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ABSTRACT. We determine the finite groups whose inequivalent real irreducible representa-
tions have different degrees.

1. INTRODUCTION

In this paper, we answer the following question: what are the finite groups whose real
irreducible representations all have different degrees? Brauer’s Problem 1 in his famous list of
problems asks which finite-dimensional associative algebras are group algebras. For instance,
if F' is a subfield of the complex numbers, for which finite groups G we have that the algebra
FG is a direct sum of pairwise non-isomorphic simple summands? If F' is the field of complex
numbers, then the complex group algebra is determined by the character degrees and their
multiplicities. This multiplicity is of course related to the field of values of the character.
In the problem mentioned above, that is, if all the irreducible complex characters of a finite
group G occurs with multiplicity 1, then all the irreducible characters of G are necessarily
rational valued. Using the Classification of Finite Groups and the main result from W. Feit
and G. Seitz [FS89], it is easy to see that no non-trivial finite group has this property. (This
was also noticed in [BCH92, Lemma 1].) There does not seem to be a proof of this result
which avoids the Classification. In this paper, we are concerned with the real group algebra
and the corresponding result for the inequivalent real irreducible representations. Perhaps
somewhat surprisingly, we will show that exactly twelve finite non-trivial groups satisfy this
property.

In fact, we work under a slightly more general hypothesis. If G is a finite group, let Irr(G)
be the set of the irreducible complex characters of GG, and recall that the Frobenius—Schur
indicator of x € Irr(G), v(x), is 1 if x can be afforded by a representation over the real
numbers; it is —1, if it is real-valued but cannot be afforded by a real representation; and it
is 0 if it is not real-valued.

THEOREM A. Let G be a finite group. Suppose that whenever «, 5 € Irr(G) have the same
degree and Frobenius—Schur indicator, then o and B are complex-conjugate.
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(a) If G is solvable, then G is a factor group of either (Co x Cy x Co) x (C7 x C3), or
(Cp x Cp) x SLa(3) for p € {3,5}.

(b) If G is non-solvable, then G is almost simple, and isomorphic to one of the groups in
the following list

(1.1) ﬁ = {Ag, SL3(2), MH, M22, Mgg, M24, SU3(3), MCL, Th, SLQ(S).?), Og_(2)3}

Of these groups, McL is the unique group which admits real representations «, 3 of the same
dimension (3520) but with distinct Frobenius-Schur indicator. Furthermore, the non-trivial
groups in part (a) of Theorem A are isomorphic to Cs, C7 xC3, Ay, SLa(3), (C3x C3) xSLa(3),
(02 X 02 X CQ) D! (07 A Cg), and (C5 X 05) X SL2(3)

If G is a finite group, then recall that the degrees of the irreducible real representations
are x(1) if v(x) = 1, 2x(1) if v(x) = —1, and 2x(1) for the representatives of the non-real
irreducible characters of G. (See, for instance, page 108 of [Ser77].) Using this, we easily
derive the following.

COROLLARY B. Let G be a finite group. Suppose that the degrees of the inequivalent real

irreducible representations of G are all different.

(a) If G is solvable and non-trivial, then G is isomorphic to one of the following groups:
Cg, A4, 07 X Cg, or (CQ X 02 X 02) X (07 X 03)
(b) If G is non-solvable, then G is isomorphic to one of the following groups: Ag, Mi1,
Mgg, Mgg, M24, MCL, Th, or SLQ(S).B.
Conversely, if G is any of the groups listed in (a) and (b), then the degrees of the inequivalent
real irreducible representations of G are all different.

2. SOLVABLE GROUPS

For convenience, we say that a finite group G satisfies Hypothesis C'if any two characters
a, B € Irr(G) with the same Frobenius—Schur indicator and degree are complex-conjugate.

We remark that if G satisfies Hypothesis C, then every factor group of GG also satisfies Hy-
pothesis C, and moreover for every positive integer d, Irr(G) contains at most four characters
of degree d. We also have O?(G) = G, since G has no non-trivial real-valued linear character.
(Recall that OP(G) is the smallest normal subgroup N of the finite group G such that G/N

is a p-group.)

Lemma 2.1. If G > 1 is a nilpotent group that satisfies Hypothesis C, then G is a cyclic
group of order 3.

Proof. Since O%(G) = G, we have that G has odd order. Hence, G/G’ has odd order and
every non-principal character A € Irr(G/G’) is linear and non-real. So Irr(G/G’) = {1, A\, A}
and G/G' = Cs. (In this paper, G’ denotes the derived subgroup of G, that is, the smallest
normal subgroup with abelian factor group.) In particular, if ®(G) is the Frattini subgroup
of G, then we have that G/®(G) is cyclic, using that since G is nilpotent, then G’ C ®(G).
Therefore GG itself must be cyclic, and hence G = Cs. O

In this paper, we use the notation for characters in [Isa76]. Thus, if H < G and 7 € Irr(H),
then 7¢ denotes the induced character from H to G. Also recall that non-trivial irreducible
characters of groups of odd order are non-real (by a theorem of Burnside, see Problem 3.16
of [Isa76]).
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Lemma 2.2. Assume that G satisfies Hypothesis C. If N < G, G/N has odd order and cyclic
Sylow subgroups, and T € Irr(N) is non-real, then 7¢ € Irr(G).

Proof. Let G be the inertia subgroup of 7 in G. (That is, G, is the set of elements g € G such
that 79 = 7, where 79 is the character of N defined by 79(n) = 7(gng~!).) The assumption
that the Sylow subgroups of G/N are cyclic implies that 7 has an extension v € Irr(G;) (by
Corollary 11.22 of [Isa76].). If G; > N then, as G,/N < G/N is solvable, there exists a
linear non-principal A € Irr(G/N). Hence, by the Clifford correspondence (Theorem 6.11 of
[[sa76]), Gallagher’s theorem (Corollary 6.17 of [[sa76]), and [IN12, Lemma 2.1], the induced
characters v¢ and (\y)® of G are irreducible of the same Frobenius-Schur indicator and
degree. Thus (since G satisfies Hypothesis C) they are complex-conjugate. This implies that
7 and its complex conjugate T are conjugate by some element g € G. Then 9% = 7. Since
G/N has odd order, 7 is real, and this is a contradiction. O

Lemma 2.3. If G is a non-trivial group of odd order that satisfies Hypothesis C, then G is
either cyclic of order 3 or a Frobenius group of order 21.

Proof. Let N =G', K = N and L = K'. We have that G/N = Cs. Let 1 # \,v € Irr(N/K).
Since G/N has prime order, then either A extends to G or G) = N and therefore A” is
irreducible (by the Clifford correspondence). Since linear characters of G have N in their
kernel, we then have that A% and v € Irr(G) should be irreducible. They also have the same
Frobenius—Schur indicator 0, because groups of odd order do not have non-trivial real-valued
irreducible characters. So A“ and v“ are either equal or complex-conjugate. Thus X is G-
conjugate to v or to 7, and it follows that the action of G/N on Irr(N/K) — {1n} has two
orbits of size 3. (Notice that v and ¥ cannot be G-conjugate, since G has odd order.) Thus
N/K has order 7, and G/K = C7 x C3. Suppose that K > L. Let 1 # \,v € Irr(K/L). By
Lemma we have that A\, % € Trr(G). Since these characters have the same Frobenius—
Schur indicator and degree, we conclude that they are equal or complex-conjugate. Thus,
again, X is G-conjugate to v or to 7. Since G = K (using that A is irreducible and Problem
6.1 of [Isa76]), we have that the G-orbit of A has size 21. Therefore K/L has order 43. Thus
K/L is cyclic of order 43. But then (G/L)/Cgq/r(K/L) is abelian, because it is isomorphic
to a subgroup of the automorphism group of a cyclic group. Then N/L C Cg /L (K/L), and
therefore K /L is in the center of N/L. This is impossible since there are characters of K/L
that induce irreducibly to G/L. O

We write Irry (G) = {x € Irr(G) | v(x) = 1}, and denote by AT'(23) the affine group
Cg’ X (C7 X Cg)

Proposition 2.4. If G satisfies Hypothesis C and has a normal Sylow 2-subgroup, then it is
isomorphic to a factor group of either SLa(3) = Qg x C3 or AT'(23).

Proof. Let N be the normal Sylow 2-subgroup of G. By Lemma G/N = (C5 or G/N =
C7 x C3. We can assume N # 1.

Assume first G/N =2 C3. Then N = G, since O%(G) = G. If A € Irr(N) is linear of order
2, then \“ € Irr (G), so by Hypothesis C and Clifford’s Theorem there is a unique G-orbit
of such characters. Hence, N/®(N) = Cy x Cy is an irreducible T-module, where T' = Cj
is a Sylow 3-subgroup of G. This implies that N/N’ is an indecomposable T-module, so it
is homocyclic. For A € Irr(N/N') with o(\) > 2, it follows from Lemma that A\“ is an
irreducible character of G and it is non-real (by [IN12, Lemma 2.1]), so there are at most two
T-orbits of characters of order > 2 in Irr(N/N’). Since N/N’ is homocyclic and Can x Can
has 22" — 22 > 12 linear characters of order > 2 when n > 1, this implies N J/N' = Cy x Cy and
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G/N'" = Ay. If N’ £ 1, then N is either dihedral, semidihedral or a generalized quaternion
group (by [Hup67, Satz II1.11.9]) and, observing that Aut(/N) is not a 2-group, we conclude
that N = Qg and G = SLy(3).

Assume now that G/N = C7 x C3 and let H = TR be a complement of N in G, where
T = (7 and R = (3 are Sylow subgroups of G. By considering a suitable factor group of G,
we may assume first that N is minimal normal in G. We observe that T does not centralize N,
as otherwise (recalling that O%(G) = G) N is a faithful irreducible R-module, so N = Cy x Cy
and G would be a Frobenius group with kernel N xT', so G would have 9 irreducible characters
of degree 3, a contradiction. By [[sa76l Theorem 15.16] (with G = H,V =N, N =T, H = R,
and Hy = 1), we have dim N = dim Cx (1) = 3dim Cy(R), and thus there exists a non-trivial
element € Cy(R), so by minimality N = (2)% = (2)7 2 0y x Cy x Cy and G = AT(23).
(Alternatively, the faithful irreducible representations of G/N over Fy all have dimension 3
and are unique up to automorphisms of G/N.)

In order to conclude the proof, we show that N is minimal normal in G. We first observe
that N/®(N) is an irreducible H-module: otherwise, since it is a completely reducible H-
module, by the previous paragraph there exist distinct normal subgroups K; and Ky of G
such that G/K; = AT'(2%), for i = 1,2, so, as AI'(23) has two irreducible non-real characters
of degree 7, there would be at least four of them in G, against Hypothesis C.

As N/®(N) is irreducible, then N/N" is an indecomposable H-module and, using Lemmal[2.2]
as in the second paragraph of this proof, Hypothesis C implies that N’ = ®(N). We now
show that K = N’ is trivial. Working by contradiction, we may assume (by taking a suit-
able quotient of ) that K is minimal normal in G, so K = Z(N). For 1 # u € Irr(K),
by [Wol78, Lemma 2.2] there is a unique subgroup U, with K < U, < N such that ;1 extends
to A € Irr(U,) and A is fully ramified in N/U, (for a definition of fully ramified characters
see [[sa76l, Problem 6.3]). As p does not extend to N and |[N/U,| is a square (using [Isa76],
Theorem 6.18(b)]), it follows |U,/K| = 2. So, Irr(N|u) = {61,602} has order 2, 6;(1) = 2
and Gy, = G|, for i = 1,2. Note that K is a faithful H-module, otherwise H, has order
divisible by 7 for some 1 # p € Irr(K), and this gives more than 4 irreducible characters of
G with the same degree. In particular, we see that 7' € Syl,(H) acts fixed point freely on
K. An application of [Isa76, Theorem 15.16] to the action of H on the dual module K* (as
Ck+(T) = Cg(T) = 1) yields the existence of a non-principal irreducible character p of K
such that R < H,,. So, Gy, = NR for 6; € Irr(N|u), i = 1,2, and hence G has at least six
irreducible characters of degree 14, a contradiction. Hence K = 1 and and G = AT'(23). O

In the following, we denote by Ozl(G) the smallest normal subgroup of G with odd index
in G, and by O2(G) the largest normal subgroup of G having order a power of 2.

Theorem 2.5. Let G be a solvable group that satisfies Hypothesis C. Then G is isomorphic
to a factor group of either AT(23) or (C, x Cp) x SLa(3) for p € {3,5}.

Proof. Let N = O?(G) and K = O%(N). If K = N, then N has no quotients of order 2 or
of odd order > 1; since N is assumed to be solvable, this implies that N is trivial and we are
done by Lemma hence we can assume K < N. By Proposition we deduce that G/K
is isomorphic to either AT(23), A4 or SLy(3), and hence we can assume that K # 1.

(I.) Suppose first G/K = AT'(23) and, working by contradiction, that K # 1. By consid-
ering a suitable factor group of G, we can assume that K is a minimal normal subgroup of G.
Let |K| = p™, for an odd prime p. We claim that K is the Fitting subgroup F(G). Otherwise,
N < F(G), because N/K is the only minimal normal subgroup of G/K. But then N would
be nilpotent and thus isomorphic to a direct product of K and O2(N) = N/K, and G/O2(N)
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would be a group of odd order 21| N| that satisfies Hypothesis C, contradicting Lemma
Let M € Syl,(N) and H = Ng(M). Then H is a complement of K in G, as G = KH by
the Frattini argument and K N H = Cx(M) = Z(IN)NK < G, s0o KNH =1 as K is
minimal normal in G. Let T =2 C% be a Sylow 7-subgroup of H. Then MT is a Frobenius
group and hence Cg (T') # 1 by [[sa76, Theorem 15.16]. Thus, by [Isa76, Theorem 6.32] there
exists a non-principal p € Irr(K) such that 7' < H,,. Note that the inertia subgroup N, is a
proper subgroup of NV, since p extends to N, by [Isa76, Corollary 6.28] and u has no esten-
sion v € Irr(N), as otherwise K = N’ < ker(vg) = ker(u) against u # 1x. Hence, N, = K
because N,, is T-invariant and N/K is an irreducible T-module. Thus 8 = p¥ € Irr(N). We
show that € is non-real. In fact, otherwise there exists an element =z € M (as M is a Sylow
2-subgroup of G and KM = N contains every 2-element of G) such that u® = = p~!. So,
considering the action of H on the dual module K*, Njs({u)) is a non-trivial and T-invariant
subgroup of M. Hence N/ ({(u)) = M, since M is an irreducible T-module. But then Cy;({(1))
is a T-invariant subgroup of index 2 in M, a contradiction. As 6 € Irr(IN) is non-real, then
0% € Trr(G) by Lemma which is a contradiction as T' < G, < Ig(6). Therefore, K =1 if
G/K = AT'(2%).

(IL.) We now assume G/K = A4 and, again, that K is a minimal normal subgroup of G,
|K| odd. Let M € Syl,(G). As above, K = F(G), as otherwise N = M x K, with M 9 G,
against Lemma Since N = KM and Cg(N) < G, by the minimality of K we deduce
that Cx(M) = Cg(N) = 1. By the Frattini argument G = KH where H = Ng(M) and
KNH =Cg(M)=1,s0 H= MR = A, is a complement of K in G, where R € Syl;3(G).
Then, considering the action of H on the dual module K*, Cg+(M) = 1 and by [Isa76l
Theorem 15.16] there exists a non-principal and R-invariant p € K* and, as M, is an R-
invariant and proper subgroup of M (as Cg+(M) = 1), we deduce that M, = 1 and hence
6 = pV € Irr(N). As in the previous paragraph, one shows that @ is non-real, giving a
contradiction by Lemma

(II1.) Finally, we assume G/K = SLs(3) and we prove, by induction on |G|, that either
G = G1 = (Cg X 03) X SL2(3) or G = GQ = (05 X 05) X SL2(3) .

To start with, we prove that K is nilpotent. Working by contradiction, we assume that
F = F(K) < K and, by considering a suitable factor group of G, that F' is minimal normal
in G. By induction, G/F = G; for some i € {1,2}. Write |F| = ¢, where ¢ is a prime
number, and observe that q # p, where p =3 if i = 1, and p = 5 if i = 2. For M € Syl,(K),
Crp(M) = Cp(K) = 1 by the minimality of F, and the Frattini argument implies that
H = Ng(M) is a complement of F' in G. Let L = NN H; then L = (Cp x Cp) X Qg has
index 3 in H. In order to get a contradiction, we will show that then L has at least 14 regular
orbits on the dual module V' = F*. In fact, the regular L-orbits are permuted by the action
of H= H/L = C3, and the ones that are not fixed by H give, in groups of three, regular
orbits of H on V. If, instead, A is a regular L-orbit in V such that A is H-invariant, then A
is an H-orbit of size |L|. Thus, for A € A, |H,| = 3 and by Clifford Correspondence Irr(G|\)
contains three irreducible characters of degree |L|. Hence, if L has at least 14 = 4 x 3+ 2
regular orbits on V, then G has more than four irreducible characters either of degree |H| or
of degree |L|, against Hypothesis C.

Assume first p = 3: so L has four subgroups of order 3 and nine subgroups of order 2.
These are the only subgroups of prime order of L and hence every element in F that is not
centralized by any of them is in a regular L-orbit. If X < L and |X| = 3, then |Cy(X)| <
¢"/? because two distinct subgroups X1, Xo of order 3 of L generate K N H = Cs x Cs, s0
Cv(Xl)ﬂCV(XQ) = Cv(KﬁH) = CF(K) =1.If X <L and ‘X| = 2, then |Cv(X)| = qm/2
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by [Isa76l, Theorem 15.16]. Moreover, in characteristic g # 3, all faithful absolutely irreducible
representations of H 2 (G have degree 8, as one can check by looking at its (ordinary and)
Brauer character tables, so m is a multiple of 8. Now, the function

glg,m) = (¢" = 1) = (9+4) - (¢™? — 1) — 14| |

is > 0 for all primes g and m > 8, except for the pair (¢,m) = (2,8). Using [GAP2I], one
checks that H has a unique faithful (absolutely) irreducible module Fy of dimension 8 over
Fy and that the semidirect product Gy = FyH has 6 irreducible characters of degree 72, so
does not satisfy Hypothesis C. Hence, p # 3.

Finally, if p = 5 then L has 6 subgroups of order 5 and 25 subgroups of order 2. As in the
previous paragraph, one checks that for X < L, |X| € {2,5}, |Cp(X)| < \F\% Moreover,
from the Brauer character tables of H = (G5 it turns out that, for every characteristic ¢ # 5,
H has just one faithful absolutely irreducible representation, which has dimension 24. So m
is a multiple of 24, and one easily checks that

h(g:m) = (g™ —1) = (6+25) - (¢™/* — 1) — 14]|

is positive for all primes ¢ and integers m > 24.

Hence, we have proved that K is nilpotent. It follows that |K| is odd and that K = F(G),
as otherwise O2(G) # 1 and factor group G/O2(G) contradicts the inductive hypothesis. We
now prove that K is abelian. Working again by contradiction, we assume that X = K’ # 1.
By induction, X is a minimal normal subgroup of G and G/ X is isomorphic to either G; or Ga.
Hence, K/X is a minimal normal subgroup of G/X and it follows that X = Z(K) = ®(K).
Since |K/X| € {32,5%}, we deduce that K is an extraspecial group of order p?, p € {3,5}.
Moreover, G/Cg(X) is an abelian group of order dividing |G/G’| = 3, so X < Z(G). Thus,
the p — 1 irreducible characters of degree p of K extend to G by [[sa76l Corollary 11.31],
as G/ K has either cyclic or quaternion Sylow subgroups, and hence by Gallagher’s theorem
([Isa76l Corollary 6.17]) G has 3(p—1) > 6 irreducible characters of degree p, a contradiction.
Thus, K is abelian.

Let @ = Qg be a Sylow 2-subgroup of G and Z = Z(Q). As K is an abelian of odd order,
then K = Cg(Z) x [K,Z]. Since KZ 9 G, [K,Z] = [K,KZ] Q G and then L = [K, Z|Z <
G, since L/[K,Z] is the Sylow 2-subgroup of the abelian normal subgroup KZ/[K, Z] of
G/[K,Z]. So G = G/L satisfies Hypothesis C and G/K = Ay, with K = 0%(0?%(G)), and
hence by case (II) K = 1, which gives Cx(Z) = 1. So, the involution z € Z acts by inverting
all elements of K and, in particular, Cx(Q) = 1.

Thus, by the Frattini argument H = N¢g(Q) is a complement of K in G. Note that
H = QR = SLy(3), where |R| = 3. If p € Irr(K) is such that H, = 1 (so G, = K), then
x = 1 € Irr(G) and Yy is a real character as i = u~! = p*. By [[sa76, Lemma 10.8], the Schur
index mg(x) divides p(1) = 1 and hence x € Irr;.(G) by [[sa76, Theorem 10.17]. Therefore,
by Hypothesis C there is at most one regular orbit of G/K on Irr(K).

Next, we show that K is a group of prime power order. Otherwise, the inductive hypothesis
applied to G/O,(K) for each prime divisor p of |K| yields G = (A x B) x SLy(3), with
A= C3 x Cy and B = C5 x Cs. Moreover, G/K acts regularly on Irr(B) \ {1z} and hence,
for any o € Irr(A) and any 8 € Irr(B), 5 # 1p, a x 8 has stabilizer A x B = K in G. Thus
G/K has 9 regular orbits on Irr(K), a contradiction by the previous paragraph.

Thus, K is an abelian p-group for some prime p # 2. Let |K| = p”, for some positive
integer n, and let V' = K* be the dual H-module. Note that, as K = F(G), both K and V
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are faithful H-modules. Next, we show that

(p,n) €{(3,2),(5,2),(7,2)}.
(

Let Syl3(H) = {R;|1 < i < 4} and observe that Cy(R;) N Cy(R;) = 1 for i # j, because
(Ri;Rj) = H and Cy(R;) N Cy(R;) = Cy((Ri, Rj)) = Cx(H) < Ck(Q) = 1. Thus,
|ICy (R;)| < pl™/2. Define f(p,n) = p”—4pl™/? —21 and observe that, writing V# = V~ {1k},

4
(2.1) V# = || Cya(Ro)| = (0" — 1) — 45 — 1)

i=1
is larger than |H| = 24 if f(n,p) > 0. So, if f(p,n) > 0 then H has at least two regular orbits
on V and hence, as observed above, G does not satisfy Hypothesis C. We also observe that
n is even, as every indecomposable summand of V as a (Q-module is a homocyclic group of
even rank because Cy (Q)) = Cx(Q) = 1. In particular, n > 2.

One can check that f(p,n) > 0 for all pairs (p,n) with p > 7 and n > 2, or such that n >4
(and p # 2), thus proving the claim. So, considering that K is non-cyclic because H acts
faithfully on K, we deduce that K is an elementary abelian group, with |K| € {3%,5%, 7%}.

If |[K| = 7%, then G is either SmallGroup(1176,214) or SmallGroup(1176,215) (in the
GAP library of small groups [BEOH23]). In fact, H has three isomorphism classes of faithful
(irreducible) modules K of dimension 2 over GF(7) and the corresponding semidirect products
G = K x H belong to the two stated isomorphism types. In the first case, H has three orbits
of size 8 on K*, so by Clifford theory G has nine irreducible characters of degree 8. In the
second case, H acts semiregularly on K*, so it has two regular orbits on K*. Hence, both
these groups do not satisfy Hypothesis C.

Finally, H has exactly one isomorphisme type of faithful (irreducible) modules of dimension
2 over both GF(3) and GF(5). The corresponding semidirect products G = K x H are,
respectively, isomorphic to G; and Gs, concluding the proof.

We also observe that both G; = SmallGroup(216,153) and G2 = SmallGroup(600, 150)
(in [BEOH23]) satisfy Hypothesis C. O

3. ALMOST SIMPLE GROUPS

Theorem 3.1. If G is an almost simple group and G satisfies Hypothesis C, then G is one
of the groups in the list L defined in (|1.1).

Proof. (a) Let S denote the socle of G, so that S <G < Aut(S). First we consider the case
S = A, with n > 5. Since the cases 5 < n < 12 can be checked directly using [CCNT85],
we will assume that n > 13, and hence G = S since S,, does not satisfy Hypothesis C. To
rule out such groups G, it suffices to find a partition A F n which is self-associate, such that
the Young diagram of A\ has k nodes on the main diagonal and k¥ = n (mod 4). Indeed, in
this case, the character x € Irr(S,) labeled by A splits upon restriction to A, into the sum
xT + x~ of two real-valued irreducible characters of A,, which are S,-conjugate and hence
of the same degree and same Frobenius-Schur indicator, see [JK81), Theorem 2.5.13]. Now, if
n =1 (mod 4), we take A = ((n+1)/2,1~1/2) the symmetric hook partition of n. If n = 2
(mod 4), take A = (n/2,2,1%/272), the symmetric hook partition of n— 1 augmented by a node
in the second row. If n =3 (mod 4), take A = ((n — 3)/2,3,3,19/2), the symmetric hook
partition of n—4 augmented by a 2 x 2-square in the second and third rows. If n = 0 (mod 4),
take A = ((n — 8)/2,4,4,4,1160)/2) the symmetric hook partition of n — 9 augmented by a
3 X 3-square in the second, third, and fourth rows.
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(b) Checking the almost simple groups with sporadic socle S using |[CCNT85], we may
now assume that S is a simple group of Lie type. Next we observe that [Q(x) : Q] < 2 for
any x € Irr(G). Indeed, the I'-orbit of x has length |I'|, where I' :== Gal(Q(x)/Q). Clearly,
any Galois conjugate of y has the same degree and Frobenius—Schur indicator as x. Hence
Hypothesis C implies that 2 > |I'| = [Q(x) : Q].

Thus G is a quadratic-rational group, in the sense of [Trel7|. Therefore, all the possibilities
for S are listed in [Trel7, Theorem 1.2]; furthermore, G/S is a solvable group with no normal
subgroup of index 2 or 5 (by Hypothesis C applied to G/S). All such groups G can be checked
using GAP. O

4. MODULES AND THE ALMOST SIMPLE GROUPS

Theorem 4.1. Suppose that Gisa finite group having a unique minimal normal subgroup N
such that N is an irreducible Jiaithful module for G = G/N and G is one of the groups in the
list L defined in (1.1)). Then G does not satisfy Hypothesis C.

Proof. The proof is computational. In the computations, we used the character tables and
tables of marks from the GAP packages [Bre24] and [MNP24], respectively. The matrix
representations were taken from the Atlas of Group Representations [WWT™| or derived from
representations available there. Cohomology groups and group extensions were computed
using implementations in [Hol23, [GAP21] [OSC24]. Permutation representations of small
degrees of the group extensions were obtained using ideas from [Hul01], and [BCP97] was
used to compute the character tables.

By assumption, N is an irreducible faithful G-module of dimension n over a prime field F =
[F,, with p elements. Viewing Irr(N) as a vector space over F, we can identify it with the dual
module M = N*. By Clifford theory, each regular orbit of G on M yields an irreducible
character of degree |G| of G, see [[sa76l, Theorem 6.11]. Thus we are done if we show that G
has at least five regular orbits on M. We use the techniques from [FOS16] and [FMOW19] to
derive lower bounds for the number R(G, M) of regular orbits, as follows.

By construction, M is an irreducible faithful G-module of dimension n over F. Let P be a
set that contains one generator for each cyclic subgroup of prime order in G. Then

M = {v € M;|Stabg(v)| = 1} U | | Fixu(g)
geP
implies
|M| < |G| R(G, M)+ Y | Fixa(g)l-
geP

Let T denote the socle of G. For a nonidentity element g € G, define (g) to be the minimal
number of T-conjugates of g that generate (T, g), and set

r(G) = max{r(¢g);g € G, |g| # 1}.
Then [FOS16, Lemma 3.4] yields
dimp (Fixar(g)) < dimp(M)(1 —1/7(g)).

The values r(g) for the groups listed in the theorem are given by [FMOWT19, Theorem 1.3]
for sporadic simple groups, and have been computed directly for the other groups in question;
they can be read off from Table |1} in the following sense: We always have r(g) > 3 if g has
order 2, and r(g) > 2 otherwise; Table 1] lists all cases where the inequality is strict.
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G rig)=3 |rlgp=4 |r(g)=5
Ag 2A,2B,3A

Mao 2B

SU3(3) |34 24

McL 3A

O3 (2).3 | 3D,3E,3F | 3ABC 2A,2BCD

TABLE 1. Exceptional values of r(g).

It follows that

Gl R(G, M) > p = 3 pr1-1/m(@) > pn(-1/r(@) <pn/r(c) oy p|> ,
geP

Thus R(G, M) > 5 holds except for only finitely many pairs (p,n).
We define D(G) to be the smallest integer n such that

5G| > 2n(1-1/r(@) <2n/r<G> .y p,)

holds. Then R(G, M) > 5 holds for any G-module M of dimension larger than D(G) over a
finite prime field.

The Brauer characters of those irreducible G-modules M for which this crude estimate does
not suffice are listed in [JLPWO5] and (if the characteristic p does not divide |G|) in [CCNT85].
For each p’-element g, we can compute the exact value of dimp(Fixy/(g)) from the Brauer
character of M, which yields better estimates for R(G, M) and rules out many cases. The
modules for which this does not establish at least five regular orbits are listed in Table[2] Direct
computations with the table of marks of G and with matrices that describe the G-action on
M yield the orbit lengths. Finally, if this is not sufficient, we compute the possible extensions
G of G by N = M*, and verify directly that these groups G do not satisfy Hypothesis C.

For example, let G be the Thompson group Th. We have
r(G) =3 and |P| = 675176077 846 831,

thus p™/"(@) — |P| > 0 if n > 148 holds, and 2*/3(2%/3 — |P|) > 5|G| in this case; hence
D(G) = 148. Since the minimal degree of a nontrivial irreducible representation of G in any
characteristic is 248 (see [Jan05]), we have shown that the claim holds for the group Th.

For the group G = O (2).3, we compute D(G) = 113, thus the five modules listed in
Table 2l must be considered.

e The 24-dimensional representation over Fy is induced from O (2), thus we consider
the restriction of the possible group extensions (there are two, a split and a non-
split one) to the index 3 subgroup 224.07 (2). The 24-dimensional module splits as a
direct sum of three 8-dimensional ones, thus there are three factor groups 28.0;5(2),
which are permuted cyclically by the automorphism of order three. The groups
28.07 (2) (there are two, a split and a non-split one) have the character degree 2835
with multiplicity 6, which yields the degree 3 - 2835 with multiplicity at least 6 for
224,04 (2).3.

e The restriction of the 26-dimensional representation over Fy to Of (2) has a unique
orbit of length 1575 on the module. Hence also G has this orbit. We compute that
there is only one possible extension of G with the module, which is split, thus it is
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G DG | p| M| Ri(R2) | H? deg. || G D(G) | p M | Ri(Re) | H? deg.
As 45 2| 4a 1] +105% || Mag 68 | 2 11a 0 +239085%
4b 1| +1053 11b 1 42390852
6a 0 355 44a 69255
14a 2 210° 44b 69173
20a 37 3 22a 34
20b 37 SU3(3) 38| 2 6a 1| 1895, +3782
3| 7a 1 285 14a 0 25213
13a 23 3 3ab 0 2249
5| 7a 0 289 6ab 40
7| 7a (15) 7a 2| 6729 7568
11| 7a 240 5 6a 0 7568
13| 7a 1122 7b 0 1088
SL3(2) 18] 2] 3a 1 +212 7c 0 1088
3b 1 +212 7 6a 16
8a 0 247 || McL 77 | 2 22a 1 3118506
3| 6a 0 2124 3 21a (10)
3ab 0 4216 |7 Th 148 (none)
7| 3a 1 2414 |[7SL,(3) .3 24 [ 2 6a 1 63°
M1 30 | 2] 10a 1 555 12a 0 636
3| 5a 0| +1102 8a 0 366
5b 0 2205 8bc 34
10a 0 559 3 Ta 2 569
10b 5 Of (2).3 113 | 2 24a
10c 5 26a
Moo 64 | 2] 10a +11552 26bc
10b +11552 3 28a
3| 21a| 20241 3 48a
Mas 59 | 2] 11a 1] +2532
11b 0| +2533

TABLE 2. Modules to be considered.

enough to establish a big enough degree multiplicity among the ordinary irreducible
characters of the point stabilizer, which is an involution centralizer of order 331776.
This subgroup has the irreducible degree 16 with multiplicity 6, which yields multi-
plicity at least 6 for the degree 1575 - 16 in 226.07 (2).3.

e The restriction of the 52-dimensional representation over Fa to Oy (2) is twice the 26-
dimensional representation which we dealt with above. This restriction has 25493462
regular orbits, which is enough for Of (2).3.

e The restrictions of the G-representations of the degrees 28 and 48 over F3 to OF (2)
have 127877 and 457929531422105 regular orbits, which yields huge degree multiplic-
ities also for Oy (2).3.

In this case, we chose to work with restrictions to Og’(Q) since the table of marks of this simple
subgroup is available, but the table of marks for Oy (2).3 is not.

For the other groups G in question, Table |2 describes the arguments that exclude the
modules, as follows.

e The column with header p lists the characteristics for which at least one irreducible
FG-module M exists such that the character-theoretic lower bound for the number
of regular orbits is less than 5.

e The column with header M lists the irreducible modules to be considered. Names
consisting of an integer n followed by one letter a, b, etc. denote the first, second,
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etc. absolutely irreducible module of dimension n, names involving several letters
denote modules that decompose into a sum of the corresponding absolutely irreducible
modules of dimension n over an extension field; for example 3ab means a module that
is irreducible over the prime field with p elements, of dimension 6, and decomposes
into two absolutely irreducible modules over the field with p? elements.

e The column with header R;(R2) contains the number of regular orbits, provided this
number is at least 5, or in brackets the number of orbits of length |G|/2, provided
this number is at least 9. Note that each orbit of length |G|/2 corresponds to an
inertia subgroup which has only the character degrees 1 and 2, hence 9 orbits yield
one character degree with multiplicity at least 5.

The values in this column have been computed from the known table of marks of
G, together with matrix generators describing M.

e If the column R;(R2) does not exclude the module in question then the column with
header H? contains the dimension of the corresponding second cohomology group that
describes the possible group extensions, and the column with header deg. contains
a description of character degrees that exclude the module. In this column deg., the
entry d" means that the character degree d occurs with multiplicity n, and the entry
+d™ means that degree d occurs with multiplicity n for characters with indicator +.

O

5. NON-SOLVABLE GROUPS

Lemma 5.1. Let S be a non-abelian simple group and A = Aut(S). Then, there ezists a
non-principal character ¢ € Irr(S) having an extension ¢ € Irry(A).

Proof. If S is a simple group of Lie type, not isomorphic to 2F4(2)’, we let ¢ be the Steinberg
character of S. It is known ([Fei93, Theorem B]) that ¢ has an extension ¢ € Irry (Aut(S)).

For S = A,, n>5,n# 6 (As = PSL2(9)) we consider the (unique) character ¢ € Irr(A,,)
such that ¢(1) = n — 1; then it is well known that ¢ has an extension ¢ € Irry (Aut(S)).

If S is a sporadic simple group or the Tits group, we choose the unique ¢ € Irr(S) of degree
d, where the pairs (9, d) are as follows (see [CCNT85]):

(Mi1,11), (M2, 45), (Ma2, 55), (Mas, 22), (May, 23), (J1,209), (J2, 36), (J3,324), (J4,889111),
(Coy, 276), (Cog, 23), (Cog, 23), (Fige, 78), (Figg, 782), (Fib,, 8671), (HS, 22), (McL, 22), (He, 630),
(Ru, 406), (Suz,143), (O'N,10944), (HN,760), (Ly,45694), (Th, 248), (B, 4371), (M, 196883),
(2F4(2),78). O

For a finite set X and an integer 1 < k < |X|, we denote by

X = [y C X ||| =k}
the set consisting of the subsets of cardinality & of X. Given an action of a group GG on a set
X and a subset Y € X[¥| we denote by Gy = {g € G | Y9 = Y} the stabilizer of Y in the
natural action of G on X,

The following result will be useful in dealing with some of the cases arising in the proof of
Theorem A.

Lemma 5.2. Let G be a finite group and let M be a non-solvable minimal normal subgroup
of G such that Cg(M) = 1. Writing M = Sy x So X - -+ X Sy, with S; isomorphic non-abelian
simple groups, we consider the action of G on X = {1,2,...,n} defined, forg € G andi € X,
by
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If G satisfies Hypothesis C, then
(a) For every non-empty Y C X, either Gy is a perfect group or |Gy : Gy| = 3.
(b) For every 1 < k <n, the orbits of G on X¥ have distinct sizes.

Proof. Let X = {1,2,...,n}, S =57 and A = Aut(S). Since Cq(M) = 1, G is isomorphic
to a subgroup of Aut(M). Hence, we can identify G with a subgroup of the wreath product
W = A Sym(X) (J[Rob93l 3.3.20]) and the action of W on X, defined by Sjw = (S;)" for
w € W and ¢ € X, extends the action of G on X. As M is a minimal normal subgroup of
G, G acts transitively on X and hence there exist elements z1 = 1,2, ...,2, € G such that
S; = S%. So, the base group of W is B = A; x Ay X --- X A,,, where A; = A%,

By Lemma there exists a character ¢ € Irry (S) having an extension b e Irr4 (A). So,
bi = ¢t € Irry (4;) extends ¢; = ¢%i € Irr(.S;), for every i € X.

Let Y be a non-empty subset of X. We consider the character

9:Ha¢61rr(M), Whereai:{l fic Xy
S; I 17 AN .

1€X
Hence, the character
b ifieY

= ; € Irr(B), h P =
v=]1] 6 emm(B), where 5 {1Ai ifie XY

i€X
is an extension of # to B and ¢ € Irr (B).
By [Hup98, Lemma 25.5(a)], the set stabilizer Wy coincides with the inertia subgroup
Iy (v). Hence, as each character (3; is afforded by a real representation of A;, the argument
used in the proof of [Hup98, Lemma 25.5(b)] shows that ¢ has an extension ¢ € Irr, (Wy).
Since 6 = vy, we have Wy = Iy (¢0) < Iy (0). On the other hand, if w € Iy (0), then w
normalizes ker(0) = [[;cx.y Si and hence w € Wx.y = Wy. Therefore, Wy = Iy (6) and

Gy =GNWy =GN 1w (0) = Ig(0).

Let 0 = IZJGY be the restriction of ¥ to Gy. As fy; = ¢y = 0 € Irr(M), 6 is an irreducible
character of Gy and, since ¢ € Irry (Wy), we deduce that 6 € Irry (Gy).

Now, if |Gy /GY| is even, then there exists a linear character A of Gy such that o()\) = 2.
Hence, by Gallagher’s theorem and [Isa76, Lemma 4.8] 0 and A are distinct characters in
Irr, (Gy), and by Clifford correspondence §¢ and (A0)C are distinct characters of the same
degree in Irry (G), against Hypothesis C.

On the other hand, if |Gy /G| > 5, then Clifford correspondence yields at least five

characters of the same degree in Trr(G|6), a contradiction again. Hence, |Gy : G}| € {1,3}
and part (a) is proved.

So far, we have shown that for every non-empty subset Y of X there exists a character
Xy € Irr; (G) such that

(5.1) xv (1) = ¢(MMG : Gy |.
Moreover, the irreducible constituents of the restriction of yy to M have kernels of the form
II s
1i€eX\Y9

for some g € G. Hence, if Y7,Ys € X (1 < k < n) are sets belonging to different G-orbits,
then xy; # Xxvs-
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As |G : Gy| is the size of the orbit of Y € X* in the action of G on X[, part (b) follows
immediately from (5.1)) and Hypothesis C. O

Theorem 5.3. If G is a non-solvable group and G satisfies Hypothesis C, then G is one of
the groups in the list L defined in (1.1]).

Proof. We work by induction on |G]|.

(I) We first assume that there exists a non-solvable minimal normal subgroup M of G, and
we start by showing that Co(M) = 1.

Suppose, working by contradiction, that C' = Cg(M) # 1. Let Cp be a minimal normal
subgroup of G, with Cy < C. As G/C) is non-solvable and satisfies Hypothesis C, by induction
G/Cy is a group in L. In particular, G/Cy is almost-simple, so C' = Cj is minimal normal in
G, G/C has socle MC/C = M and |G : MC| € {1, 3}.

Assuming G = M x C, then C = G/M satisfies Hypothesis C. If C'is solvable, then C' = (3
and hence, as M (by direct inspection of the socles of the groups in £ or by [BCH92, Lemma
1]) has at least two irreducible characters with the same degree, G has at least six irreducible
characters with the same degree, a contradiction. Hence, both M and C are simple groups
belonging to the list £. We observe that M and C are non-isomorphic, as otherwise G has
irreducible characters with the same degree and Frobenius—Schur indicator, but with different
kernels, a contradiction. Every simple group in £, except for SL3(2), Mag, McL and Th, has
three irreducible characters with the same degree and, as G cannot have six characters of the
same degree, we deduce that M and C' are (non-isomorphic) groups belonging to the sublist
{SL3(2), Mag, McL, Th}. Now, one checks that for each of the six possibilities for G = M x C,
Irr(G) contains four non-real characters with the same degree, against Hypothesis C.

Assuming instead that |G : MC| = 3, then either M = PSLy(8) or M = OZ(2). Hence,
there are three characters ¢1, @2, 3 € Irr(M) with the same degree, that are transitively
permuted by the outer automorphism group of order 3 of M. So, for every 6 € Irr(C),
Ic(¢i x 0) = MC and hence (¢; x 0)¢ € Irr(G). If M =2 SLy(8), ¢i(1) = 7 and ¢; is non-real,
while if M = Of (2), ¢i(1) = 35 and ¢; is real, for i = 1,2,3. We observe that G/M satisfies
Hypothesis C and that CM /M is a minimal normal subgroup of index three of G/M. If C
is solvable, then by Theorem either G/M = C7 x C3 and C = Cr, or G/M = A4 and
C = Cy x Cy. If C is non-solvable, then by induction either C' 2 PSLy(8) or C = OF (2).
In any case, there are at least three characters 61,602,605 € Irr(C) having the same degree
and either all non-real or all real. It follows that the characters ¢; x 0;, for 1 < ¢,5 < 3,
are either nine non-real, or nine real, irreducible characters with the same degree of MC.
As Ig(¢s x 85) = MC, recalling [IN12, Lemma 2.1] we conclude that G has either at least
three non-real, or at least three real, irreducible characters with the same degree, against
Hypothesis C.

So far, we have proved that Cg(M) = 1 and hence M is the only minimal normal subgroup
of G. Writing
M =5 x---x.5,,

with S; ~ S isomorphic non-abelian simple groups, we define

n
N = (Nq(Si), and H = G/N.
i=1
So, H is a transitive permutation group on X = {1,...,n}. If n = 1, then G is an almost
simple group and G € £ by Theorem [3.1] We now assume, aiming at a contradiction, that
n # 1. We observe that then, in particular, H # 1. We have two cases.
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H 07 X 03 023 X (07 X 03) A4 SL2(3) 03? D! SL2(3> 052 X SL2(3>

N(H) {7} {8,14,56} {4} {8} {9,72} {25,200}

W(H) | {7,21} | {8,14,56,168} | {4,12} | {8,24} | {9,72,216} | {25,200, 600}
TABLE 3.

(I.a) We first assume that G/M is solvable. Hence, for every non-empty subset Y of X,
by part (a) of Lemmaeither Gy = M or [Gy : G%] = 3. By Theorem both G/M and
H = G/N belong to the list

S= {C3,C7 x C3,(Ca x Cy x Ca) x (C7 x Cs), Ay,
SLQ(S), (03 X Cg) X SL2(3), (05 X 05) b SLQ(S)}.

We remark that, as Hy is a quotient of Gy,
(5.2) forall Y C X,Y # @, either Hy =1 or |Hy: Hy|=3.

Let L = H,, for some x € X, be a point stabilizer in H; so n = |X| = |H : L|. We first
show that H does not act regularly on X, i.e. that L # 1. To prove this, we assume that
H acts regularly on X and we consider a subset Y = {z1,29} € X 2l For h € Hy, then h?
fixes x;, for i = 1,2, so h?> = 1. It follows that Hy is an elementary abelian group, and hence
Hy =1 by . Thus, H has (n — 1)/2 orbits of size n on X and part (b) of Lemma
yields n = 3 and H = C5. Moreover, as G/M € S and Gy /M = N/M, part (a) of Lemma5.2|
implies that N = M. In particular, for every a € Irr(S), a x a X a € Irr(M) has three
extensions to Irr(G). Since S has at least two irreducible characters with the same degree
by [BCH92, Lemma 1], then G has at least six irreducible characters with the same degree, a
contradiction.

Hence, L # 1 and, as H acts faithfully on X, the normal core Ly of L in H is trivial.
Recalling that L < H since n # 1 and that |L/L’| = 3 by (5.2), we conclude that

|X| e N(H) = {]H:L! |14 L < H,|L/L'|=3and Ly = 1}.
In order to reduce the number of cases for the relevant transitive actions of the groups in S,
we introduce the set

W(H)={|H:T||T < H and |T/T'| = 3} U {|H|}

and we claim that, for every 0 < k < n, the size |H : Hy| of the H-orbit of ¥ € X* belongs
to W(H). In fact, Hy < H as H is transitive on X and Y # X, so the claim follows by (5.2).

Thus, recalling that n = |X| € N(H), part (b) of Lemma [5.2| yields that, for every k such
that 0 < k < n,

(5.3) | X F] = <Z> is a sum of distinct elements of W (H).

Since H 2 (3 as H acts non-regularly on X, the triples (H, N(H), W (H)) are listed in
Table [Bl

One easily checks that is not satisfied for k = 3 if H = C7 x (3, while it is not satisfied
for kK = 2 in all other cases, a contradiction.

(I.b) We assume now that G/M is non-solvable. Since G/M satisfies Hypothesis C, by
induction G/M € L. We observe that N/M, being isomorphic to a subgroup of a direct
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H Ag PSL3(2) M11 M22 M23 M24 PSL2(8)3

b([H]) 18 8 6] 22| 28] 32 14

Ni(H) [ {8,135} | {7,8} | (11,12} | {22} [ {23} | {243 {9
TABLE 4.

product of outer automorphism groups of a simple group, is a solvable normal subgroup of
G/M. Hence, N =M and H = G/M.
In order to reduce the number of cases for the action of H on X, we consider the function

b(\H|):maX{a€d(|HD| ) dZ<L§J>}

1#ded(|H|)
where d(|H|) is the set of the positive divisors of |H|. By the orbit formula and part (b) of
Lemma setting m = L@J, |X ™| is a sum of distinct elements (orbit sizes) d; € d(|H|).
Moreover, every d; # 1, because H has no fixed points in X ™ since H is transitive on X and
0<m<|X].
We deduce that | X| < b(]H|) and hence | X| belongs to the set

Ni(H)={c-|H:L||c€ Zy,L is a maximal subgroup of H and c¢- |H : L| < b(|H|)}.

We remark that, for H € £, both b(|H|) and N;(H) can be computed using the information
in [CCNT85| and that the set stabilizers Hy for the relevant actions of H on X for | X| e
Ni(H) and 0 < k < | X/, can be computed in [GAP21]. In particular, we get that N1 (H) = @
for

H € {SU;3(3), McL, Th, Of (2).3}.
For the remaining cases, we refer to Table

For (H,|X|) € {(PSL3(2),7), (Mj1,11), (M11,12)} and Y = {z} C X, Hy has a quotient
of order 2, a contradiction by part (a) of Lemma In all other cases, for Y € X2, Hy has
a quotient of order 2, again a contradiction.

(I1.) We can now assume that G has no non-solvable minimal normal subgroups. So, M
is solvable and G/M is a non-solvable group that satisfies Hypothesis C. Hence, by induction
G/M is an almost-simple group belonging to the list £. Let K/M be the socle of G/M.

We observe that M < K’. In fact, K'M/M = (K/M) = K/M, hence K = K'M, and
K' <9 G,s0if M £ K', then MN K’ =1 and K’ 2 K/M is a non-solvable minimal normal
subgroup of G, a contradiction.

If M < Cq(M), then M < Z(K) and hence K is a quotient of the Schur cover of K/M. If
G = K, i.e. G/M is a simple group in £, by direct inspection using [CCNT85|, we see that
all the groups arising in this way do not satisfy Hypothesis C. Since the Schur multiplier of
SLy(8) is trivial, the only case left is G/M = Of (2).3. Hence, |M| = 22 (as the non-trivial
elements of the Schur multiplier of Oér(Q) are transitively permuted by the subgroup of order
three of its outer automorphism group) and G has three real irreducible characters of degree
3024, a contradiction.

Therefore, M is the unique minimal normal subgroup of G and it is a faithful non-trivial
irreducible G/M-module. Hence, an application of Theorem gives the final contradiction,
concluding the proof. O

Now Theorem A follows immediately from Theorem [2.5] and Theorem [5.3]
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