
SHIMURA VARIETIES SEMINAR WEEK 3 - EXERCISES ON SHIMURA DATA

1. Some definitions and recollections.

Definition. Let (G, X) be a pair of a reductive group G over Q and X a G(R)-conjugacy class
of algebraic homomorphisms h : S(R) → G(R) where S is the Deligne torus. The pair is
called a Shimura datum if the following axioms are satisfied:

Axiom 1: For any h ∈ X, the Hodge structure on g = Lie(G(R)) via S(R)
h→ G(R)

Ad→ Aut(g)
is of type {(−1, 1), (0, 0), (1,−1)}.

Axiom 2: For any h ∈ X, the action by h(i) on the derived group Gder(R) has fixed-point
locus equal to a maximal compact subgroup. In other words, h(i) is a Cartan involution.

Axiom 3: Gad (the adjoint group) has no subgroup over Q whose R-points form a compact
group.

In practice, these axioms are rep-theoretic retranslations of specific properties of Hodge
structures, and they exist precisely because we want the complex points of our Shimura
varieties to "act" as moduli of certain polarized Hodge structures.

Axiom 1 in particular means that the induced Hodge structure on the Lie algebra is zero,
making h(R×) central; this allows us to decompose a G-representation V as a direct sum of G-
invariant pieces giving rise to pure Hodge structures. This is the weight decomposition V =
⊕nVn (and it is independent of h). Furthermore, the family of the induced Hodge structures
parametrized by X is a variation of Hodge structures (= satisfies Griffiths transversality) iff
the induced Hodge structure on the Lie algebra g is of type {(−1, 1), (0, 0), (1,−1)}.

Axiom 2 guarantees that the variation of Hodge structures parametrized by X is polarized.
Axiom 3 encodes some "minimality" that G satisfies wrt. X, namely we do not want a simple
isogeny factor whose real points centralize all h ∈ X. In practice however this is not an issue
because we may just replace G with its quotient by that factor. The fact that we start with a
group G over Q is not really relevant for the Hodge structure part - we want to have a certain
class of subgroups of G(Q) acting on our Shimura variety (arithmetic subgroups), since we
care about its arithmetic properties.
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2. Examples of Shimura data.

Exercise 1. We will verify the Shimura data axioms in the case of reductive group G = GL2
over Q with Lie algebra g = gl2(R) = M2(R).

(i) Explain why any two R-algebra embeddings C → M2(R) are conjugate by an element of
GL2(R). (Hint: the embedding gives R2 the structure of a complex vector space)

This gives us a GL2(R)-conjugacy class in the space of homomorphisms h : S(R) →
GL2(R), explicitly it is the class of the map

x + iy 7→
(

x y
−y x

)
As S(R) = C

×, we get a C×-action on the Lie algebra via post-composing with the adjoint
action Ad : GL2(R) → Aut(g). To investigate this action, we may split into investigating
the actions of R× and S1 separately; the action of R× is not very interesting as R× maps
to the center of GL2(R) via the map h, i.e, it is just id : R× → R×. For the S1-action, let
V = gl2(C) be the complexified Lie algebra, now a 4-dimensional complex vector space. If
Vn = {v ∈ V | z · v = znv ∀ z ∈ S1} then V ' ⊕nVn; this is the weight decomposition wrt. this
action.

(ii) Show that for the S1-action as above, V0 is 2-dimensional and V2, V−2 are each 1-dimensional
and all other components are zero - in other words, gl2(C) ' V−2 ⊕V0 ⊕V2.

Pick h ∈ X a map S(R) → GL2(R) arising from an R-algebra embedding C → M2(R) as
before. Its centralizer {g ∈ GL2(R) | gh(z)g−1 = h(z) ∀ z ∈ C×} is h(C×) and hence we get a
description

X ' GL2(R)/h(C×) ' GL2(R)/h(S1)h(R×) ' GL2(R)/SO2(R)R>0 'H+ ä H−

(as you may remember from our last meeting).

(iii) Using any definition of Hodge structures you want, explain why h corresponds to a
Hodge structure on R2 of weight -1, type {(−1, 0), (0,−1)}. Explain why Ad ◦ h induces a
Hodge structure on the Lie algebra gl2 of weight 0, type {(−1, 1), (0, 0), (1,−1)}. (Hint: Check
(ii).)

(iv) Recall that Hodge structures on R2 of type {(−1, 0), (0,−1)} are exactly those arising out
of the first homology of elliptic curves. Use the associated Hodge filtration to explain why
we have Griffiths transversality in this case. (Hint: this was basically already explained in the
first set of exercises).

So far we have established Axiom 1 of the Shimura data formalism. We will next verify
Axiom 2, which boils down to checking that our Hodge structures are polarized.

(v) For h ∈ X, show that the centralizer of h(i) is the same (up to connected components)
as the centralizer of the map h itself in GL2(R). (Hint: if g ∈ GL2(R) centralizes h(i), show
g ∈ h(C×).)

The above holds more generally for a pair (G, X) of a reductive group and a G(R)-
conjugacy class X satisfying Axiom 1. Part of the literature uses the centralizer of the entire
map h in the definition of Axiom 2; part (v) tells us we can just focus on h(i). Note conjugation
by h(i) is an involution since h(−1) is central by the weight 0 condition.
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(vi) Let E = C/Z⊕Zτ be a complex elliptic curve with τ = a + bi, b > 0. As we know,
H1(E, R) is equipped with a Hodge structure of weight -1. Use the intersection pairing
H1(E, Z) × H1(E, Z) → Z(1) to show that its realification is a polarization on the Hodge
structure. Explicitly, show that the associated quadratic form is

q(x, y) =
(x + ay)2 + b2y2

b

and is therefore positive-definite.

Deligne ’79 proves the following: if (G, X) satisfies Axiom 1, and ρ : G → GL(V) is an
algebraic representation attaching a family of Hodge structures on U parametrized by X, then
the condition that all of these Hodge structures are polarized is equivalent to the following
two conditions: all maps h : S(R) → G(R) factor through a reductive group G0, and if Gder

0
is its connected semisimple derived group then the stabilizer of h(i) meets the derived group
in a compact open subgroup of G(R).

(vii) Check that the two conditions above are satisfied when G = GL2.

(viii) Explain why there is no proper closed subgroup of GLad
2 over Q such that its real points

form a compact group.

Exercise 2. The following is an example of a Siegel Shimura datum. Let (V, ψ) be a 2n-
dimensional rational vector space endowed with a symplectic form ψ. Consider the algebraic
group of its symplectic similitudes G = GSp(V, ψ), whose R-points are

{(g, λ) ∈ GL(VR)×R× | ψ(g · x, g · y) = λψ(x, y) ∀ x, y ∈ VR}

(i) Let X be the G(R)-conjugacy class of the map h : S(R)→ G(R) given by

x + iy 7→ x · Id2n + y ·
(

0 −Idn
Idn 0

)
Show that X is identified with the Siegel lower and upper half space. This has explicit de-
scription

H±n = {Z ∈ Mn(C) | Z = ZT, ImZ positive or negative definite}
(Hint: identify map h with its −i-eigenspace). Show that under this identification X '
GSp2n(R)/U(n)R× where U(n) is the unitary group, and therefore X is a symmetric space
for GSp(V, ψ).

(ii) Composing with the standard representation on V we get a family of Hodge structures
on V parametrized by h ∈ X. What weight and type do these Hodge structures have? The
Hodge structures are furthermore polarized by ψ (don’t show this). Deduce that the Hodge
structures are precisely those arising out of the first homology of polarized abelian varieties.

(iii) Take n = 1 and explain why GSp(V, ψ)(R) = GL2(R). Deduce that we get the Shimura
datum for GL2 (as in the previous exercise) as a special case of the above.


