LESSON 15: L’HOPITAL’S RULE
Keywords

Limits of the form 3, 2,0 0o, and co — 0o
o

We shall not prove this rule; but since it is a very useful tool for finding many indeterminate
limits, one should learn how to apply the rule well.

L’Hopital’s rule is a rule for finding many (but not all!) indeterminate limits of the form 2, =

07 oo
or —2°. For example, for limits like

. sinz | L 22— 2t +3
lim ,  lim , im ————
z—0 I z—1 g —1 z—oo  3x3 +5

when we plug in the respective values of z at the limit point, we get %, % and 22, respectively. We

have seen how to find the values of these limits before. We know that lim 822 = 1, lim ‘”2:11 =
z—0 T z—1 T

2 3
. 1)(z—1) . . 225 —z%+3 A 22° —z+ 3
lim &A1) limz+1=2, and lim 2£221° = lim ——5=2> = oo.
z—1 z—1 z—1 ’ t500 3T+5 z—00 3+mi3

L’Hopital’s rule, however, will allow us to find these limits without the use of “tricks” like
factoring or dividing numerator and denominator by z°.

L’Hopital’s rule

Suppose that ;LIIIC f(z) = alclﬂmc g(z) =0 (or |9101HmC f(x)] = |;erig(m)| = 00).

If lim ; :gg exists in either the finite or infinite sense (that is, if the limit is a finite number or
T—cC

00 or —o00), then

f(=)

, o F@
@ e ()

We have similar statements of L’Hopital’s rule for left and right hand limits (z — ¢~ or z — ¢T)
and also for x — —o00 or £ — 0.
Remember: L’Hopital’s rule ONLY applies to limits of the form %, > or =2,

EXaIIlp]es.
1—co;
CcCosS T 0

1. We can use L’Hopital’s rule to show that lirr%]
r—

When we plug in £ = 0 in the fraction
to this limit:

1-cos2 we get 3, hence we can apply L’'Hopital’s rule

1— 1-— ! — +si
i L=c08® _ . (-cosz)’ . 0—+sinz . oo
rz—0 x x—0 (:L')' x—0 ]_

Therefore, if we remember L’Hopital’s rule, we do not need to memorize the limits lirrb S‘% =1
z—

and linh 1_0% = 0 anymore!
Tr—r
2. Find lim1 ””;_’11 using L’Hopital’s rule.
T—

Since this limit is of the form %, it is OK to use L’Hopital’s rule here.
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2h5 —h*43
3. Find ILm et

This limit is of the form 22, therefore we can use L’Hopital’s rule.
2h% — h* +3 . (2n5 —h* 4+ 3) . 10h* — 4h® . 10n* —4h _

lim — T2 W TR T fim — T o
oo 3h3 15 hveo (3h3 + 5)! heo  OR2 hveo 9

4. Find éir% Si“o#.
This limit is of the form 9 , therefore we can use L’Hopital’s rule and get
sinf — 6 (sinf —0)" . cosf—1

_sinf—0 _ )
i g 150 (8%) Y

But ;in}] % is again a limit of the form %! What do we do now? We use L’Hopital’s rule
—

again!
lim cosf—1 lim (cosd —1)" im —sind
60 362 T 90 (362) 90 60
Again, the limit gin%) _Ziano is of the form %. We can apply L’Hopital’s rule for the third time
—
and arrive at
lim —sinf o (—sinf)" lim —cosf _ -1
g0 60 40 (66)’ T 40 6 T 6
Therefore, gi_r}%] sinf=f — _1.
In the last step, we could also have noticed that lim =s$inf — 1 lim 800 — _1 gince
g—o 69 0—0 0 6
lim 80 — 1.
0—0

l—cosz
5. Find llm m

Since this is a limit of the form 2, we can use L’Hopital’s rule.

0’
1—cosz . (l—cosz) . sinz

im ———— = lim = lim :
z—0 22 +32 20 (224 3z) 2202243

Here we STOP using L’Hopital’s rule, because the limit lim 25;1’3 is NOT of the form g or
yoo z—0
o0
sin x

im

z—0 2.’,17 =+ 3
(when we plug in £ = 0 into the expression, we get 0 as the numerator and 2-0+ 3 = 3 as
the denominator.)

L’Hopital’s rule does not solve ALL indeterminates limits (otherwise that would make our lives
too easy)! Here is an example where L’Hopital’s rule does not help.

Find lim tnez
secr
TG

Recall that tan § = sec § = oo, hence we could try using L’Hopital’s rule to get

. tanz . (tanz) . sec? x . secw
lim = lim —— = lim ——— = lim .
z—% secx 2—% (secr)) e—Zsecxtanz z—Z tanz

Again we have a limit of the form 22. We could apply L’Hopital’s rule to the limit lim 222
z—5

and get
secx . (secz) . secrtanz . tanz
— im

im = lim - = lim 5 = .
e—= tanx 2—% (tanz) «—% sec’z z—Z secT



This brings us back to the same expression we started off with, which means that L’Hopital’s
rule is not going to take us anywhere in this case. The way to find lim 82 jg
=7

sec T

tanz T . .
-cosx = lim sinz = 1.
z—% COST z—=%

lim = lim %%
z—35 Secx z—=%

Other Indeterminate Forms

What about other indeterminate forms, for example, of the type oo — 0o or of the type 0 - co?
How do we compute lim 3z% csc? z (this is a limit of the form 0 - c0)?
T—r

In these cases, we can still use L’'Hopital’s rule but only after a proper rearrangement in the
way we write the expression inside the limit symbol.

Examples:

1. Find lim 322 csc? z.
z—0

We need to rewrite into the form 3 or £2 first.

. ; . 1 . 3x?
lim 3z° cs¢® z = lim 32” - —— = lim ——.
z—0 z—0 sin“ z—0 sin“ x
Now we can use L’Hopital’s rule.
32 (3z2)’ . 6z

lim —5— = lim —— = lim — .
z=0gin“z  =—0 (sin“z)’ 2—02sinzcosw

Using L’Hopital’s rule again, we obtain

6z 6 . 6 6
2

=3.

im ———— - - im
¢—0 2sinzcosz  2—0 2sinz(—sinz) + 2coszcosz =0 2(cos? x — sin® 1)
Hence lim 322 csc?z = 3.
z—0
2. Find lim (cscy - 1).
y—0 y
This limit is of the form oo — co. We can rearrange it first and then use L’Hopital’s rule, as

follows. . 1 1 |
i (cscy = 3 ) = tim (= 1) = iy (L2220),
y=0 Yy y—=0 \siny y yo0 \sing -y

Now, in the form %, we can use L’Hopital’s rule and get

lim y—.siny ~ lim (y—.siny)’ — lim — 1—cosy
y—0 ysiny y—0 (ysiny)’ y—0 siny + ycosy
. (1 —cosy) . siny
= lim — = lim .
y—0 (siny + ycosy)’  y—0cosy + cosy + y(—siny)
0
= —_— 0
1+41-0

We observe that usually the rearrangement of the expression so that it fits the condition of
L’Hopital’s rule is not difficult. For expressions of the form oo — co, most of the times we can

rearrange them properly by writing everything using the least common denominator (it will then

become of the form 3 or +22.




Exercises
1. lim 2z—sinz _
z—0 z

(a) 1 (b) 0 (c) 2 (d) oo

z2—3z%+z —

2. lim #—>*52

z—0

(a) 1 (b) =1 (¢) 0 (d) oo

3 lim 3sinz _
z—0~ -z

(a) =2 (b) =5 () 0 (d) 1

H tanz—xz __
4. 11:11)% sin2z—2z

(a) —1 (b) 0 (c)oo (d) none of the answers

: sinzg—tanz __
5. :ll_r)% r2sinz

(a) 0 (b) & (c)oo (d) —3

. 2csc’r
6. alcli% cot2x

(a) 1 (b) 2 (c) 0 (d) none of the answers

7. lim tanz —secx =
x5

(a) 1 (b) —oc (c¢) oo (d) none of the answers

8. lim csc?z — cot? z =

z—0

(a) 0 (b) 1 (¢) oo (d) none of the answers

. 4-8z)2
9. lim (t 8z)° _
. 1— an T
zrightarrows;

(a) 0 (b) 0o (¢) 1 (d) none of the answers

10. lim -2 =

20+ sinz—x

(a) 0 (b) oo (c) —oo (d) does not exist

11. lim 22 —2 =
r—r00

(a) 0 (b) oo (c) 2 (d) does not exist

Solutions

1(a) 2(a) 3(c) 4(a) 5(d) 6(b) 7(d - the answer is 0) 8(b) 9(a) 10(c) 11(b)



