Quiz #3. Solutions

Problem 1. This problem deals with the function f(z) = log(1 + x).
(a) Prove (carefully) by induction that f((z) = S 0=l for all no> 1.

(1taz)
Solution: The base case n = 1 is clear: f'(z) = % Now suppose that
f)(z) = % for some n. Then f*1(2) is equal to
n—1 —n\/ __ n—1 —(n+1) _ (_1)nn|
(=D)" =11 +2)™) = (=1)" (n=1)(=n)(1+2) "+ = Ax o)t

(b) Let P, be the n'™™ Taylor polynomial of f centered at 0. Prove that
Py(x) =Y B0k

k=1

Solution: By part (a), we have f(kk)!(o) = (_I)k_kll(k_l)! = (_ll)j_l.

(c) Let R, = f — P, be the n'" remainder term. Use the integral form of R,
to show that

/ 1—i—t”+1 —t)"dt (% % %)

0
Solution: We have

n+1 _
f (z—t)" (x=1)" T—t)" dt.
1 + t n+1 ’I’L. 1 + t n+1

0

(d) Deduce from (c) that |R,(z)| < HH y for all 2 > 0. What can you about
|R,(x)| for z < 0, based on (***)?

Solution: If x > 0, then |R,(x)| = IW f n+1 (x—t)"dt.
0

When t € [0, x], we clearly have ———— < 1. Therefore,

(1+t)

T

| R (2)] < /(x — )" dt = —

0

n-—+1

(x —t)th = x

n+1

t=0 n+1

When z < 0, we can only say that (Htl)nﬂ < (Hl})nﬂ, and similar argument
xn+1

(be careful with absolute values) yields |R,(x)| < i arayr- Lhis is not a
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good upper bound when z is close to —1; a much better bound follows from
formula (1!!) (see below).

As stated in the problem, there is another formula for the remainder term

tn
Ro(x) = /(—1)” dt un
which yields a better bound for R,,(z) when —1 < z < 0, (!!!) namely

[ B (2)] <
(see Problem 20.11)

(e) Deduce the formula () from (***) using integration techniques as fol-
lows: write % as %th (f—;:ﬁ)n and make a sub u = {7;. Then solve the
last equation for ¢, compute dt in terms of du, and substitute in (***).

Solution: If u = 1+t, then ¢ = T = % — 1, and therefore dt = (fful du.

Note that ¢ = 0 corresponds to u = x, and ¢ = x corresponds to v = 0 (limits

|x|n+1

(I1+x)(n+1)

when —1<z<0 (+++).

of integration are switched). Therefore,

x 0 x
Rn(x) = Of(—l)" 1Jlrt (1+t) dt = f(_l)n:%rqfun ( (lgiru1 du) = J(_1>nﬁ_u du,

xX
which is what we wanted to prove.

(f) Use formula (!!!) and the corresponding bounds for |R,(z)| to approxi-
mate log(2) with accuracy 1072 by evaluating the 5™ Taylor polynomial of
f(z) =log(1+ ).

Solution: If we try to approximate log(2) by plugging x = 1 into Taylor
polynomials of log(1 + z), we would need 100" polynomial to get accuracy
1072, Instead we use the fact that log(2) = —log(1/2). To approximate
log(1/2) we plug x = —1/2 into Taylor polynomials of log(1 + z). If we
use 5t Taylor polynomial then according to (+++), the error we get is

|R.(—1/2)] < iﬁ‘ which is clearly less then 1072

5 5
Therefore, log(2) &~ —Ps(3) = — > (—1)*~ 1(= 1/2 Z o

k=1
(g) (BONUS): find as good an approximattion for log(2) as you can by eval-
uating the 5" Taylor polynomial of log(1 + z) at several points (use a trick
similar to Problem 20.6).



Solution: The idea is to write 2 as a product of rational numbers all of

4.3 — 43 Therefore,

which are close to 1. For instance, we can write 2 = 3 - 3 = 3 3

log 2 = log(4/3) —log(2/3). To approximate log(4/3) (respectively, log(2/3))
we plug in 1/3 (respectively, —1/3) into Taylor polynomials of log(1 + z).
Since both 1/3 and —1/3 are close to 0, error terms go to 0 very fast.

An even better approximation is given by the formula
log 2 = 2log(24/25) + 310g(9/8) — 41og(9/10).

This formula does not come from the sky, but its (more or less) natural
derivation is based on some linear algebra.

Problem 2. Let {a,} be a non-decreasing sequence which has a convergent
subsequence {a,, }32,. Prove that the entire sequence {a,} converges.

Solution: Since {a,} is a non-decreasing sequence, to prove that it converges,
we only need to show that {a,} is bounded above (Theorem 22.2).

We know that the subsequence {a,, } is bounded since it is convegrent, and
let L = sup{ay, : k € N}. We claim that L is also the upper bound for {a,}
(this will finish the proof).

Suppose the opposite: 4 n € N such that a,, > L. Choose any k such that
ny > n. Since {a,} is nondecreasing, we have a,, > a, > L. This contradicts
the definition of L as the upper bound for the subsequence {a,, } C.



