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Abstract

Gouvéa and Mazur made a precise conjecture about slopes of modular forms. Weaker versions of this conjecture were
established by Coleman and Wan. In this Note, we exhibit examples contradicting the full conjecture as it currentlycstands.
citethisarticle: K. Buzzard, F. Calegari, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Un contre-exemple a la conjecture de Gouvéa—M azur. Gouvéa et Mazur ont proposé une conjecture précise au sujet des
pentes des formes modulaires. Des versions plus faibles de cette conjecture ont été prouvées par Coleman et Wan. Dans ce
Note, nous exhibons des exemples contredisant la conje€aueciter cet article: K. Buzzard, F. Calegari, C. R. Acad. Sci.

Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction —the Gouvéa—M azur conjecture

Let p be a prime number, and I&t be a positive integer coprime o For an integek, let f; € Z[X] denote
the characteristic polynomial of the Hecke operdfgron the space of cusp forms of lev&(Np) and weightk.
Normalise the multiplicative valuation: Q; — Q sothatv(p) = 1. If « € Q then letd (k, ) denote the number

of roots of f; in 61, which have valuation equal to.

Conjecture 1.1 (Gouvéa and Mazur, [5])f k1, k2 € Z are both at least 2« + 2 and k1 = k2 mod p" (p — 1) for
someinteger n > «, thend(ky, o) = d(k2, ).

This important conjecture was, as far as we know, one of the first precise formulations of the idea that Hida’s
theory of ordinary families might be generalisedth® non-ordinary case. Th@mwmjecture can be thought of as
saying that non-ordinary families of cuspidal eigenferaxist, and Gouvéa and Mazawent on to conjecture that
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these conjectural families should in fact be analytic ia #eight variable. Many ofite conjectures that Gouvéa

and Mazur made in this area became theorems soon afterwards, as a result of deep ideas of Coleman [4], bt
the conjecture above, which we shall refer to as the @auiMazur conjecture, remained open. Coleman’s ideas,
extended by Wan in [7], could only prove thatkif andk, were congruent modulp”™ (p — 1) for some integer

N = 0(a?) thend(k1, o) = d(k2, «). For a while the situation was almgsaradoxical, becausmmputations of
Gouvéa, Stein, and the first authorsgdemed to indicate that in fact the®&a—Mazur conjecture was much too
weak. See for example [3] which introduces the notion of a printeing I'o(N)-regular and makes some much

more precise conjectures when this condition holds.

2. Counterexamples

If N =1 then the smallest prime which is nbg(N)-regular isp = 59, and the authors decided to attempt to
study this case in detail. In particular, they wanted to study the point of the eigencurve corresponding to the slope 1
form of level 59 and weight 16. To their surprise, they discovered:

Theorem 2.1. Set N =1 and p = 59. Then thereexists ¢ € Q with 0 < @ < 1 such that d(16, o) # d (3438 «). In
particular, because 3438= 16+ 58- 59, the Gouvéa—Mazur conjectureis false.

Remark 1. We knowd (16, 1) = 1, and it is probably true that(3438 1) = 2, butitis, at the present time, difficult
to compute characteristic polynomials of Hecke operators at such high weight.

Proof. It is well known that the space of level 1 cusp forms of weight 16 is 1-dimensional, and that the 59-adic
valuation of the eigenvalue dfsg is 1 on this space. Because any newforms of level 59 and weight 16 will have
slope(16—2)/2=7, we see tha#(16,1) =1 andd (16, ) =0 for0< a < 1.

Now using the Eichler-Selberg trace formula (see for example Theorem 2 on p. 48 of [6], and [8]), it is possible
to compute the trace dfg andT5g on the space of cusp forms of level 1 and weight 3438. These can be computed
as real numbers to very large precision in about 30 seconds painig- GP on a 300 MHz Pentium 11l (the trace
of Tsg is about 679926. . . x 10°989) and these real numbers turn out to be very close to integers, so one can round
to get the exact result. In fact, for the argument below, we only need to know the traces motiatai3Bese can
be computed in less than a tenth of a second using a modular implementation of the trace formula.

Let the characteristic polynomial dfsg on the space of cusp forms of level 1 B@8® 4 Y285 4, x286-i
From the above calculations one has enough data to corapuaad a, exactly (although we only need them
modulo 58). One now checks that the 59-adic valuations pénda; are 1 and 2 respectively. There are now two
cases to consider: eithe(a;) > i for all i, in which casel(3438 1) > 2, or there exists with v(a;) < i, in which
cased (3438 «) > 0 for somex with 0 < o < 1. In either case the conjecture is violateda

Remark 2. The authors strongly suspect that;) > i for all i/, and perhaps a more intense computation and some
estimates on the; might prove this.

This counterexample comes from a point on an eigencurve with integral slope, whose associated mod
representation is irreducible even when restricted to a decomposition grpujnaiact a search for other similar
points led to other counterexamples:

Theorem 2.2. Set p = 5. Then the set of N with 1 < N < 83 and such that 5t N and d(6,1) > O is
{14, 28, 34,37, 38,42,53,56, 68,69, 71, 74, 76, 83}, and for each N in this set we have d(26,1) = 2d(6,1) >
d(6, 1), so every such N gives a counterexample to the Gouvéa—Mazur conjecture.
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Proof. One verifies this statement égaising William Stein’s programsair modular forms, written for theAGVA
computer algebra package [1]0

Remark 3. As opposed to the = 59 counterexample above, which relies on “custom computations” done by the
authors, these latter counterexamples rely only on standard programs of Stein which have existed for many year
and are likely to be bug-free.

The counterexamples exhibited above all pertain to forms of positive slope and weight at#bsand hence
to forms whose associated medrepresentation is irreducible when restricted to a decomposition gropgp at
After our counterexamples were discovered, Graham Herrick pointed out to us that if one extends the domain of
the conjecture to forms of levali(N) N I'o(p) then one can find counterexamples coming from forms whose
associated mog representation is reducible, even globally. For examppe=if 5 then there are two slope 1 forms
of level I'1(4) at weight 7, and four slope 1 forms of this level at weight 27. The mod 5 representations associated
to all of these forms are reducible. Note that once again there are twice as many slope 1 forms in the higher weighi
than are predicted by the Gouvéa—Mazur conjecture.

Finally, we remark that Breuil has made local axtures (Conjecture 1.5 in [2]) which imply that ff is an
eigenform of levelN and weightt with 2 < k£ < 2p, and if the slope off is strictly between 0 and 1, then the
mod p representation associated/tas irreducible when restricted to a decomposition group. &reuil has asked
(personal communication with K.B.) whether one should expect such a resultinh@p. However, the mod 5
representations associated to the four forms of |éyé#) and weight 11 are all reducible, and all of these forms
have slope 12. The generalisation of Bod’s conjectures to the cage> 2p remains an interesting open problem,
which might shed more light on the results of this paper.
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