LESSON 7: LIMIT THEOREMS

Keywords
Substitution Theorem, Squeeze Theorem

The precise definition (the mathematical one) of limit goes like this:

To say that lim f(x) = L means that, given any positive number €, no matter how small, there
r—c

is a corresponding positive number § such that |f(xz) — L| will be smaller than € provided that x
satisfies |x — ¢ < 0.

Basically, this is a way to formalize the fact that, one can always find an interval cointaining
¢ such that every point different from c itself in that interval has its “f-value” as near as we wish
from L.

We shall not work with the formal definition of limit, the intuitive one from the previous lesson
will serve our purposes.

To make computation of limits easier, there are a few theorems we can use:

1.

Let k be a constant (that is, a fixed real number). Then liin k=k.

This basically states that, if f is a function that takes every real number to the value k, then
the limit of f at every number is k.

Example: lim 5 =5
T—2

.limz =c.

r—c

This is again easy to see. Let f(z) = z. If 21 is a point near ¢, then f(z1) = x; is a point
near ¢. Hence, in the limit, we have the above.

Example: lim z = 2.
T—2

. Let k be a constant. Then lim kf(x) = k lim f(z).
Tr—rcC T—rC

In other words, the limit of a number times a function is the same as the number times the
limit of the function. We can “extract” the constant k from inside the limit.

Example: lim 5z = 5 lim 2 = 5(2) = 10.
T—2 T2

- Hmlf(@) + g()] = lim f(2) + lim 9(2).

In other words, the limit of the sum is the sum of the limits, provided that all three limits
above exist and are finite.

Example: limx+3=1lmxlim3 =243 =5.
z—2

z—2 T2

. lim[f(2) - g(2)] = lim f(z) ~ lim g(z).

T—rc

This can be seen as an application of items 3 and 4 from above.

Example: limz -3 =Ilimz—1lim3=2-3=—1.
T2 T2 T2

- lim f(2)g(x) = lim f(z) lim ().

In other words, the limit of the product is the product of the limit.

. . 2 — . — . . — —_
Example: ;13%:17 = ;13}3 z(z) = (%1_)1115 x) (al;l_)m5 z) = 5(5) = 25.



lim f(z)
im (&) — aoec i : . -
7. algl_)rnc 2@ = T provided the denominator does not vanish, that is, ;1_>mc g(z) #0.
lim z 5
. : T — *—5 —
Example: i1—>ms S T Tma3 = 5
z—5

8. (Substitution theorem) If f is a polynomial function or a rational function, then

li =

lim f(z) = £(c)
provided f(c) is defined. In the case of rational functions, this means “provided the denom-
inator at ¢ is not zero”. (Note: A polynomial function is a function of the form a,z™ +
an_12" Y 4+ ...+ a1z + ag, where the a,,’s are real numbers. Examples: z3 — 5z + 7, 22 — 7.

Rational functions are quotients of two polynomial functions, for example: 3§4__11 )

Example: lim £=4e-4be=l — 1=tihol — 1,
9. (Squeeze theorem) Let f, g, and h be functions such that f(z) < g(z) < h(z) for all z near
¢, except possibly at ¢ (when dealing with limits, we don’t care what happens AT c itself). If

al;l_)rnc f(z) = al;l_)mc h(z) = L, then il_}mc g(z) = L.

In other words, if our limit is squeezed between two things that have the same limit, then our
limit has to equal to the limit of those two things, because it is always in between and got
“squeezed”.

sinz o,

Example (come back after Lesson 9): lim
r—00

We notice that —1 < 822 < L Tp Lesson 9 we will see that lim —% = lim 1 = 0. Hence,
T T T z—oo P z—o0 ¥

by the Squeeze theorem, lim 322 = (.
r—>00

Exercises

L lim (22 +1) =

(a) 2 (b) 1 (c) 3 (d) 0
2. lim (32% - 5) =

(a) 7 (b) 12 (¢) 1 (d) —1

5. lim (22° + 15)'7 =
z—1

(a) 1717 (b) 17 (c) 15'7 (d) 2V7

(a) does not exist (b) —1 (c) St (d) 3



2
: z°+7z+10 _
7. zlglgg T+2 -

(a) 7 (b) 3 (c) does not exist (d) 1
8. Find examples to show that if lim[f(x) + g(z)] exists, this does not imply that either ligl f(=x)
T—C T c

or lim g(z) exists.
Tr—rcC

9. Find examples to show that if lim[f(z)g(z)] exists, this does not imply that either liin f(=x)
xz c

T—C
or lim g(z) exists.
T—rC

Solutions

1(c) 2(a) 3(c) 4(b) 5(a) 6(d) 7(b)



