
CLASSICAL DEFORMATION THEORY

IGNACIO DARAGO

ABSTRACT. These notes provide an introduction to certain classical aspects of deformation theory
from the point of view of functors of Artin rings, exploring basic examples and applications.

1. INTRODUCTION

We are often interested in understading collections of certain algebro-geometric objects, and
sometimes these moduli spaces have themselves some geometric structure. Points of moduli spaces
correspond to (isomorphism classes of such) objects. In that case, introducing coordinates on the
space results in a parametrization of our objects of interest. A typical example of a moduli space
is the Grassmannian Gr(k, n) of k-dimensional linear subspaces of an n-dimensional vector space.

However, the algebro-geometric aspects of these moduli spaces are usually quite subtle. It can
be understood from Grothendieck’s “functor of points” viewpoint as follows. A given geometric
object X, such as a scheme, can be identified with the functor hX : Ring→ Set,

hX(R) = HomSch(Spec(R), X).

Therefore, if we consider the functor F : Ring→ Set,

F(R) = {isomorphism classes of certain objects over R}

we would like for it to be (co)represented by some scheme X, that is F = hX. If such a space X
exists it is called a fine moduli space. The Grassmannian Gr(k, n) is an example of a fine moduli
space, (co)representing the functor

R 7→ {M ⊆ Rn : Rn/M is locally free of rank n− d}.

The main characteristic of such moduli spaces is the existence of a universal family from which all
other families of objects are obtained. Although desirable, fine moduli spaces do not always exist
due to the existence of automorphisms of the objects we want to parametrize. This suggests that
our functors should take values in the category of groupoids rather than of sets, expanding our
geometric world from schemes to stacks.

Example 1. An example where the existence of automorphisms prevent us from having a moduli
space in the form of a scheme is the case of elliptic curves. Indeed, if we look at the functor

M1,1 : Ring→ Set, R 7→ {isomorphism classes of elliptic curves over R}

then we have that elliptic curves which are non-isomorphic over Q but are isomorphic over a finite
extension of Q. In particular

E1 : y2 = x3 + x + 1, E2 : 3y2 = x2 + x + 1

are not isomorphic over Q but are isomorphic over Q(
√

3). This implies that the canonical map
M1,1(Q) → M1,1(Q(

√
3)) is not injective and soM1,1 cannot be corepresented by a scheme. In

more elegant terms, the existence of automorphisms shows the failure of M1,1 to be a sheaf in
the fpqc topology and any representable presheaf on Sch satisfies the sheaf condition for the fpqc
topology.
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To illustrate the situation, let us imagine that we want to parametrize some class of algebraic
varieties. We would like to understand families of such objects. By a family we mean a flat (and
sometimes proper or smooth) morphism π : X → S whose fibers Xs = π−1(s) for s ∈ S are varieties
of our given class. The condition of flatness is to ensure good behaviour on the dimensions of the
fibers. We say that S is the parameter space of the family and X is the total space. We can look at this
in the following naive example.

Example 2. We can parametrize the family of degree d hypersurfaces on Pn. Let N = (n+d
n )− 1.

Consider the incidence pairing

X =

{
([x0 : · · · : xn], [ai0...in ]) ∈ Pn ×PN : ∑

i0+...+in=d
ai0...in xi0

0 · · · x
in
n = 0

}
.

Then the projection on the second factor π : X → PN exhibits it as a universal family of hy-
persurfaces of degree d. If we remove the zero locus of the discriminant from the base PN , then
Ehresmann’s theorem tells us all smooth degree d hypersurfaces of Pn are topologically equiva-
lent, but the complex structure of hypersurfaces of degree d can be very different in general.

The notion of families is sufficiently functorial. There is an obvious notion of morphism of
families parametrized by S, and given a morphism between parameter spaces T → S and a family
π : X → S we can obtain the pullback family T ×S X → T. In other words, we can define a
(contravariant) functor

F : Schop → Set, S 7→ {isomorphism classes of families of objects over S}.
Assume that this functor F is represented by a scheme M, that is, there is an isomorphism of
functors

HomSch(−, M)→ F.
This implies that there is a universal family ξ : U → M ∈ F(M) = Hom(M, M) (corresponding to
id : M → M), with the property that any other family π : X → S is obtained by pullback along
some map S→ M of the universal family. Such M would be a fine moduli space, that is a parameter
space in the strongest sense possible.

It is a very ambitious goal to describe the geometry of moduli spaces, since such a strong notion
of fine moduli spaces is not usually found in nature. Given a moduli space we may try to under-
stand its local structure as a first step towards understanding its geometry. That is, given a functor
F : CAlgC → Set corresponding to some moduli problem and a given object X ∈ F(C), the local
structure of F around X is determined by “small perturbations” of X.

Let us make the notion of “small perturbations” more precise. If we believe that F is (co)represented
by some moduli spaceM, then the tangent space ofM at a point X corresponds to morphisms
Spec(C[t]/(t2)) → M extending the morphism Spec(C) → M mapping to X. Namely, we can
describe TM,X as the fiber of F(C[t]/(t2))→ F(C) over the point X ∈ F(C).

Consider the case where F(R) is the set of isomorphism classes of complex projective varieties
over Spec(R). A first order deformation of a scheme X over C is a commutative diagram

X X

Spec(C) Spec(C[t]/(t2))

π

such that π : X → Spec(C[t]/(t2)) is a flat morphism and the diagram is cartesian. In this case,
TM,X is precisely the set of first-order deformations of X.

The local structure of an affine algebraic variety at a point can be recovered from the values
of the formal completion on local Artinian C-algebras. Thus when thinking of the local structure
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of a moduli space we will be concerned with functors ArtC → Set which we will call deformation
functors. In particular, given a moduli problem F : CAlgC → Set and an object X ∈ F(C) we can
define the functor F̂ : ArtC → Set,

F̂(R) = F(R)×F(R/mR) {X}
by similar considerations to the previous paragraph. Many reasonable questions, such as the
smoothness of the moduli space, can be answered by understanding the formal completion of the
moduli problem on Artin rings. In section 3.1 we will prove a criterion due to Schlessinger for the
prorepresentability of these functors of Artin rings and as an application we will show that the
moduli space of Calabi-Yau varieties is smooth.

There is a philosophy, due to Quillen, Drinfeld, Deligne, Feigin, among others, that every de-
formation problem is governed by a differential graded Lie algebra. Given a differential graded
Lie algebra L over C, the Maurer-Cartan equation is

d(a) +
1
2
[a, a] = 0

for a ∈ L1. The functor MCL defined on Artin rings (R,mR) by taking the Maurer-Cartan elements
of L ⊗C mR modulo gauge equivalence yields a deformation functor. One may check that the
tangent space to this deformation functor is H1(L) and that we have a complete obstruction theory
with the map H1(L) → H2(L), x 7→ 1

2 [x, x]. In fact, a result due to Lurie and Pridham that makes
this principle into a concrete statement.

Theorem 3. There is an equivalence of ∞-categories between differential graded Lie algebras over C and
formal moduli problems.

2. DEFORMATION THEORY OF COMPLEX VARIETIES

2.1. Kodaira-Spencer map. Before we study the deformations of algebraic varieties, let us think
about the complex analytic case. A family of complex varieties is a proper holomorphic submer-
sion f : X → S, and the fibers Xs = f−1(s) are the members of the family. Notice that all the
members of such a family are diffeomorphic if the base space S is connected. This is a conse-
quence of the theorem of Ehresmann, which follows by looking at the flow of lifts on X of vector
fields on S. In particular, if we can lift holomorphic vector fields on S to X then the family would
be trivial. We can therefore think of X → S as a variation of the complex structure of any fiber
Xs0 . The Kodaira-Spencer class gives a way of understanding this problem of lifting holomorphic
vector fields. Indeed, we have a short exact sequence of locally free sheaves on X given by

0 −→ f ∗Ω1
S|C −→ Ω1

X |C −→ Ω1
X |S −→ 0

which yields an element ρ ∈ Ext1
OX (Ω

1
X |S, f ∗Ω1

S|C) = H1(X , TX |S⊗OX f ∗Ω1
S|C) called the Kodaira-

Spencer class of the family f : X → S. Due to the Leray spectral sequence, we have

H0(S, R1 f∗(TX |S ⊗OX f ∗Ω1
S|C)) = H0(S, R1 f∗TX |S ⊗OS Ω1

S|C) = HomOS(TS|C, R1 f∗TX |S)

where the first equality follows from the projection formula. In particular we get a map

ρ : TS|C → R1 f∗TX |S
called the Kodaira-Spencer map.

We can describe the image of a holomorphic vector field v ∈ Ω(U, TS|C) under the Kodaira-
Spencer map explicitly. If {Vi} is an open covering of f−1(U) and we take on each Vi some
holomorphic vector field vi lifting v, we obtain a Cech cocycle (vi − vj) ∈ H1( f−1(U), Tf−1(U)|U),
which is no other than the image of v under the Kodaira-Spencer map ρ. Therefore, a family
f : X → S is trivial infinitesimally near a point s0 ∈ S if and only if the Kodaira-Spencer map
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ρ : TS,s0 → H1(Xs0 , TXs0 |C
) vanishes. But we can also give another interpretation of the Kodaira-

Spencer map. If there was a geometric objectM parametrizing complex varieties, then a family
f : X → S would yield a map S → M whose derivative is a map TS,s0 → TM,Xs0

. As discussed
in the introduction, the tangent space to the space of varieties at a variety Xs0 should consist of
the infinitesimal deformations of Xs0 . We can see that these are parametrized by H1(Xs0 , TXs0 |C

)

by taking an open cover of Xs0 whose open sets do not have non-trivial infinitesimal deforma-
tions and considering the obvious glueing problem. We will discuss this in further detail in the
algebraic case below.

2.2. Deformation theory of smooth affine schemes. Given a commutative ring A, an A-algebra
B and a B-module M, an extension of B by M as A-algebras is a short exact sequence

0 −→ M −→ B′ −→ B −→ 0

where B′ → B is a morphism of A-algebras and M is an ideal in B′ with M2 = 0. There is an
obvious notion of morphism of extensions which yields a notion of equivalence of extensions.
The trivial extension B′ = B⊕M can be given a ring structure by

(b1, m1) · (b2, m2) = (b1b2, b1m2 + b2m1).

Clearly if we have a retraction B → B′ which is an A-algebra map, then we have an isomorphism
B⊕M→ B′ with the trivial extension.

We denote by ExalA(B, M) the abelian group of equivalence classes of A-algebra extensions of
B by M.

The notion of extensions is intimately related to infinitesimal deformations.

Proposition 4. Equivalence classes of C-algebra extensions of B by itself are in bijection with equivalence
classes of infinitesimal deformations of Spec(B)

Proof. Indeed, for a C-algebra B, an infinitesimal deformation of Spec(B) is a C[t]/(t2)-flat algebra
B′ together with an morphism B′ → B inducing an isomorphism B′ ⊗C[t]/(t2) C → B, and the
flatness of B′ is equivalent to the exactness of the sequence

0 −→ B ·t−→ B′ −→ B −→ 0

and so we get the desired result.

Recall that a C-algebra A is called smooth if it satisfies the infinitesimal lifting property. More
concretely, A is smooth if for any C-algebra B, I ⊆ B a square-zero ideal and C-algebra morphism
u : A→ B/I there exists a C-algebra morphism ũ : A→ B lifting u.

Proposition 5. Let A be a smooth C-algebra. Then any extension of A as C-algebras is trivial.

Proof. Indeed, if
0 −→ M −→ A′ −→ A −→ 0

is an extension of A as C-algebras, the inverse of the isomorphism A′/M→ A provides us with an
arrow A→ A′/M which lifts to a C-algebra map A→ A′. This gives a retraction of our extension
thus making it trivial.

In general, for non-smooth algebras, we can classify extensions of algebras in terms of homo-
topical algebra. The key player here is the cotangent complex.

Proposition 6. For a B-module M we have a canonical isomorphism

ExalA(B, M)
∼−→ Ext1

B(LB|A, M).
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2.3. Infinitesimal deformations of smooth algebraic varieties. We can use our knowledge of the
local behaviour of deformations to completely parametrize isomorphism classes of infinitesimal
deformations of smooth algebraic varieties.

Indeed, we can look at an open cover and look at how each of the open sets behaves under small
perturbations. Moreover, if we take these open sets to be affine, the simple Proposition 5 tells us
that those small perturbations are trivial. However, we will need to understand automorphisms
of these infinitesimal deformations.

Proposition 7. Given a C-algebra A, there is a bijective correspondence between automorphisms of the triv-
ial deformation A⊗C[t]/(t2) inducing the identity on A and the set of derivations DerC(A, A). Moreover,
this bijection preserves the group structure.

Proof. Let θ be an automorphism of A⊗C[t]/(t2). If x ∈ A, then θ(x) = x + tδ(x) for some map
δ : A→ A⊗C[t]/(t2). We may assume that δ : A→ A since if δ(x) = δ0(x) + tδ1(x), then

θ(x) = x + tδ(x) = x + t(δ0(x) + tδ1(x)) = x + tδ0(x).

Also, as θ is a multiplicative map, we have that θ(xy) = θ(x)θ(y) and this implies that

δ(xy) = δ(x)y + xδ(y).

This means that δ is a derivation. Finally, we see that

θ(x + ty) = (x + ty) + tδ(x).

Conversely, if δ : A → A is any C-linear derivation, we can define θ(x + ty) = (x + ty) + tδ(x)
and this gives an automorphism. Hence the correspondence is given by

θ ↔ δ.

A straightforward computation shows that

θ2(θ1(x)) = θ2(x + tδ1(x)) = x + tδ1(x) + tδ2(x) = x + t(δ1(x) + δ2(x))

showing that θ2 ◦ θ1 corresponds to δ1 + δ2.

Theorem 8. Let X be a smooth variety over C. The isomorphism classes of infinitesimal deformations of X
are in one-to-one correspondence with the elements of H1(X, TX|C).

Proof. Let X′ be a deformation of X and let (Ui) be an open affine covering of X. Over each Ui the
induced deformation U′i is trivial by the discussion above, hence we can choose an isomorphism
ϕi : Ui ×C C[t]/(t2)→ U′i . Then, on Uij = Ui ∩Uj we obtain an automorphism ψij = ϕ−1

j ϕi which
corresponds to an element θij ∈ H0(Uij, TX|C) because of Proposition 7. By construction this yields
a Cech 1-cocycle θ ∈ H1(X, TX|C). Furthermore, it is straightforward to see that this procedure can
be reversed.

A natural question that follows from this is whether we can extend a first order deformation
over C[t]/(t2) to a second order deformation over C[t]/(t3). We would like to understand if there
is any obstruction for this problem.

Theorem 9. The obstruction to lifting a first order deformation of a smooth complex algebraic variety X to
a second order deformation lies in H2(X, TX|C).

Proof. Let X′ be a first order deformation and let (Ui) be an open affine covering of X. As before,
over each Ui the induced deformation U′i is trivial and we only need the automorphisms ϕi to
glue them together, as in the proof of the previous theorem. In order to be able to lift this to a
second order deformation, we need to find lifts of the automorphisms ψij of Uij × C[t]/(t2) to
automorphisms ψ̃ij of Uij ×C[t]/(t3) satisfying the cocycle condition. That is, we want to have

ψ̃ijψ̃jkψ̃ki = id .
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A very similar argument to that of Proposition 7 shows that any automorphism of Uijk ×C[t]/(t3)

restricting to the identity on Uijk × C[t]/(t2) must be controlled by a vector field on Uijk. There-
fore, (ψ̃ij) can be chosen to verify the cocycle condition if and only if the corresponding class on
H2(X, TX|C) defined by θijk corresponding to ψ̃ijψ̃jkψ̃ki vanishes or not.

3. FUNCTORS OF ARTIN RINGS

Let k be a fixed algebraically closed ground field and Artk the category of local Artinian k-
algebras with residue field k. A complete augmented k-algebra is an augmented k-algebra R complete
with respect to the m-adic topology where m = ker(R→ k) is the augmentation ideal. The typical
example of complete augmented k-algebras will be limits of directed systems of local Artinian
k-algebras such as k[[t]] and k[t]/(tn).

Given a complete local k-algebra R we can define hR : Artk → Set by hR(A) = Homk−Alg(R, A).
A covariant functor F : Artk → Set that is isomorphic to a functor of the form hR for some complete
local k-algebra R is called prorepresentable.

Let us explain what kind of relationship we expect between a functor F and the ring R prorep-
resenting it. More generally, let ϕ : hR → F be any homomorphism of functors where R is a
complete local k-algebra with maximal ideal m. In particular, for each n this will give a map
ϕn : Hom(R, R/mn) → F(R/mn) and the image of the quotient map R → R/mn yields an ele-
ment ξn ∈ F(R/mn). These elements form a compatible family, in the sense that the natural map
R/mn+1 → R/mn induces a map of sets F(R/mn+1) → F(R/mn) sending ξn+1 to ξn. Thus the
collection (ξn) defines an element ξ ∈ lim F(R/mn). We call such a collection a formal family of F
over the ring R.

We can extend in the same way any functor F : Artk → Set to a functor F̂ : Ârtk → Set
from the category Ârtk of complete local k-algebras with residue field k. Indeed, we simply take
F̂(R) = lim F(R/mn). In this notation, F̂(R) is the set of formal families of F over R.

Conversely, a formal family (ξn) ∈ F̂(R) defines a homomorphism of functors ϕ : hR → F as
follows. Given any A ∈ Artk and a homomorphism f : R → A, it factors through R/mn because
A is Artinian. We define ϕ( f ) to be the image of ξn under the map F( f ) = F(R/mn)→ F(A).

Hence if F is prorepresentable, there is an isomorphism ξ : hR → F for some R and we can
think of ξ as an element of F̂(R) called the universal formal family. This is in general too strong of a
condition, but we have the following slightly weaker notions.

A morphism of functors G → F is smooth (also called strongly surjective) if for every A ∈ Artk
the map G(A)→ F(A) is surjective and for every surjection B→ A in Artk the map

G(B)→ G(A)×F(A) F(B)

is also surjective. In our case, hR → F being smooth means that given a map R → A induc-
ing an element η ∈ F(A) and given θ ∈ F(B) mapping to η, one can lift the map R → A to
R → B inducing θ. We say that (R, ξ) is a versal family if hR → F is smooth. If in addition the
map hR(k[t]/(t2)) → F(k[t]/(t2)) is bijective then we say that (R, ξ) is a miniversal family or a
prorepresentable hull.

A small extension is a short exact sequence

e : 0 −→ M −→ B −→ A −→ 0

where B → A is a morphism of Artin rings and M is an ideal of B annihilated by the maximal
ideal of B. In particular, M is a finite dimensional vector space over B/mB = k. In that case we
also say that B→ A is a small morphism.

In fact, every surjective morphism B → A in Artk can be expressed as a finite composition
of small extensions. Indeed, if M = ker(B → A), since B is Artinian we must have that mB is
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nilpotent and so mr
B = 0 for some r. Hence, mr

B M = 0 and we can consider the sequence of small
extensions

0 −→ ms
B M/ms+1

B M −→ B/ms+1
B M −→ B/ms

B M −→ 0.
This will allow us to reduce many statements from surjective morphisms to small morphisms.

For a functor of Artin rings F : Artk → Set, an obstruction theory (V, ve) is the data of a k-
vector space V called the obstruction space together with a map ve : F(A) → V ⊗k M for every
small extension satisfying the following two properties:

(1) If ξ ∈ F(A) can be lifted to F(B) then ve(ξ) = 0.
(2) (base change) For every morphism α : e1 → e2 of small extensions we have

ve2(αA(ξ)) = (idV ⊗αM)(ve1(ξ))

for any ξ ∈ F(A).
We say that an obstruction theory (V, ve) for F is complete if a lifting of ξ ∈ F(A) to F(B) exists if
and only if ve(ξ) = 0.

There is an obvious notion of morphism between two obstruction theories for a functor of Artin
rings F. We say that an obstruction theory (OF, obe) is universal if for every other obstruction
theory (V, ve) there exists a unique morphism (OF, obe)→ (V, ve).

Definition 10. A functor F of Artin rings is called a deformation functor if

F(B×A C)→ F(B)×F(A) F(C)

is surjective whenever B→ A is surjective and an isomorphism when A = k.

Since every surjective morphism of Artin rings can be written in terms of small morphisms,
it is enough to verify the assertion that F(B ×A C) → F(B) ×F(A) F(C) is surjective for small
morphisms.

Our previous situation is suited for this formalism. In fact, Theorems 8 and 9 are prototypical
theorems of our new context.

Theorem 11. For a smooth complex algebraic variety X, the functor

DefX : ArtC → Set, R 7→ {isomorphism classes of infinitesimal deformations of X over Spec(A)}
is a deformation functor. The tangent space DefX(C[t]/(t2)) = H1(X, TX|C) parametrizes first order
deformations. Moreover, H2(X, TX|C) is a complete obstruction theory for DefX.

It is no coincidence that the first cohomology parametrizes infinitesimal deformations and ob-
structions lie in the second cohomology group. There is a stronger principle that any deformation
problem is governed by a DGLA. In our case, it is clear that infinitesimal deformations are inti-
mately related to vector fields, and we should not be surprised if the tangent space to X plays a
major role. In fact, we can define a DGLA by taking the nerve of the (semi)cosimplicial Lie algebra
associated to a Cech cover (Ui) of X

∏
i

TX|C(Ui)−→−→∏
i<j

TX|C(Uij)−→−→
−→ ∏

i<j<k
TX|C(Uijk)−→−→

−→−→ · · ·

There is a more classical model for this DGLA, which is usually called the Kodaira-Spencer
DGLA, given by polyvector fields

KSX =
⊕

i

Γ(X,
0,i∧
X

TX|C)

equipped with the Schouten-Nijenhuis bracket. This is equivalent to our previous description via
Dolbeaut’s theorem.
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Given any DGLA (g, d, [·, ·]), we can try to make a small perturbation to the differential itself.
We can look at expressions of the form d + ϕ where ϕ ∈ Hom1(g, g). This will be a differential,
i.e., (d + ϕ)2 = 0 precisely when ϕ satisfies the Maurer-Cartan equation

dEnd(g)(ϕ) +
1
2
[ϕ, ϕ] = 0.

In general, we can define a deformation problem associated to any DGLA in this fashion.

Definition 12. Given a DGLA g we define the Maurer-Cartan functor as

MCg : Artk → Sets, R 7→
{

x ∈ g1 ⊗mR : dx +
1
2
[x, x] = 0

}
.

The action of the gauge group exp(g0 ⊗mR) preserves the set of solutions of the Maurer-Cartan
equation. The prototypical theorem we are looking for is of the following form.

Theorem 13. Let g be a DGLA. The functor

Defg : Artk → Set, R 7→ MCg(R)/gauge equivalence

is a deformation functor. Moreover, its tangent space, parametrizing first order deformations, is given by
H1(g) and H2(g) is a complete obstruction theory.

In our case, the statement that deformation theory of smooth complex algebraic varieties is
governed by its tangent complex is more than a philosofical remark, since we can actually see that
DefX = DefKSX .

3.1. Schlessinger’s criterion. We now study some geometric properties of these functors of Artin
rings. We need the following technical lemma first.

Lemma 14. Let R be a local Noetherian k-algebra with maximal ideal mR and residue field k, complete with
respect to the mR-adic topology. Then R ' k[[x1, . . . , xn]] with n = dimk mR/m2

R if and only if for each
A ∈ Artk and M→ M′ surjection of A-modules, the induced map

Homk−Alg(R, A⊕M′)→ Homk−Alg(R, A⊕M)

is surjective.

Proposition 15. If F has a versal family then F(k) has just one element and for any morphisms A′ → A,
A′′ → A of Artin rings, the natural map

F(A′ ×A A′′)→ F(A′)×F(A) F(A′′)

is surjective.
If furthermore, F has a miniversal family the map F(A ×k k[t]/(t2)) → F(A) ×F(k) F(k[t]/(t2)) is

bijective and tF = F(k[t]/(t2)) has the structure of a finite dimensional k-vector space. Also, for any small
extension p : A′ → A and η ∈ F(A) there is a transitive group action of tF on p−1(η)

We can now state Schlessinger’s criterion.

Theorem 16 (Schlessinger). A functor of Artin rings F has a miniversal family if and only if
(1) (H0) F(k) has just one element.
(2) (H1) F(A′ ×A A′′)→ F(A′)×F(A) F(A′′) is surjective for every small extension A′′ → A.
(3) (H2) The map of H1 is bijective when A′′ = k[t]/(t2) and A = k.
(4) (H3) tF is a finite dimensional k-vector space.

Furthermore, F is prorepresentable if and only if in addition
(5) (H4) For every small extension p : A′′ → A and every η ∈ F(A) for which p−1(η) is non-empty,

the group action of tF on p−1(η) is bijective.
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