
DEFORMATIONS OF GALOIS REPRESENTATIONS

ANDREEA IORGA

Abstract. These are notes for a talk on Galois deformations, focusing on Euler characteristic formulas and

deformation problems. We present the theory and describe some specific examples.

Let k denote a finite field of characteristic p and G a profinite group satisfying Mazur’s p-finiteness
condition. Suppose we are given a residual representation ρ : G → GLn(k), and assume that ρ is Schur.
We want to study the universal deformation ring Runiv of this representation. In general, the ring Runiv

is a W (k)-algebra, but for simplicity, in these notes we will only consider the particular case of k = Fp (so
W (k) = Zp).

1. Euler Characteristic Formulas

In this section, we will look at what can be said in general about deformation rings. Although in general it
is hard to explicitly compute these rings, one can find important information about their dimensions. Letting
h1 = dim H1(G, ad(ρ)) and h2 = dim H2(G, ad(ρ)), Mazur showed that the Krull dimension of Runiv/mRuniv

is bounded below by h1 − h2. Moreover, if h2 = 0, then Runiv ∼= Zp[[X1, . . . , Xh1 ]]. Geometrically, the first
cohomology parametrises the tangent space and the second cohomology parametrises the relations. In fact,
it was conjectured that the Krull dimension is actually equal to h1− h2. Geometrically, this means that the
relations parametrised by H2 are sufficiently transverse so that adding a new relation (or adding one to the
dimension of H2) lowers the Krull dimension by 1. In general, this is not true: take C[X,Y, Z]/(X,Y,X+Y 2);
we mod out by 3 relations, but the dimension is only lowered by 2. In many cases, the conjecture that the
Krull dimension is equal to h1 − h2 is true, but a counterexample can be found in [5]. This difference,
h1 − h2, can be explicitly computed when G = GQ`

= Gal(Q`/Q`) or G = GK,S = Gal(KS/K), where KS

is the maximal extension of K unramified outside a finite set of primes S, using the local and global Euler
characteristic formulas.

1.1. Global case. Let K be a number field, S a finite set of primes in K including the archimedean primes
and the primes above p. Let KS be the maximal extension of K unramified outside S. Let M be a finite
GK,S-module such that if l | #M , then l ∈ S. Then the global Euler characteristic formula says:

Theorem 1 (Euler Characteristic Formula - Global Case, [4]).

# H0(GK,S ,M) ·# H2(GK,S ,M)

# H1(GK,S ,M)
= (#M)−d

∏
v∈S∞

# H0(Gv,M),

where the product is over all the archimedean places, d = [K : Q] and Gv = Gal(Kv/Kv).

In our case, M will be ad(ρ), which is a k = Fp-vector space, and will have order a power of p, so the

condition on M is satisfied. In this case, (#M) = pn
2

. Moreover, since the cohomology groups in this case are
k-vector spaces, this result can be restated as a statement about dimensions. Let h0 = dim H0(GK,S , ad(ρ)).
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Then the Euler characteristic formula can be translated into

h0 − h1 + h2 =
∑
v∈S∞

dim H0(Gv, ad(ρ))− dn2.

But h0 can be easily computed, since H0(GK,S , ad(ρ)) = (ad(ρ))GK,S is the set of matrices in Mn(Fp)
fixed by the conjugation action of GK,S , which must be equal to Fp (recall that ρ is Schur). So h0 = 1. It
follows that

Corollary 2. Let K be a number field of degree d over Q, and let ρ : GK,S → GLn(k) be a residual repre-
sentation that is Schur. Then the Krull dimension of Runiv/mRuniv is bounded below by

h1 − h2 = 1 + dn2 −
∑
v∈S∞

dim H0(Gv, ad(ρ)).

Example 3. We can use this corollary to determine bounds for the Krull dimension of deformation rings for
several 2-dimensional representations. For example, take n = 2, p an odd prime, K = Q and S a finite set
of primes containing p and ∞. In this situation, d = 1 and there is only one infinite prime. Thus, G∞ is a
group of order two, generated by complex conjugation c. If the determinant of ρ(c) is 1 (meaning ρ is even),
then ρ(c) is a scalar matrix, so the action of G∞ on ad(ρ) is trivial, so dim H0(G∞, ad(ρ)) = dim ad(ρ) = 4.
If the determinant of ρ(c) is −1 (i.e. the residual representation is odd), then G∞ acts by −1 on ad(ρ), so
dim H0(G∞, ad(ρ)) = 2. Plugging this into the formula gives:

h1 − h2 =

{
1 if ρ is even,
3 if ρ is odd.

1.2. Local case. Let ` be a prime (it can be equal to p) and let K be a finite extension of Q`. Let M be
finite a GK = Gal(K/K)-module. Then the following holds:

Theorem 4 (Euler Characteristic Formula - Local Case, [4]).

# H0(GK ,M) ·# H2(GK ,M)

# H1(GK ,M)
= `−v`(#M)·d,

where d = [K : Q`].

For our purpose, take K = Q`, ρ : GQ`
→ GLn(Fp) and M = ad(ρ). Then this formula becomes a result

about dimensions:

h0 − h1 + h2 =

{
−n2 if ` = p,
0 if ` 6= p.

Example 5. Let ρ : GQ`
→ GL2(Fp) be a residual representation. Then h0 = dim H0(GQ`

, ad(ρ)) =

dim(ad(ρ))GQ` = 1, since ρ is Schur. It follows that

h1 − h2 =

{
5 if ` = p,
1 if ` 6= p.

2. Explicit Examples

The discussion in the previous section gives a lower bound on the dimension of the universal deformation
ring, but finding this ring is, in general, a difficult problem. In this section, we present several explicit
examples of such computations.
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Example 6. When n = 1, it is possible to get a complete description of the universal deformation ring. Let
ρ : G→ GL1(Fp) = F×p . There is a canonical (Teichmüller) lift of ρ to the ring of Witt vectors W (Fp) = Zp;
call it ρ0 : G → Zp. Let Γ be the abelianization of the pro-p-completion of G. Let γ : G → Γ be the
canonical projection. If u ∈ Γ, we write [u] for the corresponding element in the group ring Zp[[Γ]]. We
claim that the universal deformation ring of ρ is equal to Zp[[Γ]] and that the universal deformation is given
by ψ : G → Runiv, ρ(x) = ρ0(x)

[
γ(x)

]
. Since G satisfies Mazur’s p-finiteness condition, we know that Γ

is finitely generated as a Zp-module. Let r be the number of generators. Thus, Zp[[Γ]] is a quotient of
Zp[[X1, . . . , Xr]], and hence it is a coefficient Zp-algebra. It remains to show that ρ is indeed the universal

deformation. Take any other lift ψ : G→ A× and let φ = ρ−10 ψ. The latter is a character of G taking values
in 1 +mA. Since 1 +mA is an abelian pro-p-group, it must factor through γ, defining a map f : Γ→ 1 +mA,
which extends to a homomorphism f : Zp[[Γ]] → A. So, ψ = f ◦ ρ, concluding that ρ is the universal
deformation and Zp[[Γ]] is the universal deformation ring. As a particular example, take K = Q, S = {p},
where p is an odd prime, and G = GQ,S . We obtain that Γ = 1 + pZp and so the deformation ring is
Zp[[Γ]] ∼= Zp[[x]].

Example 7. Let G be a finite group of order prime to p and consider the inclusion ρ : G→ GLn(Fp). Since

ad(ρ) has cardinality pn
2

and G has cardinality prime to p, it follows that both h1 = 0 and h2 = 0, so
Runiv = Zp.

Example 8. In the previous example, the fact that the cardinality of G was coprime to p was crucial. For
other subgroups of GLn(Fp), the problem can be harder. As an example, take G = SL2(Fp), for p > 5 and
consider the inclusion ρ : G→ GL2(Fp). It can be shown that h1 = 0 in this case, meaning that Runiv must
be a quotient of Zp. Moreover, there are no lifts G→ GL2(Z/p2Z), so in this case Runiv = Fp.

Example 9. Let G = GQ`
and consider a residual representation ρ : G→ GL2(Fp). By local Tate duality, it

follows that dim H2(G, ad(ρ)) = dim H0(G, ad(ρ)(1)), where ad(ρ)(1) = Hom(ad(ρ), µ). But H0(G, ad(ρ)(1)) =
EndFp[G](ad(ρ), ad(ρ)(1)), and the latter is 0 when the conditions of Schur’s Lemma are satisfied. It follows

that h2 = 0, so by Mazur’s theorem, the universal deformation ring is isomorphic to Zp[[X1, . . . , Xh1 ]].
From the Euler characteristic formula, we can compute h1: it is 5 when ` = p and 1 when ` 6= p. Thus,
Runiv ∼= Zp[[X1]] when ` 6= p and Runiv ∼= Zp[[X1, . . . , X5]] when ` = p.

3. Deformation Conditions

In many circumstances we don’t want to consider all deformations of a representation, but rather only
those satisfying certain conditions. For example, when we try to prove that certain deformations are modu-
lar, it is natural to consider only those deformations that have the properties that modular representations
have. Starting from this idea, one can ask: given a residual representation with certain properties, which
deformations of this representation retain those properties? We call ”deformation conditions” those condi-
tions that give rise to ”good” subfunctors of the deformation functor. Informally, we want these conditions
to be conditions that are satisfied by the residual representation and to be functorial. Moreover, we want
the resulting functor to be relatively representable. Formally, if ρ : G→ GLn(k) is a residual representation,
then a deformation condition Q on deformations of ρ is a property of n-dimensional representations of G
defined over artinian coefficient W (k)-algebras which satisfies the following conditions:

(i) ρ has property Q.
(ii) Given a deformation ρ : G→ GLn(A) and a homomorphism α : A→ R, if ρ has property Q, then so

does α∗ρ.
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(iii) Let

A×C B

A B

C

pq

α β

be a fibre product diagram, and let ρ : G → GLn(A ×C B) be a deformation of ρ. Then ρ has
property Q if and only if both p∗ρ and q∗ρ have property Q.

(iv) Given a deformation ρ : G→ GLn(A) and an injective homomorphism α : A→ R, if α∗ρ has property
Q, then ρ has property Q.

Although Mazur included all four conditions in his original paper ([2]), condition (iv) follows from the
other three. A proof of this can be found in [3].

If Q is a deformation condition for ρ, then we can define a functor DQ from the category of local artinian
coefficient Zp-algebras to the category of sets, by sending A to the set of deformations of ρ that have property
Q. It follows from the definition that:

Theorem 10. If Q is a deformation condition for ρ, then DQ satisfies the conditions in Schlessinger’s
theorem. Therefore, DQ is representable by a ring RQ which is a quotient of the universal deformation ring
Runiv.

3.1. Deformations with fixed determinant. Representations attached to elliptic curves have determi-
nant equal to the cyclotomic character. Similarly, representations attached to modular forms have deter-
minant equal to a character of finite order times a power of the cyclotomic character. Thus, to study such
deformations it suffices to look only at the deformations with fixed determinant.

Definition 1. Let δ be a continuous homomorphism δ : G → Z×p . For every Zp-algebra R, let δR be the
composition

δR : G
δ−→ Z×p → R×.

We say that a deformation ρ of ρ to R has determinant δ if det ρ = δR.

For ease of notation, we write ”det = δ” for the property of having determinant δ. If ρ has determinant δ,
then from the definition, it follows that det = δ is a deformation condition. Thus, Theorem 10 implies that
there exists a quotient Rdet=δ of the universal deformation ring Runiv corresponding to the deformations
whose determinant is δ. Let ad0(ρ) denote the subspace of ad(ρ) consisting of trace zero matrices. This
space is stable under conjugation by G. We have the following result.

Proposition 11. If p - n, the tangent space of the functor Ddet=δ is given by

Ddet=δ(Fp[ε]/(ε2)) = H1(G, ad0(ρ)) ⊂ H1(G, ad(ρ)).

If p | n, then H1(G, ad0(ρ)) is in general not a subset of H1(G, ad(ρ)), but the inclusion ad0(ρ) ↪→ ad(ρ)
induces a map from one to the other; in this case,

Ddet=δ(Fp[ε]/(ε2)) = Im
(

H1(G, ad0(ρ))→ H1(G, ad(ρ))
)
.
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Proof. The proof is the same in both cases. Consider the following commutative diagram

1 + εMn(Fp) Mn(Fp)

1 + εFp Fp,

det Tr

where the horizontal maps are the isomorphism 1 + εb 7→ b. The fixed determinant condition forces the
1+εMn(Fp) part of the lift to have determinant 1, which translates to trace 0 when we go to Mn(Fp). Thus,

imposing the fixed determinant condition gives elements in H1(G, ad(ρ)) which are represented by cocycles
taking values in ad0(ρ), and so belonging to the image of H1(G, ad0(ρ)) in H1(G, ad(ρ)). �

In general, one can go back and forth between deformations in general and deformations with fixed
determinant:

Theorem 12. Let ρ : G→ GLn(Fp) be a residual representation satisfying the conditions of Schur’s Lemma.
Suppose that p - n and ρ has determinant δ. Consider the following three universal objects:

(i) Runiv and ρ, the universal deformation ring and the universal deformation,
(ii) Rdet=δ and ρδ, the universal deformation ring and universal deformation of fixed determinant δ,

(iii) Zp[[Γ]] and ε, the universal deformation ring and universal deformation of the trivial character.

Then

Runiv = Rdet=δ⊗̂Zp[[Γ]]

and

ρ = ρδ ⊗ ε.

Proof. This is Proposition 2.1 from [1]. �

3.2. Global Galois deformations with local conditions. Suppose for now that ρ is a Galois representa-
tion arising from the p-torsion points of an elliptic curve E and assume it is absolutely irreducible. Taking S
to be the set of primes of bad reduction of E plus p and∞, we know there is at least one lift to characteristic
zero, the representation rising from the Galois action on the Tate module of E,

ρE,p : GQ,S → GL2(Zp).

This representation satisfies a series of conditions: the determinant must be the p-adic cyclotomic character,
and for each prime in S, one knows how the representation behaves when restricted to the decomposition
group at that prime (local conditions).

Now, let ρ : GQ,S → GLn(Fp) be a residual representation. A global Galois deformation problem Q
is the problem of representing a subfunctor Dρ defined by giving, for each non-archimedean prime ` ∈
S, a deformation condition Q` for the local residual representation ρ|GQ`

. It can be easily shown that a
global Galois deformation problem is a deformation condition for representations of GQ,S . We want to
understand the tangent space to the subfunctor DQ associated to a global Galois deformation problem.
Let H1

Q(GQ,S , ad(ρ)) be the subspace of H1(GQ,S , ad(ρ)) corresponding to the tangent space of DQ, and let

H1
Q`

(GQ`
, ad(ρ)) be the subspace of H1(GQ`

, ad(ρ)) corresponding to the tangent space of the subfunctor of
the local deformation functor defined by the local condition Q`.
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Theorem 13. The following diagram is Cartesian:

H1
Q(GQ,S , ad(ρ)) H1(GQ,S , ad(ρ))

⊕
`∈S H1

Q`
(GQ`

, ad(ρ))
⊕

`∈S H1(GQ`
, ad(ρ)),

where the horizontal homomorphisms are the natural injections and the right-hand vertical homomorphism
is the restriction map on cohomology.

Proof. It follows from the definition. �

This shows that the tangent space to the functor DQ is a kind of ”Selmer group”.
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