.
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We will make use of the following Base Change Formula; it is an immediate consequence3

of [6, Proposition 6.9.8].

Proposition 2.8. Consider the fiber product:

X ′
u - X

2

Y ′

f ′

? v - Y

f

?

where X,Y ,X ′, Y ′ are noetherian k-schemes and f and f ′ are proper morphism. Let F a

coherent OX-module, and G a coherent OY ′-module. Then:

Rf ′∗
(
F ⊗LOY

G
)
' Rf∗F ⊗LOY

G (2.3)

where F ⊗LOY
G is naturally seen as an element of D−(X ′).

Remark 2.9. 1. Suppose Y ′ is flat over Y , then X ′ is flat over X. If G = OY ′ , we get the

known formula for Flat Base Change [9]: Rf ′∗(u
∗F) ' v∗Rf∗F .

2. If X is flat over Y and G = OY ′ , we get: Rf ′∗(Lu
∗F) ' Lv∗(Rf∗F).

Applying the Base Change Formula (2.3) to Diagram (2.2), remembering Proposition 2.3

and the fact that if F and G are two coherent sheaves on two algebraic varieties X and Y ,

respectively, then trivially F �L G ' F �G in D−(X × Y ), we have:

F
[n]
1 ⊗L · · · ⊗L F [n]

k ' Li∗(pX[n] × · · · × pX[n])∗(pX × · · · × pX)∗F1 � · · ·� Fk

' t∗Lj∗(pX × · · · × pX)∗F1 � · · ·� Fk

' ΦOΞ(n,k)

Xk→X[n](F1 � · · ·� Fk) .

2.3 The Bridgeland-King-Reid equivalence

In this section we will transform tautological sheaves and their tensor products with the

Bridgeland-King-Reid equivalence (see [2]) for the action of the symmetric group Sn on the

product Xn. We have first of all to introduce the isospectral Hilbert scheme. For every subset

J ⊆ {1, . . . , n}, |J | = p, p ≥ 1, denote with pJ : Xn - XJ the projection onto the factors

in J . If |J | ≥ 2, we will indicate with ∆J the pull-back of the small diagonal in XJ via the

projection pJ .

Definition 2.10. The isospectral Hilbert scheme Bn is the reduced fibered product Bn :=

(X [n] ×SnX Xn)red of Xn and X [n] over the symmetric variety SnX.

The isospectral Hilbert scheme plays a fundamental role in applying the Bridgeland-King-

Reid theorem to the the action of the symmetric group Sn to Xn. It has been defined and

studied by Haiman in [7] and [8]. Haiman proves the following theorem.

3To get Proposition 2.8, it is just sufficient to set S = Y , S′ = Y ′ in [6, Proposition 6.9.8] and to express

the result in the language of derived categories instead of spectral sequences.
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Theorem 2.11. The isospectral Hilbert scheme Bn is irreducible, normal, Cohen-Macauley

and Gorenstein. Moreover it can be identified with the blow-up of Xn along the scheme-theoretic

union of the pairwise diagonals ∆ij, for all 1 ≤ i < j ≤ n.

By definition the isospectral Hilbert scheme Bn fits in the (non cartesian) commutative

diagram:

Bn
p - Xn

X [n]

q

?
µ- SnX

π

?

(2.4)

where p and µ are birational, π and q are finite, and q is flat.

Remark 2.12. Since X [n] is smooth and q is finite and surjective, the Cohen-Macauley prop-

erty of Bn is equivalent to the flatness of the morphism q (see [4, Ex. 18.17]). Moreover

Bn inherits the Sn-action. As a consequence Bn is a flat family of Sn-clusters, that is,

Sn-invariant closed subschemes Bnξ of Xn, ξ ∈ X [n], such that H0(Bnξ ) ' C[Sn]; hence

X [n] ' Bn/Sn. Haiman actually proves that Bn is the universal family of Sn-clusters and

that X [n] can be identified with the Hilbert scheme of regular Sn-orbits HilbSn(Xn) on Xn,

in the sense of Nakamura (see [11], [10], [14], [7]). Diagram (2.4) is then exactly the picture

of the derived McKay correspondence of Bridgeland-King-Reid theorem, whose hypothesis are

now easily satisfied, since SnX is Gorenstein and µ is semismall.

The Bridgeland-King-Reid theorem, in this context, states:

Theorem 2.13. The Fourier-Mukai functor:

ΦOBn

X[n]→Xn : Db(X [n]) - Db
Sn

(Xn) (2.5)

from the bounded derived category of coherent sheaves on X [n] to the bounded derived category

of Sn-equivariant sheaves on Xn, is an equivalence.

In the sequel we will denote more briefly with Φ the Fourier-Mukai transform ΦOBn

X[n]→Xn

of Theorem 2.13 and we will also call it the Bridgeland-King-Reid equivalence4. We will

indicate with Di ⊆ Xn × X the partial diagonal ∆i,n+1 in Xn × X and with D the scheme

theoretic union D := ∪ni=1Di. We will finally denote with D̃(n, k) the k-fold fibered product

D ×Xn · · · ×Xn D ⊆ Xn ×Xk of D over Xn and with D(n, k) the reduced scheme underlying

D̃(n, k): D(n, k) := D̃(n, k)red. The scheme D(n, k) is Haiman’s polygraph (see [7], [8], [16]).

Remark that D̃(n, 1) = D is reduced, since it is a scheme theoretic union of smooth varieties,

and hence D(n, 1) = D̃(n, 1) = D. Denote with πXn and πX the projections of Xn ×X onto

Xn and X, respectively; denote moreover with w the projection w : Xn ×Xk - Xn.

We aim to compute the image of the (derived) tensor product F [n]
1 ⊗L · · · ⊗L F [n]

k of tauto-

logical sheaves on X [n] for the Bridgeland-King-Reid transform (2.5). By Haiman’s vanishing

4Remark that, by Projection Formula and since Bn is a closed subscheme of the product X[n] × Xn, the

transform Φ coincides with the functor Rp∗ ◦ q∗, in the notations of Diagram (2.4).
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theorem [8, Thm 5.1], the composition:

Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k ) = ΦOBn

X[n]→Xn ◦ ΦOΞ(n,k)

Xk→X[n](F1 � · · ·� Fk) (2.6)

= ΦOD(n,k)

Xk→Xn(F1 � · · ·� Fk) (2.7)

can be computed (see [16, Eq. (2.2)]) as a Fourier-Mukai functor with kernel the structural

sheaf of the polygraph D(n, k).

The case k = 1: the complex C•F . We extend the definition of the complex of equivariant

sheaves C•F , given in [16] for a line bundle, for a coherent sheaf F on X. For every subset

J ⊆ {1, . . . , n}, |J | = p ≥ 2, denote with FJ the sheaf p∗J(jJ∗F ), where jJ is the diagonal

immersion of X into XJ . Define C0
F ' ⊕ni=1p

∗
iF and CpF :=

⊕
|J|=p+1 FJ , for p ≥ 1. The

differentials ∂pF : CpF - Cp+1
F are defined by: ∂pF (x)J :=

∑
i∈J εi,JxJ\{i}|∆J

where x is a

local section of CpF and where εi,J is the sign: εi,J := (−1)]{b∈J|b<i} . The complex (C•F , ∂•F )

is endowed with the following Sn-action. Let σ ∈ Sn and σ∗ : Xn - Xn the permutation

of the factors given by: σ∗(x1, . . . , xn) - (xσ−1(1), . . . , xσ−1(n)). We have σ∗(∆J) ' ∆σ(J).

Therefore we can give C•F the natural Sn-linearization: (σ.x)J := εσ,Jσ∗xσ−1(J), where εσ,J is

the signature of the only permutation τ ∈ Sn such that σ−1τ is strictly increasing.

We now recall the following result from [16]. Let I ⊆ {1, . . . , l}. We will indicate with I

the complementary of I in {1, . . . , l}. If M1, . . . ,Ml are modules on a ring A, we will indicate

with MI = ⊗i∈IMi.

Proposition 2.14 ([16, Proposition A.3]). Let (A,m) be a noetherian regular local ring and

Mi, i = 1, . . . , l, finite Cohen-Macauley modules on A. Consider the exact sequences:

0 - Ni - Ei - Mi
- 0

where Ei are free A-modules. Let K•i be the complex (in degree 0 and 1): K•i :=

Ei - Mi
- 0. Suppose that codim(M1⊗ · · · ⊗Ml) =

∑l
i=1 codimMi. Then the complex

K• := ⊗iK•i :

0 - ⊗li=1 Ei - ⊕li=1 Mi ⊗ E{i} -

- ⊕|I|=2 MI ⊗ EI - . . . - ⊗li=1 Mi
- 0

is a right resolution of the module ⊗li=1Ni. Moreover Tori(N1, . . . , Nl) = 0 for all i > 0.

Remark 2.15. For any non-empty multi-index ∅ 6= I ⊆ {1, . . . , n}, define DI as being the

scheme-theoretic intersection: DI := ∩i∈IDi. The fact that D is a scheme-theoretic union

of transverse smooth subvarieties Di of the smooth variety Xn × X allows us, applying the

preceding proposition to the sequences 0 - IDi
- OXn×X - ODi

- 0, i =

1, . . . , n, to resolve the structural sheaf OD with a Čech-type right resolution K• defined by

Kp := ⊕|I|=p+1ODI
, ∂p(x)J :=

∑
i∈J εi,JxJ\{i}

∣∣
DJ

(see [16, appendix A] for details). Each

term of the complex K• is flat over X (via the projection πX : Xn × X - X) because,

for all ∅ 6= I ⊆ {1, . . . , n}, the schemes DI are trivially flat over X (via the projection πX).

Consider now the fourth quadrant hypertor spectral sequence Ep,q1 = TorOX
−q (Kp, G), converging

to TorOX
−p−q(OD, G), where G is a quasi-coherent sheaf over X. It clearly degenerates at level
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Ep,q2 , because Ep,q1 = 0 if q 6= 0. This implies that TorOX

l (OD, G) = 0 for l > 0, and for all G,

yielding that the sheaf OD is flat over X (via the projection πX).

Theorem 2.16. Let X a smooth quasi-projective algebraic surface and F a coherent sheaf

on X. Let F [n] the tautological sheaf on the Hilbert scheme X [n] associated to F . The image

Φ(F [n]) of the tautological sheaf F [n] for the Bridgeland-King-Reid equivalence Φ is concen-

trated in degree 0 and is quasi-isomorphic in Db
Sn

(Xn) to the complex (C•F , ∂•F ):

Φ(F [n]) ' p∗q∗F [n] ' C•F .

Proof. By Equation (2.7) the Bridgeland-King-Reid transform of F [n] is simply:

Φ(F [n]) ' ΦOD

X→Xn(F ) ' πXn∗(OD ⊗LOXn×X
π∗XF ) .

We now have, by Remark 2.15: OD ⊗LOXn×X
π∗XF ' OD ⊗LOX

F = OD ⊗OX
F , because D is

flat over X. This yields

Φ(F [n]) ' ΦOD

X→Xn(F ) ' πXn∗(OD ⊗OXn×X
π∗XF ) ' πXn∗(K• ⊗OXn×X

π∗XF ) .

Now one proceeds like in the case of a line bundle (see [16, Theorem 2.2.2]), proving that

πXn∗(Kp ⊗OXn×X
π∗XF ) ' CpF for all p.

The case k > 1. In the case k > 1 consider the cartesian diagram:

D̃(n, k) ⊂
j - D × · · · ×D︸ ︷︷ ︸

k−times

πX × · · · × πX- X × · · · ×X︸ ︷︷ ︸
k−times

2

Xn

w

?
⊂

i- Xn × · · · ×Xn︸ ︷︷ ︸
k−times

πXn × · · · × πXn

?

(2.8)

Remark 2.17. Remark that

L(πX × · · · × πX)∗(F1 � · · ·� Fk) = Lπ∗XF1 �L · · ·�L Lπ∗XFk = π∗XF1 � · · ·� π∗XFk

because OD is flat over X (via the projection πX), by Remark 2.15.

Notation 2.18. We indicate now with Dj ⊆ Xn ×Xk the subscheme Dj := (id × pj)−1(D)

and with Dj
I ⊂ Xn ×Xk the subscheme Dj

I := (id× pj)−1(DI), where pj : Xk - X is the

projection on the j-th factor. Consider now the resolution K• of the sheaf OD on Xn × X
of Remark 2.15; by flatness of the map id × pj the sheaf ODj is resolved by the complex

(id × pj)∗K•, which will be denoted more briefly by K•j . In the following we will sometimes

consider Dj
I and K•j as objects over X, via the projection Xn ×Xk - Xk pj- X.

Remark 2.19. By definition of the non reduced polygraph D̃(n, k), if F1, . . . , Fk are coherent

sheaves on X, by Base Change Formula (2.3) applied to the fibered product D̃(n, k) and to

the sheaves OD1 ⊗OX
F1, . . . , ODk ⊗OX

Fk, we get the quasi-isomorphism:

w∗[(K•1 ⊗OX
F1)⊗LOXn · · · ⊗LOXn (K•k ⊗OX

Fk)]

' w∗[(OD1 ⊗OX
F1)⊗LOXn · · · ⊗LOXn (ODk ⊗OX

Fk)]

' πXn∗(OD1 ⊗OX
F1)⊗LOXn · · · ⊗LOXn πXn∗(ODk ⊗OX

Fk)

' C•F1
⊗LOXn · · · ⊗LOXn C•Fk

. (2.9)
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Now, there exists a canonical morphism:

(OD1 ⊗OX
F1)⊗LOXn · · · ⊗LOXn (ODk ⊗OX

Fk) - O
D̃(n,k)

⊗LO
Xk

(F1 � · · ·� Fk) ,

and hence a natural morphism

a : (OD1 ⊗OX
F1)⊗LOXn · · · ⊗LOXn (ODk ⊗OX

Fk) - OD(n,k) ⊗LO
Xk

(F1 � · · ·� Fk) .

Pushing forward by w∗, and remembering Remark 2.19, we get a natural morphism in the

derived category Db
Sn

(Xn):

α := w∗a : C•F1
⊗L · · · ⊗L C•Fk

- Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k ) (2.10)

In all generality the comparison between the sought image Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k ) and the

hyperderived tensor product C•F1
⊗L · · · ⊗L C•Fk

can’t go much further.

Lemma 2.20. Let F1, . . . , Fk coherent sheaves on X. Consider the statements:

(i) Tor
O

X[n]

i (F [n]
1 , . . . , F

[n]
k ) = 0, ∀i > 0;

(ii) TorOXk

i (OD(n,k), F1 � · · ·� Fk) = 0, ∀i > 0;

(iii) Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k ) is concentrated in degree 0.

Then we have the implications: (i) =⇒ (ii) ⇐⇒ (iii).

Proof. From the quasi-isomorphism:

Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k ) ' w∗(OD(n,k) ⊗LO
Xk

F1 � · · ·� Fk) .

we get that (ii) is equivalent to (iii). Moreover if (i) holds, then, by the preceding quasi-

isomorphism, Φ(F [n]
1 ⊗L · · ·⊗L F

[n]
k ) is a complex concentrated at the same time in degree ≥ 0

and ≤ 0, then (iii) holds.

Proposition 2.21. Let X be a smooth quasi-projective algebraic surface and let F1, . . . , Fk
be coherent sheaves on X such that the tautological sheaves F

[n]
1 , . . . , F [n]

k are transverse.

Then the mapping cone of the natural morphism α (2.10) is acyclic in degree > 0; this means

that Rip∗q∗(F
[n]
1 ⊗ · · ·F [n]

k ) = 0 for all i > 0 and in degree 0 we have the epimorphism:

p∗q
∗(F [n]

1 )⊗ · · · ⊗ p∗q∗(F [n]
k ) - p∗q

∗(F [n]
1 ⊗ · · · ⊗ F [n]

k ).

Proof. The fact that the mapping cone of the morphism α is acyclic in degree > 0 can be proved

exactly in the same way as in the case of a line bundle (see [16, Theorem 2.3.1]): it relies on

the transversality of F [n]
1 , . . . , F [n]

k and on Haiman’s vanishing theorem, using Lemma 2.3.

Lemma 2.22. Let X a smooth quasi-projective algebraic surface. Let Qi, i = 1, . . . , l coherent

sheaves of dimension 0. Then for each i the tautological sheaf Q[n]
i is Cohen-Macauley of

codimension 2. If SuppQi ∩ SuppQj = ∅ for all i 6= j then codimQ
[n]
1 ⊗ · · · ⊗Q

[n]
l = 2l; hence

Tor
O

X[n]

i (Q[n]
1 , . . . , Q

[n]
l ) = 0 for all i > 0.
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Proof. The sheavesQj are 0-dimensional and hence Cohen-Macauley; by Auslander–Buchsbaum

Formula [13, Thm 19.1], they can be resolved locally (on adequate affine open sets U ⊆ X) by

locally free resolutions

0 - Ri2 - Ri1 - Ri0 - Qi
∣∣
U

- 0 .

The open subsets of the form U [n], where U is an affine open subset of X, cover the Hilbert

scheme X [n], by [16, lemma 1.4.3]. The following diagram is now commutative:

Db(X)
[−][n]
- Db(X [n])

Db(U)
? [−][n]

- Db(U [n])
?

where the vertical arrows are restriction functors. Hence, for any tautological sheaf F [n], its

restriction to U [n] is the tautological sheaf associated to F
∣∣
U

:

F [n]
∣∣
U [n] = (F

∣∣
U

)[n] .

Applying the functor [−][n] (relative to U) to the above resolutions of Qi
∣∣
U

we get locally free

resolutions P •i of Q[n]
i on U [n] of at most length 2:

P •i := 0 - (Ri2)[n] - (Ri1)[n] - (Ri0)[n] - Q
[n]
i

∣∣
U [n]

- 0 .

The support SuppQ[n]
i is of codimension 2, hence by Auslander-Buchsbaum Formula the sheaf

Q
[n]
i is Cohen-Macauley. Denote with Zi the support of Qi and consider W := SuppQ[n]

1 ⊗
· · · ⊗ Q[n]

l = SuppQ[n]
1 ∩ · · · ∩ SuppQ[n]

l = {ξ ∈ X [n] | ξ ∩ Zi 6= ∅ ∀i}. We will now prove

that codimX[n] W = 2l. If l > n then it is clear that W = ∅; if l ≤ n and ξ ∈ W then

µ(ξ)−
∑l
i=1 pi ≥ 0 where pi ∈ Zi∩ξ, i = 1, . . . , l, are l distinct points; hence W is contained in

the finite union of the subschemes µ−1(p1 + · · ·+pl+Sn−lX), where (p1, . . . , pl) ∈ Z1×· · ·×Zl.
If λ is a partition of k ∈ N∗, denote with SkλX the stratum of SkX given by 0-cycles of

the form
∑
i λixi. Each closed subscheme µ−1(p1 + · · · + pl + Sn−lX) is the finite union :

µ−1(p1+· · ·+pl+Sn−lX) = ∪λµ−1(p1+· · ·+pl+Sn−lλ X), where λ = λ1+· · ·+λh is a partition of

n−l. Hence dimW = maxλ{dimµ−1(p1+· · ·+pl+Sn−lλ X)}, where λ runs among the partitions

of n− l. We can write Sn−lλ X = ∪IVI , where I ⊆ {1, . . . , l}, 0 ≤ |I| ≤ min{l, n− l} and VI =

{η ∈ Sn−lλ X | ordpj
η ≥ 1 ∀j ∈ I}, where we indicated with ordpj

η the order of the cycle η at

the point pj . Now dimVI = h−|I| and dimµ−1(p1+· · ·+pl+η) =
∑h
i=1(λi−1)+|I| = n−l+|I|,

for each η =
∑h
i=1 λixi ∈ VI , by [5]; hence dimµ−1(p1 + · · ·+ pl + VI) = n− l + h ≤ 2(n− l).

Therefore codimX[n] µ−1(p1 + · · ·+ pl +Sn−lX) ≥ 2l. Hence 2l ≤ codimQ
[n]
1 ⊗ · · · ⊗Q

[n]
l ≤ 2l.

The result now follows from Lemma 2.2.

Lemma 2.23. Let Fi, i = 1, . . . , k, be torsion free coherent sheaves on the smooth quasi-

projective algebraic surface X. Suppose that the singular loci SingFi are pairwisely disjoint.

Then F
[n]
1 , . . . , F [n]

k are transverse and their tensor product F [n]
1 ⊗ · · · ⊗ F [n]

k is torsion free.

Proof. The sheaf Fi is resolved by the complex K•i = F ∗∗i
- Qi - 0, where F ∗∗i is locally

free and dimQi = 0. Since the functor [−][n] is exact, the tautological sheaves F [n]
i are resolved
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by the complexes (K•i )[n]; this proves that F [n]
i is torsion free if Fi is. Since SingFi = SuppQi,

i = 1, . . . , k, are pairwisely disjoint, by the previous lemma codimQ
[n]
1 ⊗· · ·⊗Q

[n]
k = 2k. Hence,

by Proposition 2.14, the tensor product of complexes (K•1 )[n]⊗ · · · ⊗ (K•k)[n] resolves the sheaf

F
[n]
1 ⊗ · · · ⊗ F [n]

k , which is torsion free, because of the injection in the locally free F [n]
1 ⊗ · · · ⊗

F
[n]
k

⊂ - (F ∗∗1 )[n] ⊗ · · · ⊗ (F ∗∗k )[n]; moreover the sheaves F [n]
1 , . . . , F

[n]
k are transverse.

We can now strengthen Proposition 2.21.

Theorem 2.24. Let Fi, i = 1, . . . , k, be torsion free coherent sheaves on a smooth quasi-

projective surface X, with pairwisely disjoint singular loci SingFi. Then the image Φ(F [n]
1 ⊗

· · · ⊗ F [n]
k ) of the tensor product of tautological sheaves F [n]

i is concentrated in degree 0 and

is quasi isomorphic to the sheaf p∗q∗(F
[n]
1 ⊗ · · · ⊗ F

[n]
k ), which is torsion free; this sheaf is

isomorphic to the quotient of ⊗ki=1p∗q
∗(F [n]

i ) by the torsion subsheaf and can be realized as the

quotient modulo torsion E0,0
∞ /tors, of the term E0,0

∞ of the hyperderived spectral sequence

Ep,q1 (F1, . . . , Fk) :=
⊕

i1+···+ik=p

Tor−q(Ci1F1
, . . . , CikFk

)

associated to the hyperderived tensor product C•F1
⊗L · · ·⊗L C•Fk

and abutting to the cohomology

Hp+q(C•F1
⊗L · · · ⊗L C•Fk

).

Proof. Once we know that the tensor product F [n]
1 ⊗ · · · ⊗ F [n]

k is torsion free, then q∗(F [n]
1 ⊗

· · ·⊗F [n]
k ) is torsion free (because q is flat5). As a consequence p∗q∗(F

[n]
1 ⊗· · ·⊗F

[n]
k ) is torsion

free as p∗OBn -module, but p∗OBn ' OXn , by [16, Theorem 1.7.3]. Hence p∗q∗(F
[n]
1 ⊗· · ·⊗F

[n]
k )

is torsion free as OXn -module. The proof now goes on easily as in the case of a line bundle

(see [16, Thm 2.3.1 and Cor. 2.3.2]).

3 Invariants of Polygraphs

The aim of this section is to compute the Sn-invariants6 of the image Φ(F [n]
1 ⊗ · · · ⊗ F [n]

k ) of

the tensor product of tautological sheaves F [n]
1 ⊗ · · · ⊗ F [n]

k . Since X [n] ' Bn/Sn and since

(see [16, Proposition 1.7.2])

Φ(F [n]
1 ⊗ · · · ⊗ F [n]

k )Sn := πSn
∗ ◦Φ(F [n]

1 ⊗ · · · ⊗ F [n]
k ) = Rµ∗(F

[n]
1 ⊗ · · · ⊗ F [n]

k ) ,

this will provide general Brion-Danila Formulas for the derived direct image of F [n]
1 ⊗· · ·⊗F

[n]
k

via the Hilbert-Chow morphism. Instead of using results from Proposition 2.21 or Theorem

2.24, we will take a slightly different point of view, computing the invariants Φ(F [n]
1 ⊗ · · · ⊗

F
[n]
k )Sn as the image of a Fourier-Mukai functor with kernel the invariants of the structural

sheaf of polygraph OSn

D(n,k) on SnX ×Xk: in this way we can obtain somewhat more general

results than directly applying Proposition 2.21.

5The fact that q is flat implies that, for any coherent sheaf G on X[n], q∗G∗∗ ' (q∗G)∗∗ (see, for example

[17, Prop. 21]), whence, if G is torsion free, the injection q∗G ⊂- (q∗G)∗∗.
6We recall that if G is a finite group and if F is a G-equivariant coherent sheaf on an algebraic variety X,

upon which G acts, the sheaf of invariants FG of the sheaf F is by definition the sheaf FG := πG
∗ F , where

π : X - X/G is the quotient projection and πG
∗ is the G-invariant push forward πG

∗ := [−]G ◦ π∗, that is,

the push forward followed by the functor of G-invariants.
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3.1 Equivariant Fourier-Mukai functors

Let X and Y two varieties equipped with the actions of two finite groups G and H. Then G×H
acts on the product X×Y via the diagonal action. The projections πX and πY are equivariant

with respect to the projectionsG×H - G andG×H - H, respectively. As a consequence

of general facts (see [15]), they define functors: π∗X : CohG(X) - CohG×H(X×Y ) and πY G∗ :

CohG×H(X×Y ) - CohH(Y ), which can be derived, defining equivariant pull-back and push-

forwards: π∗X = Lπ∗X : D−G(X) - D−G×H(X×Y ) and RπY G∗ : D−G×H(X×Y ) - D−H(Y ).

The bifunctor − ⊗ − passes as well on the G-equivariant level, hence, deriving it, we get a

bifunctor: − ⊗L − : D−G×H(X × Y ) ×D−G×H(X × Y ) - D−G×H(X × Y ) . The choice of a

kernel P ∈ D−G×H(X × Y ) defines a functor : −⊗L P : D−G×H(X × Y ) - D−G×H(X × Y ) .

The composition of these functors defines the equivariant Fourier-Mukai functor with kernel P :

ΦPX→Y := RπY G∗ (π∗X(−)⊗L P ) : D−G(X) - D−H(Y ) .

Let us consider the diagram:

X �
πX

X × Y
πY - Y

X/G

u

?
�
πX/G

X/G× Y/H

u× v

? πY/H- Y/H

v

?

Taking the invariants of P by G ×H, we get a kernel PG×H ∈ D−(X/G × Y/H) and conse-

quently an associated Fourier-Mukai functor:

ΦP
G×H

X/G→Y/H : D−(X/G) - D−(Y/H) .

This new functor is linked with the previous by the relation:

Proposition 3.1.

ΦP
G×H

X/G→Y/H = vH∗ ◦ ΦPX→Y ◦ Lu∗ .

Proof. If F ∈ D−(X/G) we have:

vH∗ ◦ ΦPX→Y ◦ Lu∗F = vH∗ ◦RπY G∗ (π∗X(Lu∗F )⊗LOX×Y
P )

= vH∗ ◦RπY G∗
(
L(u× v)∗π∗X/G(F )⊗LOX×Y

P
)

= RπY/H∗(u× v)G×H∗

(
L(u× v)∗π∗X/G(F )⊗LOX×Y

P
)

= RπY/H∗

[
π∗X/G(F )⊗LOX/G×Y/G

(u× v)∗P
]G×H

= RπY/H∗

[
π∗X/G(F )⊗LOX/G×Y/G

(u× v)G×H∗ P
]

= ΦP
G×H

X/G→Y/G(F )

where we used Projection Formula in the fourth equality and the fact that G×H acts trivially

on π∗X/GF in the fifth equality.

Applying the proposition to our situation we get immediately:
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Corollary 3.2. Let X a smooth quasi-projective algebraic surface and F1, . . . , Fk coherent

sheaves on X. Then

Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k )Sn := πSn
∗ ◦ ΦOD(n,k)

Xk→Xn(F1 � · · ·� Fk) = Φ
OSn×{1}

D(n,k)

Xk→SnX
(F1 � · · ·� Fk) .

As a consequence, in order to compute the invariants Φ(F [n]
1 ⊗L · · · ⊗L F [n]

k )Sn , the main

point is the computation of the invariantsOSn×{1}
D(n,k) := (π×id)Sn×{1}

∗ OD(n,k) ∈ Coh(SnX×Xk)

of the structural sheaf of the polygraph D(n, k). This will be done in the next section for k ≤ 2.

3.2 Invariants of the polygraph

Remark 3.3. Let f : X - Y be a proper morphism of smooth algebraic varieties; let

moreover Z ⊆ X be a reduced subscheme of X such that f
∣∣
Z

: Z - Y is finite and surjective.

Now if P • is a complex of coherent sheaves on X, supported on Z, then f∗Hp(P •) = Hp(f∗P •)
and moreover7 Hp(P •) = 0 if and only if Hp(f∗P •) = 0.

Consider now the hyperderived spectral sequence

Ep,q1 (F1, . . . , Fk) :=
⊕

i1+···+ik=p

Tor
O

Xn×Xk

−q (Ki11 ⊗OX
F1, . . . ,Kikk ⊗OX

Fk)

associated to the derived tensor product (K•1 ⊗OX
F1) ⊗LOXn · · · ⊗LOXn (K•k ⊗LOX

Fk) ∈
Db

Sn×{1}(X
n ×Xk) and abutting to its p + q-cohomology. Rewriting the quasi-isomorphism

(2.9) in term of this spectral sequence, and remembering that the first complex is w∗- acyclic,

since supported in D(n, k), which is finite over Xn, we get:

w∗Ep,q1 (F1, . . . , Fk) ' Ep,q1 (F1, . . . , Fk) ,

and explicitating the terms Ep,q1 and Ep,q1 , we have, for any i1, . . . , ik:

w∗Tor−q(Ki11 ⊗OX
F1, . . . ,Kikk ⊗OX

Fk) ' Tor−q(Ci1F1
, . . . , CikFk

) . (3.1)

Consider the diagram:

Xn ×Xk π × id- SnX ×Xk

Xn

w

? π - SnX

ν

?

(3.2)

Consider moreover the spectral sequence on SnX ×Xk:

Ep,q1 (F1, . . . , Fk) := (π × id)Sn×{1}
∗ Ep,q1 (F1, . . . , Fk) ,

supported on D(n, k)/Sn × {1}. Then we have:

ν∗E
p,q
1 (F1, . . . , Fk) = πSn

∗ Ep,q1 (F1, . . . , Fk) . (3.3)

Indicate with Ep,q1 (F1, . . . , Fk) the spectral sequence (3.3). As a consequence of Remark 3.3,

the spectral sequences Ep,q1 and Ep,q1 behave exactly as the spectral sequences Ep,q1 and Ep,q1 ,

respectively. As an immediate corollary of this fact and of Theorem 2.24 (or of [16, Thm 2.3.1

and Cor. 2.3.2]), we have:
7Here we denote with Hp(P •) the sheaf of p-cohomology of the complex P •.
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Corollary 3.4. The structural sheaf of the polygraph OD(n,k) can be identified with the term

E0,0
∞ (OX , . . . ,OX) of the hyperderived spectral sequence associated to the derived tensor product

K•1 ⊗LOXn · · · ⊗LOXn K•k; its Sn × {1} -invariants OSn×{1}
D(n,k) can be identified with the term

E0,0
∞ (OX , . . . ,OX) of the spectral sequence Ep,q1 (OX , . . . ,OX)

Corollary 3.5. We have OSn×{1}
D ' (⊕ni=1ODi)

Sn×{1} on SnX ×X.

Proof. From OD ' K• we get OSn×{1}
D ' (K•)Sn×{1}. One can prove by a direct computation

that (Kp)Sn×{1} = 0, for p > 0, whence the result. Otherwise, using Diagram (3.2) for k ≥ 1,

the lemma follows applying ν∗: ν∗OSn×{1}
D = Rµ∗O[n]

X = (⊕ip∗iOX)Sn ' ν∗[(K•)Sn×{1})],

where we used the known Brion-Danila Formula (see [3]) in the middle isomorphism.

Corollary 3.6. We have the short exact sequence on SnX ×X2:

0 - OSn×{1}
D(n,2)

- (K0
1 ⊗K0

2)Sn×{1} - (K0
1 ⊗K1

2)Sn×{1} - 0 .

Proof. We proved in [16] that the sheaf E0,0
∞ (OX ,OX) ' ν∗OSn×{1}

D(n,2) is quasi-isomorphic to the

two-term complex: 0 - (C0
OX
⊗ C0
OX

)Sn - (C0
OX
⊗ C1
OX

)Sn - 0. This complex is

exactly the complex 0 - ν∗(K0
1 ⊗ K0

2)Sn×{1} - ν∗(K0
1 ⊗ K1

2)Sn×{1} - 0. Moreover

OSn×{1}
D(n,k) ' E0,0

∞ (OX ,OX) is in the kernel of the map: (K0
1⊗K0

2)Sn×{1} - (K0
1⊗K1

2)Sn×{1}.

Since the terms (K0
1 ⊗ K0

2)Sn×{1} and (K0
1 ⊗ K1

2)Sn×{1} are supported in D(n, k)/Sn × {1}
and since ν, restricted to D(n, k)/Sn × {1}, is finite, we can conclude by Remark 3.3.

4 Brion-Danila Formulas and cohomology

In this last section we will use the computations of the invariants of the polygraphs D(n, k),

for k ≤ 2, performed in the previous section, in order to find general Brion-Danila’s Formulas

for the derived direct image of a tautological sheaf and of a tensor product of two of them.

Theorem 4.1. Let F a coherent sheaf on the smooth quasi-projective surface X. Then

Rµ∗F [n] ' (⊕ip∗iF )Sn .

Proof. We have

Rµ∗F [n] ' ν∗(OSn×{1}
D ⊗LOX

F ) ' ν∗((⊕ni=1ODi)
Sn×{1} ⊗LOX

F )

= ν∗(⊕ni=1ODi ⊗OX
F )Sn×{1} = (⊕ni=1p

∗
iF )Sn

where we used the flatness of Di over X and the fact that Sn does not act on F .

Theorem 4.2. Let E and F be coherent sheaves on the smooth quasi-projective surface X.
Then we have the long exact sequence on SnX:

0 - R−2µ∗(E
[n] ⊗L F [n]) - (⊕iTor2(p

∗
iE, p

∗
iF ))Sn - (⊕i∈J,|J|=2Tor2(p

∗
iE,FJ))Sn

- R−1µ∗(E
[n] ⊗L F [n]) - (⊕iTor1(p

∗
iE, p

∗
iF ))Sn - (⊕i∈J,|J|=2Tor1(p

∗
iE,FJ))Sn -

- R0µ∗(E
[n] ⊗L F [n]) - (C0E ⊗ C0F )Sn - (C0E ⊗ C1F )Sn - 0

As a consequence Riµ∗(E[n] ⊗L F [n]) = 0 if i 6∈ [−2, 0].

13



Proof. Denote now with P• the complex resolving the sheaf OSn×{1}
D(n,2) :

P• ' 0 - (K0
1 ⊗K0

2)Sn×{1} - (K0
1 ⊗K1

2)Sn×{1} - 0 ,

concentrated in degree 0 and 1. Let P̃• the complex on Xn×X2 defined by: P̃• := 0 - K0
1⊗

K0
2
- K0

1 ⊗K1
2
- 0. We have P• = (P̃•)Sn×{1}. By Projection Formula we have:

P• ⊗LOX2
(E � F ) = (π × id)Sn×{1}

∗ (P̃•)⊗LOX2
(E � F )

= (π × id)Sn×{1}
∗

[
P̃• ⊗LOX2

(E � F )
]

Hence

Rµ∗(E[n] ⊗L F [n]) ' ν∗(P• ⊗LOX2
E � F ) = ν∗(π × id)Sn×{1}

∗

[
P̃• ⊗LOX2

(E � F )
]

= πSn
∗ w∗

[
P̃• ⊗LOX2

(E � F )
]

We compute now w∗[P̃•⊗LOX2
(E�F )] via the spectral sequence: Ep,q1 = w∗TorOX2

−q (P̃p, E�F ),

abutting to w∗TorOX2
−p−q(P̃•, E � F ). By (3.1) we have:

w∗TorOX2
−q (P̃0, E � F ) = Tor−q(C0

E , C0
F ) , w∗TorOX2

−q (P̃1, E � F ) = Tor−q(C0
E , C1

F ) .

Remark now that if q < 0 Tor−q(C0
E , C0

F ) = ⊕ni=1Tor−q(p∗iE, p
∗
iF ), and that Tor−q(C0

E , C1
F ) =

⊕i,|J|=2,i∈JTor−q(p∗iE,FJ). Since Ep,q1 is a two columns spectral sequence, the result follows.

Remark 4.3. Remark that, in the long exact sequence of the previous proposition,

Torq(p∗iE, p
∗
iF ) = p∗iTorq(E,F ), Torq(p∗iE,FJ) ' Torq(E,F )J . Indeed, for Torq(p∗iE, p

∗
iF ):

p∗iE⊗LOXn p
∗
iF = w∗[(ODi

1
⊗OXn×X2ODi

2
)⊗LOXn×X2

(E�F )], and indicating with ∆ the diagonal

in X2:

(ODi
1
⊗OXn×X2 ODi

2
)⊗LOXn×X2

(E � F ) = O∆i,n+1,n+2 ⊗LOX2
(E � F )

= O∆i,n+1,n+2 ⊗LO∆
(O∆ ⊗LOX2

(E � F ))

= O∆i,n+1,n+2 ⊗O∆ (E ⊗LOX
F )

because ∆i,n+1,n+2 ⊆ Xn × X2 is flat over ∆. The case Torq(Ei, FJ) ' Torq(E,F )J is

analogous.

Corollary 4.4. Let E and F transverse coherent sheaves on X. Then Riµ∗(E[n]⊗L F [n]) = 0

if i 6= 0 and we have:

0 - R0µ∗(E[n] ⊗L F [n]) - (C0
E ⊗ C0

F )Sn - (C0
E ⊗ C1

F )Sn - 0 .

In particular, the statement holds if E and F are torsion free; if moreover they have disjoint

singular loci, we have R0µ∗(E[n] ⊗L F [n]) = µ∗(E[n] ⊗ F [n]).

Proof. The first statement is immediate. If E and F are torsion free, then Tori(E,F ) = 0, for

i > 0. Indeed E ' R•1 := 0 - E∗∗ -- QE - 0 and F ' R•2 := 0 - F ∗∗ -- QF ,

where QE and QF are the cokernels of the natural injections E ⊂ - E∗∗ and F ⊂ - F ∗∗,

respectively. Then Tori(E,F ) can be computed via the fourth-quadrant spectral sequence

Ep,q1 = ⊕i1+i2=pTor−q(Ri11 , R
i2
2 ). Now Ep,q1 = 0 if p > 2 or if p = 0, 1 and q < 0. Moreover

E2,q
1 = Tor−q(QE , QF ) = 0 if q < −2. Hence Tori(E,F ) = 0, for i > 0. The last statement

follows from Lemma 2.23.
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Applying Theorem 4.1 and Corollary 4.4 we get the following results on the cohomology.

Corollary 4.5. Let F a coherent sheaf on the smooth quasi-projective algebraic surface X.

Then H∗(X [n], F [n]) ' H∗(F )⊗ Sn−1H∗(OX).

Corollary 4.6. Let E and F two transverse coherent sheaves on the smooth quasi-projective

surface X. Then the hypercohomology of the Hilbert scheme of n points on X with values in

the complex E[n] ⊗LO
X[n]

F [n] is given by:

H∗(X [n], E[n] ⊗LO
X[n]

F [n]) ' H∗(E)⊗H∗(F )⊗ Sn−2H∗(OX)
⊗

H∗(E ⊗ F )⊗ J ,

where J is the kernel of the map: Sn−1H∗(OX) - Sn−2H∗(OX) induced by the map

Sn−2X - Sn−1X, defined by y - y + a, where a is a fixed point in X. In particular,

the statement is true if E and F are torsion free; if moreover the singular loci of E and F are

disjoint, the formula gives the cohomology H∗(X [n], E[n] ⊗ F [n]).

Proof. The proof follows from Corollary 4.4 in the same way as done in [16] for line bundles.
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