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ABSTRACT. We study global variational properties of the space of solutions
to —e?Au + W (u) = 0 on any closed Riemannian manifold M. Our
techniques are inspired by recent advances in the variational theory of
minimal hypersurfaces and extend a well-known analogy with the theory
of phase transitions. First, we show that solutions at the lowest positive
energy level are either stable or obtained by min-max and have index 1. We
show that if € is not small enough, in terms of the Cheeger constant of M,
then there are no interesting solutions. However, we show that the number
of min-max solutions to the equation above goes to infinity as ¢ — 0 and
their energies have sublinear growth. This result is sharp in the sense that
for generic metrics the number of solutions is finite, for fixed €, as shown
recently by G. Smith. We also show that the energy of the min-max solutions
accumulate, as € — 0, around limit-interfaces which are smooth embedded
minimal hypersurfaces whose area with multiplicity grows sublinearly. For
generic metrics with Ricas > 0, the limit-interface of the solutions at the
lowest positive energy level is an embedded minimal hypersurface of least
area in the sense of Mazet-Rosenberg. Finally, we prove that the min-max
energy values are bounded from below by the widths of the area functional
as defined by Marques-Neves.

1. INTRODUCTION

Applications of variational methods to the theory of semilinear elliptic PDE
is by now a vast and well-developed subject. For a large class of nonlinearities,
available techniques provide information such as the number of solutions and
some of their properties.

In this article, we discuss the case of nonlinearities given by derivatives of
double-well potentials on closed manifolds. More precisely, we are interested
in solutions to the elliptic Allen-Cahn equation on a closed manifold M, i.e.
u: M — R such that

(1) —eAu+W'(u)/e =0,

where the nonlinearity is assumed to be the derivative of a double-well potential
W (e.g. W(u) = (1 —u?)?/4). This equation arises in the study of phase
transition interfaces of metal alloys [I1].

The elliptic Allen-Cahn equation and its parabolic counterpart have been
extensibly studied in the last decades for its connections with the theory of
minimal hypersurfaces on R™, with an important source of motivation being De
Giorgi’s conjecture (see [56] and the references therein).

Both authors were partly supported by CNPg-Brazil and NSF-DMS-1104592.
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For compact domains, research have been driven by understanding the limit
behavior of the solutions as € — 0. Since the late 70’s it was expected that
the level sets of the solutions would resemble minimal hypersurfaces as € — 0.
This is indeed the case in many different situations some of which we briefly
discuss in the next subsection of this Introduction. However, there are still
many natural open questions concerning the properties of the solutions such
as its multiplicity, behavior of its energy values, Morse index, size of the nodal
sets, number of nodal domains, etc.

In the first part of this work we describe solutions at the lowest positive
energy level. Later we show that, although equation does not have infinite
solutions in general [58], the number of solutions grows to infinite as ¢ — 0.
In the final sections we describe the behavior of the energies of such solutions.
More precise statements of our results can be found later on this Introduction.

For some other semilinear elliptic equations results like these have been proven.
This is a vast subject, we refer the reader to the surveys by Ambrosetti [3],
Ekeland-Ghoussoub [20], Rabinowitz [55] and the references therein. However,
we should not expect some of these methods to work for equations with potentials
of the type we consider in this work. We discuss this on Remark 2 at the end
of this Introduction.

In this respect and in a general sense, it is on the intent of this work to
show with concrete examples that the analogy with the theory of minimal
hypersurfaces can help to answer some of these questions as well as provide
directions for what the answers should be in other cases.

The analogy with minimal hypersurfaces. Connections between the the-
ories of phase transitions and minimal hypersurfaces have brought the attention
of many mathematicians since the works of Modica [46] and Sternberg [60] in
the 80’s.

The analogy we have in mind begins, informally, with the observation that
solutions to have the remarkable property that its level sets u~!(s) accu-
mulate, as € — 0, around a minimal hypersurface on M, i.e. a critical point
of the area functional. Several formal instances of this statement exist in the
literature depending on the variational characteristics of the solutions, e.g. see
[46, [60, [49] 33, 63].

To state a particular case which is in the interest of the present work,
remember that solutions to the equation above are variational objects in the
sense that they are critical points of the energy functional

€
i.e. El(u) =0. In this way, properties such as stability or finite Morse index
of a solution v are defined as usual, i.e. with respect to the bilinear form
corresponding to E”(u)(-,-), the second derivative of the energy in H'(M).
In [29], based on the recent works [33] [63], the following theorem was proved.

we HY (M),

Theorem A. Let M be a n-dimensional closed Riemannian manifold and uy,
a sequence of solutions to in M, with e = e, — 0. Assume that their Morse
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indices, supyslug| and E;, (ux) are bounded sequences. Then, as e — 0, its
level sets accumulate around a minimal hypersurface, i.e. a critical point of the
area functional, smooth and embedded outside a set of Hausdorff dimension at
most n — 8.

In the same work this theorem was applied to a sequence of solutions obtained
by a single parameter min-max construction. Such solutions have Morse index
less than or equal to 1. As a corollary one concludes the celebrated Almgren-Pitts
existence theorem for minimal hypersurfaces.

This approach to Almgren-Pitts theorem can be interpreted as a converse of
the results of Pacard and Ritoré [48]. They proved that given a non-degenerated
oriented separating minimal hypersurface on M, there exists a sequence of
solutions to the Allen-Cahn equations, with ¢ — 0, whose energy accumulates
around this minimal hypersurface.

For more references on this analogy we refer the reader to the works [34] [45]
52l 47, [62].

List of results and organization. In Section |2| we discuss properties of
solutions to with least positive energy. These are solutions with energy equal
to

i. = inf{F.(u) : u € H'(M), E.(u) =0 and E.(u) > 0}.

This section is motivated by the work of Mazet-Rosenberg on the minimal
hypersurfaces of least area [43]. We show (see Theorem [2.1))

Theorem 1. . is attained by solutions which are either stable or obtained by
min-max and have index 1. Moreover, oo > liminf. ,qgi. > 0 and, by Theorem A,
the limit-interface of a sequence of such solutions is a smooth embedded minimal
hypersurface. For generic metrics on M with Ricys > 0 this limit-interface is a
minimal hypersurface of least area as defined by Mazet-Rosenbery.

We end Section [2| by improving a result proved in [58] by a bifurcation analysis
(see Proposition [2.4))

Proposition 2. Ife > 0 is big enough, then the only solutions to are the
constants where the potential is critical.

Our proof is different and uses only geometric inequalities. The result is
improved in the sense that we provide an estimate for how big ¢ must be in
terms of the Cheeger constant of M.

Concerning the number of solutions to equation (), G. Smith [58] recently
proved that for generic metrics on a closed manifold M there are only finitely
many solutions for a fixed € > 0. On the other hand, even if an infinite number
of solutions cannot be expected in general, standard min-max methods can be
applied to show that the number of solutions always grows to infinity as ¢ — 0.
In the case of compact domains of R™ such a construction was carried out by
Passaseo [51] and by Pagliardini [50] for fractional equations.
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In Section [3| we apply these methods for constructing of solutions to equation
on closed manifolds. More precisely, using the Fadell-Rabinowitz cohomo-
logical index Indz/; we define a sequence of families F;, of compact subsets of
HY(M), for p € N, in the following way. An element A € F,, is defined as a sym-
metric compact subset with a topological complexity given by Indz/,(A4) > p+1.
Since the families ), are decreasing on p, the min-max energy values

A0) = Juf, s B
form an increasing sequence.

Denote by K, the critical points of E. with energy equal to a. An application
of standard min-max methods yields (see Theorem

Theorem 3. Fize > 0. Then
(1) For every p € N, it holds cc(p) < E-(0) = MVV(O)

(2) If cc(p) < E-(0), then there exists a solution ue K. (p) with [u[< 1 and
Morse index less or equal than p. Moreover, if c-(p) = cc(p+ k) < E:(0)
for some k € N, then there are infinitely many solutions with the same
energy and index bound.

(3) ce(p) = E-(0), for p large enough (depending on € > 0 and M ).

This result does not rule out the possibility that c.(p) = E-(0) for a fixed p
and every € small. So it still does not follows that the number of solutions must
grow as € — 0. However, since E.(0) = Vol(M)W(0)/e — oo it is enough to
show that for every p it holds limsup,_,; c-(p) < oo.

Sections [4 and [f] contain the proofs of the following upper and lower sublinear
bounds for the energy values of these min-max solutions, respectively.

Theorem 4. There exists a constant C = C(M, W) > 1 such that the min-max
values c-(p) satisfy the following sublinear bounds

C~'pn < liminf . (p) < limsup c.(p) < Cp~
e—0 e—0

for all p € N.

The proofs of these sublinear bounds are inspired by similar computations
by Gromov [28], Guth [30] and Marques-Neves [40] for sweepouts of the area
functional. In this sense, our work brings the analogy between phase transitions
and minimal hypersurfaces to a high parameter global variational context. The
same ideas can be applied to obtain sublinear bounds for the growth of the
solutions obtained by Passaseo [51] on bounded domains of R™.

Combining Theorem 3 with the upper bound from Theorem 4, we obtain

Corollary 5. On any closed Riemanian manifold the number of solutions to
the elliptic Allen-Cahn equation goes to infinity as € — 0. Moreover, for
every p, Theorem A implies that the min-maz solutions at the level c.(p) have a
limit-interface that is a smooth embedded minimal hypersurface.
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This article ends in Section [6, where we compare the sequence of values
liminf._,o c(p) with the widths wy,(M) of the area functional on M, as defined
by Marques-Neves [40]. These widths form a sequence of real values which
Gromov [28] proposed to consider as a nonlinear spectrum of M, by analogy
with the min-max construction of the eigenvalues of the Laplacian. In the
same way, the sequence l,(M) = 20~ !liminf._,oc-(p) can be considered as
phase transition nonlinear spectrum of M, where ¢ is an energy renormalization
constant that depends only on W (see Notation below). We show

Theorem 6.
wp(M) < 1,(M) = 20~ liminf ¢ (p),

- e—0

for every p € N.

In [42], Marques and Neves showed that w,(M) is achieved by the area,
with multiplicity, of a minimal hypersurface V,, C M with Morse index < p.
Theorem 6 implies that the area of V), is not larger than the area of the minimal
hypersurface obtained by applying Theorem A to the solutions given by Theorem
3, whose area with multiplicity is ,(M).

Remark 1. In light of the analogy with minimal hypersurfaces, we have chosen
to work with cohomological families. The sets A € F, may be seen as the
analogue of Gromov-Guth and Marques-Neves [28, 30, [40] high-parameter
cohomological sweepouts in the context of phase transitions. However, there
are other natural candidates for the families F,, of the min-max construction.

The topological complexity of these families may be described in terms of other
topological invariants such as homotopy, homology, and Lusterik-Schnirelmann
category. This approach is reminiscent of Lusternik-Schnirelmann theory of
critical points, see [3§]. Some examples of such families are considered in the
works of Krasnoselskii [37], Ambrosetti-Rabinowitz [4], Bahri-Berestycki [6]
and Bahri-Lions [7], and a general account of a min-max theory in this setting
is developed by N. Ghoussoub in [26, 27]. The techniques we employ can be
applied to these other families to obtain existence results and sublinear bounds
for the min-max values of these other for families.

Remark 2. For certain potentials the Morse index of a solution gives a lower
bound for its energy. This observation has been used, e.g. Bahri-Lions [7], to
prove sublinear bounds for the energy of min-max solutions in some cases. We
should not expect such a thing to hold for solutions to equation in view of
the analogy with the theory of minimal hypersurfaces. In fact, remember that
in this analogy the area of a surface corresponds to the energy of a solution and
there are examples of minimal surfaces showing that the index and the area are
not related. It was shown in [I5] 17, B6] that there is an open set of metrics on
S3, for which there exists stable surfaces with area going to infinity. Conversely,
there also exist examples of sequences of surfaces for which the Morse Index
is unbounded while the area remains bounded (see [12], 5]). It makes sense to
expect the existence of similar examples for solutions to ([1f).
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Notation. Along this work we will use the following notation

w a double-well potential (see [2)

o the energy constant o = f_ll VW (s)/2ds

Inj(M) the injectivity radius of M

H(M) the Sobolev space of L?(M) functions with weak
derivatives also in L2(M)

HP the Riemannian p-dimensional Hausdorff measure in M

HI(X;7/2) the p-th Alexander-Spanier cohomology group of X with
coefficients in Z/2

Indz/, the Fadell-Rabinowitz cohomological Z/2-index (see (3))
distg (-, A) the distance function from a closed set A C K
I.(M,Z/2) the space of k-dimensional integral currents modulo 2

in M (see |25, 4.2.26])
Z,(M,Z/2)  the space of integral currents T' € I(M,Z/2) with 0T =0

M the mass of a current T' € 1 (M,Z/2)

F(T) the flat norm of a current 7' € I(M,Z/2)

BT (T) the ball centered at T" with radius r in Z;(M,Z/2), in the
flat norm

U] the integral n-dimensional mod 2 current associated with

an open set of finite perimeter U C M.

We will use also the following notation concerning cubical complexes. Given
m € N, we will write @™ = [—1,1]™. We regard this space as a cubical complex
whose cells are given by a = a1 ®. .. ® au,, where «; is either [—1],[0], [1], [-1, 0],
or [0,1]. Following [53] and [41], we consider the 1-dimensional cubical complex
Q(1,k) on Q' whose 0-cells and 1-cells are

3k 3k—1

{[i : 3*k]}i:_3k and {[2'3*’“, (i + 1)3*’“]}
respectively, and the m-dimensional cubical complex on Q™
Qim, k) =Q(Lk)®...0Q(1,k) (m times)

Given a subcomplex X of some Q(m, k), we denote by X (j) the cubical sub-
complex of Q(m, k + j) obtained by further subdividing the 1-cells of X in 3/
intervals, that is, X (j) is the union of all cells of Q(m, k 4 j) whose support is
contained in some cell of X. Given g € N, X (j), will denote the set of g-cells
of X(j). We say that two vertices z,y € X (j)o are adjacent if they are vertices
of a common 1-cell in X (j);. Similarly, we denote by I(m, k) and Iy(m, k) the
usual cubical complexes in I"™ = [0, 1]" and in its boundary 0I", respectively.
Moreover, given j,j € N, we denote by n(j,5") : X(j)o — X(j')o the map
defined by requiring that n(j, j')(z) is the closest vertex of X (j")o to x € X (j)o.

i=—3F"
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2. LOW ENERGY LEVELS OF F.

In this section, we present a variational study of the lowest critical levels of
E.(u) = [y, %]Vu\h—@, u € H' (M), where W is assumed to be a double-well
potential as in [29]:

A. W > 0, with exactly three critical points, two of which are non-
degenerated minima at +1, with W(£1) =0 and W”(£1) > 0, and
the third a local maximum ~ € (—1,1).

More precisely, we are concerned with the existence and variational properties
of least positive energy solutions to the Allen-Cahn equation:

Lo\
(2) —eAu+ EW (u) =

By restricting our description to solutions with positive energy we immediately
exclude out the trivial solutions +1, whose energy is zero. Of course, for large
values of ¢, the least positive energy solution might be the constant v, which is
a critical point of . In fact, as it follows from Proposition [2:4] this is the case
whenever & > g9 = 2¢/C/h(M), where C is a positive constant depending only
on W and h(M) is the Cheeger constant of M.

However, by [29], we already know that for small values of ¢, non-constant
solutions with energy less than E.(v) always exist. Because of this, we are also
interested in describing the limit behavior of the least positive energy solutions
as € — 0, in terms of the minimal hypersurface that arises as its limit-interface.
In some cases, we are able to conclude that this limit-interface is in fact a
minimal hypersurface with least energy, in the sense of Rosenberg-Mazet [43].

The main result of this section is the following:

Theorem 2.1.
(1) For every € > 0, there exists a solution u. of @ with least positive
energy, i.e.
E.(uc) = min{E.(u) : w € H'(M), E.(u) =0 and E.(u) > 0}.
(2) The least energy solution u. is either stable or it is obtained by a one-

parameter min-mazx and has Morse index 1. In that case

E.(u:) =c. = inf sup E-(h(t)),
hel te[-1,1)

where T = {h € C([~1,1] : HY(M)) : h(£1) = +1}.

(3) liminf. o E:(uz) > 0. In particular, there is a rectifiable integral vari-
fold V' such that
(i) V= 5 liminfeo E-(u.);
(i) V is statwnary in M;
(iii) H" 87 (sing(V)) = 0, for every v > 0;
(iv) reg(V) is an embedded minimal hypersurface.
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(4) If in addition, 3 < n <7 and the metric on M is bumpy with Ricps > 0,
then supp||V|| is a smooth minimal hypersurface of least area among
all minimal hypersurfaces, as studied by Mazet-Rosenberg in [43]. In
particular, V' has multiplicity one and it is realized by a connected
orientable smooth hypersurface of index one.

We prove each item of Theorem [2.1] separately. We will need the following
two technical lemmas in which we point out other properties of E.. The proof
of the first lemma can be found at the end of this section while the second
lemma, concerning the semilinear heat flow for the equation, follows from the
standard theory of semilinear parabolic equations [13].

Define )
e|lVu W(u
es(u) = | 5 | + &E )
and the discrepancy function
elVul>  W(u

Lemma 2.2.

(1) If w is a critical point of E. different from the constants +1 or -y, then
|u|< 1 and the function u — -y does not have a sign.

(2) Palais-Smale condition: Let uy, be a sequence of functions in H(M)
such that |u|< 1, supy E-(u) < oo and E.(ug) — 0. Then, there is a
subsequence converging to a critical point of E. in the H*(M)-norm.

(3) Bounded discrepancy: there exists €1 > 0 and ¢; € R such that for all
e € (0,e1) we have

sup&e < 1.
M

(4) Monotonicity formula: there exist p1 > 0 and m > 0 such that for all
e>0,0<p<p andp € M we have

d(anpp”“ / e£<u>> >t [ (cea)
dp B,(p) B, (p)

(5) Lower bound for the potential: there exists eo > 0 and ca > 0 such that
for every uw € HY (M) that is a critical point of E., i.e. EL(u) =0, with
e € (0,e9) and every p € M with u(p) = -, it holds

W(u)lp_,m = 2
Consider the parabolic Allen-Cahn equation given by
(3) O — Au+ W' (u)/e* = 0.
Define
S={uecC3M):|u<1}

Lemma 2.3.

(1) For each u € S, there is a unique solution ®'(u) of equation (@ which
exists for all t > 0.
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(2) For eacht >0, ®':S — S.

(3) For each u € S, E.(®'(u)) < E.(®%(u)) if t > s > 0 and equality holds
if and only if u is a critical point of E.. In that case ®'(u) = u for all
t > 0.

(4) For each u,v € S, such that u < v, it holds ®*(u) < ®'(u) for all t > 0.

(5) For each u € S, there exist ®>°(u) € S which is critical point of E. and
a sequence ty — 00, such that ®%(u) — &> (u) in H'(M).

Proof of Theorem - Item (1). The set
{ue H' (M) : E.(u) =0 and E.(u) > 0}

is non-empty since 7y is always a critical point of F. with positive energy. Since
every u in this set is bounded, i.e. |u|< 1 by Lemma (1), every minimizing
sequence for E. is precompact in H'(M) by the Palais-Smale condition, Lemma
2.2| (2). Then, it suffices to prove that +1 are isolated solutions of . This
follows from the Morse Lemma (see e.g. [27, Section 9.2]) provided we show that
d?>E.(£1) are isomorphisms, where we denote by d?E.(u) : HY(M) — H' (M)
the linear operator associated to the bilinear form E”(u)(-,-). Recall that
d?E.(u) is given by (see [29, Prop. 4.4]):

1
<d2E5(u)v,w> = 5/ Vo - Vw + / W (u)vw.
M €JMm

Since W"”(+1) > 0, by Hypothesis A, we see that (d*E.(£1)v,v) is always
nonzero when v # 0. Hence, d?E.(£1) is an isomorphism.
U

Proof of Theorem [2.1) - Item (2). Assume that u. is not stable. We will con-
struct a sweepout h. € I having u. = h.(0) as a unique point of maximum
for the energy. If u. = 7, then we can join 1 € H'(M) linearly to construct
such a sweepout. Thus, we may assume u. # 7. By Lemma - Ttem (1),
there are = € M such that u.(z7) < v < u-(2"). Let v € H'(M) be a
positive eigenfunction associated to the first eigenvalue of the stability operator
of E”(uc). There exists tg € (0,1) such that

E.(u+tv) < E-(uz), whenever 0 <t <t.

We will now describe how to join u. + tgv and £1 using Lemma [2.3] First,
we observe that v € S, by Lemma (1). From Lemma (5), we can find
a sequence {t;} of positive real numbers such that ®% (u. + tov) converges in
H!'(M) to a solution of (2)) when i — co. Moreover, the energy of ®¢(u. + tov)
is decreasing in t. Hence, ®% (u. + tov) converges either to +1 or —1 in H!(M).
We claim that ®% (u. + tgv) — 1,as i — oco. In fact, notice that u < u + tgv
and, from Lemma[2.3] (4), u = ®(u) < ®!(u + tov), for all ¢ > 0. In particular,
there exists a neighborhood V' C M of 2™ such that ®(u+tyv) >« in V for all
t > 0. Therefore, ®' (u + tgv) — 1. Since the functions 41 are isolated points
of minimum for F., we can find § > 0 such that

E.(us) > E-(w), forall w € Bs(1)U Bs(—1) ¢ HY(M).



10 PEDRO GASPAR AND MARCO A. M. GUARACO

Choose i € N such that ||®% (u + tgv) — 1]|< § and join ®% (u + tov) to 1 by a
segment contained in Bg(1). It follows that the energy remains strictly below
E.(uc) along this path. We can now concatenate the paths ¢ € [0, to] — u + tv,
t € [0,t;] = ®'(u % tov) and this segment to obtain a continuous path h. :
[0,1] — HY(M) with h.(0) = u. and E.(he(t)) < E.(uc) for t > 0. A similar
construction shows that we can define h. : [~1,0] — H'(M) so that h.(—1) =
—1, he(0) = ue and E.(h:(t)) < E.(t) for t < 0. This completes the construction
of the claimed sweepout.

We will now show that E.(ue) = ¢ and that u. has Morse index m(uz) = 1.
Clearly, c¢. < E.(ug). It follows from [29] that ¢. > 0 and that there exists
ve € K¢, which F.(u.) < E.(v:) = ¢, since u, is the solutions of least positive
energy. Therefore c. = E.(u:) and u, is a min-max solution. To see that u.
has Morse index m(u.) = 1, we proceed as in [39, Prop. 3.1]. By definition, u.
has Morse index m(u.) > 1. If this inequality is strict, then we would be able
to find linearly independent eigenfunctions v = vy, v € H*(M) associated to
negative eigenvalues of d?E.(u.) such that

E!(u:)(vi,v1) <0, EY(uc)(ve,v2) <0, and E(u:)(vy,v2) =0.

Choose also a function p € C*°(R) such that p(t) = 1 for |¢|< 1/3, and p(t) = 0,
for [t|< 1/2. Define 7. : R x [~1,1] — H'(M) by

Ye(s,t) := he(t) + sp(t)vs, (s,t) € R x [-1,1].

We have 7:(s,-) € T', 7:(0,0) = h-(0) = u. and:

0 o B 0 B
af}/&(ov 0) - hs(o) = 1, %7&(07 0) = V3.

Hence,
H? H? ?
w(E6 07:)(0,0) <0, M(E6 07:)(0,0) =0, @(E€ 07:)(0,0) < 0.

Since E. o h. has an unique maximum point in ¢ = 0, we can find é; > 0 such
that

Ea(’)/e(dlvt)) < E6(76(070)> = Eﬁ(uf)

for all t € [-1,1]. But v.(d1,-) € T and E.(u.) = c¢., which leads to a
contradiction. Therefore, u. has index 1. The last claim follows from [29,
Theorem 3.7].

(]

Proof of T heorem - Item (3). We will use the Monotonicity formula from
Lemma [2.2] (4), to show that liminf E.(uc) > 0.

Choose 0 < p < min{Inj(M), p1}, where p; is as in Lemma and such
that wy,p" /2 < Vol(B,(q)) < 2wpp™ for every ¢ € M and every p € (0,p). This
is possible given that M is compact. Fix ¢ > 0 so that ¢ < min{e;, 9, p}, with
e1 and €9 as in Lemma (2.2
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Choose p € M such that u.(p) = v, by Lemma (1). By Lemma (4),
we have

(7)1 /B e

p(p)

i
> €m8/2(5/2)_n+1/ es(u) -I—/ empp_nH/ (=€) (u)
Be/2(p) €/2 Bo ()

Notice that, by the choice of €, and by items (3) and (5) of Lemma we
have —&.(u) > —c;1 everywhere on M and e.(u) > W(u)/e > ca/e on B, a(p).
Then, complementing with the inequality above it follows

o e ) i
e’ (p) "'H/ es(u) > — 2¢1 pwp e
Bs(p)

We can choose 5 > 0 small enough (and independently of ¢) so that e™” < 2,
then

c _ e
Es(us) > / ee(u) > <82 - 2clp>wnp L
B;(p)

To finish the argument, we can choose p small enough if necessary, and
independently of € > 0, in such a way that {3 — 2¢1p is positive. In particular,
there is a positive constant C' > 0 such that E.(u.) > C for every £ > 0 small

enough.
The rest of the conclusions follow from the fact that the index of u, is bounded
by 1 (by Item (2)) and Theorem A from [29]. O

Proof of Theorem - Item (4). Let Y C M be a minimal hypersurface of
least area. It follows from Propositions 10 and 13 in [43], combined with the
recent catenoid estimate [35] to rule out the case unoriented surfaces, that ¥
is separating and orientable. Theorem 1.1 in [47] allows one to obtain €9 > 0
such that, for every e € (0,eq), there exists v. € K such that E.(v.) — %|i| as
e — 0. Since FE.(v:) > E.(u.), we have |S|> |X|. Using that ¥ has least area,
we conclude that |S|= |3 O

The following proposition shows that, provided £ > 0 is big enough, the only
solutions to the Allen-Cahn equation are constants. Another way of saying
this is that if a domain is not big enough in terms of the potential, then there
are not interesting solutions, an idea also found in [§]. This result has been
previously stated in [58] for a more general class of potentials. However, our
proof still works in those cases, and is fairly different as we use only geometric
inequalities. In addition, it provides an estimate on how big € must be in terms
of the Cheeger constant of the manifold.

Proposition 2.4. The constants £1 and v are the only solutions of equation
(@, whenever € > g9 = 2v/C/h(M). Here h(M) is the Cheeger constant of M
and C' = maxge(_1 1) W'(s)/(s —7) is a positive constant depending only on W.
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Proof. Let u be a non-constant solution of —e2Awu + W’(u) = 0. Without loss
of generality, we can assume that = {u > ~} is such that Vol(Q2) < Vol(M)/2,
otherwise we would simply choose {u < v} and the arguments would follow in
the same way. Notice that both sets are non-empty by Lemma - Item (1).

The argument is by contradiction. Our goal is to prove that if € > 0 is big
enough, Q cannot support u — v € H} () satisfying —e2Au + W(u) = 0 and
u — v > 0 on the interior, as it does.

The set 2 does not necessarily have a nice boundary, so we are not able to
define the first eigenvalue of the Dirichlet problem. However, we can still define
the following quantity, known as its fundamental tone (see [14])

2
N@ = i SV
veH}(@)  Jo v?

Motivated by some computations in [8], take u — v as a test function and
substitute the equation after integrating by parts (by approximation, since the
domain is not necessarily smooth, as in [14] pag. 21-22). We obtain

_JalV@ =P 1 fylu— )W)
o fQ(U_7)2 g2 fQ(U_’Y)Q
where C' = C(W) = maxye_1 1] —W'(s)/(s — ), which is positive and finite
since W'(~) = 0.

On the other hand, Cheeger’s inequality gives a lower bound on \*(2) in
terms of the Cheeger constant of {2 which is defined as

h(€2) = inf Area(0A)/Vol(A),

A5 (Q) < C/e?,

where the infimum its taken over all open sets A CC Q with smooth boundary.
Cheeger’s inequality asserts

In fact, the proof of this inequality for smooth boundaries (as found, for example,
n [14], Theorem 3, pag. 95) also applies to our case. Moreover, the Cheeger’s
constant of M is defined as

. Area(0A)
h(M) = inf Nol(4)

where this time the infimum ranges over all open sets A C M with smooth
boundary and such that Vol(A) < Vol(M)/2. This bound on the volume of A
is necessary whenever M is a closed manifold, otherwise the constant would be
trivially zero.

Finally,
h(M)?  h(Q)? C
< <) < =
4 - 4 A < g2’

which yields a contradiction provided ¢ > g¢ = 2v/C/h(M).
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2.1. Proof of the technical lemma.

Proof of Lemma[2.4. To see (1) first notice that, by the form of the potential
(i.e, Hypothesis A) if there is a point p of maximum of w, with u(p) > 1, then
W/(u) > 0 in a small neighborhood U around p. In particular, —Au > 0 on
U. Taking a non-negative test function ¢, with non-empty support on U we
conclude

E(u)(¢) = /U o~ + W' (u)/2) > 0,

which contradicts that u is a critical point of E.. Thus |u|< 1. However, if
maxu = 1 then u would be identically 1 by the maximum principle.

For the second part of (1), observe that if u — v is non-negative and not
identically zero, then

PL) () = £ [ W <0

since W' (u) < 0 whenever v < u < 1, contradicting the fact that u is a solution.
In the same way, © — v cannot be non-positive.
For the proof of (2) and (4) see [29]. The proof of (3) is presented in [33] for
M = R". The proof is local, and the same arguments work for general metrics.
To see (4), fix p € M and € > 0. Choose any 0 < § < Inj(M) and consider
the function on B1(0) C T, M given by @(x) = u o exp,(d-z). In these dilated
normal coordinates the equation —Au + W’ (u)/e? = 0 has the form

—aij - Oiji — 8 - by - Oy + (6 /) - W' (@) = 0,

where, given that M is compact, the coefficients are such that there exists
C = C(M) satisfying |laij — dijllc1 (B, 0) 9 brllor (B, (0)) < C§? for every i, j, k
and & < 8, for some 6 < Inj(M) small enough and independent of p. Since we
already know that |u|< 1, choosing § < & so that d/e < 1, standard gradient
estimates (see Proposition 2.19 of [31]) guarantee the existence of a positive
constant C' = C(6, W) such that supBl/Q(o)\Veﬂg C. Whenever e < 6 we can
simply choose § = €.

Assume now that 4(0) = u(p) = . By the observations made above, for
every £ > 0 there exists p = p(&,0,W) € (0,1/2) such that |& — |< ¢ in the
ball B,s5(0) C T,M. In particular, we can choose p = p(3, W) > 0 so that
W(u) > %max[_ljl] W in B,s(p) C M, independently of p.

U

3. MULTIPARAMETER MIN-MAX FOR THE ENERGY FUNCTIONAL

In this section, we employ min-max methods to find solutions for the equation
using higher dimensional families.

Hypothesis on the potential W. Besides from Hypothesis A from the last
section, from now on we will assume that W is an even function. In particular,
v =0.
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Since E. is an even functional, we can use families of symmetric, compact
and topologically non-trivial sets in H'(M) to detect critical points of E..
These families can be seen as the analogue of the Gromov-Guth high-parameter
families [30} 40] in the context of phase transitions. The non-triviality of these
sets will be expressed in terms of a topological Z/2-index, in the sense of [20]
(see also [27]).

3.1. A topological Z/2-index. By a Z/2-space we will mean a paracompact
Hausdorff space X with a given homeomorphism 7" : X — X such that 72 = idx.
We will say that a Z/2-space is free if T' has no fixed points.

Definition 3.1. Let C be a class of paracompact Z/2-spaces and assume that
(A,T|a) € C whenever A is an invariant paracompact subset of X and (X,T') € C.
Assume also that C contains S*°. A function Ind : C — N U {0,400} is called a
topological Z./2-index if it satisfies the following properties:

(I1) (Normalization) Ind(A) = 0 if, and only if, A = 0.

(I2) (Monotonicity) If Ay, A2 € C and there exists an equivariant continuous
map A; — Ag, then Ind(A;) < Ind(As2).

(I3) (Continuity) If X € C and A C X is an invariant closed subset of
X, there exists an invariant neighborhood V' C X of A such that
Ind(A) = Ind(V).

(I4) (Subaditivity) If X € C and Ay, A2 C X are invariant closed subsets,
then Ind(Al U Ag) < Ind(Al) + Ind(Ag).

(I5) For every compact free Z/2-space X € C, if Ind(X) > n, then the orbit
space X has at least n elements.

(I6) It holds Ind(X) < 4o for all compact free Z/2-space X € C.

In order to obtain solutions to with bounded Morse index, we have chosen
to work with cohomological families of subsets of H'(M) which can be described
in terms of the cohomological index of E. Fadell and P. Rabinowitz [22], 23].

Given a paracompact free Z/2-space (X,T), one can see that there exists
a continuous map f : X — S° which is equivariant, that is f(Tx) = —f(z)
for all z € X. Here, S = (J,,S" is the infinite dimensional sphere, with
the topology given by the direct limit of {S™},cn ordered by the inclusions
S* — S§™ for n < m. Denote by f : X — RP* the induced continuous
map, where X and RP* are the orbit spaces X/{z ~ Tz} and S®/{z ~ —z},
respectively. The Alexander-Spanier cohomology ring of the infinite dimensional
projective space RP> with Z/2-coefficients is isomorphic to Z/2[w], with a
generator w € HY(RP*™;Z/2) (see [59, p. 264]). The map f is also unique
modulo equivariant homotopy, so we define the cohomological index of (X, T)
by

Indg /»(X, T) = sup {k: Y £0 € Hk’l(f(;Z/Q)} .
We set w® =1 € H(RP>;Z/2) and adopt the convention Indz (0, T) = 0,
so that Indz (X, T) > 1 iff X is non-empty. If (X, T) is a Z/2-space which is
not, free, we set Indy/»(X,T) = oo. We will write Indz/s(X) = Indzs(X,T)
whenever the action of Z/2 is clear from the context. For subsets of Banach



THE ALLEN-CAHN EQUATION ON CLOSED MANIFOLDS 15

spaces, we will assume this action is the antipodal map x — —x, unless otherwise
stated.

In the Appendix [B] we give some details about the construction of the
cohomological index Indy/,, which defines a topological Z/2-index in the class
of all paracompact Z/2 spaces.

3.2. Setting for the multiparameter min-max. In this subsection we
briefly describe the general min-max procedure we will apply to the Energy
functional.

Let X be a C? Hilbert manifold which is also a free Z/2-space. For each
p € N, consider the family

(4) F,={AC H'(M): A compact, symmetric, Indz/(A) > p+1}.

One easily verifies that F, is a p-dimensional Z/2-cohomological family, in the
sense defined in [26] §3].
Given an equivariant functional ¢ : X — R, we define the min-max values
cp = clp, Fp) == Alél]f;p ilelgcp(x), for peN.
Since Fp41 C Fp, we have ¢, < ¢pyq for all p € N. A sequence {A,} C F, is
called a minimizing sequence if

sup p(x) = ¢, as n — oo.
.’EGAn

Given such a sequence, we say that {z,} C X is a min-maz sequence for {A,}
if
d(zn,An) >0 and ¢(x,) - ¢, as n — oo.

In order to deal with the lack of compactness of the domain, we restrict
ourselves with a certain class of functionals: we say that ¢ satisfies the Palais-
Smale condition along {Ay} if every min-max sequence {z,} for {A,} with
¢'(x,) — 0 contains a convergent subsequence. This is the key condition that
allow us to find a critical point of ¢ at each min-max level cp.

For each ¢ € R, we denote by K, the set of all z € X such that ¢'(z) =0
and p(z) = c. If ¢'(x) = 0, we write m(z) and m*(x) for the Morse index and
the augmented Morse index of z, that is, m(xz) and m*(z) are the maximal
dimensions of subspaces of T, X such that ¢”(x) is negative definite and negative
semidefinite, respectively. Given ¢ € R and ¢ € N, we denote by K (¢) the set
of critical points of x € K. of ¢ such that m(z) < ¢ < m*(z).

3.3. A min-max theorem. In the setting above, whenever X is a com-
plete Z/2-free space, the results of [26] imply the existence of a critical point
r € K, (p), for every value of p. Unfortunately, the space in which we would
like to apply the min-max construction is not complete.

More precisely, let (M™, g) be a closed Riemannian manifold. Define X =
HY(M)\{0} and let F, be the cohomological family defined as above. Clearly,
X is a Z/2-free space which is not complete. However, for each ¢ > 0, we still
have min-max values c.(p) defined as above, with E. in the place of ¢:

c:(p) = ¢(E;, Fp) = inf sup E.(x), for peN.

=1
AEFp xe A
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We also have that E. : X — R satisfies the Palais-Smale condition along every
minimizing sequence which is bounded away from 0 (see [29, Proposition 4.4]).

In such a situation we still can apply the results from [26] to minimiz-
ing sequences that are bounded away from zero, e.g. when c.(p) < E-(0) =
Vol(M )W (0)/e, that goes to infinity as ¢ — 0. The following theorem states
that the limit behavior of the min-max values c.(p), as € — 0, is bounded from
above and from below by functions with sublinear growth on p. In particular,
for any fixed p, c.(p) < E-(0) will hold provided ¢ is small enough.

Theorem 3.2. Let M™ be a compact Riemannian manifold. There exists a
constant C(M) > 1 such that the min-mazx values c-(p) satisfy

C(M)_lp% < liminf c.(p) < limsup c.(p) < C(M)p%

e—0% e—0t

for all p € N.

The proof of Theorem is motivated by Guth-Gromov bend-and-cancel
arguments and we postpone it to the next two sections.
Now we can state the main result of this section.

Theorem 3.3. Fize > 0.
(1) For every p € N, it holds c.(p) < E-(0) = %W(O)
(2) If ce(p) < E-(0), then there exists a solution u € K._(,) with |u|< 1 and
m(u) < p < m*(u). Moreover, if cc(p) = c-(p + k) < E-(0) for some
k € N, then
Ind(ch(p)(p +k)>k+1.

(3) ce(p) = E-(0), for p large enough (depending on € > 0 and M ).

Proof. Ttem (1) follows from the fact that given any A € F,, its image, 6 A, by
an homothety of factor § > 0, also belongs to F,. In addition, sups4 E. — E.(0)
as 0 — 0, which implies that c.(p) = ¢(E., Fp) < E.(0), by the definition of
c:(p).

As we mentioned before, (2) follows from the min-max theorems for cohomo-
logical families from [26].

To prove (3), choose p such that the (p + 1)-th eigenvalue of the Laplace
operator on M satisfies 11 > 2C/e2, where C = mMaX,e(_1,1] u=2(W(0) —
W(u)). Notice that a simple application of L’Hospital’s rule, when u — 0,
yields that C is a finite positive constant.

Let {fi1,..., fp} be the corresponding first p eigenfunctions. From the min-
max characterization of the eigenvalues, it follows that [, |Vul?/ [}, [u[*> Xpy1 >
2C/e?, whenever u € H'(M) is such that [, ufi =0 fori=1,...,p. Given
A € Fp, we can always find v € A with this property, otherwise the map

ueA— (/Mufl,...,/Mufp) e R?

would induce a continuous equivariant map A — RP\ {0} — SP~!, contradicting
A € F, (see Lemma [5.3| below).
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Observe that the truncation map 7 : H'(M) — H'(M) given by 7(u) =
max{—1, min{1, u}} is continuous (by Lemma |[A.1)) and odd, hence 7(A) € F,
and E.(u) > E-(1(u)), for every u € H'(M). Then

sup B.(A) > sup E.(r(A)) > / Cu® + W (u / W (0

by the definition of C'. Minimizing over all A € F,, we obtain c.(p) > E-(0)
whenever A\, 41 > 2C/&2.
(]

Combining Theorems and we have that for every p there exist a
sequence €3 — 0 and sequence of u, € C3(M) satisfiying —e?Auyg, + W' (ug) = 0,
with bounded Morse index and such that E;, (ux) — liminf._,¢c.(p) = c(p),
which is a finite positive constant for every p (from Theorem . Finally,
applying, Theorem A from [29] we conclude.

Corollary 3.4. In every n-dimensional closed Riemannian manifold there
exists an integml varifold V,, such that

(1) [Vall= 55c(p);

(i) V s statzonary in M;
i)
v) re

(iii) H" 8+ (sing(V)) = 0, for every v > 0;
(iv) reg(V) is an embedded minimal hypersurface.

We conclude with some remarks concerning the results from this section.

Remark 3.5. If W (u) is the canonical potential (u? — 1)2/4, we can show that
0 € HY(M) is the only critical point of E. with energy > E-(0). In fact, given
u € HY (M) such that E’(u) = 0, we have |u|< 1 and thus

/\Vu|+ /W /W’ /W
:E/M<1—21jl+u u;u) 416<V°1( - /Mu4>.

Hence, E.(u) > E.(0) implies u = 0.

Remark 3.6. We can compare the one-parameter min-max solutions given by
[29, Prop. 4.4] with the one given by Theorem with p = 1, in the following
way. Let
I'={heC(-1,1], H'(M)) : h(£l) = +1}.
Given h € T', we define f; : S — H'(M) by
. ( 1), if T9 > 0
ey ={ B2
for x = (w1,22) € S'. Since h(£1) = +1, we see that fj, is well defined

and continuous. Moreover, f; is equivariant and by the monotonicity of the
cohomological index it follows that

Ay = fu(8Y) = h([-1,1) U (~h([-1,1])) € Fi.
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Hence

< 1 = 1 =
cel) = jab iy Pl = 2 B ) = e

If the critical point of E. with least positive energy is not stable — e.g., if M
has positive Ricci curvature (see [24]) — then by Theorem [2.1{ we get

ce = Ee(ue) <e(1) <ece.

Hence, in this case, the min-max values obtained using 1-sweepouts [29] and
invariant families with cohomological index > 2 coincide.

Remark 3.7. Some of the conclusions of the min-max Theorem as well
as the upper and lower bounds for the min-max values of Sections [4] and
hold for other well known families of compact symmetric subsets of H!(M).
Consider, for example, the family M, given by all the images of continuous
odd maps S? — HY(M) \ {0}. A similar family was used by A. Bahri and H.
Berestycki in [6] — attributed to Krasnoselskii [37] — to prove the existence of
infinitely many solutions for a class of semilinear equations. One easily verifies
that M, is a homotopic family in the sense of [27]. Then, it is possible to
obtain a corresponding min-max theorem for M, that proves the existence of
solutions to (2)) with Morse index bounded above by p and energy c¢(E., M)) =
inf ac p, sup E-(A).

Another option is to replace the cohomological index Indz/, in with
other topological Z/2-indexes. There is a natural choice which gives the largest
possible families defined in these terms: it consists of all symmetric compact
sets A C H'(M) for which there exists a continuous odd map A — S*~! for
k > p, but not for £ = p — 1. This defines a cohomotopic family C,, and its sets
are characterized by having a orbit space with Lusternik-Schnirelmann category
> p+1 (see Appendix . This family was employed by A. Bahri and P. Lions
in [7] to improve the results of [6]. The corresponding min-max theorem gives
the existence of critical points for E. with augmented Morse index > p, and also
a lower bound on the size of the set of such solutions in terms of this topological
index.

Using the monotonicity of the cohomological index, one verifies that these
families satisfy the following inclusions M, C F, C C,. Furthermore, the proofs
in Sections [5] and [4] give sublinear bounds from above and from below for the
min-max energy values associated to M, and C,, respectively. Hence, these
values have the same asymptotic behavior with respect to p as e — 07.

4. UPPER BOUND

In the next sections we study the asymptotic behavior of lim inf._,q c-(p), the
limit of p-th min-max value of E. with respect to the families 7}, as p — 0.

The asymptotic behavior of the min-max widths for the area functional has
been studied previously by Gromov [28], Guth [30] and Marques-Neves [40]. The
bounds obtained, in this section and the next, may be seen as the analogue of
Gromov-Guth bounds for the p-widths of M in the context of phase transitions.
Our proof is an adaptation to the Sobolev space context of the one presented in
[40].
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In this section we prove the following sublinear upper bound for the min-max
values c.(p).

Theorem 4.1. For each € > 0 and p € N, there is a continuous odd map
h:SP — HY(M)\ {0}
such that
S sup E. o h < Cp*/™,
20 gp
with C = C(M) > 0. Notice that by the monotonicity of Indz, we have
hq(SP) € Fp. In particular, for every p € N,

1 1/n
R < .
2Uc,f(p) <Cp

To prove this result we adapt Guth’s bend-and-cancel procedure [30] to the
context of phase transitions. In doing so, we follow ideas from [40], where
Marques-Neves adapted Guth’s argument to construct p-sweepouts of hypersur-
faces in a general closed manifold with controlled area.

Motivated by [29], we consider the composition of the one-dimensional solution
to the Allen-Cahn equation with distance functions to slices of a p-sweepout
with low waist. These new functions take values close to +1 in a large set
and have jumps along the slices of the p-sweepout. Moreover, it is possible to
compute its energies in terms of the areas of the slices.

Two technical points are worth discussing here before going into the details.
Both arise from the nature of the p-sweepouts in [40]. The first one concerns
the fact that the continuity of these sweepouts is measured with respect to
coefficients modulo 2. In this way, two slices cancel out as they coincide.
In such a situation, simply composing with a signed distance function wont
produce a continuous family in H!(M). We account for this by considering
modified distance functions that smooth out the cancelation of the leaves. The
second observation is that computations to estimate the energy of the functions
produced do not fit well the p-sweepouts presented in [40]. So, we modify their
construction to get slightly simpler sweepouts for which computations are easier.
More precisely, after identifying M with a cubical complex K, we construct
p-sweepouts over K with linear slices. Then, roughly speaking, we construct
our sweepouts for the energy functional on H!(K), which can be identified with
HY(M).

Construction of a linear 1-sweepout on K and modified distance func-
tions. First, remember that any compact smooth manifold can be triangulated.
Hence, by [9], Chapter 4, there exists a n-dimensional cubical subcomplex K
of I"™ for some m, and a bi-Lipschitz homeomorphism G : K — M. For each
k € N, denote by c¢(k) the center of the cubes a € K (k).

We need a few preliminary lemmas. The first one is simple and we leave its
proof to the reader.

Lemma 4.2. For almost every direction v € S™ ! = {z € R™ : |z|= 1} we
have:
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(1) v is not orthogonal to any cube o € K (k)y,.
(2) (v,z) # (v,y), for x #y in c(k).
Define f(z) = (x,v), with v satisfying (1) and (2). Then,

(3) The level sets of f are sections of parallel (n — 1)-planes on each cube
a€ K(k),.

(4) There exists a small p > 0 such that every level set f~1(s) intersects
at most one of the open n-cubes centered at points in c(k) with side of
length p.

The idea behind Guth’s bend-and-cancel argument is to deform a sweepout
using a map that projects the complement of a small neighborhood of ¢(k) onto
the (n — 1)-skeleton K (k),—1. We do this in a way that allow us to control the
shape of the new sweepout in every cube o € K (k)y,.

If x is the center of a cube a € K(k)y, define a,(z) C « as the n-cube
centered at x with sides of length r and parallel to «, i.e. a,(z) =7 (a—x)+z.

Lemma 4.3. For every 0 < r < 1 there exists a Lipschitz map F, : K — K
such that
(1) Fo(K \ Upeayon(2)) € K (K)o 1.
(2) If # C «v is a piece of a (n — 1)-plane contained in «, its image under
F' is contained in the union of another (n — 1)-plane with the (n — 1)-
skeleton. More precisely, F(n) C 71U K(k)p—1, where T is a piece of a
(n — 1)-plane contained in c.

Proof. Consider the cubes o, = [—r,r|", for 0 < r < 1, and define P, :
[—1,1]" = [-1,1]" as
z if z € a,
Pox)=1{" ,
() {“ILﬁM if r€a)\a
where ||2||co= max{|z1],...,|zn|} for x = (z1,...,2,) € R". Notice that the

restriction of P, to «, to is an homothety. In particular, it sends pieces of
hyperplanes into pieces of hyperplanes.

For each a € K (k),, we pick a linear homomorphism L, : o — « such that
L (0) = cq, where ¢, is the center of «, and define

Po:a—a, P.o=LyoP.oL."

Finally, we define F;. : K — K by F,(z) = P, o(z) whenever z € o. The map is
well defined and satisfies the desired properties. O

Let f(x) = (x,v) where v is one of the directions given by Lemma The
level sets f~!(s) are piecewise linear closed hypersurfaces. These sets do not
necessarily vary continuously on s with respect to the Hausdorff distance in
K because they might become empty near vertices that are local maxima or
minima. To rule out this possibility it is enough to add a fixed compact set
containing K in the definition of the sweepouts. We choose to add K (k),—1
because it will simplify other arguments below. Consider the family:

Y= F(f ' (s)UK(k)p_1), for seR.
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Claim 1. Let p > 0 given by Lemma . The family {¥s}ser varies continu-
ously in the Hausdorff distance.

We omit the proof of this claim. This finish the construction of an uniparamet-
ric linear sweepout on K. From this sweepout we will construct our piecewise
linear p-sweepouts by combining slices parametrized by the roots of polynomials
of degree at most p, as in [40]. However, in contrast to [40], we consider complex
roots of the polynomials in order to smooth out the cancellation of the slices. All
this information will be enclosed in the following modified distance functions.

Given z € C, consider the distance function

d, : K — R, dz(x) = distg (=, ZRe(z)) + diSt(c(Z, f(K))

This function is the building block of our p-sweepouts which we construct in
the following way. ‘

For each a = (ay, ..., a,) € SP, consider the polynomial P,(z) = > F_ a;2"
and let C'(a) be the set of its roots in the complex plane. We then define the
functions

d(z) = min{d.(z): z € C(a)} if C(a) #0
T 4o if Cla)=10"
Finally, define
ha($) = sgna(x)da(x),

where sgn, (z) = sgn(P, o f(y)) for any y € F,'(z), whenever do(z) > 0. In
Step 1 of Claim [3] we show that sgn, is well defined. Notice that hg is simply
an signed version of d, which is equivariant on a.

In the following two claims we establish several properties of d, and h,, before

presenting the proof of the main result.
Applying Proposition 9.2 from [29] in every cube a € K (k),, we obtain:

Claim 2. d, is a Lipschitz function with Lipschitz constant 1. Also
(1) |Vd;|=1 a.e. on K.
(2) If z,, = 2z, then d,, — d, and Vd,, — Vd, a.e. on K.

Claim 3. Let 9. be the I-dimensional solution to the Allen-Cahn equation.
Then hy = 1. 0 hq 0o G~ is a p-sweepout.

Proof of Claim[3 We divide the proof of this claim into the 4 steps below.
Step 1. hy(x) is well defined for every x.

If do(x) = 0, there is nothing to check since hq,(xz) = 0. Then, assume
do(x) > 0 and that there are y,w € F, ' (z) such that P,(f(y)) and Py(f(w))
have different signs. Since the set F o 1(x) is path connected, this implies there
is a ¢ € K such that F,(q) = « and P,(f(q)) = 0. In particular, f(q) € C(a)
and x € Yy(g). Then d,(z) = 0 which is a contradiction.

Step 2. h, is a Lipschitz function for every a € SP.
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The fact that d, is a Lipschitz function follows immediately from the definition.
We assert that sgn, is constant in every connected component of {x : d,(z) > 0}.
In fact, take x € K such that d,(z) > 0 and assume P, o f(y) > 0 for every
Yy E Fp_l(x). If the same does not hold for every point in a neighborhood of =,
there would be a sequence z,, — x in K such that
o d(z,) >0
Yy, € F, ! (xy) such that P, o f(yn) <0
oy =y € F,(x)

Therefore, P, o f(y) < 0 which is a contradiction.

Since sgn, is constant in every connected component of {z : d,(x) > 0}, it
is easy to see that h, = sgn, - dq is Lipschitz. In fact, take x and y € K. If
80y (r) = 580y(y) then ha(z) — ho(y)|< |da(z) — da(y)|< distic(z,y). On
the other hand, if sgn,(z) # sgn,(y) they must belong to different con-
nected components of {z : dy(z) > 0}. In this case, there exists z € K
such that distx(z,y) = distx(z,2) + distg(z,y) and such that d,(z) = 0.
Then |ha(z) — ha(y)|< |da(2) + da(y)|< |da(z) — da(2) + daly) — da(2)|<
distg (z, z) + distx (2, y) = distx (z,y).

Step 3. Let ap, — a € SP. Then 1. o hg,, — Yz 0 hgq and V). 0 hg, — Vb0 h,
a.e. on K.

We can assume C(a) # (. In fact, this happens only if a = (£1,0,...,0)
and Lemma implies that d,, — 400 uniformly in that case. Therefore,
e 0 hg, — 1)z 0 hy = £1 and Vi) 0 hy, = YL (hg, )Vh,, — 0 a.e. on K, by the
properties of ..

By Claim [2| we know that the function d, satisfies |Vd,|=1 a.e. on K and if
zn —> 2, then d,, — d, and Vd,, — Vd, a.e. on K. The idea is to use Lemmas
[A1] [A3] and [A.2] from the appendix to conclude that a similar statement holds
for d,.

Let D € C be an open disc such that

(1) f(K)UuC(a)C D
(2) distc(w, f(K)) > diam(M) + distc(C(a), f(K)) for every w € C\ D.

Take any sequence a,, — a in SP. By Lemma we know C(a,) N D —
C(a) in the Hausdorff distance. This and implies that, for n big enough,
distc(w, f(K)) > diam(M) + distc(C(a,) N D, f(K)) for every w € C\ D. In
particular, there is z € C'(a,,) N D such that d, < d,, for every w € C\ D. More
precisely, let z € C'(a,,) N D be such that distc(z, f(K)) is minimum. Then, for
every x € K,

dz(x) = diSt<$v z:Re(z)) + diSt(c(Z, f(K))
< diam(M) + distc(C(an) N D, f(K))
< distc(w, f(K)) < dy(x).
Therefore, to compute d,,, it is enough to take the minimum among the roots
C(an) N D, ie. dg, () = min{d.(z) : z € C(a,) N D}. By Lemma
we can label these roots as &, = (z1(n),...,zj(n)) and the roots of C(a) as
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¢ = (z1,...,%5), in such a way that &, — §. By Claim Lemma and
Item (3) from Lemma we conclude that if a,, — a, then d,, — d, and
Vd,, — Vd, a.e. on K.

Now, choose z such that d,(z) > 0 and choose y € F,'(z). For n big
da, () > 0 and since P,, (f(y)) = Pa(f(y)) we must have sgn, (x) — sgn,(z).
Therefore, Vh,, — Vh, a.e. on K and the statement of Step 3 holds because
1 is a smooth function.

Step 4. The function hy : S — H(M) is odd, follows from sgn,(z) =

—sgn_,(x) whenever dg(x) > 0. Finally, that h, is continuous follows from (2)
of Lemma [A2

O

Combining the results above we can prove the main theorem of this section.
Proof of Theorem[{.1. We can estimate the energy of h, using (1) from Lemma
A2

First, observe that since |Vh,|= 1 a.e. we can use the coarea formula to
estimate the energies of 1. o h, in each cube o € K (k).

Ee|a(we o ha) = / g‘vﬂ)e o ha|2+§W('¢s o ha) dH"
oo / 2
:/ |:67[)5(25) + W(¢;(£)):| _anl({ha _ S} ﬂOé) ds

By (1) from Lemma[A.2] there is a constant C' > 0 such that

Ec(ha) = E-(pc0hgo G <C > /|V¢th \2+ Wtz o hy) dH™
a€K(k)n

And by the computation above we have

) < 20/ { W(e(s ”] H V({2 ha(z) = s}) ds

e

since - ek (k). H Y ({hy = s} Na) <2H" 1 ({h, = s}), because we might be
counting areas in K (k),—1 twice.
To estimate the area H" 1 ({z : hy(z) = s}), notice that by definition

{z:ho(z) =8} C{x: Z]gg&) d.(x) =|s|}.

The geometry of Yige(») is simple: by Lemmait consist of (H,Na, )UK (k)p—1,
where H, N «, is the transversal intersection (perhaps empty) of a hyperplane
with some n-cell o, € K(k)y. It follows that {z : he(z) = |s|} is contained in
the union of the sets

U {r €ea,:dz,H,Na,) =|s|}
z€C(a)
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and
{r e K:d(x,K(k)p-1) = |s|— Hgn)d(z,f(K))}.
zeCl(a
Now,
H”fl(UzeC(a){z cd(x, HyNay) = s} < 2p0137k(n71)
and

H  {z: d(z, K(k)n_1) = |s|]}) < HHE (k)p_1) < Co3bH1(01™)

where C is the maximum area of the intersection of a (n — 1)-plane with the
cube I™ and Cy is the number of n-cells in K.
Choosing 3F < p'/™ < 31 we have for some constant C' = C(M) > 0

H' {a : ha(z) = s}) < 2pC 370D 4 O3 1 (81™) < Cpl/™.

Finally, we have

/

* [€w6<23>2 WD < 5y

E.(hg) < cpl/”-/

Therefore,
ce(p) < 20Cp'™.

5. LOWER BOUND

The main theorem of this section is the following sublinear lower bound for
the limit min-max values.

Theorem 5.1. Let M™ be a compact Riemannian manifold. There exists a
constant C' = C(M) such that the min-mazx values c.(p) satisfy:

Cpw < liminf c:(p)

e—0t

for all p € N.

The following lemma will be a key ingredient in the proof. Roughly speaking,
it asserts that the energy FE. of a function with zero average in a geodesic ball
B,(z) C M, is comparable to r"~!. In what follows E.|4(u) = [,|Vul*/2 +
W(u)/e, for A C M measurable.

Lemma 5.2. There exist ro = ro(M) > 0 and ¢; = c1(M, W) > 0 such that
Ee|p, (u) > err™ 7,
whenever ¢ < r < rg, B, = By(x) for some xz € M, |u|<1 and fBr u=0.

Let us show first how Lemma [5.2) implies Theorem [p.1] and postpone its proof
to the end of the section.
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Proof of Theorem [5.1] Recall the following fact: there is a positive constant
v =v(M) > 0 such that, for all p € N, we can find p disjoint closed geodesic
balls By,...,B, C M of radius r, = Vp_% (compare with [30, §3]). Here
B; = Bj(x;) for some z; € M and we assume v is smaller than the ry given by
Lemma [5.2} in particular r, < rq.

The following version of the Borsuk-Ulam property for the cohomological
index, implies that for every A € F,, there exists u € A such that |[ B, u=0, for

every 1 =1,...,p.

Lemma 5.3. Given a paracompact 7Z/2-space A with IndZ/Q(A) >p+1, every
continuous equivariant function f : A — RP has a zero, i.c., f~1(0) # 0.

Proof. Suppose, by contradiction, that we can find f : A — RP continuous,
equivariant and such that f~'(0) = (). Define ¢ : A — SP~! by p(z) = H7m|’ for
x € A. Then ¢ is a continuous equivariant map, and thus

p+1<Indg(A) <Indgy(SP~") =p,
which is a contradiction. (]
Remark. The previous lemma holds more generally for any topological Z/2-

index, for it holds Indz/5(S?) < p + 1 for every such index. See the Appendix
[Bl for more details.

By replacing A with 7(A) if necessary (where 7 : H'(M) — H'(M) is the
truncation map defined in the proof of [3.3| ) we might assume that |u|< 1, for
every u € A, since 7(A) € F, and sup E.(A) > sup E-(7(A4)).

Now choose ¢ so that 0 < ¢ < r, < rp. Lemma implies the existence of
uwe A with [ B, w = 0. Finally, Lemma implies

p
EE(U) > ZE8|BZ(U) > Clprg_1 = Cl’/n_lpl/n'
=1

Hence, we have max,c4 F.(u) > Cp'/™, for every A € Fp and € € (0,ry), where
C = c;v" 1. In particular, for every ¢ € (0, rp) we have

Cpl/n <ce (p)

This proves Theorem
U

Proof of Lemma[5.2. By the compactness of M and a comparison argument, we
may assume that 7o = ro(M) is such that we can find a constant ¢ = ¢(M) > 1
such that

1
(5) —r" <H"(Bp(z)) < er”, forall x€ M, re(0,r).
C

Denote |A|=H"(A) for A C M and, for a fixed a € (0,1),

Ay ={re€B,:a<u}
Ay={reB,:—a<u<a} .
A_={reB,:u<—a}
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The lemma is a consequence of the interplay between two inequalities. The
first one is an isoperimetric inequality due to De Giorgi (see [10, Lemma
1.4]). Roughly speaking, it states that functions in H'(M) cannot have jump
singularities.

Lemma 5.4. There exist co = co(M) > 0 and rog = ro(M) > 0 such that for
every u € HY(M), for all real numbers ag < by, for every r € (0,79), and for
all x € M, we have

(6)

{u < ao} N Bo(@)] - [{u > bo} N By()[ " < -2

/ |Vul.
bo — a0 J{ag<u<bo}nB.(z)

The second inequality (which proof we omit since it is obtained as in [29] §6])

is
a _ a _

(7) [As|> 5B, =W (a) Bl (u) > oor™ = W (a)eEel, (u).
It is a consequence of W (a)|Ao|< eEx|p, (u) (which follows directly from the
definitions of W and FE.), the fact that |u|< 1 with fBr u =0 and (5). Notice
that we can assume £r"™ — W~ !(a)eE;|p, (u) > 0. Otherwise ¢ < r and
would imply E.|g, (u) > aW (a)(2c)~! - r"~! which is what we want to prove.

Combining () and Lemma (with —ap = by = a) we obtain
2—1/n

- < —=r |Vul.

2—07“" - W(a)_16E5|BT (u)

1/2
[ 19l < 0] ( / |w?)
Ap B

© < (W tenism) " (2risw)

9 \1/2
< (W(a)) Ee|B, (z)(u).
Now and imply
a,
2c
where ¢ = co(ay/2W (a))~! and since £/r < 1 by hypothesis, we conclude

2—1/TL S . E5|BT(U)
rnfl

Moreover,

2—1/n

" — W(a) e, (u) < cor E¢|p, (u),

@ o Elp ()
2c Wi(a) rn—1

This inequality is of the form |A — Bs|>~ /"< Cs, where s = E.|p, (u)/r" !
and A, B and C are positive constants depending only on M and W. Since it
does not hold true when s = 0, it implies that s cannot be arbitrarily small. In
particular, there exists ¢; = ¢1(A, B,C) > 0 such that s > ¢;, and the lemma
follows.

O
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6. COMPARISON WITH MARQUES-NEVES p-WIDTHS

In this section, we show that the min-max values for the energy functional
and cohomological families are bounded below, as e — 0T, by the corresponding
p-widths w,(M) of Almgren-Pitts min-max theory, defined in terms of high-
parameter families of sweepouts in [40]. More precisely we prove

Theorem 6.1. For every p € N, it holds

1
wp(M) < > lgﬂéﬁf ce(p).

As we will see later, the p-widths, w,(M), are defined in [40)] in terms of maps
¢: X — Z, 1(M,Z/2) where X is a cubical complex and Z,,_1(M,Z/2) is the
space of mod 2 integral (n — 1)-cycles in M with zero boundary. However, the
min-max values c.(p) are defined in terms of the elements of F,, which can be
very different from continuous images of cubical complexes. Because of this,
in order to prove Theorem @ we will first approximate a set A € F,, which is
almost optimal (in the sense that its energy is close to c.(p)) by the image of
an odd map h from a p-dimensional cubical complex into H*(M).

In what follows, we will use the notation for cubical complexes discussed in
the section of the Introduction.

6.1. Cubical subcomplexes and min-max values. Initially, we need to
show that the min-max value c.(p) can be obtained by restricting ourselves to
sets which are the image of certain p-dimensional subcomplexes of Q(m, k) by
odd maps into H'(M).

Fix p € N and denote by C,, the family of all X that are p-dimensional symmet-
ric cubical subcomplexes of Q(m, k), for some m, k € N, with Indy/(X) > p+1.
For every such X, we consider also the family I'(X) of all continuous odd maps
h:X — HY(M)/{0} and its associated min-max values

ce(X)= inf sup E..

(%) hel'(X) h()?) c
By the monotonicity property of the index, we have h(X) € F, for all h € I'(X),
thus c.(p) < c.(X). Moreover, we have (compare with [40, Lemma 4.7] and [42],

§1.5])
Lemma 6.2. For all p € N, it holds
ce(p) = Xuelg ce(X).

P

Proof. Given § > 0, let Ay € F, be such that sup E.(Ag) < co(p) + 6/2.
Given an arbitrary neighborhood U of Ag in H'(M) \ {0}, we can find a
subspace E C H'(M) with m := dimE < 400 and A C U N E such that
Indz/5(A) = Indgz/5(Ao) (see [18, Proposition 3.1]). We identify E with R™
by a linear isomorphism 7' : R™ — E such that T(Q™) is a cube in H(M)
containing A in its interior. Under this identification, choose k € N such that
a C U for every m-cell « € Q(m, k), with a N A # (. If X, is the union of

all such cells, then A C X, C U and thus Indz/5(X;,) > p + 1, provided we
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choose U so that Indz»(U) = Indz/5(A). Let X be the p skeleton of X, that
is, the union of all p-cells of X,,. We claim that X € C,. If U also satisfies
sup E-(U) < sup E-(Ag) + /2, then it will follow that

)
ce(X) <sup E.(U) < sup E-(Ag) + 3 < c.(p) + 9.

Hence, infxec, ce(X) < ce(p). In order to show that X has index > p+ 1, it
suffices to observe that HP(X,,, X;Z/2) = 0. The exactness of the cohomol-
ogy sequence of the pair (X,,, X) implies then that the inclusion X — X,
induces an injective morphism HP(X,,,Z/2) — HP(X,Z/2). Therefore, we
have Indy/5(X) > Indz/5(Xm) > p+1 and X € Cp. O

6.2. p-widths. Now we are ready to present the definitions of p-sweepouts and
the p-widths, w, (M), following [40].

Let X be a cubical subcomplex of Q(m, k) and ® : X — Z,,_1(M,Z/2) be a
continuous map in the flat metric. We say that ® is a p-sweepout if

*(BP) # 0 in HP(X,Z/2)

for some non-trivial cohomology class 8 € H'(Z,_1(M,Z/2),7/2).

We recall that the first cohomology group of each connected component of
Zn-1(M,Z/2), with Z/2-coefficients, is isomorphic to Z/2. In fact, in the next
subsection we present the more complete description of the cohomology groups
of Z,_1(M,Z/2) with Z/2-coefficients, as discovered by Almgren [2].

A cubical subcomplex X of Q(m, k) is said to be p-admissible if there exists
a p-sweepout ® : X — Z,_1(M,Z/2) that has no concentration of mass, i.e.

i sup{][@(2)[|(B, (p)) s # € dmn(@),p € M} = 0.

We remark that a map into Z,,_1(M,Z/2) which is continuous in the mass
norm has no concentration of mass (see [40, Lemma 3.8]). The set of all
p-sweepouts with no concentration of mass will be denoted by P,,.

Define the p-width of M as

wp(M) = <I>lél7£p zeciglr?(cb) M(2(z).

Arguing as in [42 §1.5] (or as in the proof of Lemma we see that it suffices
to consider p-sweepouts defined in p-dimensional cubical complexes, i.e.

wp(M) = inf{ sup M(®(z)) : @ € Pp,dimdmn(P) = p} .
zedmn(P)

6.3. Proof of Theorem Theorem is a direct consequence of the
following approximation result:

Theorem 6.3. Fix 6 € (0,0/2). There exist positive constants C = C(p, M)
and 6y = do(p, M) with the following property. Given &1 € (0,00), we can
find eg = €9(61) € (0,01) such that for all e € (0,e9) and every X € C, with
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ce(X) < co(p) + ¢, there exists an even map ® : X — Z,_1(M,Z/2) which is
continuous with respect to the mass norm and satisfies

sup M(®(z)) < Ce(i)fg + .
zeX g

Moreover, the map d: X = 2, 1(M,Z/2) induced by ® in the orbit space
X = X/{x ~ —z}, is a p-sweepout.

Let us show now how this result implies Theorem

Proof of Theorem[6.1] Observe that

i < ¢

for all 6; € (0,min{vas,c(p, M)}), € € (0,60(61)) and & € (0,0/2). Hence,
making 07 J 0 (which implies €0(d1) | 0), we obtain

+ (p + CO(pa M)bp)61

liminf, o+ co(p)
wp(M) < Z&O )

and finally, as 6 1 0/2,

1
wp(M) < — liminf ¢.(p).

T 20 e—=0*

O

The following subsections comprise the proof of Theorem which follows
ideas from [29]. Here we present a sketch of its proof.

Let X € Cp with c.(X) < c.(p) + €. Ideally, given h € I'(X), we would like to
select a level set of h(x) € H'(M) for each € X, in such a way that they form
amap X — Z,_1(M,Z/2) continuous in the mass norm, with no concentration
of mass and with mass controlled by c.(p) + . The problem with this is that
continuity in H'(M) does not even imply continuity in the mass norm for the
level sets. However, we can still show that, roughly speaking, the level sets of
h(zx) vary continuously with respect to the flat norm. In [40], in order to pass
from maps which are continuous in the flat norm to maps that are continuous in
the mass norm, the additional condition of no concentration of mass is required.
In the same article they conjecture that such additional condition might not be
necessary. Fortunately to us, this has been recently proved in X. Zhou [65].

We apply a result from [65] in a discrete setting. More precisely, Theorem
allow us to interpolate a discrete map defined only on the vertices of X (k)
(for some k) which is fine in the flat norm, to a map on X (1)o (for some bigger
[) which is fine in the mass norm. Then we can apply another interpolation
result from [40] that allow us to construct a continuous extension of this map
to the whole cubical complex X, with controlled mass.

Finally, to verify that the map obtained after the interpolations is topologically
non-trivial, we relate the cohomological index Indz/, with the cohomology of
Z,-1(M,Z/2). We do this by realizing the set of integral flat chains modulo
2 as an orbit space of a free Zs-space. To this end, we rely on the fact that
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the homotopy groups of Z,,_1(M,7Z/2) are the same of the infinite dimensional
projective space RP*>, as proven by Almgren in [2].

6.4. Interpolation: discrete to continuous. Recall that the fineness of a
map ¢: X(j)o = Zn—1(M,Z/2) is defined by

f(¢) =sup {M(o(z) — ¢(y)) : x,y € X(j)o adjacent vertices} .

This notion can be thought as the discrete counterpart of the modulus of
continuity of a map into Z,,_1(M,Z/2) with respect to the mass norm. Similarly,
we can consider the fineness of a discrete map with respect to the flat metric by
replacing the mass with F in the definition above.

The next theorem, which follows from [41, Theorem 14.1] (see also [40]) allows
us to obtain maps into Z,,_1(M,Z/2) which are continuous in the mass norm
from a discrete map with small fineness.

Theorem 6.4. Given p € N, there exist constants Cy = Co(p, M) > 0 and
do = do(M) > 0 with the following property: given a p-dimensional cubical
subcomplex X of some Q(m,k) and a discrete map ¢ : Xog — Z,-1(M,Z/2)
with f(¢) < o, there exists a map ® : X — Z,_1(M,7Z/2) which is continuous
with respect to the mass norm satisfying:

(1) @ extends ¢, that is, ®|x,= ¢.

(2) For every j and every a € X, the restriction of ® to a depends only

on the values of ¢p(x) for x € ay.
(3) For all x,y € X which lie in a common p-cell of X, it holds

M(®(z) — @(y)) < Co £(¢).

Following [40], the map ® given by the theorem above will be called the
Almgren extension of ¢. We emphasize that the constant C' above depends only
on the dimension of the cubical complex X, and not on m.

6.5. Almgren’s Isomorphism. In the seminal paper [2], F. Almgren proved
that the ¢-th homotopy group of the space of mod 2 k-dimensional integral flat
chains in M, Z,(M,Z/2), with the flat topology is isomorphic to the (k + i)-th
homology group of M, with Z/2 coefficients, i.e.

mi(Zk(M,Z/2),{0}) = Hp1:(M,Z/2),
for all ¢. We denote by
Fa:m(Z2,-1(M,Z/2),{0}) — H,(M,Z/2)

the corresponding isomorphism for k =n — 1 and ¢ = 1. Since H,(M,Z/2) is
isomorphic to Z/2, and Hp4+;(M,Z/2) are trivial for i« > 1, Almgren’s result
shows that the path connected component of Z,,_1(M,Z/2) containing 0 has
the same homotopy groups of the infinite dimensional real projective space
RP*°.

Remark 6.5. For i = 0, we get a bijection between my(Z,,—1(M,Z/2)), which
can be identified with the set of path connected components of Z,_1(M,Z/2),
and H,_1(M,Z/2). In particular, if this homology group is non-trivial, then
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Z,-1(M,Z/2) is not path connected. Nevertheless, all path connected compo-
nents of the space of chains are isometric, since it is a topological group with
respect to the flat metric and the translations are isometries. Furthermore, from
the description of Almgren’s isomorphism given below, we see that it is possible
to extend F4 to the fundamental group of Z,_1(M,Z/2) with base point in
any path connected component. Hence, we can omit the reference to the base
point in the fundamental group of Z,_1(M,7Z/2), keeping in mind that it refers
to the fundamental group of a certain path connected component.

The isomorphism F4 can be explicitly described as follows. There are
constants vys > 0 and pps > 0 such that for every cycle T' € Z,,_1(M,Z/2) with
F(T) < vpr, there exists an integral Z/2 current S € I,,(M) such that 0S =T
and M(S) < ppr F(T). Such current S is called an isoperimetric choice for T.
It is possible to show that, if we choose vy, small enough, this choice is actually
unique (see [40]).

Given a map ¢ : S' — Z, 1(M,Z/2) continuous in the flat topology, we
choose k € N so that

F($(zj1) — ¢(z5)) < wvay for j=0,...,3" 1,

,. . 7]{:
where z; = e2mij3

Almgren defines

. If A is the isoperimetric choice for ¢(xj41) — ¢(z;), then

3k—1
Fa(lg]) = | D Aj| € Ho(M,Z/2).
§=0

We say that ¢ is a sweepout if this homology class is non-trivial, which amounts
to ¢ being a homotopically non-trivial path in Z,,_1(M,Z/2).

If Z is a path connected component of Z,_1(M,Z/2), then by Hurewicz
Theorem and Remark we see that the first homology group (with integer
coefficients) of Z is isomorphic to Z/2. By the Universal Coefficient Theorem
for cohomology, it follows that

HY(Z,7)2) = Z/2, for all Z € mo(Zn_1(M,Z/2)).

Remark 6.6. As pointed in [40], a continuous map ® : X — Z,,_1(M,Z/2)
defined on a cubical complex X is a p-sweepout if and only if we can find a
cohomolgy class B € H'(X,7Z/2) with P # 0 and the following property: given
a cycle v: ST — X, we have $[y] # 0 iff ® o v is a sweepout. By Remark
and the description of F4 given above, we see that this fact holds for the other
connected components of Z,,_1(M,7Z/2) as well.

Remark 6.7. The lower bound in Theorem [6.1) may be described more pre-
cisely in terms of sweepouts which detect the non-trivial cohomology class
A€ HY2,-1(M,Z/2),7/2) of the path component of 0 in Z,_1(M,Z/2). In
other terms, we will prove that c.(p) is bounded below by 20 - w(\, M), as
e — 0™, where w(AP, M) > wy(M) is the min-max value associated to the family
of sweepouts which detect AP.
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6.6. Indz/; and non-trivially of p-sweepouts. In this subsection we es-
tablish a relation between the cohomological index Indz/, and the notion of
p-sweepout, which will serve as a criterion for checking the non-triviality of the
p-sweepouts.

For this purpose, we compare non-trivial cohomology classes in H'(RP>,Z/2)
and H'(Z,_1(M,Z/2),7Z/2). We do this in terms of equivariant maps by real-
izing Z,,_1(M,7/2) as the orbit space of a free Z/2-space. From the discussion
presented after the definition of Almgren’s Isomorphism, we observe that the
path connected components of Z,_1(M,Z/2) are Eilenberg-Mac Lane spaces
of type K(Z/2,1), which means its homotopy groups are null except the first
which is isomorphic to Z/2 (see [59]). Hence a natural candidate for this
Z/2-space is the universal covering space of one of the connected components
of Z,-1(M,Z/2). To guarantee that this covering space exists, we need to
verify that Z,_1(M,Z/2) is locally path connected and semi-locally simply
connected. The latter follows directly from [40), Corollary 3.6], while the former
is a consequence of the results of [2], as we state below.

Lemma 6.8. The space Z,_1(M,Z/2) is locally path connected with respect
to the flat topology, that is, the path connected components of every open set
UC Z,-1(M,Z/2) in the flat topology are open.

Proof. Tt suffices to verify the result for the open balls U = B/ (T) in the flat
metric, for every T' € Z,,_1(M,Z/2) and r > 0. Let C C U be a path connected
component of U and let S € C. It follows from [2, Theorem 8.2] that we can
find a r1 > 0 with the following property: for every S’ € By (S), there exists a
continuous path a : [0,1] — B (T) such that a(0) = S and «(1) = S’. This
shows that S and all S’ € By (S) belong to the same path connected component
of U, that is, B;rl(S) C C. Since S € C is arbitrary, this shows that C is
open. O

We can now state and prove the main result of this subsection.

Proposition 6.9. Let X be a symmetric cubical subcomplex of Q(m, k) with
IndZ/Q(X) > p+1, for somem,k € N, and ® : X — Z,_1(M,Z/2) be a continu-
ous map in the flat topology. Suppose that ® is even and consider the induced map
d: X — Z, 1(M,Z/2) such that ® = po®, wherep X > X=X/{z~—z}is
the orbit map. If the induced homomorphism @, : 71(X) — m1(Z,_1(M,Z/2)),
satisfies ker @, = p,m1(A), then ® is a p-sweepout.

Proof. We can assume that X is path connected, since one of its path connected
components must have cohomological index > p + 1. Denote by Z the path
connected component of Z,_1(M,Z/2) containing ®(X). From the previous
lemma and Corollary 14 of [59, §2.5], we see that there exists a covering map
7 FE — Z with m(E) = 0. Since the morphism

P, =P, 0p, : m(X) = m(2)

is trivial, we can lift ® to a continuous map F' : X — E so that mo ' = ®. We
regard E as a Z/2-space with the natural action of m1(Z) = Z/2.
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We assert that the map F' is equivariant. In fact, choose a path « : [0,1] — X
such that (1) = —a(0). Then [p o a] is non-trivial in 7 (X,p o (0)) and does
not belong to p,m1(X, a(0)), which shows that ®.[p o a] = [® o a] is nonzero in
m1(Z). We will prove that the action of [p o a] on X induced by the action of
Wl(X ) on X agrees with the antipodal map. In fact, let x € X and choose a path
~v:10,1] = X joining x to a(0). We write ¥ =po~y and =751 (po a) 7.
The lift 8 of 3 with respect to p satisfies 8(1) € p “Lp(p(1) = {z,—x}
and $(1) = [po a] - z. Noting that the action of m(X) on X is free, we get
[poa] = —x. To conclude that F' is equivariant, we observe that F o 3 is a lift
of () = (moFon) !l % (®oa)s*(moF o) and therefore

F(-z) = F(B(1)) = [®ca] - F(4(0)) = [®oa] -x

Now let € : E — S be a continuous equivariant map, so that & : Z — RP™
is a classifying map for the Z/ 2-bundle £ — Z. From the claim above, we
see that the map f = f o @ is a classifying map for X — X. If w is the
non-trivial cohomology class in H'(RP>,Z/2), then X := f*w € H'(X,7/2)
satisfies \? # 0. We will show that given a path v : S' — X, we have A[y Y #0
if, and only if, ® o v is a sweepout. By Remark ., this proves that ® is a
p-sweepout.

Given such a path, we have

P =0 #0 <= wé[®or]) #0 <= &[@on] #0 in Hi(RP™).

Using Hurewicz Theorem, one easily verifies that € induces an isomorphism
Hy(Z) — H;(RP*>) and

My #0 < [®oq]#0in Hi(Z) <= [Pory]#0in m1(2),

This shows that A[y] # 0 if, and only if, ® o« is a sweepout, and the claimed
result. (|

6.7. Construction of a discrete map fine in the flat norm. In this sub-
section we show how to obtain discrete even maps into Z,_1(M,Z/2) which
are fine in the flat metric, from maps in I'(X'). We do this for sufficiently small
€ > 0 and almost optimal complexes X € C,. More precisely, we choose finite
perimeter sets {h(z) > s} for each vertex x € X(k)o, in a sufficiently fine
subdivision of X, in such a way that for each pair of adjacent vertices the
perimeter of these sets are close in the flat metric. This gives us a first discrete
approximation of a p-sweepout.

Fix ¢ € (0,0/2), where o = f}l VW (s)/2ds, and let h € T'(X) for some
X € C, which is a cubical subcomplex of Q(m, k), with m,k € N. For each
r € X write hy = h(z) € H'(M) and consider its normalization given by
l~1x = Woh,, where ¥ : R — R is the function

U(t) _/0 VW(s)/2ds.

Notice that ¥ takes values in the interval [—o/2,0/2]. This normalization is
intended so that the BV-norm of h, is bounded by the energy of h,. More
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precisely we have

(9) (Vha|= /W (hg)/2 - [Vhy|< % <s|v2hz\2 N W(hx))

3

For every = € X, there exists §, € [—&,d] for which {hy > 5.} is a set of
finite perimeter satisfying

2M (Ol {ha > 5,)1) = 2611007 > 5 }I(0) < [ 00he > $)1(0) ds,

where ||0E]|| denotes the total variation measure of 1 for a set E C M of
locally finite perimeter and [U] denotes the mod 2 flat n-current associated to
an open set U C M. The equality on the left follows from [57, Remark 27.7].
Furthermore, by (9) and the coarea formula for BV functions (see [21], §5.5]),

jlla{ﬁx > s}|(M)ds < || Dha||(M) = /MIVMS Ee(hs)/2.

Which implies
M(9[{hs > 5:}]) < E-(hs)/45.

By the symmetry of h, we see that 5, may be chosen so that 5_, = —5,. Since
for every z € X the set of all s € [—&, 5] for which the set {h, = s} has positive
H" measure is at most countable, we can also assume that H"({h, = 5,}) = 0.
This implies

[{he > 5:3] — [{hew > 5-2}] = [M\ {he = 5,}] = [M], forall ze X.

Since W is odd and strictly increasing, we can choose § € (0,1) depending
only on &, so that s, := ¥71(5,) € (=1+6,1—6) forall 2 € X. Now, for j € N
we define ¢g : X (7)o = Zn—1(M,Z/2) as

odo(z) = O[{hs > sz }].

This is a good discrete approximation of a p-sweepout since, as we saw above,
we have a control for its mass in terms of the energies E.(h;). It is left to show
that ¢q is arbitrarily fine with respect to the flat metric provided we we pick
j € N sufficiently large. To obtain this control of the fineness in the flat norm
we use the following lemma, which is a restatement of [29, Lemma 8.11], to
construct auxiliary currents %, which vary finely with respect to z and are close
to ¢o(z) in the flat norm.

Lemma 6.10. Let § € (0,1) and a € (=1 + 6,1 — ). For every h € I'(X),
write

Qp ={hz > a}.
Given € > 0, there exists ( = (0, h,a, &) > 0 such that

H" (s \ Q) < 20(;16 sup E.,
h(X)

for all x,y € X such that |x — y|< {, where C5 = W (1 —¢) > 0.
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Choose a € (=1 + 6,1 — 0) such that, for all x € X N Q™, the open sets
Q, = {h, > a} have finite perimeter and consider the positive number ( =
C(0, h,a, ) given by the previous lemma. Choosing j € N such that |z — y|< ¢
whenever = and y are vertices of X (j)o which lie in a common p-cell of X (7).

For such z,y € X (4)o, if we write ¥; = 9[€;] then

F (B, By) < M([Q] - [2]) < H"(Q \ Q) +H" (2 \ ).
In particular, by the lemma above, for z,y in a common p-cell we have
F(3q,5y) < 4C; e supy, ) E..
On the other hand
Fldo(z), Xe) < M([{he > se}] — [Q])

<H"({sz < hy <a})+H"{a< hy <s})
< H" ({lha|< 1~ 68}) < G5 'eBe(ha).

Where the last inequality follows directly from the definition of F. and the

hypothesis on W ([29, Lemma 8.10]).
Finally, we obtain, for every such pair of vertices,

F(¢o(z), po(y)) < 6C; e - sgo((Es o hy).

Given p > 0, we choose ¢ > 0 such that 6e(ce(p) + ¢) < pCs, a complex
X €Cp and h € T'(X) such that sup(E: o h) < c-(p) + € (note that § depends
only on 7). For this choice of X, the map ¢ satisfies

F(po(x), po(y)) < p,

for every pair of vertices z,y € X (j)o which lie in a common p-cell of X (j)o (in
particular, for adjacent vertices). Furthermore,

E.(h, c +e
sup M(¢o(z)) < sup j ) S(Z)N :
z€X (4)o XG0  *0 g

IN

Remark 6.11. The calculations above are essentially the reason why the
discrete map ¢g will give rise to a p-sweepout when interpolated. They show
that ¢o = OS2 for a discrete map 2 : X (j)o — I,(M,Z/2) with small fineness
in the mass norm satisfying Q(x) + Q(—z) = [M] for all x € X (j)o. It follows
that the image of every closed discrete path in X (j)o under ¢ is the image of
a closed discrete path in I,,(M,Z/2) under the boundary operator and hence it
must be in the kernel of Almgren’s isomorphism. Similarly, a discrete path « in
X ()0 joining a pair of antipodal points is mapped by ¢g to the boundary of
a discrete path in I,,(M,Z/2) with the property that the sum of its extremes
equals [M]; this shows that F4([«]) is non-trivial. See the following Remark
[6.13] for more details.

6.8. Construction of a p-sweepout: Interpolation from the flat to the
mass norm. The discrete map ¢g : X (j)o — Zn—1(M,Z/2) constructed in the
last subsection can be interpolated to produce a new discrete map with small
fineness and such that its Almgren extension induces a p-sweepout defined on
the orbit space X. We will now describe this interpolation procedure.
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The fundamental result we will need is the following theorem, which is a
consequence of [65], Proposition 5.8] and the compactness, with respect to the
flat topology, of the space of sets of finite perimeter and perimeter bounded
above by a constant L > 0.

Theorem 6.12. Let §,L > 0. There exist n =n(d, L) € (0,0), £ =¢(0,L) € N,
and a function § = {51y : (0,+00) = (0,+00) such that {(s) — 0 as s — 0t
with the following property. Given i, jo € N with i < p, s € (0,n) and a discrete
map ¢ : Io(i,jo)o = Zn—1(M,Z/2) such that:

(1) F(o(x), ¢(y)) < s for all x,y € Io(i, jo)o;

(2) SUPze1y(i,50)0 M(p(x)) < L;

(3) for each x € Iy(i,70)o, there exists a set U, C M of finite perimeter
such that ¢(x) = O[U,],

there exists ¢ : I(i,jo + £)o = Zn_1(M,Z/2) satisfying:

(1) 'F(QS( ) ¢( )) < £(~8) fO’)” all T,y € I(Z7]0 +£)0;

(2) SUPzel(i,jo+£)o M(é(z)) < supyy (i jo)o M(¢) + 6

(3) ¢ =¢on(jo+ ¢, jo) on Io(i, jo + £)o;

(4) for each x € 1(i,jo + {)o, there exists a set V, C M of finite perimeter
such that ¢(z) = A[Vy], and V, = U, if = € Iy(4, jo)o-

(5) £(§) <6, ifi =1, and £(¢) < b(f(¢) +8) if i > 1, where b = b(p) is a
positive constant;

(6) if i = 1 and 6 < vy then the sum of the isoperimetric choices for
(p((v 4+ 1)3=00t0) — G300 t0)) | for v = 0,...,300t — 1, equals
T = [Un] = U], provided M(T') < Vol(M)/2.

We will apply this result inductively to the cells of X(j) to obtain, for
each small 0; > 0, an g9 = €0(d1) € (0,6;1) satisfying the conclusion of The-
orem In particular, for every € € (0,&0) and every h € I'(X) such that
supy (Ez o h) < c:(p) + €, we will be able to find a discrete map ¢, : X (jp)o —
Z,-1(M,Z/2), j, > j, with the following properties:

(1) M(¢p(x)) < 46( -(p) + Cody) for all x € X (jp)o, for a constant Cy > 0
depending only on p and M;

(2) ép = do on(jp,j) on X(j)o;

(3) £(¢p) < -4y, for a constant ¢ = ¢(p) >

(4) For each 1-cell 7 € X (j)1, if ar : [0,1] — 7 is an affine homeomorphism,
then

Qr = H{hm- > Sar (1 }]] - [[{haT(O) > SaT(O)}]]v

where @; is the sum of the isoperimetric choices for the currents (¢, o
) (v+1)37%) — (¢ppoa;)(v3™%) forv=0,...,3% —1 and £, = j, — j.

Remark 6.13. The last item above will guarantee that if 71,...,7, € X(j)1
are such that we can choose the corresponding homeomorphisms o, in a way
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that o, (1) = o, (0), forv=1,...,a — 1, then
a a

ZQTU => ({Par, 1) > 500, 1)} = {Par, ©) > Sar,0)}])
v=1

= [{har, 1) > sar, @3 = {Par, 0) > Sar, 03]

In particular, if o, (1) = o, (0), we have > v_; @7, = 0, while o, (1) = —a, (0)
implies

> Q= Hhar, 1) > Sar, ) — Py, ©0) > Sar, 3] = [M].
v=1

These facts will be used to verify the topological non-triviality of the Almgren
extension of ¢,.

Let 61 € (0, min{wvyys, c(p, M)}), where ¢(p, M) is a constant depending only
on p and M to be chosen later, and
SUP.¢(0,1] Ce(p) + 1
45 '
Foreachi=1,...,p,let L; = L1+(i—1)(51, l; = 5:1 0(61,Ly) and & = 5(517[%.).
We choose s1 € (0,7(d1, L1)/4) such that s; < Vol(M)/2 and
2(Z + 1)(& o &_1 0...0 51)(31) < 77((51,[1“_1), fori=1,... ,p— 1.

There exists 9 = €9(d1) € (0,01) such that for all ¢ € (0,69) we have
6e(ce(p) +¢) < s1Cs. For such ¢, choose h € T'(X) for some X € C, such
that sup(F: o h) < ce(p) + . Then the construction of the last subsection gives
amap ¢o: X(j)o — Zn—1(M,Z/2) satistying

F(do(x), do(y)) < M([{he > se}] — [{hy > sy}])
_ Ge(ec(p) + <)
< s
for every pair of vertices x,y € X (j)o which lie in a p-cell of X(j),, and

C +e
sup M(go(z)) < 802 < L.
z€X(H)o o

< s1 <n(61,L1)

For each i = 1,...,p, denote by V; the set of vertices of X (j + ¢;) which lie in
the i skeleton of X (j), i.e

Vi= J o= (o)
T€X ()i vE€X(F)i+1

Note that V), = X (j + £,)o, since X has dimension p. Applying Theorem
to each 1-cell of X(j), we get a map

¢1: Vi = Zp1(M,Z/2),
such that, for each 7 € X (j)1,
F(p1(z), ¢1(y)) < &i(s1) < n(d1, La)



38 PEDRO GASPAR AND MARCO A. M. GUARACO

for z,y € 7(¢1)o, and

sup M(¢1(x)) < sup M(gp(z)) + 01 < M

+ 61 < Lo.
zeW z€X (5o 4o

Moreover, ¢ is given by the boundary currents induced by subsets of M of
finite perimeter, agrees with ¢g on the domain of ¢y and satisfies f(¢;) < d;.
Finally, since ¢q is even, we may assume that the map ¢; is also even, after
possibly redefining ¢ in half of the cells of X (j);.

Inductively, given an even map

Gim1: Vier = Zp-1(M,Z/2)

satisfying:

(1) F(gi-1(z), pi—1(y)) < (§i—10...&)(s1) < n(d1, L;) for every pair of
vertices z,y € 7({;—1)o for some 7 € X (j);—1,

(2) sup,ey; , M(¢i-1(2)) < (cz(p) +¢€)/46 + (i — 1)1 < Ly,

(3) for every x € V;_1, we have ¢;_1(x) = O[E;] for some E, C M of finite
perimeter, and

(4) f(qﬁi_l) < b;_101, for some b;_1 = bi_l(p) > 0,

we apply Theorem on each i-cell of X (j) to obtain a new even map
¢i : V; — Zn_l(M, Z/Q)

such that:

(1) F(¢i(x),di(y)) < (&io...&)(s1), for all z,y € 7(£;)o,
(2) Supyev, M(6:(2) < supucy, , M{éi-1(2)) +01 < (cc(p) +2)/45+ i6y <
Litq;
(3) ¢i = pi—1on(j+4¥;,j+l;—1) on the vertices of the (i — 1) skeleton of Vj;
(4) ¢i(z) is the boundary of a chain induced by a set of finite perimeter,
for all z € V;; and
(5) f(d)z) < b(f((f)z_l) + 51) < b;01, for b; = b(bi_l + 1).
For i = p, we obtain a discrete map ¢; : V, = X (j + €p)0 = Zp—1(M,Z/2) with
fineness f(¢p) < bpd1 < bpe(p, M). If ¢(p, M) > 0 is sufficiently small, then we
can apply Theorem [6.4] to obtain the Almgren extension ® : X — Z,_1(M,Z/2)
of ¢,. Since

M(2(z) — (y)) < Colp, M)f(¢p),
whenever z,y € X lie in a common p-cell of X (j + ¢,), we get
sup M(®(x)) < sup M(¢p(z)) + Co(p, M)byd:

rzeX zeVp
< ce(p) +¢

- 4o

From the fact that for each cell o of X (j+¢p) the map ®|, depends only on the
values of ¢(z) for x € «p it follows that ® may be assumed to be an odd map.

+ (p + CO(pv M)bp)él-
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6.9. Construction of a p-sweepout: non-triviality. In order to conclude
the proof of Theorem [6.3] it remains to show that the map ® induces a p-
sweepout @ : X — Z,_1(M,Z/2). By Proposmon it suffices to show that
ker @, = p,mi (X), where p: X — X is the orbit map. This is accomplished by
the following observations. Let « : [0,1] — X be a path such that, for some
v € N, the restriction of « to each interval [¢;,t;11] for i =0,...,3" — 1 is an
affine homeomorphism onto a 1-cell 7; € X (j)1, where ¢; = 437", Fix ¢ and let
tij =1t + j3=Wtt) for j =0,...,3%. It follows from the Remark that if
();,j is the isoperimetric choice for

®(a(tij+1)) — Plati;)) = (dp 0 @) (tij+1) — (dp 0 @) (i)
then

3v—_13—1 3v_]

Z Q’h] - Z [[{h (tig1) > Soz(thq)}]] [[{ha(ti+1) > Soc(t¢+1)}]])
7=0 =0

= [{ra@) > sa@)} = [{ha(0) > 5a(0)}]-
If « is a closed path, then

=

3v—13%—1
Fa([®oaql) Z ZQ” = 0.
=0 75=0
Noting that F is an isomorphism and [® o o] = [® o p o a] we get

D, (pfa]) =0, in 7w (2, 1(M,2Z/2)).

This proves that ker®, O p.(m1(X)). On the other hand, if a satisfies
a(l) = —a(0), then

3v_13fm_1

Fa([oal)= > > Qij| = [M]

=0 7=0

and [po a] & ker ®,. Since the lift of every closed path & in X with &(0) in
p(X(j)o) is homotopic (with fixed endpoints) to such a poligonal path which is
either closed or either joins antipodal points, this proves that ker ® = px(m1(X)).

Therefore, we conclude that ® is a p-sweepout. This completes the proof of
Theorem 6.3

6.10. Min-max values in S™. We can use the comparison between wy,(M)
and the min-max values for the energy to calculate the value of lim c.(p), when
e} 0, for small p and M = S™. More precisely, we will prove that

1
(10) — limsup ¢.(p) < Vol(§"™1),
0 o0t
forp=1,...,n+ 1. Since S»~! C S™ is the minimal surface of least area in

S™, by [40, Theorem 2.14 and Lemma 4.7] we have w,(S™) > Vol(S"!). Then,
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it follows from Theorem and that

L. n n—
%egrél+cg(p):wp(5’):\/ol(5 D, for p=1,....,n+1.

We will construct an odd continuous map h : S? — H'(M) with

sup E.(h(a)) < 20Vol(S™1).
a€SP
For every a = (ag, . ..,an11) € S™FL, define f, : S® — R by

n+1
f(z) =ao+ Zaimi_l, for x=(xg,...,2,) € 5",
i=1

and let S, = {f, = 0} C S™. Denote by d, the signed distance function to Sg,
that is,

do(z) = (sgnfa(x)) - d(x,S,), for =€ S™
Observe that S_, = S, and d_, = —d, for all a € S"t!. We define Vg,e :
Sl 5 R by

Vae(7) = P(da(z)/2),

where 1 : R — R is the unique monotone solution to the Allen-Cahn equation
with ¢ = 1 and ¢ (0) = 0. Since v is odd, we can define an odd continuous map
h: St — HY(S™) by h(a) = vae. Thus, hjgp€ T(SP) for allp=1,...,n+ 1.
Note also that both S, and the level sets for d, are geodesic spheres in S™.
Thus,

supH" 1 ({d, = s}) < Vol(S"!), forall aec S
seR

We can proceed as in [29] §7] to shows that

+oo
B(hfa)) < [ [0 + W(s)] B ({da = esh) s < 20 Vol(5" )

—00
and consequently
co(p) < ¢.(SP) < sup E.(h(a)) <20 -Vol(S"™1), for p=1,...,n+1.
aeSP
This proves the inequality .

APPENDIX A. APPENDIX: TECHNICAL LEMMAS

We list here three technical lemmas. We omit the proofs of the first two
since they follow from elementary properties of Sobolev spaces and Lipschitz
functions.

Lemma A.1. Let U be a bounded open set of a manifold. The function
max(-,-) : HY(U) x H (U) — HYU) is continuous. The same holds for
min(-, -).

Lemma A.2. Let G: K — M be a bi-Lipschitz map from a cubical complex
K to a compact manifold M and let h : K — R be a Lipschitz function.
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(1) There ezists a constant C > 0 such that

Ch Y @< e G man< C > [Pllmie)-
o€EK(j)n o€EK(j)n

(2) Let hy, : K — R, for k € N, be a sequence of Lipschitz functions with
bounded Lipschitz constants. If hy — h and Vhy — Vh a.e. on K then
hroG ' = hoG™! in HY(M).

(3) Let hy, : K — R, for k € N, be a sequence of Lipschitz functions. If
hi — h and Vh — Vh a.e. on K then h; — hT and th — VhT
a.e. on K.

Lemma A.3. Let a,, — a be a convergent sequence in SP. Assume that C(a)
is not empty and let D € C an open disk containing C(a). Let £ = (z1,..., 2;)
be an array of the roots of p, repeated according to its multiplicities. Then, for
any n big enough, there is an array &, = (z1(n),...,z;(n)) of the roots of pq,
contained in D, repeated according to its multiplicities, and such that &, — &.
If C(a) is empty, i.e. a = (£1,0,...,0), then C(ay,) is either empty, or goes to
infinity uniformly.

Proof. Notice that p,, — pg uniformly in compact sets. Let D be any disk with
dD N C(a) = 0. Then, for n big enough, we have |pa, — pa|< |pa| on dD and
by Rouché’s Theorem p, and p,, have the same number of roots in D counted
with multiplicities. This already proves the lemma when a = (£1,0,...,0).
Let D be as in the statement of the lemma. By the argument above, for n big
enough there are exactly j roots of p,, in D, counted with multiplicities. Define
D;(0) = {z : |z—z|< } for some 6 > 0 small enough so that D;(§)ND;(0) = 0 if
z; # zj and D;(8) C D. Let m; be the multiplicity of z; as a root of p,. As before,
for n big enough, the number of roots of p,,, in D;(d), counted with multiplicities,
is m;. Then, for this fixed § and every i, define &,(i) = (21(4),...,2m, (7)) as
any array of these m; roots, repeated according to its multiplicity. The set
C(an) N D;(8) — {2} in the Hausdorff distance, since for every € > 0 we have
that the number of roots with multiplicities in D;(¢) is also m; if n is big enough.
This implies &,(i) — (zi,..., %) € C™. We can choose n big enough so that
the arguments above carry over all roots z; of p,. Now we define &, as the
juxtaposition of the &, (7). This &, satisfies the conclusions of the lemma. [

APPENDIX B. A COHOMOLOGICAL INDEX THEORY FOR FREE Zs ACTIONS

In this Appendix we fill in some details about the topological Z/2-index of
Fadell and Rabinowitz [22]. We follow the general description given in [23],
which works for actions of any compact Lie group, restricting ourselves to the
case of Z/2 actions.

Let S°° be the infinite dimensional unit sphere, that is, the direct limit
of the family of topological spaces {S"},enufo}, directed by the inclusions
S™ < §™ n < m. This means that S* =J,~, 5" and a map f : 5% — Z to
an arbitrary topological space Z is continuous if, and only if, f o, : S™ — Z is
continuous for all n, where ¢, : S™ < S is the inclusion. Similarly, we consider
the infinite dimensional real projective space RP* = | J,, RP", which can be



42 PEDRO GASPAR AND MARCO A. M. GUARACO

seen as the orbit space of S by the free Z/2 action given by the antipodal
map x € S" — —x € 5. We denote by pr: S° — RP* the orbit map.

The cohomology ring of RP* with Z/2 coefficients is isomorphic to the
polynomial ring Z/2[w] over Z/2, where w € H'(RP>;Z/2) (see [32, Theorem
3.12]). In the following, we will use the Alexander-Spanier cohomology with
Z]2 coefficients and refer to [59] for the definition and basic properties of this
cohomology theory. We remark that it agrees with the singular cohomology for
any CW complex, hence for RP*> (see [59, §6.9] for a more general statement).

Lets recall the definition of the cohomological index. Denote by F the class of
all Z/2-spaces. For every free (X,T) € F we can find a continuous equivariant
map f: X — 5%, and then a continuous map f:X= X/{x ~ Tz} — RP*®
such that pr o f = fop, where p : X — X is the orbit map. This map
is called a classifying map for the Z/2 action given by T. It is possible to
show that f is unique up to homotopy, and therefore we have an induced map
f*: H*(RP>;Z/2) — H*(X;7Z/2) which depends only on (X,T). We define
the cohomological index of (X,T) by

Indz(X,T) = Indzo(X) = sup{k € N: f*(w" ') #£0 € H*1(X;Z/2)}.

We set w® = 1 € H*(RP*;Z/2) and adopt the convention Indz,(0,T) = 0.
We will omit T in the notation above whenever the action is understood. If
(X,T) € F is not free, we set Indzo(X,T) = oo

Remark B.1. This definition of Indz (X, T) for non-free (X,T) € F agrees
with the one given in [23] since (X,T) € F is free if and only if there are no
trivial orbits. More precisely, if T'# idx and & € X is such that T(Z) = Z then
S5 x {x} with the diagonal action (y,x) — (—y,T(x)) is isomorphic to S as
Z/2-spaces. Since Indg/,(5°°) = oo the monotonicity property (see below)
implies Indz/»(S° x X) = oo. We point out that this fact does not hold for
actions of other compact Lie groups, see [23, §6].

The existence and uniqueness of the classifying map can be seen as a direct
consequence of the classification of G-principal bundles (see [19]), since RP* is
the classifying space for Z/2. We can give an explicit construction of this map
when X is compact, following Milnor’s construction of the classifying bundle in
[44]. We embed S in a separable Hilbert space H by choosing a countable
orthonormal set {e; };en and identifying S™ with the unit sphere in the subspace
generated by {e1,...,ens1}. Choose a finite open cover {U;}Y | for X such that
each 71(U;) is the disjoint union U; UT(U;) for an open set U; € X (note that
the orbit map 7 : X — X is a covering map). We can also choose a partition of
the unity {p;}}¥; U{¢;}Y, subordinated to the open cover {U;}¥, U{T(U;)}}¥,
such that ¢; = p; o T. Hence, there is no € X such that p;(z) = p;(Tx) for all
i=1,...,N and we can define a continuous map f: X — S by:

N

1/2
Z pilz pl Ta:) ——F—————¢;, where p(x)= (Z(Pz(fﬂ) - Pi(T$))2> :

i=1
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Since this map satisfies f o7 = —f, it induces a continuous map f:X = RP>®
such that po f = fom, and gives the classifying map for (X, 7). Using partitions
of unity for paracompact spaces, this construction can be adapted for a general
(X,T) € F. For an elementary proof of the uniqueness of f modulo homotopy,
see [61] §14.4].

The fact that Indz/, is a topological Z/2-index is a consequence of the
following theorem.

Theorem B.2. [23] The cohomological index is a topological Z/2-indez, that is,
it satisfies the properties (11)-(16) of Definition [3.1] and the following stronger
version of (I5):
(I5)" For every free 7.)2-space (X,T) € F, the orbit space X is infinite
whenever Indz 2 (X, T) > 2.

Moreover, we have the following dimension property: if (X,T) € F and dim X
denotes the covering dimension of X, then Indg (X, T) < dim X.

We point out that the continuity property (I3) is a consequence of the tautness
of the Alexander-Spanier cohomology [59, §6.1] — the monotonicity and the fact
that every invariant closed subset A C X is contained in a invariant paracompact
neighborhood N C X. Moreover, the subaditivity (I4) is a restatement of the
vanishing property of the cup product [32, p. 209] (compare with [30], [I]). For
a complete proof, see [23, §3].

We conclude our discussion about the Fadell-Rabinowitz topological index Z /2
comparing the cohomological index with another well known Z/2-topological
index, previously considered by Yang [64] (where it is referred, up to normaliza-
tion, as the B-index), Conner-Floyd [16] (where it is called the co-indez) and
Krasnoselskii [37]. Given a paracompact Z/2 space (X,T'), we define

v2/2(X,T) = inf{k € N: 3f € O(X, 5" ") s.t. foT = —f}.

We also adopt the convention vz/5() = 0. The function 7/, defines a Z/2-
topological index in the class of all paracompact Z/2 spaces (see e.g [27, §7.3]).
It turns out that this index is the maximal topological Z/2-index, as proven in
the following:

Lemma B.3. For every topological Z/2-index Ind : C — N U {0, +o00}, it holds
Ind(X,T) < 7z,2(X,T).
for all (X,T) €C.

Proof. Let k = v7/2(X) < oo (if k = oo, there is nothing to prove). Then, we
can find a continuous equivariant map f : X — S¥~1. For each i = 1,...,k, let

A; = {iL' c Sk_l tw; # 0}, and B; = f_l(Ai)'

Since we can find equivariant maps 4; — S° and Ind(S") = 1 (by Definition
(16)), it follows from the monotonicity property that

Ind(B;) < Ind(4;) <Ind(S°) =1, forall i=1,...,k.
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Therefore, from the subaditivity of Ind, we get

k k
Id(X) =Ind [ | JBi | <) Ind(By) <k =y7/2(X).
=1

i=1

O

Remark. The index 77/ has the following important property: for every
compact symmetric X C E \ {0}, where E is a Banach space, it holds holds
Vz/2(X) = cat(X), where cat(X) is the Lusternik-Schnirelmann category of X,
that is, cat(X) is the least k& € N such that X can be covered by k closed sets
A; € X which are contractible to a point in X. See [54, Theorem 3.7] for a
proof of this fact, and [27] for some results about the multiplicity of the set of
critical points of a functional involving the Lusternik-Schnirelmann category.

(1]
2]
8l
(4]
(5]
(6]

(7]

(8]

(9]

(10]

(11]

REFERENCES

N. S. AIEX, Non-compactness of the space of minimal hypersurfaces, arXiv preprint
arXiv:1601.01049, (2016).

F. J. ALMGREN, The homotopy groups of the integral cycle groups, Topology, 1 (1962),
pp. 257-299.

A. AMBROSETTI, Variational methods and nonlinear problems: classical results and recent
advances, in Topological nonlinear analysis, Springer, 1995, pp. 1-36.

A. AMBROSETTI AND P. H. RABINOWITZ, Dual variational methods in critical point
theory and applications, Journal of functional Analysis, 14 (1973), pp. 349-381.

L. AMBROZIO, A. CARLOTTO, AND B. SHARP, Comparing the morse index and the first
betti number of minimal hypersurfaces, arXiv preprint arXiv:1601.08152, (2016).

A. BAHRI AND H. BERESTYCKI, A perturbation method in critical point theory and
applications, Transactions of the American Mathematical Society, 267 (1981), pp. 1-32.
A. BAHRI AND P. LIONS, Morse index of some min-mazx critical points. i. application
to multiplicity results, Communications on Pure and Applied Mathematics, 41 (1988),
pp. 1027-1037.

H. Brezis AND L. OSWALD, Remarks on sublinear elliptic equations, Nonlinear Analysis:
Theory, Methods & Applications, 10 (1986), pp. 55—64.

V. M. BUCHSTABER AND T. E. PANOV, Torus actions and their applications in topology
and combinatorics, vol. 24 of University Lecture Series, American Mathematical Society,
Providence, RI, 2002.

L. CAFFARELLI AND A. VASSEUR, The De Giorgi method for reqularity of solutions of
elliptic equations and its applications to fluid dynamics, Discrete Contin. Dyn. Syst. Ser.
S, 3 (2010), pp. 409-427.

J. CAHN AND S. ALLEN, A microscopic theory for domain wall motion and its experimental
verification in Fe-Al alloy domain growth kinetics, Le Journal de Physique Colloques, 38
(1977), pp. C7-51.

A. CARLOTTO, Minimal hyperspheres of arbitrarily large morse index, arXiv preprint
arXiv:1504.02066, (2015).

T. CAZENAVE AND A. HARAUX, An introduction to semilinear evolution equations, vol. 13,
Oxford University Press on Demand, 1998.

I. CHAVEL, Figenvalues in Riemannian geometry, vol. 115, Academic press, 1984.

T. H. CoLpING AND W. P. MiNic0zz1, Examples of embedded minimal tori without area
bounds, International Mathematics Research Notices, 1999 (1999), pp. 1097-1100.

P. E. CoNNER AND E. E. FLOYD, Fized point free involutions and equivariant maps,
Bulletin of the American Mathematical Society, 66 (1960), pp. 416-441.



[17]
18]
[19]
[20]
21]
[22]

23]

[24]
[25]
[26]
[27]
28]
[29]
[30]
31]
32
33]
[34]
35)
136]

37]

[38]

39]
[40]

41]

THE ALLEN-CAHN EQUATION ON CLOSED MANIFOLDS 45

B. DEAN, Compact embedded minimal surfaces of positive genus without area bounds,
Geometriae Dedicata, 102 (2003), pp. 45-52.

M. DEGIOVANNI AND M. MARZOCCHI, Limit of minimaz values under - convergence,
Electron. J. Differential Equations, 2014 (2014), p. 19.

A. DoLp, Partitions of unity in the theory of fibrations, Annals of Mathematics, (1963),
pp. 223-255.

I. EKELAND AND N. GHOUSSOUB, Selected new aspects of the calculus of variations in the
large, Bulletin of the American Mathematical Society, 39 (2002), pp. 207-265.

L. C. Evans AND R. F. GARIEPY, Measure theory and fine properties of functions, vol. 5,
CRC press, 1991.

E. R. FADELL AND P. H. RABINOWITZ, Bifurcation for odd potential operators and an
alternative topological indez, Journal of Functional Analysis, 26 (1977), pp. 48—67.
——, Generalized cohomological index theories for Lie group actions with an application
to bifurcation questions for Hamiltonian systems, Inventiones mathematicae, 45 (1978),
pp. 139-174.

A. FARINA, Y. SIRE, AND E. VALDINOCI, Stable solutions of elliptic equations on Rie-
mannian manifolds, Journal of Geometric Analysis, 23 (2013), pp. 1158-1172.

H. FEDERER, Geometric measure theory, Die Grundlehren der mathematischen Wis-
senschaften, Band 153, Springer-Verlag New York Inc., New York, 1969.

N. GHOUSSOUB, Location, multiplicity and Morse indices of min-mazx critical points, J.
Reine Angew. Math., 417 (1991), pp. 27-76.

N. GHOUSSOUB, Duality and perturbation methods in critical point theory, vol. 107,
Cambridge University Press, 1993.

M. GroMoOV, Dimension, nonlinear spectra and width, geometric aspects of functional
analysis (1986/87), 132184, Lecture Notes in Math, 1317 (1986/87).

M. A. GUARACO, Min-maz for phase transitions and the existence of embedded minimal
hypersurfaces, arXiv preprint arXiv:1505.06698, (2015).

L. GuTH, Minimax problems related to cup powers and Steenrod squares, Geometric And
Functional Analysis, 18 (2009), pp. 1917-1987.

Q. HAN AND F. LIN, Elliptic partial differential equations, vol. 1, American Mathematical
Soc., 2011.

A. HATCHER, Algebraic Topology, Cambridge University Press, 2002.

J. E. HUTCHINSON AND Y. TONEGAWA, Convergence of phase interfaces in the van der
Waals-Cahn-Hilliard theory, Calculus of Variations and Partial Differential Equations, 10
(2000), pp. 49-84.

T. ILMANEN, Convergence of the Allen-Cahn equation to Brakke’s motion by mean
curvature, J. Differential Geom, 38 (1993), pp. 417-461.

D. KETOVER, F. C. MARQUES, AND A. NEVES, The catenoid estimate and its geometric
applications, arXiv preprint arXiv:1601.04514, (2016).

J. I. KRAMER, Ezxamples of stable embedded minimal spheres without area bounds, arXiv
preprint arXiv:0812.3841, (2008).

M. A. KRASNOSEL'SKII, Topological methods in the theory of nonlinear integral equations,
Translated by A. H. Armstrong; translation edited by J. Burlak. A Pergamon Press Book,
The Macmillan Co., New York, 1964.

L. A. LYUSTERNIK AND L. G. SCHNIRELMANN, Topological methods in variational problems
and their application to the differential geometry of surfaces, Uspekhi Matematicheskikh
Nauk, 2 (1947), pp. 166-217.

F. C. MARQUES AND A. NEVES, Rigidity of min-max minimal spheres in three-manifolds,
Duke Mathematical Journal, 161 (2012), pp. 2725-2752.

F. C. MARQUES AND A. NEVES, Existence of infinitely many minimal hypersurfaces in
positive Ricci curvature, arXiv preprint arXiv:1311.6501, (2013).

F. C. MARQUES AND A. NEVES, Min-mazx theory and the Willmore conjecture, Ann. of
Math. (2), 179 (2014), pp. 683-782.



46

PEDRO GASPAR AND MARCO A. M. GUARACO

[42] F. C. MARQUES AND A. NEVES, Morse index and multiplicity of min-maz minimal

hypersurfaces, arXiv preprint arXiv:1512.06460, (2015).

[43] L. MAZET AND H. ROSENBERG, Minimal hypersurfaces of least area, arXiv preprint

arXiv:1503.02938, (2015).

[44] J. MILNOR, Construction of universal bundles, II, Annals of Mathematics, (1956), pp. 430

436.

[45] M. MI1zuNO AND Y. TONEGAWA, Convergence of the Allen—Cahn equation with Neumann

boundary conditions, arXiv preprint arXiv:1403.5624, (2014).

[46] L. Mobica, The gradient theory of phase transitions and the minimal interface criterion,

Archive for Rational Mechanics and Analysis, 98 (1987), pp. 123-142.

[47] F. PACARD, The role of minimal surfaces in the study of the Allen-Cahn equation,

Geometric Analysis: Partial Differential Equations and Surfaces: UIMP-RSME Santalé
Summer School Geometric Analysis, June 28-July 2, 2010, University of Granada, Granada,
Spain, 570 (2012), p. 137.

[48] F. PACARD AND M. RITORE, From constant mean curvature hypersurfaces to the gradient

theory of phase transitions, Journal of Differential Geometry, 64 (2003), pp. 359-423.

[49] P. PADILLA AND Y. TONEGAWA, On the convergence of stable phase transitions, Commu-

nications on pure and applied mathematics, 51 (1998), pp. 551-579.

[50] D. PAGLIARDINI, Multiplicity of critical points for the fractional allen-cahn energy, arXiv

preprint arXiv:1603.01960, (2016).

[61] D. PASSASEO, Multiplicity of critical points for some functionals related to the minimal

surfaces problem, Calculus of Variations and Partial Differential Equations, 6 (1998),
pp. 105-121.

[62] A. PISANTE AND F. Punzo, Allen-Cahn approzimation of mean curvature flow in

Riemannian manifolds i, uniform estimates, arXiv preprint arXiv:1308.0569, (2013).

[63] J. T. PrrTS, Existence and regularity of minimal surfaces on Riemannian manifolds,

no. 27 in Mathematical Notes, Princeton University Press, Princeton, 1981.

[54] P. H. RABINOWITZ, Some aspects of nonlinear eigenvalue problems, Rocky Mountain J.

[55]

Math, 3 (1973).
, Critical point theory and applications to differential equations: a survey, in Topo-
logical nonlinear analysis, Springer, 1995, pp. 464-513.

[66] O. SAVIN, Phase transitions, minimal surfaces and a conjecture of De Giorgi, Current

developments in mathematics, (2009), pp. 59-113.

[657] L. SIMON, Lectures on geometric measure theory, The Australian National University,

Mathematical Sciences Institute, Centre for Mathematics & its Applications, 1983.

[68] G. SMITH, Bifurcation of solutions to the Allen-Cahn equation, arXiv preprint

arXiv:1311.2307, (2015).

[59] E. H. SPANIER, Algebraic topology, vol. 55, Springer Science & Business Media, 1994.
[60] P. STERNBERG, The effect of a singular perturbation on nonconvez variational problems,

Archive for Rational Mechanics and Analysis, 101 (1988), pp. 209-260.

[61] T. ToMm DIECK, Algebraic topology, European Mathematical Society, 2008.
[62] Y. TONEGAWA, Applications of geometric measure theory to two-phase separation problems,

Sugaku Expositions, 21 (2008), p. 97.

[63] Y. TONEGAWA AND N. WICKRAMASEKERA, Stable phase interfaces in the van der Waals—

Cahn—Hilliard theory, Journal fiir die reine und angewandte Mathematik (Crelles Journal),
2012 (2012), pp. 191-210.

[64] C.-T. YANG, On theorems of Borsuk-ulam, Kakutani-Yamabe-Yujobé and Dyson, II,

Annals of Mathematics, (1955), pp. 271-283.

[65] X. ZHOU, Min-maz hypersurface in manifold of positive Ricci curvature, arXiv preprint

arXiv:1504.00966, (2015).

INSTITUTO DE MATEMATICA PURA E APLICADA (IMPA), ESTRADA DONA CASTORINA

110, 22460-320 R10 DE JANEIRO, BRAZIL

E-mail address: marcomen@impa.br,phgms@impa.br



	1. Introduction
	2. Low energy levels of E_e
	3. Multiparameter min-max for the energy functional
	4. Upper Bound
	5. Lower bound
	6. Comparison with Marques-Neves p-widths
	Appendix A. Appendix: Technical Lemmas
	Appendix B. A cohomological index theory for free Z_2 actions
	References

