
 Genus 2 Surface with a Dessin
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This doodle on a genus 2 surface topologically determines
a degree 16 branched covering of the sphere ramified

over 3 points
Riemann Any topological branched cover of the sphere
described by a doodle like this can be upgraded to

a meromorphic function on a Riemann surface and an

algebraic map between algebraic curves IC

Claim Any algebraic curve E with a map file Ptc
branched over Q rat'l pts can be defined over 0T
Sketch G Gal Q acts on on f and fixes critical valves

Suffices to show that up to an ant of the cover f has

finite G orbit

Action preserves monodromy group and ramification type
But not necessarily monodromy action
only fin many possibilities
suffices to show stabilizer of isom class has finite orbit

If E has genus 2 Ant E finite



If E has genus O can choose coordinates to assume

0 I as among critical points

Viv tie
Ptc p S f

l determined bywhich f Ifscritical points of f
get sent to o i as REQ

fin many options V
If has genus I can choose words w least

one rat'e point e.g Weierstrass eqn say E E

elliptic curve w rat't identityI gE E LIP a P t Q a cMyUMG
f 9 I determined up to fin many options

P Ch by which critical pet of C maps to

the identity
Dld

Grothendieck Stetch of a Program
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Thin Belyi 1979 Let X be a compact Rs Then

X E El A if and only if there exists a meromorphic

function f X IP'fG with critical values e o 1,003

Pf of remaining direction

Suppose f P El defined over

Idea Post compose w rational functions that compress
critical values into o 1,03

1 Compress to Ku Eos critical values

Let V E P be the crit vats of f let it
be union of all Galois conjugates of V

gex IT X o e QCx3
her

crit vals of got closed under Galois
so can assume f has this property A



Say f has a rat'd crit rats and e irratil crit Vals V

Let hoxie Ix d e Cx
by es

de ghee so has c e irrat't crit vats

crit vats of hot crit vats of h uh crit vatsof f

i hot has Ce irrat't crit vats

Proceed inductively till we get F E P't
w all ra't't crit als now clear denoms

2 Clever Mysterious Trick

Say M Mr mid ER are the finite crit Vals off

RIX Tfx mifi e e 7L indeterminate

Idea Choose e so that m are the only finite

critical points

CE m x m Ix m2 X Md

Can solve explicitly for integral ei partial fractions

crit vats of ro f E crit vats of CX E o I as

DMB



Realizing curves over 0T as modular curves

Barycentric subdivision
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f play
b

q of C Ptc

All green fibers have ran 8 Ptc Ip're
index 3 all blue fibers have quotientby Sz
ram index 2

Monodromy action factors
8 r

z

through modular group PSLzrzy
it f branched over us

Hence the map described by this picture factors the

j invariant map j pfe

One last word from Grothendieck


