
 

Fermat Hypersurface

Weil
considers A X t tar XI attrmibefthfftoHasse Davenport Hardy Littlewood

Counts the number of solutions in termsof Gauss sums

Main idea use characters both additive multiplicative

Exploitthesymmetry of thehypersurface Uselinearity

Gauss Sums X multiplicative character to additivecharacter
G X t E Xcx then
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Gqd XoNorm t GqxHd fDd

simplify take a ni n Then we can consider both the affine
and projective variety

Affine case exileHq aix b

Think of this as a function of b

I e we have ameasurefunctionD on Itf thatassigns b Sans Eaix _b
Xi aiXin
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D is the pushforwardmeasure
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D is generated in 3 steps

rt rt

Art µ IA IA
i Gin Exit aixi Xi1 Xi

step 1 2 are multiplicative step3 additive

Step't rt case

xn x ax

Fg Fg Eq

0 if x isnotannthpower
f 1 1 1 1 it x o

NnEg if is an nthpower
in

godgin

Then we have

f 1 1 E X
where 2101 0 it X nontrivial

X if't
Xtrir I

a characterof
orderor

if z nota nthpower then E X Z is a IIIoffunity vanishes

otherwise get gcdlgi.nl

Step2 still rt case

Let X be a character

fz Xlt X a t Ica Xlt
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fz f I III Tiki Xi Icao Itai fo xn

Step 3 By linearity suffice to consider fz Xo o X b E TWH
b got r

But considered as functions this is just theconvolution

Xo X Xo Xr
Define SXi x o

Solutions E Icao Icar Sheil
x xn
liq
degn

To compute convolution use fourier transform

Xo Xr F f fXo FXr

Fourier Transform

Fix 4 Ifp additive character

Fyffllt q
t Fltrlt E g It g qgHtlTrltx IgFp

Fµ X t
q
Xcx Fltrlt y p

Xly Itt Itt XTHGCX.tl it to

Ff µ
Itt 454 it X nontrivial Here Solti I i'In e
qof it X trivial

Rmk Applying Ff Fp weseethat Xlt GC H Xlt thisproductis1
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q do it all Xi aretrivial
W Fl

0 if thereisat least1 trivial t nontrivial Xi

Ti GXi F II It
otherwise

9 if all Xi aretrivialsuit it i
tl.iTGlxi.H if it Xi trivial
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formula for
WC aix 0 Toget the formula fortheprojective

hypersurface dividebyq1

CohomologydFermat Hypersurface

X IVdont xin a IF
Forany smooth projective hypersurface

Hi Ipn Hi X is an isomorphism for ie o nD uEn2n23

Weak Lefschetz t Poincare Duality

H T x H cxy.in ypy
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Roots of unity Nn acts on X byEgil Exo xD Ezox zrxn

A character aunt It Xo Xr X ItmInent
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1 if II Xi trivial

dimCH X
xr

O otherwise

Thm If I yn HE is a finitefield containing all roots ofunity

then order n characters of 1Fg correspond bijectivelywith characters of µn Andwehave

Trfrob.lttiixpo.ci tIoaxi.tTq

ProofSketch Apply the twisted Grothendieck Lefschetz trace formula

akin
Art Art local system correspondingtocharacter
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Actually thesecond theorem a chernclasscomputation of dim HTX
implies the first theorem Alltheeigenspaces ofpetare nonzero and Icyiie q.o Eg on

isthesame asthisdimension

Example X3ty3 2
3 0 fermat Elliptic curve EE 1102

H E I H El HElse
say p l mods
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GflIp is agenerator of Q for pZG QQ2

narrows it down to oneof belts


