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Introduction

Goals

m Extend the correspondence between formal algebraic
geometry and algebraic topology to include the Witt
scheme and its dual.

m Use this to realize the curves functor in topology.

m We then see that "p-typification” of curves gives rise to

m Generalized Husemoller-Witt splittings
m Quillen’s idempotent operation splitting MU,.

m Spf(E°(J)) = W2 | for p odd and E Landweber exact or
Morava K-theory.
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Introduction

Outline

m Recall how formal groups arise in topology.

m Scheme theoretic perspective of formal groups and the
Witt Vectors.

m Extending this correspondence to include
Weg, = Spf(E°(BU)).
m Applications of this correspondence.
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Formal Groups in Algebraic Topology

Generalized Chern Classes

m Assume E is an even-periodic cohomology theory, i.e. 7.E
is non-canonically isomorphic to Eg[A\, A™'] with |A| = 2.
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Formal Groups in Algebraic Topology

Generalized Chern Classes

m Assume E is an even-periodic cohomology theory, i.e. 7.E
is non-canonically isomorphic to Eg[A\, A™'] with |A| = 2.
m For each such E we have a theory of Chern classes.

E°(BU(n)) = Ey[[cy, - - -, cn]]

m The space BU = colim BU(n) inherits the operations & and
® which make it the 0-component of a ring up to homotopy.

m This implies that E°(BU) = Eq[[cy, o, . . . ]] is a coring
object (without unit) in the category of Ey-algebras.

m Up to completion, E°(BU) is isomorphic to its dual Eq(BU)
as Hopf algebras.
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Formal Groups in Algebraic Topology

Quillen’s Theorem

m The tensor product operation makes E°(BU(1)) = Ey[[¢1]]
into a bicommutative Hopf-algebra.
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Formal Groups in Algebraic Topology

Quillen’s Theorem

m The tensor product operation makes E°(BU(1)) = Ey[[¢1]]
into a bicommutative Hopf-algebra.

m After choosing a generator ¢y, set

F(x,y) = Ag(ct) € Eol[x, yll-

m Quillen’s Theorem: The formal group associated to

E=MP~\/*"MU

nez

is universal:

Ring(MPy, R) = Set of formal group laws defined over R.
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Formal Groups in Algebraic Topology

Extensions of Quillen’s Theorem

m Adams showed that the map MP, — E; classifying the
above formal group law is realized by a map of ring spectra
MP — E.
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Formal Groups in Algebraic Topology

Extensions of Quillen’s Theorem

m Adams showed that the map MP, — E; classifying the
above formal group law is realized by a map of ring spectra
MP — E.

m This example illustrates a correspondence between the
algebra of formal groups and even-periodic ring spectra.

m This correspondence has been extended in many ways
(the chromatic filtration, elliptic cohomology, Strickland’s
equivalence for Landweber exact formal groups, etc.)
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Schemes

m Given our natural aversion to co-operations such as Ag
and Ag, we can rephrase the algebra in the opposite
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Some Scheme Theory

Schemes

m Given our natural aversion to co-operations such as Ag
and Ag, we can rephrase the algebra in the opposite
category.

m The category of affine schemes is the subcategory of
representable functors in SetRines,

m The Yoneda Lemma gives an equivalence between Affine
schemes and Ring®® and between formal schemes and
pro—Ring.
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Some Affine Schemes

Example (Affine Line)

A" = Spec(Z[x]) = Rings(Z[x],-).

Example (Nilpotent elements of order n)

Spec(Z[x]/(x")) = Rings(Z[x]/(x"), —) = Nilp,.

Example (The General Linear Group Scheme)

GLp = Spec(Zlay 1, . - -, an,n][det(a,-,,-)q])
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Some Scheme Theory

Some Formal Schemes

Example (Formal Affine Line)

Al = Spf(Z[[x]))
= colim Spec(Z[x]/x™)

=  colim Nil, = Nil.
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Some Scheme Theory

Some Formal Schemes

Example (Formal Affine Line)

A1

Spf(Z{[x]])
colim Spec(Z[x]/x™)
colim Nil, = Nil.

1

Example (The Multiplicative Formal Group)

Gm = A
AX) = x@14+13x+Xx®X
e(x) = 0.
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Some Scheme Theory

Formal Groups as Formal Schemes

m We can now rephrase the theory of formal groups in
algebraic topology.

m Spf(E°(BU(1))) is a formal group (a group object in formal
schemes).

m Spf(E°(BU)) is a formal ring scheme (without unit). If we
forget the multiplication we have an infinite-dimensional
formal group.

m Spec(MP?(SP)) is the functor that takes a ring to the set of
formal group laws defined over that ring.

m Many natural objects in the theory of formal groups have
analogues in topology.
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Some Scheme Theory

The Witt Scheme

m The (big) Witt Scheme W is an affine ring scheme whose
underlying scheme is A*°.

W(R) ={(01,62,...)w | 0i € R}
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underlying scheme is A*°.
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you have on A®.
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Some Scheme Theory

The Witt Scheme

m The (big) Witt Scheme W is an affine ring scheme whose
underlying scheme is A*°.

W(R) = {(‘91,927-'-)%’ | 0; € R}
m The ring structure is not the componentwise structure that
you have on A®.
m But the ring structure is determined by the ring structure on
A
W — A®
(917927'--)W — (W1, W2,...)Aoo

d|n
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Some Scheme Theory

The Dual Witt Scheme

m The Cartier dual of the Witt Scheme W is an
infinite-dimensional formal group W.
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m The Cartier dual of the Witt Scheme W is an
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Some Scheme Theory

The Dual Witt Scheme

m The Cartier dual of the Witt Scheme W is an
infinite-dimensional formal group W.

m Wand W are nearly the same (the representing
Hopf-algebras are isomorphic after completion).

m This formal group represents the Curves functor:
C(G) = FSch(A',G)
= FGp(W,@).
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Operations On The Curves Functor

m Elements of C(W) = FGp(W, W) form an algebra of
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Operations On The Curves Functor

m Elements of C(W) = FGp(W, W) form an algebra of
endomorphisms.
m Generically, an element of C(G) has the form

@ .
Za,-t’.

i>1

m The endorphism algebra is generated by the following:
m For any ain the basering, (a) : t — at.
mForallneN, V,:t—t".
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Some Scheme Theory

Operations On The Curves Functor

m Elements of C(W) = FGp(W, W) form an algebra of
endomorphisms.
m Generically, an element of C(G) has the form

@ .
Za,-t’.

i>1

m The endorphism algebra is generated by the following:
m For any ain the basering, (a) : t — at.
mForallneN, V,:t—t".

m ForallneN,

G

Frn:t— th”".
1
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Some Scheme Theory

Structure of W, and Wp

m Over a p-local ring we can use these operations to
construct the splitting:
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Some Scheme Theory

Structure of W, and Wp

m Over a p-local ring we can use these operations to
construct the splitting:

w= J[ W,
ged(n,p)=1

m The splitting comes from the idempotent operation:

G

ex) = Y {“(”)] ViFa(x)
ged(mpy=1 b "
Zﬂ(d) = 01

din
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Extend the correspondence

Realizing W, as Spf(E°(BU))

m Wg is represented by R[0],05,...] with

n
Ng(bn) =) 60,
i=0
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Extend the correspondence

Realizing W, as Spf(E°(BU))

m Wg is represented by R[0],05,...] with

n
Ng(bn) =) 60,
i=0

m This makes its (topological) dual R[[f1, 02, ...]] with
analogous coproduct.
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Extend the correspondence

Realizing W, as Spf(E°(BU))

m The isomorphism betweeen this Hopf algebra and E°(BU)
is given by the following generating function:

[[a-0t)"=1+> at

i>1 i>1
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Realizing W, as Spf(E°(BU))

m The isomorphism betweeen this Hopf algebra and E°(BU)
is given by the following generating function:

[[a-0t)"=1+> at

i>1 i>1
m For example:
c1 — 04

C — 92+¢912
Cs +— O3+ 0100+ 63.
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Extend the correspondence

Realizing W, as Spf(E°(BU))

m The isomorphism betweeen this Hopf algebra and E°(BU)
is given by the following generating function:

[[a-0t)"=1+> at

i>1 i>1
m For example:
c1 — 04

C — 92+¢912
Cs +— O3+ 0100+ 63.

m This is an isomorphism mod decomposables, so
Spec(Eq(BU)) = Wg,.
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Extend the correspondence

Spf(E°(BU)) Represents Curves

m We have W = colimwn where Wn is determined by

fSch, (Spec(Z[x]/(x"*1),G) = fGpSch(W,, G).
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Extend the correspondence

Spf(E°(BU)) Represents Curves

m We have W = colimwn where Wn is determined by
fSch, (Spec(Z[x]/(x"*1),G) = fGpSch(W,, G).

m Recall colimCP" = CP* and colim QSU(n+ 1) ~ BU.
m Then the topological analogue is

fSch,(Spec(EX(CP™)), G) = fGpSch(Spf(E*(QSU(n+1))),G).
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Extend the correspondence

Spf(E°(BU)) Represents Curves

m We have W = colimwn where Wn is determined by
fSch, (Spec(Z[x]/(x"*1),G) = fGpSch(W,, G).

m Recall colimCP" = CP* and colim QSU(n+ 1) ~ BU.
m Then the topological analogue is

fSch,(Spec(EX(CP™)), G) = fGpSch(Spf(E*(QSU(n+1))),G).

m Moreover, if G = Spf(E°(BU(1))) then we can trace
through a series of adjunctions (after dualizing) to see that
a curve (which induces an isomorphism A' = G) defines a
map of ring spectra MU — E.
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Extend the correspondence

Making the Identification

fSch,(A',G) = aug-Alg(E°(CP>), E°(CP>))
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fSch,(A',G) = aug-Alg(E°(CP>), E°(CP>))
=~  E% mod(E%{x}, EO(CP™>))

Justin Noel University of Chicago

Generalized Witt Schemes



Extend the correspondence

Making the Identification

fSch,(A',G) = aug-Alg(E°(CP>), E°(CP>))
=~  E% mod(E%{x}, EO(CP™>))

12

Eq—mod(Ey(CP>), Eg{x*})
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ory Extend the correspondence

Making the Identification

fSch,(A',G) = aug-Alg(EY(CP>), E%(CP™))
o~ —mod(E {x}, E°(CP>))
=~ Ey—-mod(Ey(CP>), Eg{x*})

12

Eo—Alg(Eo(BU), Eo{x"})
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ory Extend the correspondence

Making the Identification

>

fSch,(

Justin Noel

1
)

()

)

1

1

12

12

—~~

12

aug-Alg(E°(CP>), E°(CP>))
E%—mod(E®{x}, E°(CP>))
Eo—mod(Eo(CP>), Eg{x*})
Eo—Alg(Eo(BU), Eo{x"})
moRingSp(MU, E))
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ory Extend the correspondence

Making the Identification

>
()
12

fSch, (A", G)

aug-Alg(E°(CP>), E°(CP>))
E%—mod(E®{x}, E°(CP>))
Eo—mod(Eo(CP>), Eg{x*})
Eo—Alg(Eo(BU), Eo{x"})
moRingSp(MU, E))

Eo—HAIg(Eo(BU), Eo(CP™))

1R 1R

®

112
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ory Extend the correspondence

Making the Identification

2>>
(D
12

L aug-Alg(E°(CP>), EO(CP>))
E%—mod(E®{x}, E°(CP>))
Eo—mod(Eo(CP>), Eo{x*})
Eo—Alg(Eo(BU), Eo{x"})
moRingSp(MU, E))

Eo—HAIg(Eo(BU), Eo(CP™))
Eo—HAIg(E°(CP>), E°(BU))
FGpSch(Spf(E%(BU)), Spf(E®(CP>))).

fSch.(A',G)

R R IR IR IR

Il

Ol
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Applications

Quillen’s Splitting

m This splitting of WZ@ is constructed in the same way as
the splitting

MUg ~BPA | N\ /S
n#£pk—1i>0
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Applications

Quillen’s Splitting

m This splitting of WZW is constructed in the same way as
the splitting

MU py ~ BP A ( AV 32"’)

n#£pk—1i>0

m This splitting is of fundamental importance in stable
homotopy theory and it is conjectured that the splitting
respects additional structure (E, Hx).
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Applications

Quillen’s Splitting

m This splitting of WZW is constructed in the same way as
the splitting

MUy, NBP/\( A \/32"')

n#pk—1i>0

m This splitting is of fundamental importance in stable
homotopy theory and it is conjectured that the splitting
respects additional structure (E, Hx).

m Partial result: (Basterra-Mandell) BP is E4.
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Applications

Condition for Quillen’s splitting to be H...

Theorem (Johnson-Noel)

The projection r : MU,y — BP is H, iff the map

roPp: MUy, (CP®) — BPgﬁ*(CPO") determines a p-typical
formal group law.
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Applications

Condition for Quillen’s splitting to be H...

Theorem (Johnson-Noel)

The projection r : MU,y — BP is H, iff the map

roPp: MUy, (CP®) — BP%T((CPOO) determines a p-typical
formal group law.

Corollary

The projection map is Hy, iff F4(r) € C(G) vanishes for all
primes q # p. Where G is the formal group Spf{( BP(%’;*(CPOO)).
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Applications

Condition for Quillen’s splitting to be H...

Theorem (Johnson-Noel)

The projection r : MU,y — BP is H, iff the map

roPp: MUy, (CP®) — BP%‘Z*((CP"O) determines a p-typical
formal group law.

Corollary

The projection map is Hy, iff F4(r) € C(G) vanishes for all
primes q # p. Where G is the formal group Spf{( BP%;’*(CPOO)).

Computer calculations support the hypothesis that BP is H..
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Applications

Husemoller-Witt Splitting

m The splitting for WEO when E is p-local gives us

E'(BU)= [] B(n.p)
ged(n,p)=1
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Applications

Husemoller-Witt Splitting

m The splitting for WEO when E is p-local gives us
E°BU)= [ B(n.p).
ged(n,p)=1

m We can see that this splitting induces the maps that give
the splitting of MU,.

Justin Noel University of Chicago

Generalized Witt Schemes



Applications

Husemoller-Witt Splitting

m The splitting for WEO when E is p-local gives us

E°BU)= [ B(n.p).
ged(n,p)=1
m We can see that this splitting induces the maps that give
the splitting of MU,.

m The first splitting is purely algebraic while the second is
topological, but they both arise from the same construction.
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Applications

New multiplicative structures on Wg,

m Each formal group law F, associated to E (given by an
isomorphism with the formal affine line) determines a
multiplicative (without unit) structure on the Wg,.
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Applications

New multiplicative structures on Wg,

m Each formal group law F, associated to E (given by an
isomorphism with the formal affine line) determines a
multiplicative (without unit) structure on the Wg,.

m This structure is determined by the formula for the total
E-theory Chern class for a tensor product of two stable
bundles.

c(n1 @ 12)
c(n)me(n2)"

m If m = Z/n:1 M, and No = ZT:1 M2,k then

c((m —[n) © (n2 — [m])) =

c(m @n2) = [ [+ (e1(n1) +£ ¢1(112,)))
if
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Applications

Application to J

m Set E to be an even-periodic Landweber exact
cohomology theory or even Morava K-theory and
p-complete all spaces (p-odd).
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p-complete all spaces (p-odd).

m Take k € Z, = Z/(p — 1) x Zp such that (k) = Z,.
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Applications

Application to J

m Set E to be an even-periodic Landweber exact
cohomology theory or even Morava K-theory and
p-complete all spaces (p-odd).

m Take k € Z, = Z/(p — 1) x Zp such that (k) = Z,.
m Then the space J? is defined by the fiber sequence:

28U By
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Applications

m The Adams operation ¥ acts on E°(BU) by

[TO+ei@nty =1+> "t = TJ(1+Kler (&)t = 1+ Pt

i>1 i>1 i>1 i>1
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m The fixed points of this group action on WEO give the formal
group scheme Spf E9(J).
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Applications

m The Adams operation ¥ acts on E°(BU) by

[TO+ei@nty =1+> "t = TJ(1+Kler (&)t = 1+ Pt

i>1 i>1 i>1 i>1

m The fixed points of this group action on WEO give the formal
group scheme Spf E9(J).

m This follows from the work of RWY that give us the short
exact sequence of (Hopf) algebras:

E°(J) — E°(BU) <=L E°(BU)
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Summary

m We've setup an algebro-geometric interpretation of the £
cohomology of BU and J.
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m We've setup an algebro-geometric interpretation of the £
cohomology of BU and J.

m We've used the algebraic geometry to simultaneously
construct the algebraic splitting of £°(BU) and the
topological splitting of MUy).
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Summary

Summary

m We've setup an algebro-geometric interpretation of the £
cohomology of BU and J.

m We've used the algebraic geometry to simultaneously
construct the algebraic splitting of £°(BU) and the
topological splitting of MUy).

m The topology constructs a product structure on WEO that is
not part of the theory of Witt schemes.
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