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1. Main Results

Fix a symplectic vector space (V, ψ) of dimension 2n over Q with ψ =

[
0 I
−I 0

]
. Let

G = GSp2n(V, ψ) and let X be the G(R)-conjugacy class of S(R)→ G(R) sending x+ iy to[
xIn −yIn
yIn xIn

]
.

1.1. Complex abelian varieties. Let AV0 be the category of abelian varieties over C with
morphisms HomAV0(A,B) = Hom(A,B)⊗Q.

Proposition 1.1.1. The functor A 7→ H1(A,Q) is an equivalence from the category AV0 to
the category of polarizable rational Hodge structures of type (−1, 0), (0,−1).

For an n-dimensional abelian variety A, denote H1(A,Q) by VA.

Definition 1.1.2. Let MK be the set of triples (A, s, ηK) where A is an n-dimensional
abelian variety over C, s is a symplectic form on VA such that ±s is a polarization of VA, and
η : V (Af )→ VA(Af ) is an isomorphism preserving the symplectic structure up to a scalar.

Two triples in MK are said to be equivalent if the two abelian varieties are isomorphic in
AV0 and this isomorphism preserves the symplectic structure up to scalar and preserves the
K-orbit of G(Af )-linear isomorphisms.

Theorem 1.1.3. The set ShK(G,X) is in bijective correspondence withMK/ ∼ .

1.2. Level structures. Let (A = C/Λ, s) be an n-dimensional abelian variety of polarized
type D = (d1, . . . , dn), meaning that the Riemann form s : Λ × Λ → Z takes the form[

0 D
−D 0

]
with respect to some basis of Λ. Here d1|d2 . . . |dn are positive integers. When

dn = 1, we say (A, s) is principally polarized.
For every integer N, the group of N -torsion points A[N ] = {P ∈ A : [N ]p = 0} can be

identified with the finite group (Z/N)2n. Assume that gcd(N, dn) = 1. The Weil pairing

(P,Q) 7→ exp(2πi/N · s(P,Q))

defines a symplectic non-degenerate form

eN : A[N ]×A[N ]→ µN .

Definition 1.2.1. Let N be an integer relatively prime to dn. A principal N -level structure
of (A, s) is an identification α : A[N ]→ (Z/N)2n of symplectic modules, where the symplectic

form on (Z/N)2n is given by

[
0 In
−In 0

]
.

2. Exercises

Exercise 1. (1) Show that A and B are isomorphic in AV0 if and only if they are isoge-
nous over C.

(2) (Verification of (1.1.1))Let A = C/Z + iZ and B = C/Z + 2iZ. Write down an iso-
morphism between H1(A,Q) and H1(B,Q) as polarizable rational Hodge structures
of type (−1, 0), (0,−1).

(3) Take n = 1 and K = GL2(Ẑ). From Exercise 2 of Locally Symmetric Varieties, we
have verified that

ShK(GL2,H±) = SL2(Z)\H
classifies elliptic curves over C up to isomorphism. Do (2) and (3) contradict (1.1.3)?
Why?

(4) Let C = C/Z + 7i−6
6i−5Z. Explicitly write down the triples in MK that A and C

correspond to and see they are isomorphic.

Exercise 2. (1) What is the complex dimension of ShK(G,X)?

(2) Take K = KN = GSp2n(Ẑ) ∩ ker(GL2n(Ẑ)→ GL2n(Z/NZ)). Is there a nice descrip-
tion of G+(Q)\G2n(Af )/KN for general n as in the case n = 1?
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(3) Define Γn(N) := {g ∈ Sp2n(Z) : g ≡ I2n mod N}. Deduce that Γn(N)\Hn clas-
sifies principally polarized abelian varieties with principal level-N structure up to
isomorphism.

(4) Take N = 1. Does ShK(G,X) classify all principally polarized abelian varieties up to
isomorphism?

Exercise 3. (All construction in this exercise generalizes to all n and polarization type D
without difficulty, but I am still focusing on the special case. Also the notations are not
standard; in fact some of them are invented by me ....... )

Take n = 2 and K = GL4(Ẑ)∩GSp4(Af ). Let D be the diagonal matrix (1, 2) and let A be
the abelian variety C/Λ with Λ = DZ2 + iZ2. Define s to be the symplectic form represented
by the matrix [

0 D
−D 0

]
.

(1) Check that s is a polarization of A and s is not principal.
(2) Is there an η : V (Af )→ VA(Af ) sending ψ to a multiple of s? If so, which principally

polarized abelian variety does the triple (A, s, ηK) correspond to?
(3) Define Sp4,D(Z) := {g ∈ GL2n(Z) : gT sg = s}. Deduce that Sp4,D(Z)\H2 classifies

all D-polarized abelian varieties over C up to isomorphism. Define Γ2,D(N) := {g ∈
Sp4(D) : g ≡ I4 mod N}. Then Sp4,D\H2 classifies all D-polarized abelian varieties
with principal level-N up to isomorphism.

(4) Show that Sp4,D =

[
D−1 0

0 I

]
Sp4(Q)

[
D 0
0 I

]
∩GL4(Z).

(5) What are (G,X) and K if we want to classify all 2-dimensional abelian varieties of
polarized type D with level structure N?

Exercise Optional. To be discussed if people are interested and if there will be time left.

• If N ≥ 3, then Γ(N) := ker(Sp2n(Z)→ Sp2n(Z/NZ)) is torsion free.
• It is shown in Igusa ’60 that the moduli space M2 of genus two curves is open in

ShK(GSp4, X) with K = GL4(Ẑ) ∩GSp4(Af ).
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