
SHIMURA VARIETIES SEMINAR WEEK 3 - SHIMURA DATA

So far we have seen how variations of Hodge structures work and how to
construct hermitian symmetric domains as a first step towards defining locally
symmetric spaces and (in particular) Shimura varieties. We next combine
these two notions to properly define a Shimura variety; roughly, we want
to take quotients of a space X that functions both as a hermitian symmetric
domain and as a moduli of Hodge structures. Shimura varieties will in general
be given by Shimura data:

Definition 1. A Shimura datum (G, X) is a pair of a connected reductive group
G over Q and X is a G(R)-conjugacy class of algebraic homs S→ G(R) such
that the following axioms are satisfied:

Axiom 1: If g = Lie(G(R)) then the composite h : S(R) → G(R)
Ad→ GL(gC)

induces via h a Hodge structure on g of type {(−1, 1), (0, 0), (1,−1)}.

Axiom 2: For h ∈ X, h(i) is a Cartan involution of Gad. This means that the
fixed-point locus {g ∈ Gad(C) | h(i)(g) = g} is compact.

Axiom 3: Gad has no simple factor defined over Q whose R-points form a
compact subgroup.

Let’s explain the definition. A priori G is a connected linear algebraic group
(the reductive hypothesis is relevant for Axiom 2), and if h ∈ X is an element
in the G(R)-conjugacy class with centralizer Kh ⊆ G(R), then X ' G(R)/Kh.
X can be thought of as a moduli space of Hodge structures, since S is the Tan-
nakian group of R-Hodge structures, and therefore any G(R)-representation
V is equipped with a Hodge structure by becoming a representation of S via
some h ∈ X. The identification X ' G(R)/Kh aims to equip this space with a
complex structure that turns it into a complex manifold (a hermitian symmet-
ric domain), so that the parametrized family of Hodge structures turns into a
polarizable variation of Hodge structures.

The axioms here serve as representation-theoretic versions of properties we
want these Hodge structures to satisfy, so that the above goal is achieved.
Axiom 1 means that the induced Hodge structure on g is zero, making h(R×)
act trivially and hence become central. Now if ρ : G → GL(V) is any algebraic
representation, inducing a real Hodge structure on VR via some h : S→ G(R),
we may decompose V ' ⊕nVn,h by weight via the GL2-action (ρ ◦ h)|R× . This
decomposition is independent of our choice of h ∈ X iff h(R×) is central. This
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allows us to define the weight homomorphism w : GL1 → Z(G(R)) as the map
corresponding to h|R× and write V as its weight decomposition ⊕nVn, where
each Vn gives rise to a pure Hodge structure.

Now if X is equipped with an appropriate holomorphic structure and V is
a G(R)-representation as above, we can form the trivial holomorphic vector
bundle X× (Vn)C → X. The associated family of Hodge filtrations {Fp

h }h∈X ⊂
gives rise to a holomorphic subbundle F p ⊆ X × (Vn)C. Recall that in order
to turn X into a polarizable variation of Hodge structures, we need to satisfy
Griffiths transversality

∇(F p) ⊆ F p−1⊗OX Ω1
X, ∇ : (Vn)C⊗COX → (Vn)C⊗C Ω1

X

It turns out that satisfying this (for any V) is equivalent to the induced
Hodge structure on g via Ad◦ h being of type {(−1, 1), (0, 0), (1,−1)}. Roughly,
one investigates the associated period map X → ∏ Flagi(Vn) and its deriva-
tive, which is a 1st-order variation of the subbundles F p inside (Vn)C × X.
Identifying X ' G(R)/Kh and viewing g as the usual tangent space at the
identity, one can check how Griffiths transversality becomes a statement about
the type of Hodge structure on the Lie algebra.

Axiom 2 makes the variation of Hodge structures constructed above into a
polarizable one. It is a theorem of Deligne that for a G(R)-representation V
equipped with a family of Hodge structures parametrized by X, a polarization
of these Hodge structures is equivalent to h(i) being a Cartan involution on
Gder (note that it is indeed an involution since h(−1) ∈ h(R×) is central).
Convince yourself that wanting an involution to have a compact fixed point
locus is reasonable for our algebraic groups of interest, e.g. in GLn(R) the
fixed point locus of involution X 7→ (XT)−1 after conjugating is the unitary
group.

Axiom 3 encodes some "minimality" condition; for example if G is adjoint
semisimple, hence admits a decomposition G ' ∏i Gi into Q-simple adjoint
isogeny factors, the condition says that each Gi must be of non-compact type,
otherwise we may further quotient out this factor when taking G(R)/K for
K a maximal compact. This is to avoid cases where h(i) is contained inside
some maximal compact, making its action on X via G trivial.

Remark 2. In practice, when we deal with Shimura data we can often reduce
to the case of G adjoint semisimple. This is because the Gad(R) orbits Xi ⊆ X
are unions of connected components and each (Gad, Xi) can be proven to be
a Shimura datum. When G is adjoint semisimple the center is trivial, so any
map h : S(R) → G(R) factors through C×/R× ' S1/〈−1〉 ' S1. In this



SHIMURA VARIETIES SEMINAR WEEK 3 - SHIMURA DATA 3

case, Axioms 1-3 have a simpler description and are part of what Milne calls
a "connected Shimura datum" ([Mil05]).

Example 3. Standard examples of Shimura data include (GL2, H±) or more
generally (GSp2n, H±

n ) (see the exercises). Not every algebraic group admits
a Shimura datum however: if G = GLn with n ≡ 0, 3 mod 4, then max-
imal compact K = On(R) is n(n−1)

2 -dimensional and hence quotient X =

GLn(R)/Z(GLn)SOn(R) has odd dimension n2

2 + n
2 − 1, so it can’t possibly

have a complex structure. If G = ResQ(i)/Q(SL2) then one can identify X '
SL2(C)/SU2(C) 'H3 i.e. X is the hyperbolic 3-space and gives rise to locally
symmetric spaces called Bianchi manifolds - for dimensional reasons again,
these do not have the structure of algebraic varieties.

When n ≥ 3, rational algebraic groups PGLn, SLn also do not admit Shimura
data. We want the Cartan involutions to come from conjugation (i.e. be inner
automorphisms), so it suffices to pick one from the conjugacy class of involu-
tions that is not inner. We can focus on SLn since it is a finite cover of PGL0

n,
and then check for example that X 7→ (XT)−1 does not come from GLn(R)-
conjugation, because it acts by inversion on the center (nontrivial for n ≥ 3)
and conjugation acts trivially on the center.

Now a priori X has the structure of a real (smooth) manifold, and equipping
it with a holomorphic structure amounts to equipping each TxX with a com-
plex structure, or equivalently giving linear automorphisms Jx : TxX → TxX
coming from multiplication-by-i. The {Jx}x give rise to a smooth automor-
phism J of the tangent bundle satisfying J2 = −1. Any smooth automor-
phism J of TX satisfying J2 = −1 is called an almost complex structure, and it
constitutes a complex structure when it comes from maps Jx like above.

In our case, for h ∈ X we have that the h(C×)-action on X fixes h and in-
duces an action on ThX giving rise to certain automorphisms Jh, and therefore
a smooth automorphism J : TX → TX satisfying J2 = −1. Axioms 1-3 (or just
the first two axioms) for (G, X) now imply the following.

Theorem 4. The G(R)-invariant almost complex structure J on X is a complex struc-
ture, making it into a complex manifold, and furthermore for all G-representations V
over R the induced Hodge filtrations Fp

h on V vary holomorphically with h ∈ X and
are part of a polarizable variation of Hodge structures.

Deligne ([Del79]) furthermore proves that it is a finite disjoint union of her-
mitian symmetric domains.

So far we have talked about the real and complex picture, but our groups
G are defined over Q. This is because we care about the arithmetic side
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of Shimura varieties. Recall from Week 2 exercises that for Shimura datum
(G, X) and compact open K ⊂ G(A f ), the double quotient G(Q) \ G(A f )/K
is finite, and if X+ is a connected component of X, then

G(Q) \ X× G(A f )/K 'ä Γg \ X+

where g runs through the set of representatives of the finite double quotient
and Γg = gKg−1 ∩ G(Q)+ is an arithmetic subgroup.

For "nice enough" Γg (read: neat, torsionfree), quotients Γg \ X+ are locally
symmetric varieties by Baily-Borel, and so double coset space ShK(G, X) =
G(Q) \ X × G(A f )/K has the structure of an algebraic variety as a disjoint
union of locally symmetric varieties. This is called a Shimura variety relative
to Shimura datum (G, X).

References

[Del79] Pierre Deligne. Variétés de shimura: interprétation modulaire, et tech-
niques de construction de modeles canoniques. In Automorphic forms,
representations and L-functions (Proc. Sympos. Pure Math., Oregon State
Univ., Corvallis, Ore., 1977), Part, volume 2, pages 247–289, 1979.

[Mil05] James S Milne. Introduction to shimura varieties. Harmonic analysis,
the trace formula, and Shimura varieties, 4:265–378, 2005.


