
GALOIS DEFORMATION RINGS

JASON KOUNTOURIDIS

Abstract. These are notes for an introductory talk on Galois deformation rings,
following [Gou01] and [Gee13].

1. What is a Galois deformation ring?

The central problem in these notes (and probably all of Galois deformation
theory) is the following: suppose we are given a representation ρ : G → GLn(k)
where G is a profinite group and k a finite field of characteristic p. We want to
know all possible lifts of ρ to ρ : G → GLn(R) where R is a complete noetherian
local ring of residue field k. In the literature R is taken to be a W(k)-algebra or
an O-algebra where O is a complete DVR of residue field k- for simplicity we’re
only going to deal with k = Fp and R a Zp-algebra.

Mazur build the theory of Galois deformations to tackle such problems in
generality. In order for the theory to work out and parallel the setup of de-
formations of complex algebraic varieties, he imposed a p-finiteness condition on
profinite G:

Condition Φp. For every open finite index subgroup H ⊂ G, there are finitely many
continuous homs H → Fp. Equivalently, the pro-p completion of H is topologically
finitely generated.

This condition holds for GQl and GK,S (i.e. the Galois group of the maximal
extension of number field K unramified outside a finite set of primes S), so we
will only care about these situations in what follows. This p-finiteness condition
works as a replacement for the conjecture that GK,S is topologically finitely-
generated; this is already true for GF where F/Qp finite.

The starting point is defining deformation functors. Let Ĉ be the category of
complete noetherian local Zp-algebras with residue field Fp, the maps being
local Zp-algebra homs inducing the identity on Fp. Let C = ArtFp ⊆ Ĉ be the
full subcategory whose objects are local artinian Zp-algebras with residue field
Fp; the hat here signifies that an object R of Ĉ is an inverse limit R = lim←− R/mn

R
of objects in C. We will call rings in C or Ĉ coefficient algebras.

Definition 1. Let ρ : G → GLn(Fp) be a residual representation of profinite G
satisfying condition Φp, and let R be a coefficient algebra. A deformation of ρ to
R is an equivalence class of reps ρ : G → GLn(R) such that π ◦ ρ = ρ where π is
the restriction induced by R → Fp. Here, ρ and ρ′ are equivalent if ρ′ = aρa−1

for a ∈ ker π; the point is that reducing mod p gives the same ρ.
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We define the framed deformation functor D� : Ĉ → Set by sending R 7→
{lifts of ρ to R} and the unframed deformation functor D : Ĉ → Set by sending
R 7→ {deformations of ρ to R}. (these depend on ρ!)

Both deformation functors are continuous in the sense that the canonical map
D(R) → lim←−D(R/mn

R) is an isomorphism; this lets us determine the functors
at the level of the full subcategory C. This is a crucial point for representability,
which we will now get to.

To determine representability of the functors (i.e. D(R) = Hom(Runiv, R)
for some universal ring object Runiv), one starts by noticing that representable
functors commute with fiber products - but these don’t always exist in Ĉ, for
example because the tensor product of noetherian rings need not be noetherian.
Fiber products exist in C, however, so by continuity we may view D�,D as
functors on C. Then, representability of D�,D as functors on Ĉ is the same
as pro-representability as functors on C; recall D pro-representable means that
D(R) = Hom(Runiv, R) for all objects R ∈ C, but Runiv itself exists in the larger
category Ĉ.

Theorem 2 (Mazur, [Maz89]). With the setup of Definition 1, D� is pro-representable
by R� ∈ Ĉ which we call the universal framed deformation ring; the associated rep
ρ� : G → GLn(R�) is called the universal lift (i.e. all other lifts factor through ρ�).
If in addition ρ is Schur, meaning EndFp[G]ρ = Fp, then D is pro-representable by

Runiv ∈ Ĉ, which we call the universal deformation ring; the associated rep ρuniv : G →
GLn(Runiv) is called the universal deformation of ρ.

Mazur originally proved the second part for absolutely irreducible ρ, which
is a stronger condition since by Schur’s lemma they are Schur. As previously
discussed, the existence of universal deformation rings boils down to check-
ing D�,D are pro-representable as functors of Artin rings. Mazur then uses
Schlessinger’s criteria for when a functor of Artin rings is pro-representable.
This amounts to checking the following technicalities: (here Fp[ε]/(ε2) is the
(artinian) ring of dual numbers)

(i) D(Fp) has exactly one element

(ii) D(Fp[ε]/(ε2)) is a finite-dimensional Fp-vector space (we will in fact see
this is H1(G, adρ) in the next section)

(iii) For maps of Artin rings R′ → R, R”→ R, the natural mapD(R′×R R”)→
D(R′) ×D(R) D(R”) is surjective when R” → R is small (read: principal
kernel, annihilated by mR”)

(iv) The natural map in (iii) is bijective for R” = Fp[ε]/(ε2) and R = Fp

(v) The natural map in (iii) is bijective for R′ = R”→ R small



GALOIS DEFORMATION RINGS 3

Example 3 (the one-dimensional case). Say ρ : G → F×p is a character, then we
can lift it canonically to Z×p via its Teichmüller lift, and so by twisting we see R�

of ρ is the same as when ρ is the trivial character. Then D�(S) = Hom(G, 1 +
mS) and since 1+mS is abelian pro-p, any such lift factors through the maximal
pro-p quotient of the abelianization, Gab,(p). So D�(S) = Hom(Gab,(p), S×) '
Hom(Zp[[Gab,(p)]], S) so the universal deformation ring is Zp[[Gab,(p)]]. In the
case of G = GQ, Kronecker-Weber says this is Zp[[Gal(∪nQ(ζn)/Q)⊗Z Zp]] '
Zp[[(1 + pZp)]] ' Zp[[x]].

Why should one consider both framed and unframed deformation rings? In
our studies, it may well be the case that e.g. ρ is the trivial 2-dimensional
representation, and these have endomorphism algebras bigger than Fp, so Runiv

does not exist generally. When Runiv exists, R� may be viewed as a PGLn-
bundle over it and in good cases (ρ absolutely irreducible) it is a formal power
series over it in n2 − 1 variables - see the next section.

A note on deformation spaces before moving on: deformations of ρ to S
correspond to coefficient ring maps Runiv → S or, in other words, S-points of
the scheme Spec(Runiv), so one could think of the latter as a "moduli space" for
deformations, although that is not quite true; points on Spec(Runiv) correspond
to any ring homs Runiv → S, which need not correspond to deformations. The
corrected analogue is viewing Runiv as a formal scheme Spf(Runiv) (i.e. a scheme
with infinitesimal data near its points) over Spf(Zp). This is closer in spirit
to classical deformation theory and makes sense dimension-wise; for example
when Runiv = Zp[[x1, x2, x3]] we’d like to think of it as a 3-dimensional space
over Zp, and this is true for Spf(Runiv) despite the Krull dimension being 4.

2. Tangent spaces of universal deformation rings

We have so far seen that studying Galois deformations amounts to studying
universal deformation rings (should they exist). One often gets information
just from their dimension, and a good way to study that is through the Zariski
(co)tangent space of rings. The dimensions of the universal deformation ring
and its tangent space may not always match though - this is true for regular local
rings and Runiv, R� in general need not be regular; this deficit will be related to
the obstruction problem of lifting deformations, as we will see below.

Proposition 4. If ρ : G → GLn(Fp) is a residual representation and R = R�, then

(i) there are natural bijections {lifts of ρ to Fp[ε]/(ε2)} ' Hom(R, Fp[ε]/(ε2)) '
Hom(mR/(m2

R, p), Fp) ' Z1(G, adρ)

(ii) if in addition ρ is absolutely irreducible then Hom(mRuniv/(m2
Runiv , p), Fp) '

H1(G, adρ)
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Proof (sketch). For (i), the first isomorphism follows from representability of
D�. The second isomorphism follows from the fact that the maps are (local)
homs of coefficient algebras, hence map mR to εFp[ε]/(ε2), hence kill m2

R, and
also from the fact R/(m2

R, p) ' Fp ⊕ mR/(m2
R, p). Lastly we can establish a

bijection between D�(Fp[ε]/(ε2)) and Z1(G, adρ) by picking a 1-cocycle η and
defining a lift ρ by ρ(g) = (1 + η(g)ε)ρ(g).

For (ii), let M ∈ D(Fp[ε]/(ε2)) so by definition M/εM ' ρ. One can check
that εM ' ρ as G-modules, i.e. M sits inside exact sequence

0→ ρ→ M→ ρ→ 0

or, in other words, M ∈ Ext1
Fp[G](ρ, ρ) ' H1(G, adρ); this gives an isomorphism

between Hom(mRuniv/(m2
Runiv , p), Fp) ' D(Fp[ε]/(ε2)) and H1(G, adρ). �

A direct consequence of the above is that R� is a quotient of Zp[[x1, · · · xd]]

where d = dim Z1(G, adρ), and if Runiv exists, it is a quotient of Zp[[x1, · · · , xh1 ]]

where h1 = dim H1(G, adρ). Another consequence follows from exact sequence

0→ (adρ)G → adρ→ Z1(G, adρ)→ H1(G, adρ)→ 0

Corollary 5. We have dim(mR�/(m2
R� , p)) = h1 + n2 − h0.

Notice this tells us something about the dimensions of the tangent spaces
and nothing direct about the dimensions of the universal deformation rings.
However, the forgetful functor D� → D (i.e. forgetting the basis) induces a
map Runiv → R� which is formally smooth, meaning we can lift maps along
nilpotent thickenings. This, in conjuction with Corollary 5, tells us that when ρ
is Schur we have R� as a power series ring over Runiv in n2 − 1 variables (since
h0 = 1).

A common theme in deformation theory is determining obstructions to lifting
morphisms; we next see how we can adapt this to our setting. Namely, if we
are given a deformation ρ : G → GLn(R) and a surjective map of coefficient
algebras S → R with kernel annihilated by mS (e.g. a small homomorphism),
when can we find a deformation ρ̃ : G → GLn(S)?

In keeping the parallels with deformations of algebraic varieties, we expect
an H2 to show up; this is already seen at the level of elements. Suppose ρ̃
lifts ρ, then it is a homomorphism if φg,h = ρ̃(gh)ρ̃(g)−1ρ̃(h)−1 = 1 for all
g, h ∈ G. Since ρ̃ is a homomorphism modulo its kernel J, we get φg,h = 1 + ηg,h
for ηg,h ∈ Mn(J) = adρ ⊗Fp J. A calculation yields that ηg,h is a 2-cocycle
that changes by a coboundary if we pick a different lift ρ̃; in other words it
determines an element [η] ∈ H2(G, adρ) ⊗Fp J that vanishes iff there exists a
homomorphism G → GLn(S) lifting ρ. This works well with our intuition from
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deformations of algebraic varieties, since in this case we know for deformation
functors D that D(C[ε]/(ε2)) = H1(X, TX) parametrizes 1st order deformations
(i.e. what Galois deformations are for us) and H2(X, TX) provides a complete
obstruction theory for lifting.

Proposition 6 (Mazur). If φ1 : Zp[[x1, · · · , xd]] � R� and φ2 : Zp[[x1, · · · , xh1 ]]→
Runiv denote the projections and Ji = ker φi then we have injections

Hom(J1/(p, x1, · · · , xd)J, Fp), Hom(J2/(p, x1, · · · , xh1)J, Fp) ↪−→ H2(G, adρ)

There is a tiny sketch of the proof provided at the end of the notes, however
the consequences of Mazur’s result are of more interest.

Corollary 7. We have a presentation R� ' Zp[[x1, · · · , xd]]/( f1, · · · , fh2) where
d = dim Z1(G, adρ) and h2 = dim H2(G, adρ). Furthermore if ρ is Schur we have
a bound dim(Runiv/pRuniv) ≥ h1 − h2 and if h2 = 0 then this is an equality and
Runiv ' Zp[[x1, · · · , xh1 ]].

Proof (sketch). Since the projections in Proposition 6 induce isomorphisms on
tangent spaces, the first part follows by noting the minimal number of genera-
tors of kernel J1 is at most h2. The second part similarly follows by noting that
(abusing notation via writing J2 for J2 ⊗Fp) one has an exact sequence

0→ J2/(x1, · · · , xh1)J2 → Fp[[x1, · · · , xh1 ]]/(x1, · · · , xh1)J2 → Runiv/pRuniv → 0

where the map on the right still induces an isomorphism on tangent spaces,
hence dim(Runiv/pRuniv) ≥ h1 − dim(J2/(x1, · · · , xh1)J2). �

I found two examples of explicit deformation ring presentations in [Con10]
(Lecture 4); check there for more in-depth clarifications.

Example 8. If K is the splitting field of x3 − x + 1 over Q then it contains
Q(
√
−23), hence is unramified away from 23, ∞ and Gal(K/Q) = S3. Since

S3 has a faithful representation in GL2(F23), the resulting residual representa-
tion ρ : GQ,{23,∞} → GL2(F23) is absolutely irreducible. Mazur has computed
that H2(GQ,{23,∞}, adρ) = 0, so its universal deformation ring is Z23[[x1, x2, x3]].

Example 9 (a non-smooth situation). Let ρ = ρE,3 : GQ,{3,7,∞} → GL2(F3) be the
representation coming from the 3-torsion points of elliptic curve E = X0(49).
The universal deformation ring is Z3[[x1, x2, x3, x4]]/(1 + x4)

3 − 1) (so H2 does
not vanish); notice this has 2 irreducible components and 3 geometrically irre-
ducible components.

Proof sketch of Proposition 6. The proof works out in the same manner for both
framed and unframed deformation rings, so we’ll just consider case J = J1, R =
R�, ρp = ρ mod pR (i.e. the image of ρ under R → R/pR). As we saw in the
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proof sketch of Corollary 7, tensoring with Fp and modding out by the maximal
ideal induces an exact sequence

0→ J/(x1, · · · , xd)J → Fp[[x1, · · · xd]]/(x1, · · · , xd)J → R/pR→ 0

where the rightmost map still induces an isomorphism on tangent spaces. By
construction ρp is universal among deformations of ρ to Fp-algebras, and by
the discussion preceding Proposition 6 the obstruction of lifting ρp to a rep-
resentation G → GLn(Fp[[x1, · · · , xd]]/(x1, · · · , xd)J)) is a cohomology class
[ρp] ∈ H2(G, adρ)⊗ J/(x1, · · · , xd)J. We thus obtain a map

Hom(J/(x1, · · · , xd)J, Fp)→ H2(G, adρ), f 7→ (1⊗ f )[ρp]

and the question is whether the map is injective. If not, pick an element f in
the kernel and set A = (J/(x1, · · · , xd)J)/ ker f , I the image of J/(x1, · · · , xd)J
in A so I ' im f = Fp. We get exact sequence 0 → I → A → R/pR → 0 still
inducing an isomorphism on tangent spaces, but now there is no obstruciton to
lifting ρp to A since f is mapped to zero under the map above.

By R/pR’s universal property we have a map R/pR → A splitting the above
exact sequence, so as I 6= 0 this means A→ R/pR can’t induce an isomorphism
on tangent spaces, a contradiction. �
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