CHAPTER 4

Global Theory: Chiral Homology

Yurnoehuk ymupaem, 1 opdena ezo
0CMAOMCT HA NUUE 3EMAU.

Kosvma Ilpymxos,
“Mucau u Apopuamun”, 18601

4.1. The cookware

This section collects some utensils and implements needed for the construction
of chiral homology. A sensible reader should skip it, returning to the material when
necessary.

Here is the inventory together with a brief comment on the employment mode.

(i) In 4.1.1-4.1.2 we consider homotopy direct limits of complexes and discuss
their multiplicative properties. The material will be used in 4.2 where the de Rham
complex of a D-module on Ran’s space R(X) is defined as the homotopy direct
limit of de Rham complexes of the corresponding D-modules on all the X™’s with
respect to the family of all diagonal embeddings. See [BK], [Se].

(ii) In 4.1.3 and 4.1.4 we discuss the notion of the Dolbeault algebra which is an
algebraic version of the d-resolution. Dolbeault resolutions are functorial and have
nice multiplicative properties, so they are very convenient for computing the global
de Rham cohomology of D-modules on R(X), in particular, the chiral homology
of chiral algebras. An important example of Dolbeault algebras comes from the
Thom-Sullivan construction; see [HS] §4.

(iii) In 4.1.5 we recall the definitions of semi-free DG modules, semi-free com-
mutative DG algebras, and the cotangent complex following [H] (see also [Dr1] and
[KrM]). The original construction of the cotangent complex, due to Grothendieck
[Grl], [I1], was performed in the setting of simplicial algebras. We follow the DG
setting of [H] (using the notation “Qp instead of the standard Lpy).

(iv) Sections 4.1.6 and 4.1.7 deal with Batalin-Vilkovisky algebras and the
corresponding homotopy categories. BV algebras are “quantum deformations” of
odd Poisson (alias braid, alias Gerstenhaber) algebras. We will see in 4.3.1 that
chiral chain complexes of, respectively, commutative D x-algebras, coisson algebras,
and general chiral algebras are naturally commutative DG algebras, odd Poisson
algebras, and BV algebras. For a more lively account, see, e.g., [Ge] and [Schw].

(v) A typical example of BV algebra is the Chevalley homology complex of a
Lie algebra; from the BV viewpoint it is the BV envelope of the Lie algebra (see
4.1.8). In 4.1.9-4.1.10 we explain what BV envelopes of Lie algebroids are. To

T “A civil servant dies, and regalia of his stay on the face of the earth.” Koz’ma Proutkoff,
“Thoughts and Aphorisms”, 1860.
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276 4. GLOBAL THEORY: CHIRAL HOMOLOGY

define it, an extra structure — that of the BV extension — is needed. The situation
is parallel to that of chiral envelopes from 3.9; we will see in 4.8 that the chiral
homology functor transforms chiral envelopes to BV envelopes. The homotopy
properties of this construction are discussed in 4.1.11 and 4.1.12; in 4.1.13 we prove
a technical statement (to be used in 4.1.18) asserting that while considering BV Lie
R-algebroids from the homotopy point of view, one can change R at will by any
cofibrant representative in its homotopy class.

If R is a plain commutative algebra (i.e., a DG algebra sitting in degree 0) and
L a plain Lie R-algebroid, then BV extensions of L are the same as right L-module
structures on R. Then the BV envelope is the de Rham-Chevalley complex for this
L-module (see 2.9.1); as a mere graded algebra it equals Sym(L[1]). They were
considered in [Kos] (the case of the tangent algebroid), [Hue], [X], and (under the
name of Calabi-Yau or vertex 0-algebroid structures) in §11 of [GMS2].

(vi) In 4.1.14 and 4.1.15 we consider homotopy unital commutative algebras
and BV algebras and show that the corresponding homotopy categories are the
same as the homotopy categories of the corresponding strictly unital objects. We
need this material since the chiral chain complexes of unital chiral algebras are
naturally homotopy unital BV algebras (not the strict ones); see 4.3.4.

(vii) In 4.1.16-4.1.18 we discuss perfect complexes, perfect commutative DG
algebras, and perfect BV algebras. Perfect commutative algebras are immediate
counterparts in the homotopy DG world of the usual smooth algebras, and perfect
BV algebras correspond to de Rham complexes for a flat connection on the line
bundle w™!. The cohomology of a perfect BV algebra is finite-dimensional. We
show in 4.6.9 that the chiral homology of a (very) smooth commutative D x-algebra
is a perfect commutative algebra, and that of a cdo is a perfect BV algebra (see
4.8.5).

We refer to [CFK] for a geometric discussion of commutative DG algebras
supported in non-positive degrees. The perfectness property for commutative DG
algebras should be compared with a much stronger (and deeper) condition on a DG
algebra F' — perfectness of F' as an F'® F-bimodule — introduced by M. Kontsevich
(the latter property makes sense for arbitrary associative DG algebras).

4.1.1. Homotopy direct limits. Below A is a category which we tacitly
assume to be closed under direct sums of sufficiently high cardinality.

(i) Let B be a simplicial set. So for every n > 0 we have a set B,, and for every
monotonous map of intervals a : [0,... ,m] — [0,... ,n] we have the corresponding
map 9, : B, — B,, compatible with the composition of the «’s.

Denote by C(B, A) the category of homology type coefficient systems on B with
coefficients in A. Thus F' € C(B,A) is a rule that assigns to every simplex b € B,,
an object F, € A and to every a as above a morphism 9, = 8% : F, — Fa, o)
compatible with the composition of the a’s.

Denote by C,4(A) the category of simplicial objects in A. We have a functor

(4.1.1.1) Cs : C(B,A) — C4(A)
where Cs(F),, := @ F} and the structure maps 0, : Cs(F),, — Cs(F),, are direct
beB,

sums of the corresponding morphisms 9.

(ii) Let P be a small category. It yields a simplicial set BP (the classifying
simplicial set; see [Se] or [Q3]); an n-simplex p € BP,, is a diagram (pg — -+ — pn)
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in P. Consider the category Fun(P,A) of functors F : P — A, p — F,. There is a
fully faithful embedding

(4.1.1.2) Fun(P,A) — C(BP, A)

=F

which identifies a functor F' with the system F{ o

Po—-—pn)

(iii) Suppose that A is a k-category. Let C(A) be the category of complexes in
A. By Dold-Puppe one has the fully faithful embedding

(4.1.1.3) Norm : Cs5(A) — C(A)

which identifies C(A) with the full subcategory of complexes having degrees < 0.

(iv) Suppose that A is a DG (super) k-category.! We have the functor tot :
C(A) — A which sends a complex C' = (C",d) to an object tot C' € A such that
tot C = ®@C™[—n] as a plain object without differential; the structure differential is
the sum of d and the structure differentials of C™[—n]. Set

(4.1.1.4) Norm := tot Norm : C5(A) — A

For F € C(B,A) as in (i) set C(B, F) := Norm Cs(B, F). For a functor F :
P — A asin (ii) set C(P, F) := C(BP, F); this is the homotopy direct P-limit of F.

Notice that the DG structure on A yields DG structures on all the above
categories, and (4.1.1.1)—(4.1.1.4) are DG functors.

REMARK. Suppose that A = C(B) for an abelian category B. Let lim F' €
C(B) be the plain direct P-limit of F. There is an obvious canonical morphism of
complexes C(P, F) — lim F'. If F' takes values in B C A, then the complex C(P, F)
has degrees < 0 and the above morphism yields an isomorphism H°C(P,F) =
lim F.

EXERCISE. Let S € P be an object such that the group G := Aut P acts
freely on every set Hom(S,T), T € P. Let A € A be an object equipped with an
Aut S-action, and let F' =Ind A be the corresponding induced functor, F(T') :=
A[Hom(S,T)]g. Then the complex C(P,F) computes the homology of G with
coefficients in A. In particular, if G is finite and we are dealing with k-categories
where k is a field of characteristic 0, then the map C(P,F) — lmF = Ag is a
quasi-isomorphism.

4.1.2. Operations. From now on A is a pseudo-tensor category; we assume
that direct sums in A are compatible with operations.?

(i) Consider the category of k-modules. This is a tensor category, so both
categories of simplicial k-modules and k-complexes are tensor categories. Norm is
not a tensor functor. However for any finite set of simplicial k-modules N; there is
a canonical functorial morphism of complexes

(4.1.2.1) c = cqn,y : @Norm(N;) — Norm(®N;)

'We always assume A to be pretriangulated (the cones of morphisms are well defined, see
[BoKa] or [Dr1]) and closed under appropriate direct limits.
2Te., Pr({ 8, Fui},G) = [1 Pr({Fui}, G).
@ 3
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which equals idgy, if the N; are constant simplicial k-modules;? such a c is unique.
According to 1.1.6(ii), this makes Norm a pseudo-tensor functor.*

Now if € is any pseudo-tensor simplicial k-category, we define its normalization
as a pseudo-tensor DG k-category Norm € having the same objects as € and op-
erations PN € .= Norm P®. The composition of operation is defined using the
above c.

REMARKS. (a) The plain k-categories corresponding to € and Norm € coincide.
(b) Morphisms (4.1.2.1) are homotopy equivalences of complexes.

(ii) Cs(A) is a simplicial pseudo-tensor catregory. Namely, for F;, G € C(A)
the simplicial set Pr({F;}, G)s is defined as follows. Consider P := Pr({Fi.}, Gp);
they form a cosimplicial-simplicial set P. Our P;({F;},G); is the corresponding
total simplicial set Tot P (for the definition of Tot see, e.g., [BK]).

REMARK. If A is a tensor category, then Cg(A) has an obvious structure of
a tensor simplicial category. The above pseudo-tensor simplicial structure comes
from this tensor simplicial structure.

(iii) If A is a pseudo-tensor k-category, then C(A) is a pseudo-tensor DG k-
category. The normalization functor extends in the obvious way to a pseudo-tensor
DG functor

(4.1.2.2) Norm : NormCs(A) — C(A).

(iv) Assume that A is a pseudo-tensor DG (super) k-category. Then the cate-
gories in (4.1.2.2) are bi-DG categories and Norm is a pseudo-tensor bi-DG functor.
Let us consider them as DG categories (with respect to the total grading and dif-
ferential).

The functor tot: C(A) — A is a pseudo-tensor DG functor in the obvious way.
We get a pseudo-tensor DG functor

(4.1.2.3) Norm := tot Norm : C5(A) — A.

4.1.3. Dolbeault algebras. Below “scheme” means “k-scheme” where k is
our base field of characteristic 0.

DEFINITION. Let X be a scheme. A Dolbeault Ox -algebra is a commutative
unital DG O x-algebra Q, quasi-coherent as an O x-module, such that:

(a) The structure morphism O x 2 Q is a quasi-isomorphism.

(b) Q is homotopically Ox-flat (see 2.1.1).

(c) Spec Q° is an affine scheme.

By (c) for each O x-quasi-coherent Q-module N one has I'(X, N) — RI[(X, N).

A Dolbeault D x -algebra is a DG D x-algebra which is a Dolbeault O x-algebra.

LEMMA. If X is separated and quasi-compact, then it admits a Dolbeault O x -
algebra. If, in addition, X is smooth, then it admits a Dolbeault D x -algebra.

Proof. We present two constructions; for the second one X has to be quasi-
projective. In both situations the Dolbeault algebras we define satisfy Q<0 = 0.
(i) Let us begin with the Thom-Sullivan construction (see [HS] §4).

3Which amounts to the fact that the Norm(N;) are complexes supported in degree 0.
4The associativity diagram from 1.1.6(ii) for 7 = Norm, v = ¢ is commutative due to the
uniqueness property of c.
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For a finite set I we denote by A; the subscheme of A’ defined by the equation
Yt; = 1. Let Q7 :=T(A;, DRa,) be the de Rham algebra of Ay; this is a resolution
of k. For any I' C I we have an evident embedding A, C Ay, hence a projection
Qr — Qp.

Choose a finite affine covering {Us}, s € S, of X. For a non-empty subset [ C S
we have an affine embedding j; : Uy := [ U; — X. Our Q is a subalgebra of the DG

iel
algebra [] jr«Ou, ® Qr which consists of those collections (f7) that for every I’ C T
I

the images of f]/, f] under the maps jI'*OUﬂ QRO — jI*OUI QRO — jI*OUI 2297}
coincide.

It follows easily from [HS] 4.1 that Q is a Dolbeault O x-algebra. If X is smooth,
then it is a D x-algebra in the evident way.

EXERCISE. If X is a projective curve, then the O x-algebra QU is not finitely
generated.

(ii) Here is another construction. We suppose that X is quasi-projective. The
Dolbeault algebras we will construct have the property that each Q' is a locally free
O x-module.

Let 7 : Y — X be a Jouanolou map; i.e., Y is a torsor over X with respect to
an action of some vector bundle such that Y is an affine scheme.® Consider now the
relative de Rham complex DR(Y/X). It is clear that Q := 7. DRy, x is a Dolbeault
O x-algebra.

Suppose X is smooth. Then the jet algebra JQ = DR(JQ°/0x )¢ (see 2.3.2) is
a Dolbeault D x-algebra. Indeed, it obviously satisfies conditions (a) and (b), and
condition (c) follows since the morphism Spec JQ° = JY — Y is affine. O

In the next lemma (parallel to the lemma from 2.2.10) we consider the category
of all Dolbeault algebras in either Ox- or Dx-setting. Since the tensor product of
two Dolbeault algebras is obviously a Dolbeault algebra, this is a tensor category.

LEMMA. Ewvery functor from the category of Dolbeault algebras to a groupoid is
isomorphic to a trivial functor.

Proof. Denote our functor by ~.

(i) Let ¢, : Q1 — Qy be any two morphisms. Let us show that ¢ = 7. Consider
the morphisms x, x’ : Q1 — QF?, u: Q%% — Qy, £ : Q%% — Q, where x(a) =a® 1,
X' (a) =1®a, pla ®b) = ab, £(a ® b) = ((a)n(b). Since px = px’, one has Yy = ’.
Since &x = ¢, €X' =1, we have = 7.

(ii) For any finite collection {Q,} of Dolbeault algebras one can find a Dolbeault
algebra Q such that for every « there is a morphism Q, — Q. Indeed, one can take
Q = ®9, and the standard morphisms.

(iii) To finish the proof, let us show that for a pair Qp, Q, and a chain of

morphisms Qy & 94 ¥ Q. Q ¥y Q,, the composition 1, x;,* - ~-1/?1>2f1 :

5Recall that one constructs Y as follows. Choose an open embedding X C X such that X is
a projective variety. Blowing X ~ X up if necessary, we can assume that X ~ X C X is locally
defined by one equation. Choose an embedding X < P™. Let V C P™* x P™ be the complement

to the incidence divisor. Set Y := X x V.
]P?ﬂ,

6The fact that functors DR and J commute follows from their universal properties. Precisely,
for an Ox-algebra B both DR(JB) and JDR(B) represent the same functor F +— Homg , (B, F°)

on the category of commutative DG D x-algebras.
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Qp — @n does not depend on the chain. To see this, choose ¢; : Q; — @ as in (ii).
Since ¢;_1X: = ¢itb; by (i), our composition equals ¢, pg; q.e.d. O

4.1.4. Dolbeault resolutions. Let Q be a Dolbeault D x-algebra. For a
D x-complex the morphism ap; : M — M ® Q is called a Dolbeault resolution of
M. Tt is a quasi-isomorphism by (a), (b) from the definition in 4.1.3, and by (c) the
morphisms I'(X, M ® Q) - RT'(X,M ® Q), I'pr(X,M ® Q) — RI'pr(X,M ® Q)
are quasi-isomorphisms. Thus we have canonical quasi-isomorphisms

(4.14.1) T(X,M®Q) = RT(X,M), Tpr(X,M®Q) =5 RTpr(X,M).

REMARKS. (i) Another way to compute RI'pr(X, M) is to use a smaller com-
plex Tpr(Y,7*M) where 7 : Y — X is a Jouanolou map. We will use Dolbeault
D-resolutions for the computations of the de Rham homology of D-modules on
R(X) (see 4.2); it is not clear if one can do this using the above type of complexes.

(ii) Let i : X — Z be a closed embedding of smooth varieties. The for Q, M
as above one has T'pr(Z,i.(M ® Q)) = RUpr(Z,i.M).”

(iii) According to Remark (i) in 1.4.6 the functor CM(X) — CM(X,Q), M —
M®Q, is a compound tensor DG functor (here C denotes the category of complexes
or DG modules). The “forgetting of the Q-action” functor CM(X, Q) — CM(X)
is a x pseudo-tensor functor. So ajp; : M — M ® Q is a morphism of * pseudo-
tensor functors. Thus for ¢ € Pj({M;}, N) its action on RI' pg coincides with the

morphism of complexes ?FDR(X, M; ® Q) — T'pr(X?, AVN g Q).

LEMMA. Suppose X is a curve and N € M(X) is such that H'(X,N) = 0.
Then HZY(X,h(N)) = 0. In particular, if Q is a Dolbeault D x -algebra, then for
any M € CM(X) one has T'(X,h(M®Q)) = RI'(X,h(M ®Q)). So, if M is homo-
topically quasi-induced (see 2.1.11), then T'(X, h(M ® Q)) computes RTpr(X, M).

Proof. Set K := Ker(N — h(N)). Then HY(X,h(N)) = H*+(X, K) for i > 1,
and the latter groups vanish since dim X = 1. O

Sometimes it is convenient to deal with non-quasi-coherent versions of Dol-
beault algebras. Precisely, suppose we have a commutative unital DG O x-algebra
Q (which we do not assume to be O x-quasi-coherent). We say that Q is a Dolbeault-
style O x -algebra if for every quasi-coherent O x-module M the obvious morphisms
I'X,M®Q9) — RI'(X,M®Q9), RT'(X, M) — RI'(X, M®Q) are quasi-isomorphisms.
For a smooth X, a Dolbeault-style D x-algebra is a Dolbeault-style O x-algebra
equipped with a flat connection. The protoexample is the classical Dolbeault alge-
bra: assuming that k = C, X is smooth and proper, we take for Q(U), where U/X

is étale, the sections of the O-resolution Q?jo 9, Q%l D, ... of the algebra of holo-

morphic functions. Quasi-isomorphisms (4.1.4.1) are valid for any Dolbeault-style
D x-algebra Q.

4.1.5. A reminder on semi-free objects and the cotangent com-
plex. We follow the super conventions of 1.1.16, as always dropping the adjective
“super”; the base field k is of characteristic 0. Commutative and associative DG
k-algebras are called simply commutative algebras; the corresponding category is

"To see this, notice that the terms of the complex DR(i«(M ® Q)) admit an increasing
bounded below filtration whose successive quotients are Q0-modules; hence their higher cohomol-
ogy vanishes.
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denoted by Com. The subcategory of unital algebras is denoted by Comu. These
are tensor categories.

For all details for this section we refer to, e.g., [H] or [Dr1].

Suppose we have F' € Comu. A (DG) F-module P is said to be semi-free if it
admits a filtration Py C P; C --- by DG submodules such that | J P, = P and each
gr; P is a free F-module.® Equivalently, P is semi-free if and only if it admits a
system of semi-free generators, i.e., a base {e;} of P considered as a mere graded F-
module, with index set I equipped with a projection I — Zxg, i — n(i), such that
for every i € I the element d(e;) € P is a linear combination of e;’s with n(j) < n(%)
(so d(e;) = 0if n(i) = 0). Homotopically projective (= K-projective in the sense of
[Sp]) F-modules are the same as direct summands of semi-free F-modules. Every
F-module admits a semi-free left resolution.

An algebra F' € Comu is said to be semi-free if it admits a system of semi-free
generators, i.e., a system of elements {f;} C F indexed by a set I equipped with a
projection I — Zsq, i — n(i), such that for every ¢ € I the element d(f;) belongs
to the subalgebra generated by f;, n(j) < n(i), and the {f;} freely generate F' as
a mere graded commutative algebra. Any commutative algebra admits a semi-free
resolution.

The category Comu of commutative unital DG algebras is naturally a closed
model category (with quasi-isomorphisms as weak equivalences, surjective mor-
phisms as fibrations). Its cofibrant objects are the same as retracts of semi-free
algebras.

For F' € Comu its cotangent complex (or the cotangent F-module) “Qp is an
object of the derived category D(F') defined as follows. The cotangent module is
equipped with a canonical morphism “Qp — Qp. If F is semi-free, then this mor-
phism is an isomorphism in D(F'). Otherwise one chooses a semi-free resolution of
F and defines “Qp as the image of 2z under the canonical equivalence of categories
D(F) =5 D(F); one checks that this definition does not depend on the choice of
F; i.e., for different F' the corresponding objects are canonically identified.

4.1.6. Batalin-Vilkovisky algebras. The Batalin-Vilkovisky operad BV is
a DG k-operad which coincides with the 1-Poisson (alias braid, alias Gerstenhaber)
operad as a mere Z-graded super operad. So it is generated by binary operations -
of degree 0 (the product) and { } of degree 1 (the 1-Poisson bracket) that satisfy
the usual relations. The differential is determined by the property d(-) = { }.
Therefore for a complex C' a BV algebra structure on C' is a 1-Poisson structure
on C considered as a mere graded vector space (see 1.4.18) such that d(-¢) :=
do-c —-cdecgc =1 }c.

REMARK. So { }¢ measures the extent to which d¢ is not a derivation of -¢.
In fact, d¢ is a second order differential operator with respect to the commutative
algebra structure; its symbol equals { }.

Notice that the action of the Lie algebra L := C[—1] on C extends canonically
to an action of the contractible Lie algebra L; (see 1.1.16). Namely, the component
L[1]=C C Ly acts on C as -.

For a BV algebra C a structure of a BV C-module on a complex M amounts
to a BV algebra structure on C'® M such that C' = C @ M are morphisms of BV
algebras and -, hence { }, vanishes on M C C ® M. For m € M its centralizer

8T.e., is isomorphic to a direct sum of modules isomorphic to F[n], n € Z.
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Cent(m) consists of all ¢ € C such that {¢,m} = 0; m is C-central if Cent(m) = C.
Notice that C-central elements form a subcomplex M. C M, and the product map
defines a morphism of complexes - : C' @ M, — M.

The quotient operad of BV modulo the relation { } = 0 is the unit operad
Com. Therefore a commutative (DG) algebra is the same as a commutative BV
algebra, i.e., a BV algebra C' with { }¢ =0.

Suppose we have a k[t]-flat family of BV algebras C; such that Cj is commu-
tative. Then C acquires a 1-Poisson bracket { }, {ao,bo} := (t"{ay, bs}c,) mod t.
We refer to C, as BV quantization of the 1-Poisson algebra (Co, { }).

EXAMPLE. Let C' be any BV algebra. Consider C; which coincides with C[t]
as a mere commutative graded algebra and has differential d¢, := tde (so { }e, =
t{ }c). Then C; is a BV quantization of C considered as a 1-Poisson algebra with
zero differential.

Notice that the more non-degenerate { } on H'Cj is, the fewer cohomology
classes of Cj survive the quantization.

The BV operad is acyclic: one has H (BV,,) = 0 for n > 0. So the homotopy
category of BV algebras coincides with that D(k). An interesting homotopy BV
theory arises in a filtered setting. Namely, BV is naturally a DG filtered operad:
the (increasing) filtration is the stupid one BV=~". Notice that gr BV equals the
1-Poisson operad (the differential is trivial). A filtered BV algebra is a complex C
equipped with a BV algebra structure and an increasing filtration which is com-
patible with the BV algebra structure (i.e., the products BV, @ C®"* — C are
compatible with the filtrations). This amounts to the property that the filtration
on C is compatible with the product - and with the differential, and the induced
product on gr.C' is compatible with the differential. So gr.C' is a 1-Poisson DG
algebra (and C; := @©C; is its BV quantization).

We denote be BV the category of filtered BV algebras C' such that C_;
UC, = C. Let BY C BV be the full subcategory of those C' for which Cy
Notice that for any C' € BV the odd Poisson bracket on Cjy vanishes, Cy is a
commutative DG algebra, and C1[—1] is a Lie DG algebra with respect to { }.

REMARK. The embedding BY < BV admits a right adjoint BV — BV which
assigns to C. € BV the same C with a new filtration which is the old C; for i > 0,
and the new Cy equals 0.

=0
=0

)

The BV operad is augmented in the obvious way. So we have the notion of a
unital BV algebra. Explicitly, a BV algebra C' is unital if it has a unit 1 € C° with
respect to - such that d(1) = 0 (then 1 lies in the { }-center of C). In the filtered
setting we assume that 1 € Cy. The subcategory of unital filtered algebras in BV
is denoted by BV,. The embedding BV, — BV admits an obvious left adjoint
(adding the unit) BV — BV,,.

The DG operad BV has a canonical coproduct § : BV—=BV®BV, () = - ® -,
so we know what the tensor product of the BV algebras is (this is the usual tensor
product of 1-Poisson algebras with the obvious differential). The tensor product of
BV compatible filtrations is BV compatible, so we know what the tensor product
of filtered BV algebras is. The tensor product of unital algebras is obviously unital.

4.1.7. PROPOSITION. BV, BV, and BV, are closed model categories with weak
equivalences being filtered quasi-isomorphisms and fibrations those morphisms f for
which gr f is surjective.
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Sketch of a proof. The reference [H], strictly speaking, does not cover our
filtered setting, but the arguments easily adopt to it. Here are the needed changes;
we consider the case of BV. The general Theorem 2.2.1 of [H] remains valid if we
replace the category of complexes C(k) by the DG category of filtered complexes
C. such that C_; =0, JC; = C. In Axiom (H1) from [H] 2.2 we assume that M
is contractible as a filtered complex, and in the definition of the CMC structure on
C one takes for weak equivalences filtered quasi-isomorphisms, for fibrations those
f for which gr(f?) is surjective. The only modifications in the proof are that in the
definition of standard cofibration [H] 2.2.3(i) one takes for M any filtered complex
with gr(d) = 0, and in that of the standard acyclic cofibration [H] 2.2.3(ii) a
contractible filtered complex. The proof that BV fits into this framework coincides
with that of Theorem 4.1.1 of [H]. O

Below, the homotopy category of a closed model category C is denoted by HoC.

The embedding BY — BV identifies HoBV with the full subcategory of HoBYV
that consists of BV algebras C such that Cj is acyclic.? The forgetting and adding
of the unit functors HoBV, = HoBV remain adjoint on the level of homotopy
categories.

The notion of a filtered BV algebra makes sense in any abelian tensor k-category
A; if A has a unit object, then we can consider unital filtered BV algebras. The
corresponding categories are denoted by BV(A), BV(A), and BV, (A).

REMARK. In fact, the notion of a BV algebra makes sense in any DG pseudo-
tensor category and that of a filtered BV algebra in a filtered DG pseudo-tensor
category. Unital algebras make sense in the augmented setting (see 1.2.8).

4.1.8. BV enveloping algebras. Below we write down several constructions
of BV algebras. Let us begin with the BV envelopes of Lie algebras which are the
same as (homological) Chevalley complexes.

(a) Let Lie be the category of Lie DG algebras. The obvious functor BY — Lie,
C + C1[—1], admits left adjoint C : Lie — BV. Similarly, we have a pair of adjoint
functors BV, — Lie, C : Lie — BV, where C is the composition of C' and the
adding of the unit.

For L € Lie the corresponding C(L) is the Chevalley complex of L, and
C(L) is the reduced Chevalley complex. As a plain graded commutative alge-
bra, C(L) equals Sym(L[1]), the filtration C(L); is Sym<%(L[1]), the differential
and the 1-Poisson bracket are determined by the condition that the embedding
L = Sym!(L[1])[-1] € C[-1] is a morphism of Lie DG algebras. Similarly, as a
plain graded commutative algebra, C'(L) equals Sym~°(L[1]), etc.

Our functors preserve quasi-isomorphisms so they descend to homotopy cate-
gories; we get pairs of adjoint functors HoLie = HoBV, Holie S HoBYV,,.

REMARK. The above definitions make sense in any abelian tensor k-category
A (for the unital setting we have to assume that A has a unit).

(b) More generally, suppose we have a filtration Ly C L; C --- on L such
that |JL; = L, [L;,L;] C L;1j—1 (we call such an L. a commutative filtration
on L). Then the filtration C(L). on C(L) generated by L. (as on a commutative
algebra generated by L.[1]) is compatible with the BV structure. Denote by Lie.
the category of Lie DG algebras equipped with a commutative filtration. Then

9The inverse functor comes from Remark above.
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the functor Lie. — BV, which assigns to L. its Chevalley complex filtered in the
above manner is left adjoint to the functor BV, — Lie which assigns to a filtered
BV algebra C € BV, the filtered Lie DG algebra C[—1]. The same is true for a
non-unital version.

The filtration on C'(L) we considered in (a) corresponds to Ly =0, Ly = L.

(c) Suppose we have a central extension L° of L by k[—1]. Consider the Cheval-
ley complex C(L?) filtered according to the filtration L} := k[—1], L} = L°. Then
C(L")o = Sym(k) = k[t], so C(L’) is a filtered BV k[t]-algebra. Set C(L)* :=
C(L")i=1 € BV,; this is the b-twisted Chevalley complex of L. The filtration on
C(L)" is called the standard filtration.

4.1.9. BV extensions. To define the BV envelope of a Lie algebroid, one
needs an extra structure of its BV extension. The situation is parallel to that of
chiral envelopes of Lie* algebroids considered in see 3.9.

Suppose we have R € Comu and a DG Lie R-algebroid L (see 2.9.1). A BV
extension of L is an extension of complexes 0 — R[—1] = L 55 L — 0 together
with a Lie R-algebroid structure on £’ as on a mere graded module (i.e., with
differentials forgotten). The following properties should hold:

(i) m is a morphism of graded Lie R-algebroids, ¢ a morphism of R-modules,
and t(k[—1]) belongs to the center of L”. The Lie bracket on L is compatible with
the differential.

(ii) The morphism'® L* ® R = R® L” 40, L°[1] equals — composed with the
structure action of £’ on R.

We call such (£,L") a BV Lie R-algebroid, and abbreviate it to £°. The pairs
(R,L) and (R,L") form the categories LieAlg and LieAlg®Y. So a morphism
¢ : (R1,L1) — (Ry,L2) is a pair (¢r, ¢r) of a morphism ¢r : Ry — Ry in Comu
and a morphism ¢ : L1 — Lo in Lie which are compatible in the obvious sense,
a morphism in LieAlg®Y is a triple ¢* = (¢r, dr, dgs), etc. For a fixed R the
categories of (BV) Lie R-algebroids are denoted by LieAlgr, LieAlgEY.

EXAMPLE. Let L be a Lie algebra acting on R, L’ a central extension of L by
k[—1]. Tt yields the L-rigidified Lie R-algebroid Lg := R® L and L}, € P¢(Lg)
(see 2.9.1). We also have a BV extension L3PV € PBV (L) which equals LY as a
mere graded Lie R-algebroid and whose differential is 7 ®¢* — des, (r@ ) —u(L(r)).

We refer to LEBV as the L’-rigidified BV extension of Lp. If L’ is the trivialized
extension of L, then L'}%BV is called the L-rigidified BV extension.

Denote by P¢(L) the groupoid of Lie R-algebroid extensions L¢ of L by R[—1]
(we assume that k[—1] C R[—1] belongs to the center of £¢) and by PPV (L) the
groupoid of BV extensions. The Baer sum defines a Picard groupoid (in fact, a
k-vector space groupoid) structure on P°(L) and makes PPV (L), if non-empty, a
Pe(L)-torsor.

Let PV (L) be the set of (isomorphism classes of) pairs (£°,s) where s : L —
L is an R-linear section of 7 compatible with the grading, but not necessary with
the bracket and the differential. Define P¢(L) in a similar way. Then P¢(L) is a
vector space, and PEV (L), if non-empty, is a PS(L)-torsor. Let us describe them
explicitly.

10Here - is the R-action on L.
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For (L°,s) € PBY (L) consider a pair (wPY, uBY) where wBY : L x L — R[-1],
pBY L — R are maps wBV (0, 0") := [s(¢),s(¢)] — s([¢,¢]), (uBY :=[d,s]. For
(L, s) € PBV(L) we have a similarly defined pair (w®, u¢).

LEMMA. Both wBY w® € Hompg(A2L, R[—1]) are 2-cocycles of L considered
as a mere graded R-algebroid. The map u¢ : L — R is R-linear, and for r € R,
¢ € L one has BV (rt) = ruPV(€) — £(r). Both in BV and in the c setting, one
has [d, ] = 0 and [d, w](¢,£") = E(u(t)) — £(u(€)) — p([€, £]).

The maps (L°,5) — (wBY uBY), (L% s) — (w° u) are bijections between
PBV(L), PS(L) and the sets of pairs (w, i) that satisfy the above conditions. O

REMARKS. (i) Suppose that s : L — L° commutes with the bracket; i.e., it is a
morphism of graded Lie R-algebroids. This amounts to the vanishing of w?", and
the equation on 12V just means that the formula r- £ := —¢(r) +ruBV (¢) is a right
L-module structure on the R-module R. Therefore one gets a bijection between
the set of pairs (L”, s) as above and the set of right L-module structures on R.

(ii) Suppose that R, L have degree 0 (i.e., R is a plain commutative algebra,
L a plain Lie algebroid). Then any BV extension £’ admits a unique splitting s
compatible with the grading s : £ = £° ¢ L°, which is automatically a morphism
of graded Lie R-algebroids. We see that BV extensions of L are the same as Calabi-
Yau, or vertex 0-algebroid, structures on L from §11 of [GMS2].

(iii) For arbitrary L consider the de Rham-Chevalley DG algebra Cr(L) (see
2.9.1). Recall that as a mere graded algebra, Cr(L) equals Homp(Sympg(L[1]), R).
Now the conditions on (w€, u¢) from the lemma just mean that it is an even 0-cocycle
in Cr(L)[1], i.e., an odd 1-cocycle in Cr(L).

4.1.10. The BV envelopes of BV algebroids. If C is a unital filtered BV
algebra, then R¢o := Cy = groC is a commutative unital DG algebra, £ := gr1C[—1]
is a Lie DG Rc¢-algebroid, and C1[—1] is a BV extension of L. We have defined a
functor BV, — LieAlgPY. It admits a left adjoint LieAlgBY — BV, (R,L°) —
Cpy(R,L)" (the BV envelope of L”). As a plain commutative graded algebra,
Cpv (R, L) equals Sym’ (L[1]) := the quotient of Sym g (L°[1]) modulo the relation
1> = 1 where 1 := (1) € L°[1]. The filtration subspaces Cpy (R, L)" are images
of Sym=¢(L"), and the 1-Poisson bracket and differential are uniquely determined
by the condition that L” — Cpy (R, L)5[—1] is a morphism of Lie (DG) algebras.
The morphism of Lie algebras £ — gr1Cpy (R, L)’[—1] defines a morphism of 1-
Poisson algebras Sympg(£L[1]) — gr Cpy (R, L)’ which is a quasi-isomorphism if £
is homotopically R-flat.

EXAMPLE. Suppose that R is a plain smooth algebra, X := Spec R. Then a
BV extension of ©p is the same as a right D-module structure on Ox (see Remark
(ii) in 4.1.9), which is the same as a left D-module structure (= the flat connection)
on wy', and Cpy(R,ORr)" is the corresponding de Rham complex. In particular,
it has finite-dimensional cohomology.

Consider the de Rham-Chevalley DG algebra Cr(£) as in Remark (iii) in 4.1.9.
Notice that Cy (R, L)°, considered as a mere graded module, is naturally a Cz(L)-

module.'' One checks in a moment that this action is compatible with the differ-
entials. Therefore Cpy (R, L) is a DG Cr(L)-module.

An element ¢ € ChL(L) = Hompg(L[1],R) acts on Cpy(R,L)" as a derivation whose
restriction to Cpy (R, L)? is the composition L — L 2 R.
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REMARKS. (i) Take any element of P<(L); let v = (w®, u¢) be the corresponding
odd 1-cocycle in Cr(L) (see Remark (iii) in 4.1.9). Let L° the translation of L by
the corresponding “classical” extension of £. Then Cpy (R, L)’ identifies naturally
with Cpy (RL)" as a mere graded Cr(L)-module, so that its differential d, becomes
d + 7 where d is the differential of Cgy (RL)".

(ii) The DG algebra Cr(L) carries a natural filtration Cr(L)Z* such that
griCr(L) = Hompg(Sym?(L[1]), R). The cocycles v as above lie in Cx(L)Z. In
fact, any odd 1-cocycle v of Cr(L£)Z! (not necessary coming from P¢(L)) defines a
twisted differential d., := d 4+ on Cpy (R, L)’. If f is an even element of degree
0 in Cr(L)=1, then dyyq is equal to'? (1 + f)d,(1 + f)~!, so the cohomology of
Cpv(R,L)" with respect to d., depends only on the class of v in H!Cp (L)1,

4.1.11. Let us discuss the homotopy aspects of the above construction.

PROPOSITION. (i) The categories LieAlg, LieAlgPY have natural closed model
category structures with weak equivalences being those morphisms ¢, resp. ¢°, for
which both ¢r, ¢r are quasi-isomorphisms, and fibrations those morphisms for
which both ¢r, ¢r are surjective.

(ii) For a fized R € Comu the categories LieAlgr, LieAlgEY are naturally
closed model categories with quasi-isomorphisms as weak equivalences and surjective
morphisms as fibrations.

Sketch of a proof. Our situation does not fit into the setting of [H] 2.2 directly,
but the arguments of loc. cit. can be easily modified to do the job.

(i) Let us replace C(k) by C(k) x C(k) in the general setting of [H] 2.2. With
conditions (H0), (H1) in [H] 2.2 modified in the obvious way, Theorem 2.2.1 of
loc. cit. (together with its proof) remains valid in the present situation.

Consider a functor LieAlg — C(k) x C(k) which assigns to (R, L) the same
pair considered as mere complexes; there is a similar functor LieAlgBY — C(k) x
C(k), (R,L") — (R,L). These functors admit left adjoints F' : C(k) x C(k) —
LieAlg, FBV . C(k) x C(k) — LieAlgPY. One has F(P,Q) = (R,L) where
R = Sym(P ® Fr(Q)), where Fr(Q) is the free Lie algebra generated by @, and
L = Fr(Q)r = R® Fr(Q); similarly, FBV(P,Q) = (R, Fr(Q)%) where Fr(Q)% is
the Fr(Q)-rigidified BV extension (see 4.1.9).

Our functors satisfy conditions (H0), (H1), and we are done.

(ii) Replace C(k) in [H] 2.2 by the category C(k)e, of pairs (Q,7) where
Qe C(k), 7:Q — O©g := Der(R, R) is a morphism of complexes. Theorem 2.2.1
from loc. cit. (with conditions (H0), (H1) modified in the evident way) remains
valid.

The functors LieAlgr — C(k)oy, LieAlgEY — C(k)e, sending L or L’ to
(L, 75) admit left adjoints F' and FBY. Namely, F(Q,7) = Fr(Q)r, where the free
Lie algebra Fr(Q) acts on R according to 7, and FBY(Q,7) is its Fr(Q)-rigidified
BV-extension.

Our functors satisfy conditions (H0), (H1), and we are done. O

The usual constructions, such as adding a variable to kill a cycle (see [H]
2.2.2), work for the above closed model categories. For example, consider the case
of LieAlg. Let L be a Lie R-algebroid, and suppose we have a datum (Q, g, €)
where @ is a k-complex with zero differential, 7o : Q — ©r a morphism of graded

12Gince f € Cr(L)21, the multiplication by 1 4 f is an automorphism of Cgy (R, L)b.



4.1. THE COOKWARE 287

vector spaces, € : Q[—1] — L a morphism of complexes such that 7€ = drg. Then
we have (Cone(e),7) € C(k)e, where 7 := (7¢,7g). Define a new Lie R-algebroid
L(Q,7q,€) such that for any L' € LieAlgr a morphism L(Q,7g,€e) — L' is the
same as a morphism v : (Cone(e),7) — L’ in C(k)o, such that v|g : L — L' is
a morphism of Lie R-algebroids. There is an evident morphism L — L(Q,7q,€)
of Lie R-algebroids; any morphism isomorphic to such an arrow for some datum
as above is called an elementary cofibration. A standard cofibration is a morphism
L — L' such that L' admits a filtration L) C L] C --- such that |JL, = L/,
L = Ly, and each L] — L}, is an elementary cofibration. Each cofibration in
LieAlgg is a retract of a standard one. We say that a Lie R-algebroid L is semi-free
if the morphism O — L is a standard cofibration. Every Lie R-algebroid admits a
left semi-free resolution.

REMARK. A morphism of graded vector spaces x : Q@ — L yields an identifica-
tion L(Q,7g,€) — L(Q, 7 + To X, € + dx) coming from the standard isomorphism
Cone(e) — Cone(e + dx) defined by x.

4.1.12. The evident functors LieAlgBY — LieAlg — Comu, LieAlgr —
LieAlg, and Lie.AlggV — LieAlgBV preserve (co)fibrations and weak equivalences;
we have the corresponding functors between the homotopy categories. There is a
fully faithful embedding Comu — LieAlg left adjoint to the projection LieAlg —
Comu, which assigns to R the trivial R-algebroid Or and its lifting Comu —
LieAlgPY, R 03%. They also preserve (co)fibrations and weak equivalences

The functor LieAlg®Y — BV, (R,L") — Cpy(R,L)" does not preserve weak
equivalences. But its restriction to the subcategory of those (R, L") for which
L is homotopically R-flat (which includes cofibrant objects of LieAlgE") pre-
serves them, so we have a well-defined functor between the homotopy categories
HolLieAlgPY — HoBY, (R, L") — Chy,(R,L).

To compute C]’;V(R, L)b, one should consider a left resolution L% — £ which is
homotopically R-flat as an R-module (for example, one can always find L% which is
a semi-free R-module). The BV extension L defines, by pull-back, a BV extension
of LF. One has Cky, (R, L) = Cpy (R, LT)’. Notice that gr C5y (R, L) = SymkL.

4.1.13. The next technical proposition assures that while doing homotopy
computations with Lie R-algebroids, or BV Lie R-algebroids, one can replace R
by any cofibrant algebra of the same homotopy class.

For R € Comu denote by [R] € HoComu our R considered as an object of the
homotopy category; the same notation is used for morphisms in Comu.

Let HoLieAlgig) be the fiber of HolieAlg over [R]; i.e., it is the category of

pairs (Lp, [¢]) where Lp = (P,Lp) € HolieAlg and [¢] : [R] — [P] an isomor-
phism in HoComu. One has a similar category U{OLieAlg[%‘]/. There are evident

functors
(4.1.13.1) HolLieAlgr — HolieAlgr, HoLieAlgy” — HolieAlgly' .

PROPOSITION. For a cofibrant R these functors are essentially surjective.

Proof. We will consider the case of Lie algebroids; the BV setting is treated
similarly.
Below we denote Lie R-algebroids as L, etc.
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Surjectivity on objects: (i) Suppose we have (Lp, [¢]) € HoLieAlgr). We want
to define weak equivalences L «— Lp — Lp in LieAlg such that the composition
R «— F — P is of homotopy class [¢]. We can assume that Lp is a semi-free
Lie P-algebroid. We move step-by-step by elementary layers of Lp. The steps are
constructed as follows.

(ii) Suppose we have a weak equivalence v : Lg — Lr in LieAlg such that
S € Comu is cofibrant and an elementary cofibration iy : L — L. in LieAlgr.
We will construct an elementary cofibration ig : Lg — L in LieAlgs homotopy
equivalent to ip. More precisely, we construct morphisms L gL L and
j:Lg — Ly in LieAlg such that mj = ig, uj = ipv, w is a trivial fibration, p is a
weak equivalence.

Write L7, = Lp(Q, 7'5, €T) (see the end of 4.1.11). We can find a morphism of
complexes €” : Q[~1] — Lg such that ve® is homotopic to ¢! (since v is a quasi-
isomorphism). By Remark at the end of 4.1.11, replacing our datum by an equiva-
lent one, we can assume that ve® = €. Let vg : S — T be the morphism of algebras
corresponding to v. Consider the morphisms of complexes ©g —Der,(S,T) «+ O
which send derivations 0% € Og, 07 € Or to vs0°,0Tvg €Der, (S,T). Since
S is cofibrant, Qg is a homotopically projective S-module; hence the morphism
O©g5 —Der,,(S,T) is a quasi-isomorphism. Therefore one can find morphisms of
graded modules 75 : @ — Og and ki : Q[1] —Der,(S,T) such that dr§ = 75 ;€°
and dkr = Tgus — 1/57'5.

We define ig as the elementary cofibration Lg — L := Lg(Q, 7'5, €%). Define
Ly as the Lie algebroid whose morphisms to any L are the same as the triples
(¢, x, k), where ¢ : Lg — Lp is a morphism of Lie algebroids and x : Q@ — Lp,
k : Q1] —Dery, (S, F) are morphisms of graded modules, such that dy = ¢€°
and dk = 70, (X)Ps — (]557'5. So one has an evident morphism j : Lg — Ly and
morphisms L < Ly £ L’ corresponding to the triples (is, xs,0) and (v, x7, k1)
where g, x7 are the structure embeddings of @) for our elementary cofibrations.
The promised relations between these morphisms are evident, so it remains only to
check that m and p are weak equivalences. We leave it as an exercise to the reader.

(iii) Let us return to (i). Our Lp is a semi-free Lie P-algebroid, so we have
a filtration 0p = Lpg C Lp; C -+, ULpn = Lp, such that each ip, : Lp, —
Lpni1 is an elementary cofibration in LieAlgp. We will define by induction the
morphisms L g, < Lp, L Loy iRn  LRn Lrnpy1,and j, : Lp, — Lp,,, such
that the obvious diagram is commutative (i.e., Tp41Jn = irRnTn, fnt1in = iPnfin),
irn are elementary cofibrations, m, are trivial fibrations, u,, are weak equivalences.
Passing to the inductive limit by i gy, jn, i pn, we get the promised L «— Lp — Lp.

Step 0: Our R is cofibrant, so we can realize the homotopy class [¢] by an
actual morphism ¢ : R — P. Set Lro :=0gr, Lg, :=0g, mo :=idR, 1o = ¢.

Induction step: Suppose we have already defined Lg,, <& L F, L2 Lpn. Let
us apply the construction of (i) to Lg = Lp,, Lo = Lpp, Vv = pin, and it = ip,.
The Ly, j, and p we get are our L, , jn, and g, 1. Notice that the construction
of (ii) depends on a choice of €%, 7'5, and k7 from loc. cit. subject to certain
conditions, and we have to choose them properly in order to define m,;. Since
g, © F, — R is a trivial fibration and R is cofibrant, the subcomplex ©f, r C
OpF, of vector fields preserving m, is quasi-isomorphic to the whole of ©p, . This
implies that for given e we can choose 7'5 and k7 so that 7'5 € Op,.r, and we
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do it that way. Then TS yields Tg : QQ — Or. Now let ig, be the elementary
cofibration L g, — Lrnt1 := Lrn(Q, 7577rnes) and let m,41 be the composition
of the trivial fibration 7 : Ly — Ly = L, (Q, 7'5, ¢) from (ii) and the projection
Lp, (Q,Tg,es) — LRn(Q,Tg’,T(”eS) which equals 7, on Lp, and idg on . We
leave it to the reader to check that this is a trivial fibration, and we are done.

Surjectivity on morphisms: Suppose we have Lg, L% € LieAlgg and a mor-
phism v : Lr — L in HolieAlg which lifts idjz). We want to show that it
comes from a morphism Lr — L', in HolieAlgg. One uses a lifting of homotopy
argument.

Let m: L7 — Ly be a trivial fibration!® in LieAlg such that L7 is cofibrant.
One can find a morphism p : L — L, in LieAlg such that p is homotopic to vr.

The morphism 7 : T — R is a trivial fibration, so it identifies R with T'/T
where I C T is a contractible ideal. So L /IL 7 is a Lie R-algebroid. The morphism
pr T — R is homotopic to . We will show that u is homotopic to a morphism
k@ Lp — L% such that kr : T — R equals mp. Then m, k yield morphisms of
Lie R-algebroids Lp « Lp/ILr — L%. The left one is a trivial fibration, the
composition is homotopic to v, and we are done.

To define k, we first choose a homotopy between mp and ur, i.e., a cofibrant S,
a trivial fibration ¥ : S — T in Comu, its sections v,y : ' — S, and a morphism
p: S — R such that py, = mp, py, = pr.

Let Ly be the colimit of the diagram L7 « Op LN 0s in LieAlg, and let

Ly 25 Lg <2 0g be the structure morphisms. Notice that i, is a trivial cofibration
since vy, is. There is a natural projection p : Lo — Lp such that pes equals
Os 2, 0r — Lp and piy = idg,. Our p is a trivial fibration, so the morphism
Or SLN 0s — Lg extends to a morphism i, : L — L such that pi, = idg,.
Finally, one has a morphism § : Lo — L% such that 8i, = p and feg is the
composition 0g 2 0 — L. Our ks iy : Lp — L. O

4.1.14. Homotopy unital commutative algebras and modules. Let
Com be the category of possibly non-unital commutative DG algebras.

We say that £ € Com is a homotopy unit algebra if the corresponding graded
cohomology algebra H'FE is the unit algebra. Thus H7°E = 0, H°F = k. A mor-
phism of homotopy unit algebras is their morphism as commutative algebras which
commutes with the identification H® = k (or, equivalently, is a quasi-isomorphism).
For every homotopy unit £ one has canonical morphisms of homotopy unit alge-
bras E <« 7<oF — H°E = k. The tensor product of homotopy unit algebras is a
homotopy unit algebra.

For R € Com a homotopy unit in R is a morphism F — C such that F is a
homotopy unit algebra and k = H'E — H'C is a unit in the (graded) algebra H'R.
A homotopy unital commutative algebra is a commutative algebra R equipped with
a homotopy unit ig : Fg — R; we often denote it simply as R. A morphism
of homotopy unital algebras R — R’ is a pair (f, fg) where f : R — R is a
morphism of commutative algebras, fg : Er — Er/ a morphism of the homotopy
unit algebras, such that fig = ip/ fg; we often abbreviate (f, fg) to f. The category
Comy,, of homotopy unital commutative algebras is a tensor category. One has an
obvious fully faithful embedding of tensor categories Comu — Comyp,,.

13Which means that both T'— R and L7 — Lp are surjective quasi-isomorphisms.
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PROPOSITION. (i) Comp,, is a closed model category with weak equivalences
being quasi-isomorphisms and fibrations those morphisms (f, fg) for which both f,
fE are surjective. Denote by HoComyp,, the corresponding homotopy category.

(i) The functor HoComu — HoComyp,, is an equivalence of categories.

Sketch of a proof. (i) Arguments of [H] work with obvious small modifications.
One should only replace the definition of a standard cofibration from [H] 2.2.3(i)
by the following: a morphism f : R — R’ in Comy,, is a standard cofibration if
fe : Fr — Epr and the morphism R * Er — R’ are standard cofibrations in

Com. Here R >|< ER/ is the coproduct of R and Er over Er in Com.

(il) We con51der a sequence of fully faithful embeddings Com, C Com), C
Com},,, C Comy,, each of which becomes an equivalence on the level of homotopy
categories:

Let Com),, C Comp, be the subcategory of R with E;O = 0. The left adjoint
functor to this embedding is (R, Er) — (R, 7<oERr). It is clear that the correspond-
ing homotopy categories are equivalent.

Let Comj, C Com}, be the subcategory of R with Er = k. The left adjoint
functor to thls embedding is R — R >|< k (notice that for R € Com),, there is a

unique morphism Er — k). If R is coﬁbrant then the morphism R — R 5 kis a

weak equivalence, so the homotopy categories of Com}, and Com},, are equivalent.

Finally, consider the embedding Com, C Com) For R € BV}, the element
ir(1) € R is idempotent. It is clear that R, := ’LR( )-R € Gomu the functor
Com}, — Comu, R +— R, is both left and right adjoint to the embedding, and the
obvious arrows R, &= R are quasi-isomorphisms. It is clear that we get mutually
inverse equivalences of the homotopy categories. O

Suppose we have a homotopy unital commutative algebra R. An R-module M
is said to be homotopy unital if H M is a unital H R-module. This amounts to
the fact that the multiplication by 1 € H° R endomorphism of M, considered as an
object of the derived category of R-modules, is equal to idy;.'

Denote the DG category of homotopy unital R-modules by C(R)p, and the
corresponding derived category by D(R)py. A morphism f: R — R’ of homotopy
unital algebras yields an obvious exact DG functor C'(R')py, — C(R)py. We leave
it to the reader to show that if f is a quasi-isomorphism, then the corresponding
functor D(R')p., — D(R)p, is an equivalence and also to check that for R € Comu
the category D(R)p,, is canonically equivalent to the derived category of unital R-
modules. Therefore, by the above proposition, from the homotopy point of view
homotopy unital modules over homotopy unital algebras are the same as unital
modules over unital algebras.

The above category C(R)p, is a tensor category in the obvious manner. For
every M € C(R),, the morphism R M — M, r®m — m, is a quasi-isomorphism
whose homotopy inverse is a morphism M — R® M, m +— 1 ®m, where 1 € R is
any lifting of 1 € H°R. Similarly, the morphism M — Hom(R, M) which assigns to
m € M the morphism R — M, r — rm, is a quasi-isomorphism whose homotopy
inverse is f — f(1). Thus one can compute morphisms and the tensor product in
D(R) .y using, say, semi-free resolutions just as we do in the case of unital algebras.

41ndeed, if M is homotopy unital, then this is an idempotent automorphism in the derived
category; hence it is the identity.
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4.1.15. Homotopy unital BV algebras. Here is a BV version of the above
definitions.

For a C € BV a homotopy unit in C is a morphism of commutative algebras
E — Cj such that F is a homotopy unit commutative algebra, the image of E' is
central in C,'® and k = H°E — H'grC is a unit in H'gr C. A homotopy unital BV
algebra is C' € BV equipped with a homotopy unit i¢ : Ec — C. The category of
homotopy unital BV algebras (cf. 4.1.14) is denoted by BV},,; it is a tensor category
which contains BV, as a full tensor subcategory.

PROPOSITION. (i) BV}, is a closed model category with weak equivalences being
filtered quasi-isomorphisms and fibrations those morphisms (f, fg) for which both
gr fo, gr fr are surjective.

(ii) One has an equivalence of the homotopy categories HoBV,, — HoBVp.,.

Proof. An immediate modification of the proof in 4.1.14. O

The construction from 4.1.9 generalizes to the homotopy unital setting as fol-
lows. For R € Comy,, a homotopy unital Lie R-algebroid L is a Lie R-algebroid'®
such that £ is a homotopy unital R-module and the image of Fr — R is anni-
hilated by the action of L. For such an L its BV extension is defined exactly as
in 4.1.9 with an obvious modification (we demand that the -image of Er[—1] lies
in the center of £”). One calls (L,L”) a homotopy unital BV Lie R-algebroid; we
abbreviate it often to L”. The pairs (R,U’) form a category Lie.Algqu. There
is an obvious functor BVy, — LieAlgPY, C — (Co, C1[—1]) (we tacitly assume
that F¢, := Ec¢ and the Lie algebroid L is griC). It admits a left adjoint
LieAlgPY — BV, (R,L") — Cpy(R,L)’. We have an obvious morphism of
1-Poisson algebras SympL — gr CBV(R7L)b which is a quasi-isomorphism if L is
homotopically R-flat. One defines C5y (R, L)* € HoBV}, = HoBY, as in 4.1.12.

4.1.16. Perfect complexes. Let D be an additive category which admits
arbitrary direct sums. An object P € D is said to be compact if the functor
Hom(P, ) commutes with direct sums; i.e., for any family M, of objects of D the
obvious map @Hom(P, M,) — Hom(P, ®M,,) is an isomorphism.

EXERCISE. Suppose D is the category of S-modules where S is a plain as-
sociative algebra. Then compact objects of D are the same as finitely generated
S-modules.

If D is a triangulated category, then its compact objects are also called perfect
objects; they form a thick subcategory Dpers C D.

Let F' be a commutative algebra (:= a commutative unital DG super algebra)
having degrees < 0. Consider the derived category D(F) of DG F-modules. Notice
that D(F) is a t-category, so we have the subcategories D(F)>¢, D(F)<t C D(F)
of F-modules acyclic in degrees < a, resp. > b. We say that a non-zero P € D(F)
has finite span if Hom(P, D(F)>%) = 0 = Hom(P, D(F)<?) for some integers a,
b; then its span is the interval [b,a] formed by the smallest a and the largest b as
above. Every perfect P has finite span.'”

151e., C is an E-algebra.

16The axioms of a Lie R-algebroid for a non-unital R are the same as in the unital setting.

L7This follows from the following observation: suppose we have M; € D(F)>% such that
a; — oo; then ®M; — IIM;. The same is true for the b situation.
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Notice that for every f € F° whose image in H°F is invertible, the functor
D(Fy) — D(F) is an equivalence of categories (here F is the f-localization of F').
Take any f € HOF; we see that the category D(Fy) for f € F lifting f does not
depend on the choice of f; we denote it by D(Ff). Thus D(F) can be localized
with respect to the Zariski topology of Spec(H"F'), so we can speak of properties
of objects of D(F) that hold Zariski locally on Spec(H°F).

Notice that semi-free DG F-modules (see 4.1.5) with generators in degrees
bounded from above are the same as DG F-modules which are, as mere graded
F-modules, free with generators in degrees bounded from above.

LEMMA. For P € D(F) and an interval [b, a] the next conditions are equivalent:

(i) P is perfect of span in [b,al;

(ii) P is a retract of an object of D(F) represented by a semi-free F-module P
with finitely many generators whose degrees are in [b, al;

(iii) locally on Spec(HCF) our P can be represented by a semi-free module PF
with finitely many generators of degrees in [b, al.

Proof. (ii)=(i): Clear.

(i)=(ii): (a) First we construct a semi-free resolution ¢ : T — P with finitely
many generators in each degree < a. The construction goes as follows. Suppose we
have already defined T; set T; := FT2~* C T. This is a semi-free F-module with
finitely many generators in degrees [a — i, a], and H/T; — H’ P is an isomorphism
for j > a — i and is surjective for j = a —i. We will define T; and ¢; := ¢|r, by
induction by .

The first step: We know that H>%P = 0. Also H®P is a finitely generated
H°F-module (by Exercise above), so one can find (¢g, Tp). Induction step: Suppose
we have (T, ¢;). Then Cone(¢;) is perfect and its cohomology vanishes in degrees
> a —i. Then T;; is obtained from T; by adding finitely many free generators e,
in degree a —i — 1, where d(e,) € TP~ % and ¢;41(eq) € P*~*~! are chosen so that
the cycles (—d(eq), piv1(eq)) generate H*~~1Cone(¢;).

(b) So we have defined our T. Set P = Tj,_y, ¢ := ¢q_p; denote by ¢ the com-
position P — P — 7, P. Since Cone(y)) € D(F)<%, one has Hom(P, Cone(1))) = 0.
Thus one can find p : P — P such that 1p is the projection P — 7>,P. Since
Hom(P, 7<,P) = 0, one has pp = idp; q.e.d.

(i)=(iii): Choose a semi-free DG F-module P such that we have a direct sum
decomposition P = P @® B in D(F) and H'P = H'P for i > b. Such a P was
constructed in step (i)=-(ii) above. Then B is a perfect complex of span [b, b].

L _
Since B® HYF is a perfect HYF-complex of span [b,b], it equals Q[—b] where
F

Q@ is a finitely generated projective HYF-module. Notice that Q = H’B. Passing
to a Zariski localization, we can assume that @ is a free H°F-module. Let Q be
a free F-module with generators in degree b such that H°Q = Q = H'B. This
identification amounts to a morphism  — B in D(F) which is automatically a
quasi-isomorphism (because a morphism of perfect F-modules which becomes an
isomorphism after tensoring by H°F is a quasi-isomorphism).

The morphisms P < B in D(F) yield homotopy classes of morphisms of DG
F-modules P < . Choose some true morphisms from the homotopy classes;
after possible further Zariski localization, we can assume that the composition
Q — P — Q is an isomorphism, so Q is a retract of P. The kernel P of the
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retraction represents P. The F°-module of degree b generators (P//F<CPf) is
projective and hence locally free, and we are done.

(iii)=>(i): Perfectness is a local property: Indeed, suppose P is perfect Zariski
locally on Spec(HYF). Then one can find a finite covering Spec F J(c)a of Spec F¥ such
that each Py, € D(F},) is perfect. For any DG F-module M consider its Cech com-
plex C(M) with respect to this covering; this is a resolution of M. If ¢ is a finite
product of f,’s, then the functor M +— Hompp)(P, M,) = Hompr,)(FPy, My)
commutes with direct sums. Hence the functor M — Hompy(P,C(M)) =
Homp(p)(P, M) commutes with direct sums, and we are done.

The fact that the span of a perfect P is determined locally is clear from the
following observations. The upper bound of the span is the largest a such that
H®P # 0. The lower bound is the largest b such that for every plain H°F-module
M the complex Homp (T, M) is acyclic in degrees > —b; here T is a resolution of

P from the step (i)=-(ii). O
COROLLARY. For any perfect P € D(F) the complex P* := RHom(P,R) €
D(F) is perfect and the canonical morphism P — (P*)* is an isomorphism. O

4.1.17. Perfect DG algebras. As above, let F' be a commutative algebra
having degrees < 0.

We say that F is perfect if, as an object of the homotopy category of com-
mutative DG algebras, it is a retract of a DG algebra E which, as a mere graded
commutative super algebra, is free with finitely many generators of degrees < 0.
Such F has span < n if one can find F' with generators in degrees € [—n, 0].

The next proposition is a non-linear version of the lemma in 4.1.16. Let us
make first two remarks:

(a) Notice that if f € F© is such that its image in H°F is invertible, then the
morphism F' — FY is a quasi-isomorphism. Thus for any f € HOF the localizations
Fy for f € F lifting f define the same object of the homotopy category of DG
algebras; denote it by F7. So we can localize F', as an object of the homotopy
category, with respect to the Zariski topology of Spec(H"F'), and one can speak of
(homotopy) properties of F' that hold Zariski locally on Spec(H°F).

(b) F is semi-free if and only if it is free as a mere graded algebra.

PROPOSITION. For an algebra F' having degrees < 0 and an integer n > 1 the
following conditions are equivalent:

(i) F is perfect of span < n;

(ii) Zariski locally on Spec(H°F), our F is homotopy equivalent to a semi-free
DG algebra with finitely many generators of degrees —n, ... ,0;

(iii) HOF is a finitely generated algebra and the cotangent complex *Qp € D(F)
(see 4.1.5) is perfect of span in [—n,0].

Proof. Tt is clear that (i)=-(iii)<=(ii). Suppose F satisfies (iii); let us check (i)
and (ii).

(a) Let us show that F' admits a resolution ¢ : G — F such that G is semi-free
with finitely many generators in each (non-positive) degree.

We write G = |JG; where G; is the subalgebra of G generated by GZ~%, and
we construct G; by induction getting on the ith step a morphism of DG algebras
¢i = d|lg, : G; — F such that H*(G;) — H®F for a > —i, H (G;) — H'F is
surjective, and G; is semi-free with finitely many generators in degrees —i, ... ,0.
Then G,4; is obtained from G; by adding finitely many free generators in degree
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—t — 1 and extending ¢ to them. To be able to do this, we need to know that
H~""1F is a finitely generated H°F-module.'®

Replacing F' by an appropriate resolution, we can assume that F' is obtained
from G; by adding (possibly infinitely many) semi-free generators in degrees < —i.
The exact sequence of DG F-modules 0 — Qg, ? F — Qp — Qp/q, — 0 shows

that Qp/q, is perfect. It has generators in degrees < —i — 1, so H_i_lQF/Gi is
a finitely generated H°F-module. If i > 1, then the universal derivation yields
Foi=t(d(F~=2)+ Gy = H™"'Qpg,; hence H"1F is a finitely generated
H°F-module, and we are done. Consider the case i = 0; set J := d(F~!) C
F° = Gy (which is a finitely generated polynomial algebra), so H'F = F°/J.
Then F~1/(d(F~2)+JF~') = H 'Qp/q,, so F~1/(d(F~2) + JF~') is a finitely

generated HOF-module. The exact sequence 0 — H~1F — F~1/d(F~2) %9 -0
shows then that H~'F is a finitely generated H°F-module; q.e.d.

From now on we assume, as is possible by (a), that F' is a polynomial algebra
with finitely many generators in each (non-positive) degree.

(b) Let B be any commutative DG algebra, I C B a DG ideal. Recall that
n > 1 is an integer such that the span of “Qp lies in [—n,0].

LEMMA. If H'I = 0 for every i > —n, then any morphism p : F — B/I can
be lifted to p : FF — B. If, in addition, H~™1 = 0, then such p is unique up to a
homotopy.

Proof. One has B = lim B/I™, so one can construct a lifting, and a homotopy
between two liftings, passing successively from B/I™ to B/I™*!. Therefore we
can assume that I2 = 0. Replacing B by the pull-back of B — B/I by p, we can
assume that p = idp. So B is an extension of F' by a DG F-module I, and we want
to construct a section.

Since F' is semi-free, we can find a section F' — B which is a morphism of
graded algebras but may not commute with the differential d. Commuting it with
d, we get a derivation F' — I[1], i.e., a morphism of DG F-modules ¢ : Qp — I[1].
One can modify our section to make it commute with d if and only if ¢ is homotopic
to zero, i.e., since Qp is semi-free, if ¢ vanishes as an element of Hom p(p)(Q2r, I[1]).
If it happens, then the homotopy classes of p form a Hompp)(Qp, I)-torsor. We
are done by the condition on n. O

(c) Let F,, C F be the (DG) subalgebra generated by F=~" and let J C F
be the DG ideal in F' generated by F'<~". By the lemma, the projection p: F —
F/J = F,/F,N7J can be lifted to a morphism of DG algebras p: F — F,.

Again by the lemma (applied to B = F, I = J) the composition F 2 F, — F
is homotopic to idp, so F' is a retract of F;, in the homotopy category, and we have

proved (i).
To prove (ii) consider step (i)=-(iii) of the proof of the lemma in 4.1.16 for
P :=Qp, P:=Qp, ® F, b:= —n. We can choose, after a Zariski localization of
F

Spec(HYF), a direct summand P' of P as in loc. cit. Then the universal deriva-
tion identifies the F%-module (F,/(F,<%)?)~™ of degree —n generators of F),, with

18We assume that i > 0; one constructs G in the evident way using the fact that HOF is a
finitely generated algebra.
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(P/F<OP)~". Define K C (F,/(F<°)?)~" as the submodule that corresponds to
(PVJF<0pPf)=m C (P/F<°P)~". Let F' be the subalgebra of F,, generated by
F>~™ and the preimage of K in F,; ™. Since K is a free F%-module, our F' is semi-

free with finitely many generators in degrees —n, ... ,0. Finally, the morphism
F' — F is a quasi-isomorphism. To see this, notice that F' —- F? for i > —n and
H™"Qps = H "Qp, and apply then the lemma from (b). O

4.1.18. Perfect BV algebras. Let C' be a 1-Poisson DG algebra C' having
degrees < 0. We say that C' is perfect if it is perfect as a commutative algebra and
the pairing Qr ® Qp — R[1] defined by { } yields a quasi-isomorphism £Qp —
RHompg(¥Qpg, R)[1]. Notice that such a C has span < 1.

A filtered unital BV algebra C' having degrees < 0 is said to be perfect if the
1-Poisson algebra gr C is.

Suppose that C = C%(R,L)" for some BV Lie R-algebroid L”. Then C
is perfect if and only if R is a perfect commutative algebra and the composition
L — Op = Hom(Qg, R) — RHom(XQpg, R) is a quasi-isomorphism. Here the first
arrow comes from the L-action on R.

QUESTION. Is it true that the cohomology of any perfect BV algebra is finite-
dimensional?

This happens for C = Ck,, (R, L)° as above:
PROPOSITION. For such a C one has dim H C' < co.

Proof. By 4.1.13, replacing R by a quasi-isomorphic algebra, we can assume
that R is a semi-free algebra sitting in degrees < 0. Our objects have the Zariski
local nature with respect to Spec R, so it suffices to show that our cohomology is
finite-dimensional locally on Spec R?. By 4.1.17 and 4.1.13 we are reduced to the
situation when R is a semi-free algebra with finitely many generators in degrees 0
and —1. We can also assume that L is semi-free. Let us show that Cpy (R, L)
is quasi-isomorphic to the de Rham complex for a certain twisted right D-module
structure on R (cf. Example in 4.1.10).

We know that Qp is semi-free and Qr = “Qg. So the morphism L —
Op is a quasi-isomorphism. Therefore the corresponding morphism of the de
Rham-Chevalley DG algebras DR(R) = Cr(R,0r) — Cr(L) is a filtered quasi-
isomorphism.

The conditions on R imply that R admits a right D-module structure,'® so
Or admits a BV extension 6%, (see Remark (i) in 4.1.9). Its pull-back to £ differs
from L” by some “classical” extension of L given by an appropriate cocycle of
Cr(L)Z!. By Remark (ii) in 4.1.10 we can replace this cocycle by a homologous one
without changing Cpy (R, L)b. So we can assume that our cocycle actually comes
from an odd 1-cocycle v in DR(R)Z'. Let P be Cpy(R,OR)" equipped with the
twisted differential d.,. The evident morphism of graded modules Cpv (R, L)b — P
commutes with the differential, and it is a filtered quasi-isomorphism.

It remains to show that dim H P < co. Our P is a twisted de Rham complex,
hence a DG DR(R)-module. Forgetting about the differentials, one has DR(R) =
@1SymR(QR[fl])/SymE"(QR[fl}), P = Symp(Or[1]), and the DR(R)-action on

9Tndeed, the dualizing module of R is isomorphic to a shift of a copy of R (as a DG R-
module).
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P is the usual convolution product. Notice that both P and DR(R) are supported
in finitely many degrees.

Consider P as a DG DR(R°)-module. We have a finite decreasing filtration
Fi.= QIZ%?;P. It suffices to prove that the terms E5'? of the corresponding spectral
sequence are finite-dimensional.

Set P := gr'P; this is a complex of free R%-modules, and gr'P = szo gp.

Thus EV? := HPTigrPP = Q’;%O ® HYP and the differential d; is the de Rham
differential for a D po-module structure on H?P. So it suffices to show that all
HYP are holonomic D go-modules. This amounts to the existence of a stratification
Z, of Spec R® such that each complex P|z, has coherent cohomology. Now the
proposition follows from the next two facts whose proof is left to the reader:2°
- the complex of H° R-modules P® ro HOR is quasi-isomorphic to (H°R)[dimR];
- the restriction of P to Spec R? \. SpecH'R is acyclic. O

4.2. The construction and first properties

Chiral homology is a “quantum” version of (the algebra of functions on) the
space of global horizontal sections of an affine D x-scheme (i.e., the space of global
solutions of a system of non-linear differential equations). To define it, recall that
chiral algebras amount to factorization algebras which are D-modules on Ran’s
space R(X) (see 3.4.1 and 3.4.9). Now the chiral homology of X with coefficients
in a chiral algebra is the de Rham homology of R(X) with coeflicients in the cor-
responding D-module.

Below we make the above informal definition rigorous. The technical problem
to deal with is the fact that R(X) is not an ind-scheme in the strict sense?! (recall
that the R(X); are not algebraic varieties for i > 3; see 3.4.2). So we are outside
of the documented grounds of algebraic geometry, and one has to explain what the
D-modules on R(X) are and how to compute the de Rham homology. We know
that R(X) is an ind-scheme in a broad sense: it is an inductive limit of the X™’s
with respect to the non-directed family of all diagonal embeddings (see 3.4.1(ii)).
Luckily this inductive system satisfies a number of specific properties (listed in
4.2.1) which permit us to handle sheaves on R(X) almost as easily as if it were an
ind-scheme in the strict sense.

We begin with the definition of !-sheaves on X® and consider some special types
of complexes in 4.2.1. For a general formalism of sheaves on diagrams of spaces see
[SGA 4] Exp. V*; we consider the dual setting of !-sheaves. The cohomology of
I-sheaves is defined in 4.2.2. In 4.2.3 we describe a usual spectral sequence which
computes the homology beginning with the homology of the configuration spaces
strata of R(X). In 4.2.4 the !-sheaves on X® are compared, in the case of the
classical topology, with plain sheaves on R(X). The convolution tensor product ®*
of I-sheaves is defined in 4.2.5. The D-module setting and the de Rham homology
are considered in 4.2.6. We explain that the de Rham homology can be computed
using Dolbeault resolutions in 4.2.7, prove the compatibility with the ®* product of
coefficients in 4.2.8, and prove a stabilization property in 4.2.9-4.2.10. The chiral
homology of a chiral algebra is defined in 4.2.11 using the Chevalley-Coisin complex
from 3.4.11. In 4.2.12 we show that the chiral homology can be computed by

20Hint: P carries a natural filtration with gre P isomorphic to Sym®(© g, go[1])[dim R°].
21Te., R(X) is not a union of a directed system of closed subschemes.
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certain functorial chiral chain complexes C" and (more economic) Cshy. Another
chiral chain complex Cﬁf’q is defined in 4.2.14 after a digression on forms with
logarithmic singularities '(this complex will not be used in subsequent sections,
so the reader can skip 4.2.13 and 4.2.14). Section 4.2.15 contains a remark on
non-quasi-coherent Dolbeault resolutions. In 4.2.16 we consider the zero homology
HE". In the commutative case it coincides with the algebra of functions on the
space of global solutions from 2.4.1-2.4.5. Compatibility with filtrations and chiral
homology with coefficients are discussed, respectively, in 4.2.18 and 4.2.19.

4.2.1 Sheaves on X®. We begin with general definitions. Below, k is our
base field of characteristic 0.

Let J be a category equivalent to a small one, and let Yy, I — Y7, be an J-
diagram of topological spaces or of schemes. We assume that every Y has a finite
cohomological dimension (to be able to consider painlessly infinite complexes of
sheaves) and that for each ¢ : I — J the map ¢y : Y7 — Y is a closed embedding.
A I-sheaf on Yy is a rule P that assigns to each I € J a sheaf of k-vector spaces
Py, on Yy and to each ¢ : I — J a morphism I vy. Py, — Py,. We demand
that the 6’s are compatible with the composition of the ¢’s and that 609 is the
identity map. In the scheme-theoretic setting we consider sheaves with respect to
the étale topology. The !-sheaves form an abelian k-category Sh'(Y;). We denote
by C'Sh'(Y3) the corresponding DG category of complexes and by D(Y3) the derived
category.

We say that a complex P of !-sheaves on Y5 is admissible if for each morphism
@ : I — J the morphism () yields a quasi-isomorphism Py, = Rap!YPyJ. Admis-
sible complexes form a full DG subcategory CShI(Yg)adm - CS’h!(Yg) closed under
quasi-isomorphisms, and a full triangulated subcategory D(Y9)aqm C D(Y7).

We apply the above considerations to J = 8° and the diagram X9, I — X/;
the structure embeddings are diagonal ones AU/7) . X7 < XT. Here X is either
a separated topological space of finite cohomological dimension or a separated k-
scheme of finite type. In the case of schemes we consider sheaves with respect to
the étale topology.

The diagram X satisfies the following specific properties. Fix any I € 8. Then

- The category 87 ; of all arrows I — T' is equivalent to a finite ordered set
Q).
- The diagonals X7, T € Q(I), form a stratification of X’.

- Let jD . UMD — X! be the complement to all strata X7, T € Q(I), T # I.
Then the action of Aut I on U is free.

The arguments below work for any diagram that satisfies these properties.

Every !-sheaf P on X® carries a canonical Cousin filtration P, C Py C --- where
P, C P is the smallest subsheaf such that P,xs = Pxs for |J| < a. We say that P
is mice if for every I and n the evident morphism @ A.(I/T)graPXT — gro Pxr

TeQ((I,a)
is an isomorphism.

LEMMA. Suppose that P is nice and admissible. Then for any I the identifica-
tion grp Py = Pya) yields a quasi-isomorphism

(4.2.1.1) grmPXr = Rj£I)PU(I).
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Proof. We use induction by n := |I|. Assume that our assertion is true for
all I’ of order < n. Consider a filtration X{ C --- ¢ X! = X! on X! where
XTI is the union of the diagonals of dimension < a, so X! \ X! , is the dis-
joint union of U™, T € Q(I,a). It yields a filtration on Pyx: (as on an object
of the derived category of sheaves on X') with successive quotients gr!, Px: =

& RAUD O RAID;OYVPy, = @ AT R;D TRAT/D Py,
TeQ(I,a) TeQ(I,a)
Since P,x: are supported on X!, the identity morphism of Px: lifts canonically
to a morphism ¢ in the filtered derived category from Pyx: equipped with the
Cousin filtration to Pxr equipped with the above filtration. Since P is nice, one
has gr,¢ = . 59(1 )A.(I/T)(QST) where ¢7 : groPxr — RjFT)j(T)‘RA(I/T)!PXr is

S ,a

the evident morphism. Since P is admisible, we can rewrite ¢ as the canonical
morphism Pyr — Rj.(T)j(T)'PXT. By the induction assumption, ¢r is a quasi-
isomorphism for |T| < n, so gry¢ is a quasi-isomorphism for a < n. Our filtration
has length n and ¢ lifts the identity morphism, so gr,¢, which is (4.2.1.1), is a
quasi-isomorphism as well, g.e.d. O

Every P € CSh'(X®) admits a canonical nice resolution P — P. Namely,
Py is the homotopy direct limit C(Q(I)7AS<I/T)PXT) (see 4.1.1(iv)) where the
structure morphisms are the embeddings 84/7) : AU/ Py, < Pyi coming from
the embedding Q(J) € Q(I). Tt is clear that P is nice, the DG functor P — P is
exact, and the obvious projection P — P is a quasi-isomorphism.

Notice that any quasi-isomorphism between nice complexes is automatically a
filtered quasi-isomorphism with respect to the Cousin filtrations.

4.2.2. Cohomology with coefficients in a !-sheaf. A !-sheaf P on X°
yields an 8°-diagram of vector spaces, I — I'(X!, P) := I'(X!, Pxr). Denote by
I'(X®, P) its inductive limit. The Cousin filtration on P defines a filtration on
(X8, P).

We say that P is handsome?? if it is nice and the following extra conditions
hold:

(a) The morphisms I'(X™, Pxn) — RI'(X™, Pxn) are quasi-isomorphisms.

(b) The projections Px» — gr, Px» admit splittings (that need not commute
with the differential).

LEMMA. If P is handsome, then gr,I'(X%, P) = I'(X™, gr,,P)x, and the mor-
phisms I'(X™, gr,, P) — RI'(X™, gr, P) are quasi-isomorphisms.

Proof. By (b) the Cousin filtration on P splits (the splitting need not commute
with the differential), so gr,I'(X®, P) = gr,I'(X®, gr,, P), and the first claim follows
since gr, P is nice. The second claim is checked by induction by n. O

REMARKS. (i) For any P € C'Sh'(X) the nice complex P automatically satisfies
(b); if P satisfies (a), then P is handsome.

(ii) Every P € CSh'(X) admits a flabby resolution, i.e., a quasi-isomorphism
P — P’ such that P’ is flabby (which means that each P%. is a flabby complex of
sheaves on X").23

22Cf. “Teddy Bear” from “When we were very young” by A. A. Milne.
23Recall that a complex of sheaves F' on Y is flabby if for every closed Z C Y the morphism
T'z(Y,F) — RI'z(Y, F) is a quasi-isomorphism.
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Let CSh'(X)" ¢ CSR'(X®) be the full DG subcategory of handsome com-
plexes. The above remarks imply that its localization by quasi-isomorphisms coin-
cides with D(X?®). On the other hand, the lemma shows that the functor I'(X$, )
sends quasi-isomorphisms in C'Sh'(X)" to filtered quasi-isomorphisms. Therefore
one has an exact functor RT'(X®,-) : D(X®) — DF(k).>* We write H (X%, P) :=
H RT(X8, P).

By Remark (i), for any P € CSh'(X) one has RT'(X®, P) = I'(X$, P’) where
P — P’ is a resolution such that P’ satisfies (a); e.g., P’ is flabby.

4.2.3. Cohomology of configuration spaces. Set R(X)S := U™ /%, .2
this is the space of configurations of n-points on X. The projection U™ —
R(X)S is an étale X,,-covering. For P € Sh'(X) the sheaf Py is ¥,-equivariant,

so by descent it defines a sheaf Pr(x)s on R(X);. We write I'(R(X);, P) =
D(R(X)5, Prex)s), ete.

LEMMA. For admissible P there is a canonical quasi-isomorphism

(4.2.3.1) gr, RT(X8, P) = RT(R(X)2, P).
Proof. By Lemmas from 4.2.1, 4.2.2 one has gr,, RT'(X$, P) = RT(U™, P)y, .
Now the trace map yields RT(U™), P)y,, — RT(R(X)S, P), and we are done. [J

Consider the spectral sequence EP'¢ for the Cousin filtration converging to
H (X3, P) (we call it the Cousin spectral sequence). If P is admissible then, by
the lemma, one has
(4.2.3.2) EPT = Hp+q(fR(X)‘ip, p).

4.2.4. Comparison with sheaves on R(X). This section plays a purely
motivational role.

Suppose that our X is a locally compact separated topological space of finite
cohomological dimension. Consider the topological space R(X) defined in 3.4.1;
the obvious projections r; : X! — R(X) identify R(X) with the inductive limit
of the diagram X®. We deal only with those sheaves of k-vector spaces on R(X)
which are inductive limits of subsheaves supported on the R(X);’s. Such sheaves
form an abelian k-category Sh(R(X)); one has the corresponding DG category of
complexes C'Sh(R(X)) and the derived category D(R(X)). For G € Sh(R(X)) the
space of those sections of G that are supported on some R(X); is denoted (by abuse
of notation) by I'(R(X), G). It is naturally filtered by the subspaces TI'(R(X), G),
of sections supported on R(X), (the Cousin filtration). The functor I' admits a
right derived functor RI'(R(X),) : D(R(X)) — DF(k) which can be computed by
means of flabby resolutions.?6 We write H (R(X),G) :== H RT(R(X), G).

The maps r7 : X! — R(X) are finite, so the push-forward functor rr. :
Sh(XT) — Sh(R(X)) is exact. It admits a right adjoint functor 7} : Sh(R(X)) —
Sh(XT"). We have a right exact functor 7, : Sh'(X®) — Sh(R(X)) which sends P

24For us, the filtered derived category is formed by complexes F' equipped with an increasing
filtration F. such that F, = 0 for a < 0 and |JF, = F; the morphisms are morphisms of
complexes preserving filtrations localized by filtered quasi-isomorphisms (:= the morphisms that
induce quasi-isomorphisms between the successive quotients).

25Here UM := UL n}) ¢ X7 ete.

26G € CSh(R(X)) is said to be flabby if for every n the complex of sheaves i, G on R(X),
is flabby; here i : R(X)n — R(X).
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to the inductive §°-limit of sheaves rr. Pxr. It admits a right adjoint which is a left
exact functor r' : Sh(R(X)) — Sh'(X9); one has r'Fxr :=r}F.

The functor r, admits a left derived functor Lr, : D(X®) — D(R(X)); for nice
P one has Lr,P = r,P. Thus for any P one has r*]5 = Lr.P. Similarly, r
admits a right derived functor Rr' : D(R(X)) — D(X?®). For a flabby complex
of sheaves F on R(X) one has r'F' = Rr'F; moreover, the complex r'F is nice
and admissible, and r.r'F = F. If P is admissible, then P — Rr'Lr,P is a
quasi-isomorphism.

So the functors Lr, and Rr' are adjoint, and they yield mutually inverse equiv-
alences
(4.2.4.1) D(X®)adm = DR(X).

Rr!

For any P € CSh'(X®) an obvious projection I'(X®, P) — T'(R(X),r.P) is
compatible with the Cousin filtrations. If P is handsome, then this projection is
an isomorphism of mere complexes;?” moreover I'(R(X),r.P) — RT(R(X),r.P).
If, in addition, P is admissible, then this is a filtered quasi-isomorphism. We get

LEMMA. For P € D(X®) there is a natural morphism

(4.2.4.2) RT(X®,P) — RT'(R(X), Lr.P)
in DF (k) which is an isomorphism in D(k). If P € D(X%)uqm, then this is a
filtered quasi-isomorphism. O

REMARK. The spectral sequence (4.2.3.2) becomes the usual spectral sequence
for the Cousin filtration R(X). converging to H (R(X), Lr. P).

NOTATION. Suppose we are in the scheme-theoretic setting. In view of (4.2.4.1)
we will write D(R(X)) := D(X®),4m; admissible complexes will be also called
complexes of sheaves on R(X). Thus D(R(X)) is a full subcategory of D(X$).
The restriction of the functor RI'(X®,:) to D(R(X)) is denoted by RT'(R(X),-);
the terms of its Cousin filtration by RI'(R(X),-), = RI'(R(X)n,). One has
gr, RU(R(X), P) = RT(R(X)S, P) (see (4.2.3.1)), etc.

no

4.2.5. The convolution product. The category Sh'(X®) carries a natural
tensor structure. Namely, for a finite non-empty family P,, a € A, of !-sheaves on
X8 we define their convolution tensor product @* P, as (cf. (3.4.10.1))

4.2.5.1 *P, = X(P, x1a
(4.2.5.1) (8" Pa)xr 1= @ B(Poxia),
where the structure arrows 6(™) are the obvious ones. Our tensor category is denoted
by Sh'(X8)*.

The obvious natural morphisms v(p,} : ®'(X®, P,) — T'(X®,®*P,) are com-

patible with the Cousin filtrations; they make I'(X?®,-) a pseudo-tensor functor (see
1.1.6(ii))

(4.2.5.2) D(X8,.): Sh'(X8)* — CF(k)®.

Notice that ®* P, is nice if the P, are nice. The same is true for “handsome”, so
RI'(XS, -) is also a pseudo-tensor functor.

27 Not filtered ones!
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LEMMA. If X is quasi-compact, then T'(X®,.) and RT(XS,.) are tensor func-
tors.

Proof. Our condition assures that T'( X!, ®*P,) = @A%) [(X!e, P,), so vip,y
I
are filtered isomorphisms. The fact about RI'(X®,-) follows as above. g

Notice that P — P is naturally a pseudo-tensor functor, as follows from
(4.1.2.3). Namely, the compatibility morphism ®*P, — é)?P/a (see 1.1.6(ii)) is
formed by the maps KC(Q(I,), AY/T) P «r.) — C(MQ(I,),RAT/T)p 1)
C (g*\P/Q)XI where the arrow comes from (4.1.2.1). The projection P — P is a
morphism of pseudo-tensor functors.

Let B be a DG k-operad. We see that if P is a B algebra in C'Sh'(X)*, then so
is P. By (4.2.5.2) the complexes of sections I'(X$, P) and I'(X$, P) are B algebras,
and the morphism I'(X$, P) — I'(X$, P) is a morphism of B algebras.

REMARK. The tensor product ®* comes very naturally in the R(X) setting
of 4.2.4. Then the commutative semigroup structure on R(X) (see (iii) in 3.4.1)
yields the convolution tensor structure on Sh(R(X)): for F,G € Sh(R(X)) one has
F®R*G := 0, (FXG) where o : R(X)xR(X) — R(X) is the “disjoint sum” operation.
Notice that ®* is an exact functor (since o is finite). If X is quasi-compact, then
there is an obvious identification I'(R(X), F®*G) = T'(R(X), F)@T'(R(X), G), and
the same for the RIVs. So I'(R(X),-) and RI'(R(X),-) are tensor functors. Now
re » SKHX®)* — Sh(R(X))*, Lr, : D(X®)* — D(R(X))* are tensor functors in
the obvious way. This explains the name “convolution tensor product” for ®*.

4.2.6. D-complexes on XS. (i) Suppose we have any diagram I — Y as
in 4.2.1 where the Y; are smooth algebraic varieties and morphisms are closed
embeddings. In such a situation a right D-module on Y is a rule that assigns to
each I a right D-module M; = My, on Y7 and to every ¢ : I — J a morphism
6 : oy, M; — My; we demand that 8(9) is compatible with the composition of the
¢’s and 0041) = idy,. Right D-modules on Y form an abelian k-category M(Y). A
complex M of right D-modules on Y (a.k.a. a right D-complez onY') is admissible
if for each ¢ the morphism M; — RQD!YM 7 defined by () is a quasi-isomorphism.
Every complex quasi-isomorphic to an admissible complex is admissible.

Our prime diagram is X® where X is our curve; here the above notion of right
D-module coincides with that from 3.4.10. Admissible right D-complexes on X are
also called right D-complezes on R(X). The corresponding DG category is denoted
by CM(R(X)) and the derived category is denoted by DM(R(X)) (cf. 4.2.4). We
have fully faithful embeddings CM(R(X)) < CM(X®), DM(R(X)) — DM(X$).
Below we skip the word “right” when it is clear that we are dealing with right
D-modules.

An increasing filtration on a D-complex M is admissible if gr; M are admissible
complexes. The corresponding filtered derived category is denoted by DFM(R(X)).

(ii) Recall that the tensor category M‘(R(X)) acts on M(X®) (see (3.4.10.6)),
so the tensor DG category of complexes CM‘(R(X)) acts on CM(X®). The action
of the tensor DG subcategory of homotopically flat complexes (see 3.4.3) preserves
admissible complexes and quasi-isomorphisms, so it yields an action on DM(R(X)).

(iii) When needed, resolutions of D-complexes on X® can be built by induction.
Here is the induction step: Suppose we have M € CM(X?®) and a quasi-isomorphic
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embedding of X,-equivariant D-complexes «,, : Mx» — Fxn» which is a quasi-
isomorphism. Then there is a quasi-isomorphic embedding M — F of D-complexes
on X3 which is an isomorphism on X <" and coincides with a, on X".2%

In particular, every M € CM(X?®) admits a flabby resolution F (which means
that each Fx» is flabby). This implies the next lemma and remark in the usual
way.

Let iy : Y7 — XTI, I € 8, be closed subspaces such that for every diagonal em-
bedding X! ¢ X7 one has Y; = X'NY;. Let jy : V7 := XI\Y; be the complemen-
tary open embeddings. These spaces form §°-diagrams Y, V' of closed embeddings.
Let M(X®)y € M(X?®) be the full subcategory of D-modules supported on Y. The
functor j¥, identifies M (V') with the quotient abelian category M(X®)/M(X®)y.
It admits right adjoint jy. : M(V) — M(X®), (jv«N)xr = jv;« Ny,

LEMMA. The functor D(M(X®)y) — DM(X?®) is fully faithful; its essential
image is the thick subcategory DM(X3)y C DM(X®) of complexes acyclic on V.
The functor 53, induces an equivalence DM(X®)/DM(X®)y — DM(V). It admits
right adjoint Rjy.; one has (Rjy«N)x1 = Rjy,«Ny,. For any M € DM(X3) there
is a canonical exact triangle My — M — Rjy.ji, M where My € DM(X®)y. If
M is admissible then so are all terms of the triangle. O

REMARK. Suppose each Yj is smooth. By Kashiwara’s lemma the functor
iys : M(Y) — M(X?®) identifies M(Y) with M(X®)y. It admits a left adjoint 4} :
M(X®) — M(Y). We have the right derived functor R} : DM(X®) — DM(Y),
and My from the above lemma equals iy*Ri!YM .

(iv) A D-complex M on X yields a complex DR(M) of !-sheaves on X,
DR(M)x1 := DR(Mxr). The DG functor DR : CM(X8) — CSh'(X®) preserves
quasi-isomorphisms and sends admissible complexes to admissible complexes, so we
have the exact functors DR : DM(X®) — D(X3), DM(R(X)) — D(R(X)). Set
Ipr(XS, M) :=I'(X%, DR(M)) and RT'pr(X®, M) := RT(X®, DR(M)). These
complexes carry the Cousin filtrations coming from the Cousin filtrations on T"
and RI'. For an admissible M we write Hp o (R(X), M) := H'RT pr(R(X), M),
HYp(R(X)p, M) := H(RT pr(R(X), M)y,). -

We will also consider the canonical nice resolution DR of DR (see 4.2.1) and
write D57 (X5, M) := [(XS, DR(M)).

REMARK. The complexes DR(M) are usually not nice. For example, for any
non-zero N € M(X) the complex DR(AiS)N) (see 3.4.10) is not nice.

If we are in the situation of the above lemma, then, applying RI'pg to its exact
triangle, we get an exact triangle (here RT pr(X®, M)y := RTpr(X®, My))
(4.2.6.1) RUpr(X® M)y — RUpr(X®, M) — RTpr(X®, Rjy.jiuM).

One also has R pr(X®, Rjy.ji-M) = RTpr(V, ji M).

(v) A D-complex M on X also yields a complex h(M) of !-sheaves on X8,
hence the filtered complex I'(X® h(M)). The canonical projections DR(M) —

280ur conditions define F on X3n. Suppose |I| > n. Define Fy; as the quotient of

Myr®( @ AiI/T)FT) modulo the sum of the images of the maps (6(//T), —AEkI/T)(an)) :
TeQ(I,n)

AT Myr o Myr @ AV Fyr
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DR(M) — h(M) yield morphisms of filtered complexes
(4.2.6.2) I'55(X3%, M) — Tpr(X®, M) — T(X®, h(M)).

4.2.7. Dolbeault resolutions. One can represent RI'pr(X®,-) by appropri-
ate functorial complexes.

Namely, let Q = Qx be a Dolbeault D x-algebra (see 4.1.3). According to 3.4.9
and 3.4.20, it gives rise to a commutative factorization DG algebra which we denote
also by Q by abuse of notation. Thus for every n > 1 we have a commutative DG
D xn-algebras Qxn». We will call such a factorization algebra a Dolbeault Dy (x)-
algebra.

LEMMA. Every Qxn is a Dolbeault D xn~ -algebra.

Proof. Condition (a) of 4.1.3 holds since it obviously holds on the level of the
Cousin complexes. Condition (b) follows from Remark (i) in 3.4.4. By construction,
Qxn isa Q?}"—algebra, so one has an affine morphism Spec Qx» — (Spec Qx)™. The
latter is an affine scheme which implies condition (c). O

Let M be a right D-complex M on X3. The above lemma together with
(4.1.4.1) show that DR(M ® Q) satisfies condition (a) of 4.2.2. Thus, by Remark
(i) in loc. cit., the complex b\l/%(M ® Q) is handsome, so we have a canonical filtered
quasi-isomorphism

(4.2.7.1) I'55(X%, M ®Q) = RTpr(X5,M).

4.2.8. ®* compatibilities. According to 3.4.10 the category M(X?®) carries
two canonical tensor structures ®* and ®°".
The de Rham functor is a pseudo-tensor functor in an evident way:

(4.2.8.1) DR : CM(X8)* — CSh'(X®)*.
LEMMA. The functor

(4.2.8.2) Tpr(X8,): CM(XS)* — CF(k)®

is actually a tensor functor.

Proof. Tpr(X®,-) is a pseudo-tensor functor by (4.2.8.1) and (4.2.5.2). We
want to show that the compatibility arrows (see 1.1.6(ii)) are isomorphisms; this
follows from the fact that ['(X"/>, DR(KM,, x1.)) = @L(X1e DR(M, x1.)). O

Composing DR and T'pr(X8,:) with P — P (see 4.2.1 and 4.2.5), we get
pseudo-tensor functors

(4.2.8.3) DR : CM(X®)* — CSh'(X®)*,

(4.2.8.4) I 55(X5,) : CM(X®)* — CF(k)®.

Let Q € CM*(R(X)) be any commutative factorization algebra. Then M
M ® Q (see 4.2.6(ii)) is a pseudo-tensor endofunctor of M(X®)*. Namely, the
compatibility morphisms ®* (M, ® Q) — (®*My) ® Q (see 1.1.6(ii)) are formed by
the maps &(Mxla ®Qxla ) = (&MXIQ ) (024] (ggxla ) — (&Mxla ) ® QX\_’IQ Where the
arrow is the tensor product of the identity map for XMy, and the factorization
product for Q.
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Suppose that Q is a Dolbeault algebra. Composing (4.2.8.4) with - ® Q, we get
a pseudo-tensor functor

(4.2.8.5) I 5(X5, ®Q) : OM(X®)* — CF(k)®.

Since the compatibility morphisms for - ® Q are quasi-isomorphisms, it descends,
by (4.2.7.1), to a tensor functor
(4.2.8.6) RTpr(X8,.): DM(X®)* — CF(k)®.

Notice that h : M(X8)* — Sh'(X®)* is evidently a pseudo-tensor functor, so
composing it with T'(X$, ), we get a pseudo-tensor functor

(4.2.8.7) D(X8 h() : CM(X®)* — CF(k)®.
Morphisms (4.2.6.2) are actually morphisms of pseudo-tensor functors.

4.2.9. Cousin D-complexes. Repeating the construction from 4.2.3, we
see that a D-complex M on X® defines a complex Mg (x)s of D-modules on ev-
ery R(X)7. One has DR(Mg(x).) = DR(M)x(x)., so, by (4.2.3.1), for M €
DM(R(X)) we get a canonical quasi-isomorphism

(4.2.9.1) gt RLpr(R(X), M) = R pr(R(X)2, M)

n?

and the Cousin spectral sequence E?'9 converging to Hj, p(R(X), M) with the first
term

(4.2.9.2) EP? = HYH(R(X)®,, M).

There is an exact fully faithful functor
(4.2.9.3) G5 MRX)Z) = M(X)
defined by (jSN)xr = & AT DN 2y N € M(R(X)2). Here Nyry
is the pull-back of N by the étale projection UT) — R(X)%. One has N =
(jgzZ)N)R(X)gL-

Notice that for NV as above and a left D-module L on R(X) one has L®j§z"*)N =
jS{Q(LgQ(X)z ® N), so the image of jgﬁ) is preserved by the action of the tensor

category M*Y(R(X)).

A Cousin D-complex on R(X) is a complex M of right D-modules on X3 such
that M~ € jg{:} (M(R(X)?2)) (in particular, M® = 0 for ¢ > 0). Such M is auto-

matically admissible. Cousin D-complexes form an abelian category Cous(R(X)).

REMARK. Clearly, the functor Cous(R(X)) — DM(R(X)) is a fully faithful
embedding. In fact, Cous(R(X)) is the core of a certain canonical t-structure on

DM(R(X)).
Let M be a Cousin D-complex. According to (4.2.9.1) we have a canonical
quasi-isomorphism

(4294) grnRI‘DR(fR(X),M) l> RFDR(R(X)O

n

S M.

Since dim R(X)% = n, the cohomology groups Hi p(R(X), M) vanish for i > 0.

n =
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4.2.10. LEMMA. The morphisms HEp(R(X)p, M) — HER(R(X), M) are
surjective for a > —n and are isomorphisms for a > —n + 1. If X is affine,
then this is true, respectively, for a > —n —1 and a > —n.

Proof. We use (4.2.9.4). If X is affine, then so are the varieties R(X)?,. So the
groups H%gr,,, RT pr(R(X), M) vanish for a > —m, which implies our statement. If
X is compact, then we consider a coordinate projection U™ — X. It is affine and
X is a curve, so Hp(U™, M~™) = 0 for a > 1. Since H% »(R(X)2,, M~™) C
HE (U™ M~™), we see that Hr,, RTpr(R(X), M) =0 for a > —m + 1, and
we are done. t

4.2.11. Chiral homology: definition. For the rest of this chapter we as-
sume (if not explicitly stated otherwise) that X is proper and connected. We work
in the DG setting skipping the letters “DG” whenever possible, so “chiral algebra”
means “DG chiral super algebra”; a chiral algebra which sits in degree 0 is called a
“plain chiral algebra™.

Let A be a not necessary unital chiral algebra on X. Consider the corresponding
Chevalley-Cousin complex C(A) € CM(X®) as defined in 3.4.11. This complex is
obviously admissible, so C'(A) is a D-complex on R(X). If A is a plain chiral
algebra, then C(A) is a Cousin complex. We define the chiral homology of X with
coefficients in A or, simply, the chiral homology of A as the de Rham cohomology
of C(A):

(4.2.11.1)  C"(X, A) := RTpr(R(X),C(A)), H(X,A):=H *C"X,A).

Since C°" preserves quasi-isomorphisms, it can be considered as a functor on
the homotopy category HoCA(X) (see 3.3.13).

One has C(A)x(x), = (Sym™(A[l]))r(x)o (here Sym™ is the exterior symmetric
power), so the Cousin spectral sequence (4.2.9.2) converging to HS"(X, A) looks as

(4.2.11.2) E} .= Hph Y(R(X)9, SymP (A[1])).

REMARK. The Cousin filtration on C°*(X, A) seems not to be a part of any
fundamental structure and plays mere technical role. In most cases the spectral
sequence is highly non-degenerate (of course, it degenerates when pyg = 0) and of
no help for computations.

Following the notation from 2.1.12, for a plain chiral algebra A we can rewrite
(4.2.11.2) as

(4.2.11.3) E) = HPR(R(X)2, AP, A).

p+q ext
Here the D-module A?,; A on R(X)j is Sym?(A[1])x(x)s[—p]. Notice that the vector

spaces H"(X, A) vanish for a < 0.

4.2.12. Chiral chain complexes. For a chiral algebra A we have defined
C°"(X, A) as an object of the derived category. Often it is important to represent it
by means of some actual functorial complexes; we refer to any such construction as
a chiral chain complex. One defines a chiral chain complex replacing DR(C(A)) by
a quasi-isomorphic handsome complex (see 4.2.2). Two nuisances had to be dealt
with: the global one (each complex DR(C(A)xn) needs to be resolved in order to
compute RI'pr(X,C(A)xn)) and the local one (the complexes DR(C(A)) are not
nice). The global problem is treated by means of Dolbeault resolutions (or their
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non-quasi-coherent version; see 4.2.15). To make DR(C(A)) nice, one can either
replace DR by its canonical nice resolution DR or use a modified de Rham functor
from 2.2.10. One gets chiral chain complexes denoted, respectively, by C°"(X, A)q
and C"(X, A)pqg. Another possibility is to use forms with logarithmic singularities
along the diagonals; it leads to the complex Cf(Z](X, A)o to be discussed in 4.2.14.

Let us define the first chiral chain complex ~C~‘Ch. Choose a Dolbeault D x-
algebra Q and set Ag := A® Q. Our complex is C(X, A)g =T 53(X%,C(Ag)).
Since C(Aq) = C(A) ® Q, we have a canonical filtered quasi-isomorphism (see
(4.2.7.1))

(4.2.12.1) CM(X,A)g = CM(X, A).

Unfortunately, the complex C°*(X, A)g is unpleasantly huge. Indeed, its sub-
quotient grnC'Ch(X , A)g comprises, apart from relevant sections of A%" over U™
a pile of contractible debris from lower dimensional strata. The chiral chain com-
plexes C"(X, A)pq we are going to consider next have the advantage of being
reasonably small.

To define it, we need to choose, apart from Q, a (non-unital) commutative D x-
algebra resolution ep : P — Ox such that P>° = 0 and each P is Dx-flat (see
2.2.10). For example, one can take P from Example in 2.2.10.

Consider the non-unital chiral algebra Apg := A® P ® Q. The promised chiral
chain complex is C"(X, A)pg := (XS, h(C(Apq))).

PROPOSITION. There is a canonical filtered quasi-isomorphism

(4.2.12.2) CM(X, A)pg = CM(X, A).

Proof. The quasi-isomorphisms A — Agq + Agpg yield one C"(X,A) =
C°"(X, Apg). Consider a canonical morphism p : DR(C(Apq)) — h(C(Apq))
in CSh'(X®). We will show that (i) p is a quasi-isomorphism (thus h(C(Apg)) is
admissible), and (ii) h(C(Apq)) is handsome. Now (i) implies that C<" (X, Apg) —
RU(X®, h(C(Apq))), and (ii) implies that C°"(X, A)po — RIL(XS, h(C(Apq)))
(see 4.2.2). Our (4.2.12.2) is the composition.

(i) Consider the Cousin filtration on C(Apq)xr. It splits (in a way that
does not respect the differential), so it suffices to show that DR(gr C(Agpq)x1) —
h(gr C(Apq)xr) is a quasi-isomorphism. This follows since PH7 is D yr-flat, for
grC(Apq)x1 is a direct sum of complexes AiI/T)((jiT)j(T)*(AQ[1]xT)) ® PR,

(ii) h(C(Apg)) is evidently nice and satisfies condition (b) of 4.2.2. To check
condition (a) of loc. cit., it suffices, by the above argument, to verify that each term
of the complex h(jil)j(l)*(AQ[l]gl) ® P¥I) has no higher cohomology. In fact, for
every Q¥![D yr]-module N and a D y:-flat D xr-module R the sheaf h(N @ R) has
no higher cohomology. Indeed, the complex DR(N ® R) is a left resolution of
h(N ® R), and each term of this resolution has no higher cohomology by condition
(c) of 4.1.3. O

LEMMA. One has

(4.2.12.3) g1, CM(X, A)pa = T(U™, h((Apa[1])™™))s

n
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Proof. Tt suffices to show that
(4.2.12.4) (i 5 (Apg)®m) = j 50 R((Apg)E™).

We will check this replacing the complex (Apg)®" by each of its terms. As in
the end of the proof of the proposition, these are direct sums of modules of type
N ® R where R is Dx-flat; hence DR(N ® R) is a left resolution of h(/N ® R) and
DR(jffL)j(")*N ® R) is a left resolution of h(jyl)j(”)*N ® R). Since the latter com-
plex equals jj™W*DR(N®@R) = Rj™ j™*DR(N®R), we see that h(;"j(W* N
R) = Rj,En)j(")*h(N ® R). Thus, being a mere sheaf, h(j,E")j(")*N ® R) equals
jin)j(”)*h(N ® R), and we are done. O

Therefore we have an identification of mere graded modules

(4.2.12.5) CM (X, A)pg = e>911“(U("), h(Apa[1])E™))s,,
the Cousin filtration is the filtration by n.
The canonical morphism Apg — Ag provides filtered quasi-isomorphisms

(4.2.12.6) CM(X, A)pg — CN(X, Ap)g — C"(X, A)q
which compare the two types of chiral chain complexes.

REMARK. One can define the chiral homology functor directly by formulas
(4.2.12.1) or (4.2.12.2). One has to show then that our complexes as objects of the
filtered derived category do not depend on the auxiliary choice of Q or P, Q. This
follows from the lemma in 2.2.10 (or rather the remarks after it) and the second
lemma in 4.1.3.

4.2.13. A digression on forms with logarithmic singularities. The
material of 4.2.18 and 4.2.14 will not be used in the subsequent sections and can be
skipped.

We will construct another chiral chain complex C’fO};(X ,A)q using forms with
logarithmic singularities along the diagonal divisor. This section collects some basic
facts about the logarithmic de Rham complex.

For I € § consider the de Rham DG algebra DRy: which is contained in
the larger DG algebra j£I) JD* DRy of forms with possible singularities along the
diagonal divisor. Let DRZ;SI’ C jy) iD*DR 1 be the DG subalgebra generated by
Oxr and 1-forms df /f where f = 0 is an equation of a component of the diagonal
divisor. It carries an increasing filtration Wy C Wy C --- where Wy = DRxr and
W, is the DR x-submodule generated by the products of < a forms df / f as above.

PROPOSITION. (i) The embedding ¢ : DRI)?,’ — j£1)j(1)*DRX1 s a quasi-

isomorphism.
(ii) There is a canonical identification (cf. (3.1.10.1))

(42131) gV DRY = @ AYDDRyr @ Liejp ® (A/r)[~a].
TeQ,|I|—a)

Proof. Recall (see 3.1.7 and (3.1.10.1)) that j£1)j(1)*wxz = jil)j(l)*w?y@)\[ €

M(XT) has a canonical filtration W. with grmj,g) i(D*yyr = 59( ) ASFI/T)WXT ®
TeQ(I,

Lief/T ® (Ar/Ar). For the corresponding filtration on the de Rham complex one
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has grl¥ DR(G i D wyr) = e DR(AY Dwyr) @ Lief p ® (Ar/Ar). Set

= A,(I/T)DR(wXT) ® Liet,p @ (Ar/Ar). The usual quasi-isomorphic embed-
dings A.(I/T)DR(wXT) — DR(A,(kI/T)wXT) define a quasi-isomorphic embedding
Dyxr = o Oy ngVDR(jg)j(I)*wXI).

TeQ(,—1)

One has DR(j" jD*wyr) = j (D= DR/ [1]. Set DRY9(wy 1) := DRI,
so we have an embedding ¢ : DRI (wyx1) < DR(jiI)j(I)*wXI). Define the W
filtration on DRI (wxr) by W;DR!I(wxr1) = (WZHI‘DRI)??)[I]. We will show
that ¢ is compatible with the W filtrations and

(4.2.13.2) gl gV DRI (wyr) =5 @y C grlV DR(GD D wyr).

This implies the proposition.

Let us check that ¢ sends W to W, and that the image of gr}’ ¢ lies in ®,x1. By
induction we can assume that the statement is known for every ¢/ < £. A section of
WyDR"9(wxr) is a linear combination of forms of type u = v Adf1/fi A+ Adfa/ fa
where a = |I| + ¢, the f; are local equations of some irreducible components of
the diagonal divisor, and v is a regular form. We can assume that the divisors
fi = 0 have normal crossings (otherwise our form lies in W,_;); let X7 be their

intersection. If u has top degree, then it evidently lies in W, j( ) (1)

o in ngj( )]( P*wyr is killed by multiplication by each fi; hence i € ®p. If p is
not of top degree, then it can be written as a convolution of a similar form of top

degree with a polyvector field along the fibers of the projection (f;) : X! — A%
W () (1)*

wxr. Its image

hence u € W[DR(]( )](1)*wxr) and its image in gr, wxr lies in @p.

The surjectivity of gr)’s : ngDRlog(sz) — <I>4X1 follows from the above
argument together with the fact that the Aut(//T)-module Lie} » @ (A1/Ar) is
irreducible.

It remains to show that gr}’VL is injective. By surjectivity it suffices to check that
for € DRlOg(WXI)ngDR(j£1)j(I)*(.UXI) its image fi € gr}’ DR(j+ i FD*wxr) lies
in ®yx:1. We will prove this by induction by |I]. The case £ < —|I| is evident, so

we can assume that £ > —|I|.

(1 )

Consider the residue map 7 : j, ' jD*wyr — Ag/T)jﬁT)j(T)*wXT

TeQ(I,|I]-1)
It sends the subcomplex DR"9(wx1) C DR( D 5 §D*wy1) to the sum of subcom-
plexes A(I/T)DRlog(w r) C DR(A(I/T) D (T)*w XT)-
The kernel of r equals wyr = W_ mj( )](I)*wxz and r is strictly compatible
with W filtrations (see 3.1.6 and 3.1.7). Therefore gr}'r is injective Thus ®,xr =
T_I(EBA.(I/T)Q exT)- So we need to check that (i) € ®A. /M@, r. Since r(p) €

@A.(I/ T) pRiog (wxr), this follows from the induction assumption. O

REMARK. Another way to prove the above proposition is to notice that we can
assume that X = A! and use then the Orlik-Solomon theorem [OS].

4.2.14. Now we can define the promised chiral chain complex C’l (X, A)q.
We assume that A is unital. Let Ae s be the corresponding factorlzatlon algebra
(see 3.4.9). This is a left D-module on X®, and one has a canonical isomorphism
C(w) ® A% s = C(A) of right D-modules on X (see (3.4.13.1)).
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Consider the Cousin complex C'(w) xr, I € 8. As a mere graded module, it is the
sum of components ASFI/T)jiI/T)j(I/T)*(wX[1])®T = AiI/T)j,EI/T)j(I/T)*wXT[|T\],
T € Q(I). Then AYTV DRI (wr)[|IT|] ¢ DR(A/T) §HT) (/T4 ) [|T]] form
a DG DRyr-submodule of DR(C(w)x:) which we denote by DRC;?. When I
varies, we get a l-subcomplex DRC'9 ¢ DR(C(w)).

Now consider DG DRy:-modules DR'"(Ax:) := DR'(wx:) ® A%, and
DRC™9(A) xr := DRC’;? ® Aﬁ(l. Since A&I is flat along the diagonals, one has
A.(I/T)DRlog(wXT)[T] ® AL = A.(I/T)DRlog(AXT)[T], so there is a canonical
identification of mere graded modules
(4.2.14.1) DRCY(A)y: = @ AYTDDROI(Ar)[T).

TeQ(()

The obvious embedding DR'°8(wyr) «— DR(j,.EI)j(I)*sz) yields a morphism
DR'(Ay:) — DR jD*Axs) = DR(GjO*(Ax[1])B1)[=|I|] which is an
injective quasi-isomorphism by (4.2.13.2) since Af;( ; is flat along the diagonals.
Similarly, we have a quasi-isomorphic embedding DRC9(A)x: < DR(C(A))x.
When [ varies, we get a quasi-isomorphic embedding of -complexes on X

(4.2.14.2) DRC'"9(A) — DR(C(A)).

The !-complex DRC'"9(A) is admissible by (4.2.14.1) and (i) in the proposition
in 4.2.13, and nice according to (4.2.14.1).22 Choose a Dolbeault D x-algebra Q
and set Ag := A® Q. Then DRC'9(Ag) is handsome.’® Set Cf/' (X, A)q :=
I['(X®, DRC!I(Aq)). According to 4.2.2, the arrow (4.2.14.2) defines a filtered

quasi-isomorphism
(4.2.14.3) Cih (X, A)g = CM(X, A).

(X,A)o and CN'Ch(X7 A)g (see 4.2.12) are con-
nected by natural quasi-isomorphisms. Consider the morphisms DRC"9(Aq) «
DRC'"9(Aq) — DR(C (Ag)) where the left arrow is the canonical nice resolution

(see 4.2.1) and the right one comes from (4.2.14.2). Applying ['(X®, ), we get the
promised quasi-isomorphisms

The chiral chain complexes Cﬁf;

(4.2.14.4) Ceh (X, A)g — D(XS, DRC9(Ag)) — CM(X, A)o.

o9

4.2.15. VARIANT. Sometimes it is convenient to use instead of Q some non-
quasi-coherent Dolbeault-style algebras; see 4.1.4. Namely (cf. 3.4.2), suppose that
for each I € 8§ we are given a Dolbeault-style D yr-algebra Qy: and for each
7 : J — I a horizontal morphism of unital DG O y:-algebras v(™) = /D .
AVU/D*Q . ; — Qyr; one assumes that the v(™ are compatible with the composi-
tion of the n’s, p(id1) = idg . Let us call such datum a Dolbeault-style Dy (x)-
algebra. For example, for kK = C and X compact the classical Dolbeault algebras
on X' (see 4.1.4) form a Dolbeault-style Dx(x)-algebra. Of course, any Dolbeault
D (x)-algebra (see 4.2.7) is automatically a Dolbeault-style Dgx)-algebra.

Now such Q defines a resolution C(A)g of C(A). As a mere graded (non-
quasi-coherent) D yr-module, C(A)qgx: is equal to the direct sum of components

29Notice that DR(C(A)) is not nice.
30Properties (a) and (b) from 4.2.2 are evident.
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AP (G 5D (A[1])BT @ Qyr); the definition of the differential is left to the
reader. If Q is a Dolbeault Dg(x)-algebra, then C(A)q = C(A) ® Q = C(Aqg).
One can use C(A)q in the same way that we have used the Dolbeault resolutions
in the previous sections. Therefore we have the corresponding chiral chain com-
plexes C(X, A)g := T'(X3,DR(C(A)q)), C"(X,A)pq = T(X3,h(C(Ap)a)),
CM(X,A)g =T (X% DRC'" @ Q® A ), etc. The details are left to the reader.

4.2.16. The Oth chiral homology. For a plain chiral algebra A set (A) =
)(X) := H§"(X, A). By construction and 3.4.12 one has

(A
(12.16.1) (4) = liy HPR(XT, Ax1)

(the inductive limit of the §°-system of vector spaces). It follows from 4.2.10 that
(4216.2) (4) = Coker(Hb (U, j AR2) = Hb (X, 4))

where the arrow comes from the chiral product p: j,j* AR A — A A.
Suppose A is commutative. Then, by (4.2.16.2) and 2.4.5, (A) coincides with
the same noted vector space from 2.4.1. Therefore (A) is a commutative unital

algebra. Its product - is?! the quotient map of the composition H(?R(X A)®? =,
HPR(X x X, A¥?) — HDR(X x X, Axz) — (A); here the last arrow is the canonical
morphism and the middle one comes since A¥? € A .

EXAMPLE. For the unit chiral algebra w the identification H§"(X,w) = (w) =
k comes from the trace isomorphisms HP (X1 wyr) = k.

For any unital chiral algebra A we denote by 1°" = 1" € (A) the image of
le(w)y=kbyly.

4.2.17. The construction of 4.2.16 can be rendered to the DG setting as follows.
For a DG super chiral algebra A let AY be a copy of A considered as a plain
super chiral algebra equipped with an extra Z-grading and an odd derivation § of
degree 1 and square 0. Set (A) := (A%); the Z-grading and § make it a super
complex. Similarly, C°*(X, A¥) is naturally a complex in the abelian category
CVect® of super complexes. Let H*C"(X, A¥) € CVect® be its cohomology and
TS CM (X, A9) the corresponding truncation. Since HOC"(X, A”) = (A), one has
a projection T<OCCh(X A) — (A).

A complex in C'Vect® is the same as a super bicomplex, and we can pass
to the total super complex. Then C*(X,A%) becomes C"(X, A); denote by
75 CM(X, A) the total complex of 7¢,C"(X, AV). Since H>C"(X, A%) = 0,
the map 75,C°"(X, A) — C°"(X, A) is a quasi-isomorphism. So the above projec-
tion yields a canonical morphism in the derived category

(4.2.17.1) ba:CMX,A) — (A).

QUESTION. Is it true that C°* is equal to the left derived functor of the functor
( )? In other words, can one find for every A a morphism of chiral algebras A" — A
which is a quasi-isomorphism and such that (4.2.17.1) for A’ is a quasi-isomorphism?

If A is commutative, then (A) is a commutative DG algebra in a natural way,
and the canonical morphism of D x-modules A* — (4) ® Ox is a morphism of DG

31Gee, e.g., the proof of 2.4.5.
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commutative D x-algebras which identifies the right-hand side with the maximal
constant D x-algebra quotient of A% (see 2.4.1-2.4.5).

We will see in 4.6.1 that the above question has a positive answer if we restrict
ourselves to commutative chiral algebras.

4.2.18. Compatibility with filtrations. A filtration A C A; C --- on a
(not necessary unital) chiral algebra A (see 3.3.12) yields an admissible filtration
C(A)o C C(A); C --- on C(A). Namely, for I € 8 set (A[1])% =" ®1(Ali [1]) C

i€

(A[1])®1] the summation is over the set of all collections (I;) € ZL, such that 3 I; <
N iel
n. Now one has C(A4),xr := & Ag/T)jﬁT)j(T)*(A[l]);E;T (see (3.4.11.1)).
TeQ()
Our filtration on C(A) yields a filtration on C*(X,A). Since grC(A) =
C(gr A), one has

(4.2.18.1) grC(X, A) = C"(X, gr A).
So one has a spectral sequence converging to H"(X, A) with
(4.2.18.2) E) ,=H (X, gr A)P.

Here the upper index p is the grading on H"(X,gr A) that comes from the grading
gr. A.

The compatibility with filtrations can be seen on the level of concrete chiral
chain complexes C"(X, A)q and C°*(X, A)pq from 4.2.12. Here it is convenient
to choose the Dolbeault algebra Q so that each component Q' is Ox-flat. Then
A, ®9, A, ®P®Q form filtrations on Ag and Apg. The corresponding filtrations
on the Chevalley-Cousin complexes satisfy gr C(Aq) = C(gr Ag) and gr C(Apq) =
C(gr Apq). They yield filtrations on C°*(X, A)q, C*(X, A)pq, and

(4.2.18.3) gr.C"(X,A)g = C"(X,gr.A)g, gr.CM"(X,A)pg = C"(X,gr.A)pq

(the second equality needs an argument similar to the one used in the proof of the
proposition in 4.2.12; the details are left to the reader).

EXAMPLE. Every A carries a (non-unital) filtration Ag = 0, A; = A.32 The
corresponding filtration on C"*(X, A)pq is the Cousin filtration.

4.2.19. Chiral homology with coefficients. (i) Let A be a (not necessarily
unital) chiral algebra and {M,}, s € S, a finite family of (possibly non-unital) chiral
A-modules.

Consider the chiral algebra A1} := A (@M,[~1]) (see 3.3.5(i)). The homo-
theties of M, define a G2 -action on A{Ms} Therefore C(A{M:}) is a Z-graded
complex. Denote by C(A, {M,}) its component of degree 1°. Set

(4.2.19.1) CM(X, A, {M,}) := RTpr(R(X),C(A,{M,}))

and HS"(X, A, {M,}) = HM(A,{M,}) == H-°C"(X, A, {M,}); this is a chiral
homology of A with coefficients in {M,}. In other words, C°*(X, A, {M,}) is the
component of degree 1% of C"(X, AIM:}), If § = (), we get the chiral homology of
A. Our complex is equipped with the Cousin filtration which is the translation by
|S| of the filtration induced by the Cousin filtration of C"(X, AtMs}),

32Notice that this filtration is commutative (see 3.3.12).



312 4. GLOBAL THEORY: CHIRAL HOMOLOGY

If all the M, are equal to M, we write C"(X, A, Mg) := C*(X, A, {M,}); if
|S| = 1, we write simply C°"(X, A, M).

Let us describe C"(X, A, {M,}) a bit more explicitly. Denote by 8g the cate-
gory whose objects are non-empty finite sets equipped with an embedding S — I;
morphisms are surjections identical on S. We have an 8g-diagram of closed embed-
dings X®s, I + X! which carries a D-complex C’(A, {M,}) defined as follows.
The graded D-module C’(A,{M,})y; has an additional grading by the subset
Q(I,S) € Q(I) that consists of all I — T in 8g. For such T the correspond-
ing component is AgI/T)jiT)j(T)*((&MS) X (A[1])®T>)(|T \ S|]. The differential
is the sum of two components: the first one comes from p4 and pps, and the sec-
ond one comes from the differentials on A and M,. We have an obvious canonical
identification RTUpr(X8s,C"(A, {M,})) = C"(X, A, {M,}).

We can also use the chiral chain complexes from 4.2.12. Namely, let us de-
fine C°"(X, A, {M,})q, C(X, A, {M,})pq as the components of degree 15 of the
complexes CM(X, AIM:}yg Ch(X, AIM:})pq. Then (4.2.12.1) and (4.2.12.2) yield
canonical quasi-isomorphisms

(4.219.2)  CMX, A, {M})pg = CNM(X, A {M,}) & CMX, A {M})a.

As a mere graded module, our C°*(X, A, {M})pq is a direct sum of components
(X, A, (M })pa 1= (X5 x X7 BT JE T (@(Mpa) B (Apa 1))
n > 0, where Mypgo := M, ® P® Q.

The chiral chain complexes are functorial with respect to chiral operations
in the following sense. For S — T and a T-family of A-modules N; each op-
eration ¢ € Pth/T({MS},{Nt}) = @P, ({M,}, Ny) (see 3.3.4) yields a mor-
phism C(p) : CM(X, A, {M})po — CM(X, A, {N;})pa; one has C"(py)) =
CN(p)C"(1h). The same is true for C" complexes.

n?

(i) Consider the case when S # () and each M, is supported at a single closed
point zs € X. We can assume that these points are pairwise different (otherwise
CMX,A,{M}) = 0). Let js : Us :== X \ {xs} — X be the complement.
Notice that in the definition of the chiral chain complex there occur now only affine
varieties, so there is no need for using the Dolbeault D x-algebra Q. We also do not
need to use P to compute the de Rham cohomology of M. Therefore we see that
C°"(X, A, {M,}) can be represented by a smaller complex C°"(X, A, {M,})p with
components

(4.2.19.3) Ch(X, A, {M,})p := (®h(M,)) @ LU, h((Ap[1])="))s

n

where Uén) is the complement to the diagonal divisor on (Us)™, n > 0. The
differential comes from the chiral product on Ap and the Ap-module structure on

M,33 in the usual manner, using the fact that sections of h((Ap[1])®") over Uén)

are the same as sections of h(j,ﬁ")j(”)*(js*nggp[1])&’) over the whole of X™ (see
(4.2.12.4)). We can consider M, as jg.j§A-modules (see 3.6.3) and one has
(4.2.19.4) CM(X, A {M})p = OM(X, jsuj5 A AM,})o-

Sometimes it is convenient to identify M with the corresponding A%°-module h(M;)
(see 3.6.7) and to write C°*(X, A, {h(M,)}) := O (X, A, {M,}), etc.

33Defined by the projection ida ® ep : Ap — A.



4.3. THE BV STRUCTURE AND PRODUCTS 313

The complexes C°*(X, A, {M,})pg and C"*(X, A, {M,})» are connected by
evident natural quasi-isomorphisms

(4.219.5)  CM(X, A, {M,})pa — C(X, Ag, {Ms})p — CN(X, A, {M,})s.

Suppose in addition that A is a plain chiral algebra and the M, are plain A-
modules. The spectral sequence converging to H"(X, A, {M,}) for the Cousin
filtration is

(4.2.19.6) B}, = (®h(M.)) ® HPE(UP , A)¢"

where the right indices mean skew-coinvariants of the action of the symmetric
group. Since Uép ) is affine, E;yq vanishes unless p > ¢ > 0. In particular, one has
H (X, A, {M}) = 0 and H§"(X, A, {M,}) is the space of the coinvariants of the
Lie algebra I'(Ug, h(A)) acting on ®h(My).

(iii) The above constructions make sense for families of A-modules. Namely,
suppose M is a Ys-family of A-modules where Y, = Spec R,; i.e., M, is an R, ® A-
module. Then C*(X, A, {M,})pq is naturally an ® Rs-module, i.e., an O-module
on [[Ys. This construction is compatible with the flat base change, so one can take
for Yy any scheme (or an algebraic stack). If the M, are Dy,-modules (in a way
compatible with the A-action), then C*(X, A, {M})po is a D-module on [] Y.

For example, for any A-module M the D xy x-module A, M can be considered
as an X-family of A-modules where A acts along the second variable. Therefore
the A-modules {M;}, s € S, yield a complex of D ys-modules

(4.2.19.7) CM(X, A, {M})pa := CM(X, A, {A M, })pa.

One has €N (X, A, {M,})pa = j$V5(Deeh(X, A, {M,})pa and C"(X,A{M,})pa
= [(X5,hCM(X, A, {M,})pa) = RUpr(X®, €M X,A {M})pa). If all M, are
equal to M, we write C"(X, A, Mg)pq := CN(X, A, {M,})pq.

As in the end of (i), our complexes are functorial with respect to chiral opera-
tions: every ¢ as in loc. cit. yields a morphism of complexes of D xs-modules

(4219.8)  €"(p): CM(X A {MY)pgxs — ATENX A {N})og xr
and C°"(pyh) = Ch ()€ (1)) in the obvious sense.

REMARK. As in (ii), in the definition of the D ys-complexes C"(X, A, {M,})
there is no need to use @ (for S # ().

4.3. The BV structure and products

The principal result of this section is theorem 4.3.6 which says that the chiral
homology functor commutes with the tensor product. In the case of commutative
algebras and Oth chiral homology this becomes an obvious statement (see 4.2.16
and (ii) in the lemma in 2.4.1): the functor which assigns to a Dx-scheme the
space of its horizontal sections commutes with the direct products. The key tool is
a canonical Batalin-Vilkovisky algebra structure on the chiral complex C°" defined
in 4.3.1. Tts “classical” counterpart is an 1-Poisson algebra structure on C°*(R)
for a coisson algebra R. If R is any commutative chiral algebra and A a chiral
R-algebra, then C°"(X, R) is a homotopy commutative algebra and C°*(X, A) is
a homotopy C°"(X, R)-module (see 4.3.2 and 4.3.4). In 4.3.3 we show that the
higher chiral homology of the unit chiral algebra w is trivial by an adaptation of
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the topological argument of the proposition in 3.4.1. The compatibility with tensor
products is proven in 4.3.6 by a closely related argument. After the homotopy
algebra preliminaries of 4.3.7 and 4.3.8 we show in 4.3.9 that the chiral homology
of chiral R-algebras is compatible with the base change of R. This implies, in
particular, that chiral homology is compatible with relative tensor products and
direct products (see 4.3.10 and 4.3.11). It would be very interesting to understand
if the chiral homology of a chiral R-algebra has local origin with respect to Spec (R)
(see 4.3.13 for a more general question); a weaker result is established in 4.3.12.
In 4.3.8-4.83.13 all chiral algebras are assumed to be unital.

4.3.1. The BV structure. For a review of basic facts on homotopy Batalin-
Vilkovisky algebras see 4.1.6—4.1.15.

PROPOSITION. (i) For a (not necessary unital) chiral algebra A the chiral chain
complex C" (X, A)pq from 4.2.12 is naturally a BV algebra.

(ii) Suppose that A is commutative. Then the above BV structure is commuta-
tive; i.e., C"(X, A)pqg is a DG commutative algebra. Therefore C"(X, A) has a
canonical structure of the homotopy commutative algebra.

(iii) A coisson bracket on A yields a 1-Poisson bracket (see 1.4.18) on the chiral
chain complex. If A; is a quantization of the coisson structure (see 3.3.11), then
the BV algebras C°"(X, Ay)pa form a BV quantization of the 1-Poisson algebra
Ch(X, A)pa.

(iv) More generally, an n-coisson bracket on A (see 1.4.18) yields an n + 1-
Poisson bracket on the chiral chain complez.

Proof. (i) Recall that the Chevalley-Cousin complex C(A) is the Chevalley

complex of the Lie algebra A'® A in the tensor DG category CM(X )" (see 3.4.11).
Thus (see 4.1.6) C(A) carries a canonical structure of the BV algebra with respect
to ®°".34 The same is true for C(Apg). By (3.4.10.4) these are automatically BV
algebras with respect to ®*. We are done by (4.2.8.7).

(ii) is clear. The 1-Poisson structure on C"*(X, A)pq for coisson A comes
from a natural 1-Poisson structure on the commutative algebra C'(A) in the tensor
category CM(X®)*; the definition is left to the reader. The n-coisson brackets are
treated similarly. O

REMARKS. (i) Consider the embedding I'(X, h(A%%)) = C¢M (X, A)pa[—1] —
C°"(X, A)pg[—1]. This is a morphism of Lie algebras, so it extends naturally to a
morphism C(I'(X, h(ALiS))) — C"(X, A)po of BV algebras (see 4.1.8(a)). We get
a canonical morphism of filtered complexes3?

(4.3.1.1) C(RTpr(X, A€) — C"(X, A).

Explicitly, on the nth component of the Chevalley complex it is the composition
Sym (T(X, h(Aga))[1]) > T(X™, h((Aga[1])E))s, — DU, h((Apa[1)E™)s, .
(ii) The above proposition (and its proof with (4.2.8.7) replaced by (4.2.8.4))
remains true for the chiral chain complex C'Ch(X, A)g, and quasi-isomorphisms
(4.2.12.6) are compatible with the BV structure.
(iii) The chiral chain complex C’ffg(X, A)g from 4.2.14 is not a BV algebra for
general A. However it is a commutative BV algebra if A is commutative. Indeed,

34See Remark in 3.4.11 for an explicit description of the BV operations.
35See 4.5.1 for the discussion of the homotopy Lie algebra structure on RT pgr(X, AL%e).
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by (4.2.8.1) the complex DR(C(Aq)) is always a BV algebra in CSR'(X®)*. If
A is commutative then DRC'™9(Aq) is a subalgebra of DR(C(Ag)) (which is a
commutative BV algebra). Now apply (4.2.5.2).

Quasi-isomorphisms (4.2.14.4) are morphisms of commutative BV algebras.

4.3.2. Further remarks. (i) For a plain commutative unital chiral algebra R
the isomorphism H§"(X, R) = (R) (see 4.2.16) identifies the product on H§"(R)
with the product on (R) from 2.4.1. More generally, for any commutative R the
morphism ¢r : C*(X, R) — (R) from (4.2.17.1) is naturally a morphism in the
homotopy category of commutative algebras.

(ii) Let R — A be a central morphism of chiral algebras, so A is a chiral R-
algebra. Then, in the same way as above, C°*(X, A)pq is a C°*(X, R)pg-module.
In fact, it is a BV C"(X, R)pg-algebra. Thus C"(X, A) carries a canonical struc-
ture of the homotopy C°*(X, R)-module; i.e., it lifts canonically to an object of the
homotopy category of C"(X, R)-modules.

(iii) If A is a chiral algebra and {M,} a finite family of A-modules, then the
complex C"(X, A, {M,})pq is a BV C*(X, A)pg-module.?¢ Here are a couple of
ways to use this structure:

(a) Suppose Ny C M, are D x-submodules such that Cent(Ns) = A (see 3.3.7).
The image of T(U®), h(RN,pq)) — T(US) h(RM,pq)) C CM(X, A, {M})pa
consists of C°"(X, A)pg-central elements, so we have a morphism of complexes
- CNM(X, A)pg @ T(US)  h(®Npq)) — CM(X, A, {M,})pq, hence a canonical
morphism C°*(X, A) ® RT pr(U®),®N,) — CN(X, A, {M,}).

(b) Suppose we are in situation (i) and each M; is a central R-module (see
3.3.7). Then C°"(X, A, {M,})po is a C°*(X, R)po-module; hence C°" (X, A, {M,})
is naturally a homotopy C**(X, R)-module.

(iv) Suppose A is any (not necessary unital) chiral algebra equipped with a
commutative filtration Ag C Ay C --- (see 3.3.12). Then the corresponding filtra-
tion on C"(X, A)pqg (see 4.2.18) is compatible with the BV structure, so C°*(X, A)
is canonically an object of the homotopy category of filtered BV algebras HoBYV
(see 4.1.6) which we denote by C"(X, A.) by abuse of notation.

(v) Let R be a commutative chiral algebra, £ a Lie* R-algebroid. Then the
C"(X, R)po-module C*(X, R, L)pg is naturally a Lie C°"(X, R)pg-algebroid.3”
Indeed, SympzXL is a coisson algebra (see 1.4.18, Example (ii)); its bracket shifts the
Z-grading by —1. So, by (iii) in the proposition in 4.3.1, C°*(X,SympL)pq is a 1-
Poisson algebra. Now C°*(X, R, L)pq is the component of C°*(X, SympgL)pa[—1]
of degree 1.3% The Lie algebroid structure is the restriction of the 1-Poisson struc-
ture.

4.3.3. PROPOSITION. (i) For the unit chiral algebra w one has H;hO(X, w) =0,

so there is a canonical identification C°*(X,w) = (w) = k.
(ii) For any unital chiral algebra A the multiplication by the generator 1°" €
HEM(X,w) is the identity endomorphism of CM(X, A).

REMARK. Statement (i) follows from the contractibility of R(X) in the clas-
sical topology (see the proposition in 3.4.1) combined with 4.2.4 and the usual

36This follows from (i) in the proposition in 4.3.1 and the definition of C°*(X, A, {Ms})pq
in 4.2.19.

37In the non-unital setting.

38See 4.6.4 for a description of the whole C°* (X, SymgpL)pq.
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comparison between the de Rham and topological homology. The argument below
is an algebraic version of the topological proof of the proposition in 3.4.1.
For the chiral homology of w with arbitrary coefficients see (4.4.7.2).

Proof. Statement (ii) requires an extra construction to be introduced in the
beginning of the proof of theorem 4.3.6; it will be proven in part (iii) of loc. cit.
We deal now with statement (i).

Let tr be the projection C°" (X, w) — H§"(X,w) = k and trq,try : CM (X, w)®?
— CM(X,w) the maps tri(a ®b) := tr(b)a, tra(a @ b) := tr(a)b.

We will define a morphism ¢ : C*(X,w) — C(X,w)®? such that -6, tryd,
and tryd are the identity morphisms of C°"(X,w).

This yields the vanishing. Indeed, suppose Hflh (X,w) # 0 for some n > 0. Take
the smallest such n; then one has H "C*(X,w)®? = H§"(X,w) @ H"(X,w) &
HM X, w) @ HS"(X,w). For h # 0 € H'(X,w) write §(h) = hy ® 1¢" 4+ 1¢" @ hy.
Then h; = tr;0(h) = h; hence h = -§(h) = 2(1°" - h). Since (1¢")2 = 1" we come
to a contradiction.

To define 6, it is convenient to represent C°"(X,w) not by complexes from
4.2.12, but by means of the Cousin resolution, i.e., as the homotopy direct limit
of the 8°-diagram of complexes I +— C; := I'(X!, DR(Cxs)) where Cxr is the
(whole) Cousin resolution of wy[|I]] = (w[1])¥!. So C; has degrees in the interval
[—2|1],0] and we have a canonical trace map tro : C; — k. Now C"(X,w)®? can
be represented as the homotopy direct limit of the 8° x §8°-diagram I, J — C;®C}.
Consider another such diagram I,.J — C; ;= T'(X! x X7/ DR(Cxryxs)). There
is an obvious quasi-isomorphic embedding of the diagrams C; ® C; — C7r ;. The
map troy = ide, ®tre : Cr ® Cy — Cf extends in the usual way to the morphism
of diagrams trgy : Cr,; — Cr and the same for tr¢q. Similarly, the exterior tensor
product map o¢ : Cr ® C; — Cyy,y extends to oc : Cr,; — Cruy.

Let ¢ : C; — Cr; be the morphism of Cousin complexes defined by the
diagonal embedding X! <« X7 x X', Let us represent C°"(X,w)®? as the homotopy
direct limit of the diagram C7 ;. Our § is the morphism defined by d¢.

It remains to check that the compositions ¢tr;d and -0 are identity morphisms.
Notice that - and tr; come from the morphisms of diagrams o¢, trgi. Since trgidc
is the identity map, the morphism ¢r;§ is the identity. The morphism of diagrams
ocdc is not the identity, but it becomes canonically homotopic to the identity after
passing to the homotopy limit (by the definition of the homotopy direct limit). O

4.3.4. The unital setting. From now until the end of 4.3 all chiral algebras
are assumed to be unital.

Suppose that R is a commutative chiral algebra. Then, by 4.3.3, the morphism
Ig : CNM(X,w)pqg — C"(X, R)pq is a homotopy unit in C"(X, R)pq (see 4.1.14).
Therefore, by the proposition in 4.1.14, C°*(X, R) lifts canonicaly to an object of
the homotopy category of unital commutative algebras, which we denote again by
C°"(X, R) by abuse of notation.

If A is a chiral R-algebra, then C°"(X, A)pg is a homotopy unital C*"(X, R)-
module (see 4.1.14). Thus C°*(X, A) lives naturally in the derived category of the
unital C°*(X, R)-modules. If {M,} is a finite family of unital A-modules such that
each Mj is a central R-module, then C"(X, A, {M,}) is a unital C"(X, R)-module.

In particular, if 14" € H§"(X, R) vanishes, then C°"(X, A) = 0. An example:
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LEMMA. Let jy : U — X be an open subset of X, U # X. Then for any chiral
algebra A one has C"( X, jir.ji; A) = 0.

Proof. Notice that jy.jiyA is a chiral ji.Op-algebra, and H§"(X, ju.Oy) =
<jU* OU> =0. g

REMARKS. (i) For non-commutative unital A the vanishing of 1¢* € H§"(X, A)
need not imply that C°*(X, A) = 0.

(ii) In the above lemma the condition that A is unital is essential: for example,
if pa =0, then H(X, ju.jiA) D Hip(U, A).

If a chiral algebra A is equipped with a unital commutative filtration, then
CM(X, A)pq is a filtered BV algebra (see 4.3.2), and the map 14 : C"(X,w)po —
C°"(X, A)pq is a homotopy unit. Thus C*(X, A) lifts canonically to an object of
HoBV,, (see 4.1.6 and the proposition in 4.1.15) which we denote by C*"(X, A.) by
abuse of notation.

4.3.5. Suppose we have a finite family of chiral algebras {A4; }icr; set A := ®A,;.
For every i € I the canonical morphism v; : A; — A (see 3.4.15) yields a morphism
of complexes C°"(X, A;) — C°*(X, A). One has a natural morphism of complexes
or : ®CN(X, A;) — CM(X,A), ®a; — -1(?v;(a;)), where -; € BVj is the I-fold
product.?” It is a morphism of BV algebras. It is clear that o; define an extension
of C°" to a DG pseudo-tensor functor C*(X,-) : CA(X)® — BV®.

To get interesting objects, we should infuse P ® Q as was done in 4.2.12. Re-
placing v; by v;pq := Qidpgq : Aipqg — Apg, we get

(4.3.5.1) or: @CM(X, A)pa — CM(X, A)pa.

These morphisms define a pseudo-tensor extension of our functor

(4.3.5.2) CM(X,)pa : CA(X)® — BV,
Passing to homotopy categories, we get canonical morphisms

(4.3.5.3) or: ®CM(X,A;) = CM(X,®A;)

which define a pseudo-tensor extension

(4.3.5.4) CM : HoCA(X)® — D(k)®.

If we play with the tensor homotopy category of chiral algebras equipped with
commutative (unital) filtrations, then (4.3.5.2) defines a pseudo-tensor extension of
the functor (4, A.) — C"(X, A)) with values in HoBVZ (see 4.3.4).

4.3.6. THEOREM. Ifthe A; are pairwise homotopically O x - Tor-independent,*°
then the canonical morphism (4.3.5.3) is a quasi-isomorphism.

Together with 4.3.3, this shows that C°" is a unital tensor functor on the tensor
category of homotopically Ox-flat chiral algebras.

39 commutes with the differential since {v;(a;),v;(a;)} = 0 for every i # j.

L ~
10T e., A; ®A; — A; @ Aj for every i #j € 1.
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REMARK. Suppose that the A; carry filtrations as in 4.2.18, and let us equip
®A; with the tensor product of this filtrations. Then (4.3.5.1) is a morphism of
filtered complexes which is a filtered quasi-isomorphism if the gr A; are pairwise
homotopically O x-Tor-independent.*!

Proof. Tt suffices to consider the case of two algebras A, B.

Set C"(A) := C°"(X, A)pq; define C"(B), C"(A® B) similarly. We want to
show that the morphism o = 0,4 5 : C"(A) ® C"(B) — C*"(A® B) of (4.3.5.1) is
a quasi-isomorphism. To do this, we will construct a certain diagram

(4.3.6.1) CM(A) @ CM(B) 5 Ch(A, B) = C(A @ B)
§

such that 4 is a quasi-isomorphism, o = &i, 4 is the identity map for C°*(A ® B),
and do is a quasi-isomorphism. This will clearly do the job.

(i) For I, J € S let C'(A, B)xr«xs be the Cousin complex of C(A)x1 XC(B)x.
with respect to the diagonal stratification of X2/, Tt looks as follows (cf. 3.4.11).
As a mere graded D-module, C(A, B) x1x is a direct sum of components labeled

by T € Q(I U J). The T-component is equal to AS}UJ/T)jiT)j(T)* X F; where
teT

F, € CM(X) is A[1] if t ¢ nwp(J), B[] if t ¢ 7p(I), or (A ® B)[1] otherwise.
The differential comes from the chiral products of A, B, A ® B, the chiral pairing
€ Psh({A,B},A® B), and differentials of A, B, A® B in the usual way (see
3.4.11). We have the obvious morphisms of D-complexes C(A)xr X C(B)xs —
C(A,B)x1xx7 — C(A® B)x1us. The left arrow is a quasi-isomorphism since A,
B are homotopically O x-Tor-independent. Our C(A, B) x1yxs form a D-complex
on the 8° x §°-diagram X3 x X9 in the obvious way (see 4.2.1 and 4.2.6), and the
above arrows are morphisms of such complexes.

To compute the cohomology, we modify C'(A, B) x1« xs replacing it by a quasi-
isomorphic complex C(A, B, PQ)xryxs which is again a direct sum of Q(I U J)

components where the T-component is AiIuJ/T)jiT)j(T)* X (F; ® P ® Q), and
teT

the differential is defined in the obvious way. We have the similar morphisms
C(A(JJQ)XI X C(B?Q)XJ — C(A, B, TQ)XlxXJ — C((A & B)?Q)Xlu.l where the
left arrow is a quasi-isomorphism.

(ii) We define C°"(A, B) as the naive direct limit of the §° x 8§°-diagram of
complexes T'(XT x X7 h(C(A, B,PQ)xrxxv)). The above arrows yield morphisms
of complexes i = is g : CM(A)RC(B) — C"(A,B)and 6 =34 5 : C°"(A,B) —
C"(A® B) of (4.3.6.1). Tt is clear that 3i = o.

As a mere graded vector space our C°"(A, B) decomposes into a direct sum
of subspaces C&F', (A, B) := I'(X™ x X", h(C(A, B,PQ) xmxxn))s, =, The dif-
ferential is compatible with the corresponding bifiltration. As in 4.2.12, one shows
that Hpn(XIx X7 C(A, B,PQ) x1yx7) — HT(XIx X7 h(C(A,B,PQ)x1yx7))-
Therefore i is a (bifiltered) quasi-isomorphism.

The obvious embeddings A,C((A ® B)pa)x: — C(A, B, PQ)xryxr, where
A X' — X! x X7 is the diagonal, define a morphism § = 64 5 : C"(A ® B) —
C°"(A, B) of (4.3.6.1). It is clear that & is left inverse to §. To finish the proof, it
remains to check that do is a quasi-isomorphism.

41 This follows from 4.3.6 and (4.2.18.1) since gr.(®A4;) = ®gr. A;.
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(iii) Let us prove first the statement (ii) in the proposition in 4.3.3. Consider
the above picture for B = w. By (i) in the proposition in 4.3.3, we have a canonical
identification C“"(X, A) = C°h(X, A) ® C°"(X,w). Its composition with o is the
multiplication by 1¢* map. Since § is a right inverse to o, the multiplication by
1¢" admits a right inverse. Since (1¢*)2 = 1°"  the multiplication by 1¢* is an
idempotent. Thus it is the identity map; q.e.d.

Therefore we know that o4 ., and § 4 ., are mutually inverse quasi-isomorphisms,
as well as o, g and 6, 5.

(iv) Let us return to the general situation. Consider a natural morphism of
complexes « : C"(A,w) @ C"(w, B) — C°"(A, B) defined by the maps

C(A7CU,TQ)XIXXJ &C(W7B7?Q)XI’><XJ’ — C(A,B,?Q)X[uﬂxxjuﬂ

which are the composition of the exterior product maps with the morphisms 14 :
w — A along the I’-variables and 1p : w — B along the J-variables.

Our k is a quasi-isomorphism. To see this, it suffices to check that the com-
position k(i ®i,p) 1 CNM(A) @ C(w) ® C(w) ® C"(B) — C"(A,B) is a
quasi-isomorphism. The latter map is equal to the composition i4 g(04,, ® 0, B)0,
where o is the transposition of the middle multiples C*"(w), and we are done.

One checks immediately that the composition 64 goa 5 : C"(4) ® C°*(B) —
C"(A, B) is equal to k(64 ® 8, p). Thus it is a quasi-isomorphism; q.e.d. O

4.3.7. Resolutions of commutative D y-algebras. In this section we deal
with commutative unital DG D x-algebras and call them simply D x-algebras. If
X is affine, then D x-algebras form naturally a closed model category (with quasi-
isomorphisms as weak equivalences and surjective morphisms as fibrations; argu-
ments of [H] work in this situation). When X is proper, this is no longer true
literally. We will not use seriously the formalism of closed model categories, but
just some constructions that we are going to recall now.

Let ¢ : R — F be a morphism of D x-algebras. We say that ¢ (or F) is homo-
topically R-flat if F is homotopically R-flat as a DG R-module.*? It is elementary
if one can find a Z-graded D x-submodule V' C F such that V is a locally projective
Dx-module, R® SymV — F, and dr(V) C R. Finally, F is R-semi-free if one can
find a sequence of R[D x]-subalgebras Fy C Fy C ---, |J F; = F, such that R — Fj
and all F; — F;11 are elementary morphisms. If F'is R-semi-free, then it is homo-
topically R-flat. For any ¢ its resolution is a morphism of R[D x]-algebras G — F
which is a quasi-isomorphism. A resolution is homotopically R-flat or R-semi-free
if G is. Resolutions of ¢ form a category in the obvious way.

LEMMA. (i) Any ¢ admits an R-semi-free resolution.
(ii) The groupoid obtained from the category of homotopically R-flat resolutions
by localization is contractible.

Proof. (i) One constructs an R-semi-free resolution ¢ : G — F as follows.
Notation: let Gy C G1 C --- be a sequence of subalgebras of G as above, V; C G|
the corresponding Z-graded D x-submodules, ¥; := 9|y, and d; = dg|v, : V; —
Gétlr We will define (V;,d;, 1;) by induction by i. Then G; equals G;_1 ® Sym(V;)
as a Z-graded R[Dx]-algebra, its differential dg, is determined by d; and dg
and 1; together with 9|g,_, determines 9|g, (for ¢ =0 it is 1o and ).

i—17

42Le., for every acyclic DG R-module N the complex N ® F is acyclic; see [Sp].
R
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First we choose a locally projective Z-graded D x-module V5 = V;; and a mor-
phism of Z-graded D x-modules vy : Vy — F such that dpiy = 0 and the corre-
sponding morphism v : V; — H'(F) is surjective. Set Gy := R ® Sym(Vp) (we
consider Vj as a complex with zero differential).

Now suppose we have defined (G, 9|, ), @ > 0. Then v|¢, is surjective on the
cohomology (since 1 is). Choose a locally projective Z-graded D x-module V41
and morphisms of D x-modules d;,, : Vi, — G;t', ¥;y : Vi, — F" such that
dg,d;y1 = 0, dpbit1 = ¥|g,di11, and the maps ch_H Vi — Ker(H'HGi —
H+1F) are surjective.

REMARKS. (a) A variant of the induction procedure in the proof of the first
part of the lemma establishes the following fact: Suppose we have R-algebras M, N
such that for every a the maps H*R — H®*M, H*N are surjective and have equal
kernels. Then M, N admit a simultaneous R-semi-free resolution; i.e., there exists
an R-semi-free algebra L together with morphisms of R-algebras L — M, N which
are quasi-isomorphisms.

(b) As is clear from the proof, an R-semi-free resolution G of ¢ can be chosen
so that the V; are isomorphic to a direct sum of D x-modules of type Lp = LR Dy
where L is a line bundle on X of degree bounded from above by any constant.*?
In particular, we can choose it so that I'(X, h(V;)) = 0. We can also assume that
d(Vo) = 0.

(ii) Notice that for every finite family of homotopically R-flat resolutions {G,}
of F' one can find another homotopically R-flat resolution K together with mor-
phisms G, — K. Namely, consider F' as a ® G,-algebra, and take for K a homo-

R

topically ® G,-flat resolution of F.
R

To finish the proof, it suffices to prove that for every morphisms (,{" : M —
N of homotopically R-flat resolutions the corresponding arrows in the groupoid
coincide.** To do this, it suffices to find another homotopically R-flat resolution L
and morphisms n: L — M, £, : M — L, x : L — N such that n¢ = n&’ = idyy,
x&=¢, x¢ = ¢'. Consider M, N as M @ M-algebras via the morphisms m ®@m’ —

R
mm’ and m@m’ — ((m)¢’(m’). Our L is the corresponding simultaneous M & M-
R
semi-free resolution (see Remark (a) above), 1, x are the corresponding quasi-
isomorphisms, and &, £’ come from the maps M — LM, m — m® 1,1 ® m.
R

O

EXERCISE. Show that statement (ii) of the lemma remains valid if we replace
“homotopically R-flat” by “R-semi-free.”

4.3.8. Base change. Let ¢ : R — F be a morphism of commutative chiral
algebras. It yields the base change functor ¢* : CA(X, R) — CA(X, F), A— ¢*A =
A® F. If F is homotopically R-flat, then our functor preserves quasi-isomorphisms

R
and hence defines a functor between the homotopy categories

(4.3.8.1) 0" HoCA(X, R) — HoCA(X, F).

431t suffices to take L equal to tensor powers of a given negative line bundle.
44To show that this fact implies the lemma, one repeats the argument of part (iii) of the
proof of the second lemma in 4.1.3.
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To treat a non-flat ¢, we have to change our homotopy categories. Anyway,
the homotopy category HoCA(X, R) is not a right object for it may change if we
replace R by a quasi-isomorphic algebra. To dispatch this nuisance, one considers
the category CA(X, R) of pairs (A, R') = (4, R, 0) where § : R’ — R is a morphism
of commutative D x-algebras which is a quasi-isomorphism, A a chiral R’-algebra.
Its localization with respect to quasi-isomorphisms is denoted by HoCA(X, R)~
There is an obvious functor HoCA(X, R) — HoCA(X, R)"~

Now any morphism of commutative D x-algebras ¢ : R — F yields a functor

(4.3.8.2) Le* : HoCA(X, R)Y — HoCA(X, F)-

Namely, Lyp* sends (4, R') to (A ® G, G) where R' — G — F is any homotopically
R/

R/-flat resolution of F. According to the lemma in 4.3.7, this is a well-defined

object of HoCA(X, F)" The functors Ly* are compatible with the composition of
the ¢’s.

For any (A4, R') as above, C°"(X, A) is a unital homotopy C*"(X, R")-module
(see 4.3.2 and 4.3.4). Since 0 : C"(X,R') — C°*(X, R) is a quasi-isomorphism,
it identifies the corresponding derived categories of C*(X, R)- and C"(X, R')-
modules, and we can consider C°"(X, A) as a homotopy C"(X, R)-module. Its
C*°"¢ base change is a C°"(X, F)-module

L
(4.3.8.3) L(CMp)*CM(X, A) :=CM(X,A) ® CX,F)
CC’L(X,R)

(see e.g. [H] for details). There is a canonical base change morphism
(4.3.8.4) By : L(Cp)*CM (X, A) — CM(X, Lp* A)

in the derived category of homotopy C"(X, F)-modules. To define it, we can assu-
me that F' is homotopically R-flat. The morphism of chiral R-algebras A — A® F

yields a morphism of homotopy C°*(X, R)-modules C"(X, A) — CCh(X,A%)I}),
hence, by adjunction, a morphism L(C"p)*C"(X, A) — C*(X, A%) F) of homo-
topy C"(X, F)-modules, which is our S,.

4.3.9. THEOREM. The base change map (4.3.8.4) is a quasi-isomorphism.

Proof. We can assume that R’ = R and, by (i) in the lemma in 4.3.7, that F
is R-semi-free. Since chiral homology commutes with inductive limits, it suffices to
consider the case of an elementary morphism .4

Let V C F be as in 4.3.7. We have a filtration R ® Sym=?V on F, so
grF equals R® SymV as a DG D x-algebra (we consider V' as a complex with
zero differential). It defines filtrations on C"*(X, F)), hence on Lp*C"(X, A) :=
CM(X,A) o }((%)(R) C"(X, F) and on CCh(X,A%F) (see 4.2.18). The base change
morphism is compatible with filtrations,*® so it suffices to check that grf, is a
quasi-isomorphism. But, by (4.2.18.1), gr 3, is the base change morphism for R —
grFF =R ® SymV, so we have reduced our problem to the situation when V' C F

45For if we have two composable morphisms ¢ and our statement holds for each of them,
then it holds for the composition.
46Recall that this means that we have a canonical morphism in the filtered derived category.
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is killed by the differential. Then A F' = A ® SymV, so 4.3.6 provides canoni-
R

cal isomorphisms C*(X, F) = C°*(X, R) ® C°*(X,Sym V) and CCh(X,A%F) =

CMX,A)®Ch(X,Sym V). They identify 8, with the identity map for C<"(X, A)

®C"(X,Sym V), and we are done. O

Here are some corollaries. Let R be a commutative chiral algebra, {4;}icr a
finite collection of chiral R-algebras. Suppose that R is homotopically O x-flat and
that the A; are pairwise Tor-O x-independent. Then ®A; is a chiral R®!-algebra;

L

set @ A; = L§*(®A;) where 6 : R®? — R is the product map. One has the
R

following relative form of 4.3.6:

4.3.10. COROLLARY. There is a canonical isomorphism of the homotopy
CM(X, R)-modules

L ~ L
(4.3.10.1) ®  CNMX, A) S CMX, @ A).
Ceh(X,R) R
Proof. Use 4.3.9 for § and ®A; together with 4.3.6. (|

4.3.11. COROLLARY. The chiral homology commutes with direct products: for
any finite collection of chiral algebras A; the projection morphisms yield an isomor-
phism

(4.3.11.1) CMX,T14;) = ICM(X, A;).
The inverse map comes from the obvious (non-unital) morphisms A; — ILA,.

REMARK. The assumption that our chiral algebras are unital is essential here
(consider the case of 4, =0).

Proof. The latter map is right inverse to (4.3.11.1), so it is enough to check
that (4.3.11.1) is an isomorphism.

It suffices to consider the case when all A; equal Ox: Indeed, for arbitrary A;
we can consider ITA; as a chiral O%-algebra. Then (4.3.11.1) follows from 4.3.9 for
A=1A4;, R=0%, F=0x.

Case A; = Ox: We know that H§"(X,0%) = (0%) = k! (see the end of
4.2.16). Applying 4.3.9to R= 0%, A=F = Ox, and R — A, F a projection map,
we see that the higher chiral homology of O% vanishes. Indeed, by 4.3.9 and 4.3.3,

L
the first non-trivial H"(X, R), a > 0, yields non-trivial HS" | (X, A® F), which
R

L
contradicts the vanishing of the higher chiral homology of A F' = Ox. We are
R
done. O
4.3.12. Here is a more general statement.

Let ¢ : R — F be an étale morphism of plain commutative D x-algebras, A
any chiral R-algebra. Set Ap := A® F. The chiral homologies HS" (X, A) are (R)-
R

modules, and the H" (X, Ar) are (F)-modules (see 4.2.16), so we have a canonical
morphism

(4.3.12.1) HM(X, A) @ (F) — H"(X, Ap).
(R)
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In particular, for A = R we get a morphism

(4.3.12.2) H(X,R) %(m — H™(X, F).

PROPOSITION. The morphism (p) : (R) — (F) is étale, and (4.3.12.1) and
(4.8.12.2) are isomorphisms.

Proof. (i) (p) is étale: Set S := Spec(R), T := Spec(F), Sx = S x X,
etc. We have closed embeddings Sx < Spec R, Tx — Spec F. Consider ¢|g, :
Spec Fls, — Sx; then Tx is the maximal constant closed D x-subscheme of
Spec F|s, . Since ¢|g, is étale, it is also an open subscheme, and we are done.

(ii) By 4.3.9 it suffices to consider the case A = R, i.e., (4.3.12.2).

(iii) Set C := C"(X,R), D := C°*(X,F). These are commutative unital
homotopy algebras having degrees < 0. Set C' := HyC, D := HyD. We have a
morphism C' — D. We want to show that the corresponding morphism H7C :=
(H.C)® D — H.D is an isomorphism.

C

L
Since F' is R-flat, 4.3.10 implies that D® D = C°*(X, F® F). Since F/R is
c R
étale, one has a D x-algebra decomposition F ® F = F x ) where the projection
R

F®F — F is the product map. Set E := C°"(X,Q), E := HyoE. By 4.3.11 one
R
L L
has D® D = D x E where the projection D ® D — D is the product map.
C c

L
One has a spectral sequence converging to H.(D ® D) with the second term
c

equal to Torf'C(H.D, H.D),. The above decomposition then gives a spectral se-

quence converging to H.D with Ef)’q = TorfTC(H.D, H.D),. Notice that the map

E2. — H.D is just the product map H - D ® H.D — H.D and hence it is surjec-
' HC

tive, Le., ESp , = 0.

Suppose that H,C # H,D for some a > 1; consider the first such a. We have
Ez’q =0 for p > 1 and ¢ < 2a — 1. This implies Eg’a = H,D. On the other hand,
E§,=(HD H@(J H.D), which is the cokernel of the diagonal map H;C — H,D &

H,D. Thus HoC — H,D is surjective. We have Ef,, = Ker(H;C — H,D).
Since E%,Qa = ET%, =0, we arrive at a contradiction. (]

4.3.13. QUESTIONS. Let R be a plain commutative D x-algebra. Is it true
that for any chiral R-algebra A its chiral homology has a local origin with respect
to the Zariski or étale topology of Spec(R)? More generally, is this true if A is
a chiral Rp;f-algebra (see 3.9.4)7 Can one define the chiral homology for chiral
algebras on any algebraic D x-space Y or on Yp; (see loc. cit.)?

4.4. Correlators and coinvariants

We begin with the definition of correlator functions for a plain chiral algebra A;
these functions (and the differential equations they satisfy) are of primary interest
for mathematical physicists (see, e.g., [BPZ]). In general, the “correlator-style”
approach to chiral homology stems from the following observation: for any finite
subset {z,} C X the complement to the subspace R(X)(,, ) C R(X) whose points
are finite subsets containing {xs}, is acyclic (see 4.4.2). It permits us to identify
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the “absolute” chiral homology of A with the chiral homology of A with coeffi-
cients in fibers A% (see 4.4.3). In particular, (A) identifies with coinvariants of
the action of the Lie algebra h(Us, A) on ® A% where Ug := X \ {x,} (see 4.4.4),
so (A) is dual to the “space of conformal blocks” (see [FBZ] 8.2). To compute
the coinvariants, it suffices to consider instead of the whole of h(Ug, A) the space
h(Ug, P) where P C A is any sub-D-module generating A (see 4.4.5).47 A relative
version of this statement (when our points vary) is discussed in 4.4.6; we briefly
mention the example of the Knizhnik-Zamolodchikov equation (see [KZ], [EFK],
and Chapter 12 of [FBZ]). In 4.4.7 the chiral homology of the unit chiral algebra w
with arbitrary coefficients is computed. In 4.4.8 we show that the chiral homology
functor commutes with adding of unit. In 4.4.9 a spectral sequence (similar to the
Hochschild-Serre spectral sequence) for computing the chiral homology of a chiral
algebra with a given subalgebra is constructed.

Since the early days of conformal field theory, the geometry of R(X') was used in
order to write down explicit integral formulas for some correlators (the Feigin-Fuchs
integrals), see [DoF]. Tt is used in [BFS] to construct geometrically the category
of representations of a quantum group. We do not touch these subjects.

4.4.1 Correlators. Let us return to 4.2.16, so A is a plain chiral algebra. We
see that for every S € 8 one has a canonical morphism of D yxs-modules

(4.4.1.1) (Vr:A%s — (A) ® Oxs.

These morphisms are compatible with pull-backs to the diagonals, so they form a
morphism ( ) : Ag{(x) — (A) ® Ox(x) of the left D-modules on R(X) (see 3.4.2 for

the terminology). So for a finite subset {zs} C X, s € S, and a € A?, )= ® Al
s SES

Ts
we have (a) € (A).
The compatibility with respect to the restriction to the diagonals implies that
for every {z;} C X \ {zs} one has

(4.4.1.2) (a®(®1s,) = (a)

where 1 is the unit section of A*. In particular, 1°" = (®1;) (see 4.2.16).
Restricting ( ) to the complement R(X)? of the diagonal divisor on Sym” X,
we get the n-point correlator morphisms

(4.4.1.3) ( nt (Sym™A%)z(x)q — (A) @ Oxx)s.-
EXERCISE. Show that the following diagram commutes:
Jej"ARA —— (A) @ jujwNw
(4.4.1.4) l l
AA  ——  (A®Aw

Here the horizontal arrows are the correlator morphisms and the vertical ones are
the chiral products for A and w.

47T A particular case of this statement when P is a Lie* subalgebra of A was considered in
[FBZ] 8.3.
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REMARK. Suppose that the 2-point correlator pairing is non-degenerate; i.e.,
for every non-zero (local) section a(z) € A’ there exists another section b(y) such
that (a(z)b(y)) # 0. Then the chiral algebra structure on the Ox-module A is
uniquely determined by the vector space (A) and the 2- and 3-point correlator maps.
Indeed, we know that the chiral algebra structure is determined by the sub-D x « x-
module A%, v C j.j*Ax W Ay together with the identification A*Axyx — A%.
Now Ag{xx consists of all sections a(z,y) € j.j*Ax W Ax such that for every
section b(z) € A’ the correlator (a(w,y)b(z)) is regular at the divisor = y. If a
is such a section, then a(z,z) € A® is determined by the condition {a(x,2)b(z)) =
(a(z,y)b(2))z=y for any b(z) € A%.

4.4.2. Let A be a unital chiral algebra and {zs} C X, s € S, a finite non-
empty subset. Consider the subspace R(X),, ) = R(X) of those points tfor which
the corresponding finite subsets of X contain {xs}. We will consider the com-
plex C°"(X, A)(,.) defined as the de Rham cohomology of R(X) with support in
R(X)(z.) and coefficients C'(A).

The construction of the cohomology with support was explained in (iii) and
(iv) in 4.2.6. Precisely, let X(st) < X5 be the r-preimage of R(X)(,.); this
is a diagram of closed subvarieties of X®. By (iii) in 4.2.6 we have an admis-
sible D-complex C(A)q,) = C(A)X(is) € DM(XS)X(S;S) C DM(X?®) equipped
with a canonical morphism C(A),,) — C(A). Now one defines C<"(X, A),.) as

RTpr(X®,C(A)@,)) = RTpr(X®,C(A))xs -

PROPOSITION. The canonical morphism C(A),,) — C(A) yields a quasi-iso-
morphism

(4.4.2.1) CMX, A)z,) — CM(X, A).

Proof. Let jv, , : Vie,) — X? be the complement of X(sty so we have the
exact triangle C'(A) () — C(A) — ij(xs)*j‘*}(ms)C(A). Let us show that the de
Rham cohomology of R(X) \ R(X)(,,) with coefficients in C(A) vanishes; i.e., the
complex RTpr(X$, ij(zs)*j‘*/(ms)C’(A)) is acyclic.

Notice that R(X) N R(X) (o) = SEJSIR(US) where U; C X is the complement to
Zs. Any intersection of these subsets is the Complemept Ur toa non-empty subset
{2t }rer of X. We can write Rijvi, . #dv,., C(A) as the Cech resolution C' which is the

total complex of a bicomplex whose nth column is isomorphicto &  C(jr.jiA)
|T|=n+1

where jr : Ur — X. By the lemma in 4.3.4 one has RTpr(R(X), C(jr«jrA)) =
CM(X, jroj3A) = 0; q.e.d. -

4.4.3. Let us describe the complex C(A)(,,). Consider the embeddings i :
{zs} — X and js : Us .= X ~\ {zs} — X. For any s € S we have an A-module
A, = Cone(A — jsujrA) acyclic off ;. The morphism of A-modules A, —
Coker(A — js.jrA) = is*AfES is a quasi-isomorphism when A is homotopically
Ox-flat at z,. Consider the complex C(A, {A,}) € CM(X3) (see 4.2.19).

PROPOSITION. There is a canonical quasi-isomorphism in DM(X?®)

(4.4.3.1) C(A{A,}) = C(A)z,)-
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Therefore, passing to de Rham cohomology and applying (4.4.2.1), we get a canon-
ical quasi-isomorphism

(4.4.3.2) CM(X, A {A}) = CM(X, A).
If A is homotopically Ox-flat at {x4}, it can be rewritten as

(4.4.3.3) CM(X, A {AL }) = CM(X, A).

Proof. We will define a complex C(4,{A4,}) € CM(X®) acyclic off X(Sws) and

morphisms
(4.4.3.4) C(A, {A)) & EA{A)) 2 o)

such that « is a quasi-isomorphism and the morphism fg : C(4, {4,}) — C(A) (2.
defined by ( is also a quasi-isomorphism. This defines (4.4.3.1).
Set P := @ Cone(Ox — jsuOp,)[—1] € CM*(X). The commutative Dx-

sesS
algebra Sym P is naturally Z-graded, so the chiral algebra A® P is also Z°-graded.
The projection P — 0% — Ox, where the right arrow is (fs) — Xfs, yields
a morphism of D x-algebras Sym P — O, hence a morphism of chiral algebras
B:A®SymP — A. We also have a morphism of chiral algebras & : A® Sym P —
A ® (Sym P/Sym=2P) = At4:} compatible with the Z5-gradings (see 4.2.19 for
notation).

Our C‘(A {A,}) is the component of degree 15 of C(A®Sym P), a :C(A {A))
— C(A,{A,}) is the morphism defined by &, 4 and B: C(A, {A,}) — C(A) is the
morphism defined by £.

The projection Sym P — Sym P/Sym~2P induces a quasi-isomorphism be-
tween the components of degree < 1°. Therefore & : C(A ® Sym P) — C(A{As})
is a quasi-isomorphism on the components of degree < 1°; hence « is a quasi-
isomorphism. Since P is acyclic off S, our C(A, {A,}) is acyclic off X (Sw )-

It remains to check that Bg : C(A4,{4,}) — C(A)(z,) is a quasi-isomorphism.
We are playing with admissible complexes, so it suffices to check this on U() ¢ X!
for any I € 8. There the complex C~’(A, {fls})Uu) is naturally Z°*!-graded. The
intersection of X8 .y with U is a disjoint union of components ((x,)x X>5)nU@)
with respect to all embeddings S — I. Our problem is local, so it suffices to
check that 3g is a quasi-isomorphism on the complement in U ) to all the above
components but one. Here each of the Z5*!-components of C'(A4, {A,})y ) is acyclic
except (MA,) X (A[1]))®/>5. On the other hand, C(A)ya) = (A[l])%{,), and the
restrlctlon of 3 to the above component is the morphism (RA,) B (A[1])RS —
(A[1])®1 equal to the tensor product of the projections A, — A[1] and the identity
map for (A[1))®>S. Tt evidently identifies C'(A,{A,}) with C(A)g, and we are
done. O

REMARKS. (i) The above subject generalizes in an evident manner to the case
of the chiral homology with coefficients (see 4.2.19). We leave the exact formulation
of the general statement to the reader. Let us consider a particular situation when

48Recall (see 4.2.19) that C(A,{As}) is the degree 15 component of C(A{As}).
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A is homotopically O x-flat at {z;}, and in addition we have {x;} C X \ {zs} and
A-modules M, supported at x;. Then there is a canonical quasi-isomorphism

(4.4.3.5) CM(X, A {AL  R(M)}) = CM(X, A, {h(M)}).

(ii) Suppose that A is a plain chiral algebra. Then the morphism C**(X, A) —

CM(X, A {A}) — CN(X, A, {Af }) always yields an isomorphism H§"(X, A) =
H§M(X, A, {AL_}) (regardless of whether A is Ox-flat at {z,} or not).

4.4.4. HE" as coinvariants. Let A be a not necessary unital plain chiral
algebra. Suppose we have a finite non-empty subset {zs} C X and for each s € S
a plain A-module M, supported at x,; let js : Us — X be the complement to
{zs}. The spectral sequence (4.2.19.6) shows then that H<(X, A, {M;}) = 0 and
H§M(X, A, {M,}) = Coker(d} o : (9h(My)) ® H},r(Us, A) — ®h(M,)). The latter
differential can be described as follows. By 3.6.3 M, is a jg.j§A-module, so h(Mj)
is a module over the Lie algebra h(Us, A) := I'(Ug, h(A%%)). By the lemma in 2.1.7
the projection HY ,(Us, A) — h(Us, A) is surjective, and d%,o is the composition
of this projection and the action of h(Ug, A) on the tensor product ®h(M;). Thus
HE" equals the coinvariants of this action:

(4.4.4.1) HE"(X, A {M,}) = (@h(M)nws, 4)-

REMARK. Suppose A is unital. Then the correlator map ( ) : ®AL — (A)
from 4.4.1 coincides, via the identifications (4) = H§"(X,{AL }) = (®AL )nws,a)
(see Remark (ii) in 4.4.3) and (4.4.4.1), with the obvious projection ®A% —

(RAL ) h(Us,A)-
4.4.5. One usually computes H§"(X, A, {M,}) in a more practical way:

PROPOSITION. Let Py, C Ay be any D-submodule which generates Ayy as a

(non-unital) chiral algebra. Then the coinvariants for the actions of h(Ug, P) :=
I'(Us,h(Pyy)) and h(Ug, A) on @h(Ms) coincide. So, by (4.4.4.1), one has

(4.4.5.1) H§"(X, A, {M,}) = (@h(M)nws, p)-

In the unital setting it suffices to assume that P generates A as a unital chiral
algebra.

Proof. For a D-submodule Qu, C Ayg denote by J(Q) the image of the com-
position h(Us, Q) @ (h(Ms)) — h(Us, A) @ (h(Ms)) — @h(Ms) where - is the
action map. We want to show that J(P) = J(A).

Adding a unit to A, we can assume to be in the unital setting (see 3.3.3, 3.3.4).
Since h(Us,w - 14) acts trivially on ®h(M,), we can assume that 14 € P[‘}S.

(i) Suppose |S| = 1. Set Quy = pa(j.j*Pus & Py, ). It suffices to show that
3(Q) C I(P). The maps T(Us x Us. juj* Py, ® Py — T(Us x Us, AuQus) —
h(Us, @) are surjective (the first one because Ug is affine and the second one since,
by the lemma in 2.1.7, such is its restriction to Qus C AxQus). So I(Q) is the image
of the composition £ of I'(Ug X Us, j.j* Pus M Pyg) @ h(Ms) — h(Us, Q) @ h(Ms) —
h(M,) where the first arrow is pa ® idp(p,). By the Jacobi identity, one has
& =¢ —¢" where £, £ are the compositions I'(Us x Ug, j.j* Pug ® Py ) @ h(M) —
I'(Us, Pug) ® h(Mg) — h(Ms) and the first arrow is the chiral jg.j§A-action on
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M, along the second, resp. first, variable. The images of both £, £” are contained
in J(P), and we are done.

(ii) It suffices to consider the case h(M,) = A’ . Indeed, both functors of
the coinvariants commute with the inductive limits of the M, so we can assume
that the M, are finitely generated. The statement depends only on the restriction
of A to Ug, so, modifying our A at S if necessary, we can assume that each M
is a quotient of a sum of several copies of is*Af;S (see 3.6.6). If proven for some
modules, our statement is automatically true for each their quotients, and also it
is compatible with direct sums. So we can assume that h(M,) = A .

Let us extend Py, to a D-submodule P C A. Replacing A by its chiral subal-
gebra generated by P, we can assume that P generates A.

(iii) Suppose that S| > 1. Let us show that (®A4% )nws.p) — (AL )nws,a)-

We use induction by |S|. Pick so € S and set T' := S ~\ {so}; we denote the
elements of T by t. Consider the map ®AL — ®AL | ®a; — 15, ® (®a;). We
know that H§"(X,A) = H§"(X, A, {AL}) = HE"(X, A, {AL }) (see Remark (ii)
in 4.4.3). So, by (4.4.4.1), our map induces an isomorphism (®A% )y, 4) —
(®AL n(vs,a). Onehas (RAL ) wr.p) — (AL, )n(wr, ) by the induction assump-
tion. Thus it suffices to prove that (®AL )pw, p) — (®AL )nws,p) is surjective.
This follows immediately from the fact that the image of h(Ug, P) — Agfo generates
Ag‘zo as a topological associative algebra.?® O

4.4.6. The material of 4.4.2-4.4.5 immediately generalizes to the situation
where points x, vary, i.e., to the relative situation over U®). For example, the
relative version of 4.4.5 looks as follows.

Suppose A is a plain chiral algebra and P C A a D x-submodule that generates
A as a chiral algebra. Let {M,} be an S-family of A-modules, S € §. We have
the left Dy s)-modules Pf](s) = '(S)*P)h(s and A?](S) (see (3.7.6.1)). The latter
is a Lie algebra in the tensor category of left Dy (sy-modules which acts naturally
on j$3* X M,. Consider the Dy;s)-modules of coinvariants (j5)* X M) 4 - and

U

(GO RM,)ps = Coker(P[bj(s) ®jO* R’ M, — j5* K M,). The relative version
u(S)
of 4.4.4 and 4.4.5 says that (see (4.2.19.7) for the notation)

(446.1) HCM(X, A (M) =7 G RM) e =7 (DR M)

U u(S) '

EXAMPLE. Let A be the twisted enveloping algebra U(gp )" of the Kac-Moody
extension gf); see 2.5.9. Then one can take P = g4, and the D (s)-module from
(4.4.6.1) is called the Knizhnik-Zamolodchikov (KZ) equation.

4.4.7. Let A be a chiral algebra. Then for any D x-module M the tensor
product M ® A is naturally a chiral A-module (see Remark (i) in 3.3.4).

Suppose we have a finite non-empty collection {Ms}, s € S, of Dx-modules
such that the M, are Tor-independent from A (i.e., the supports of the O x-torsion
of M are disjoint from that of A).

49See also Remark in 4.4.4 and (4.4.1.2).
50To see this, consider a filtration AgSOn = h(Ug, P)™ - 15, on Afgso. Then the images of

AL ® (®A£t) form a constant filtration in (®A£S)h(US’P).

Tsgn
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PROPOSITION. There is a canonical quasi-isomorphism

(4.4.7.1) Ch (X, A) @ j 5 ® M, =5 eeh(X, A, {M, ® A}).

Proof. Notice that the image of the morphism M — M ® A, m — m ® 1a,
consists of A-central sections (see 3.3.7). Therefore, by (a) in 4.3.2(iii), we have the
product morphism - : C°* (X, A) ® j9 &’ M, — CM(X, A { M, ® A}).

To check that it is a quasi-isomorphism, we use the relative version of 4.4.3.
When (z,) € U varies, the complexes C"(X, A, {jls}) form a complex C' of left
D-modules on U, and the quasi-isomorphism (4.4.3.1) (coming from (4.4.3.4))
identifies it with the constant D-module C"(X, A) ® Oys). Tensoring our D-
modules by (XMj)|yes), we get « : j,(kS)C® (XIM,) = CM(X, A) ®j£s)j(s)* X M.
On the other hand, the projections A, — is*AfvS yield 8 : jsES)C’ ® (IM,) =
Ch(X, A, {M, ® A}). One checks immediately that - = 3a~!, and we are done. [J

For A = w the functor M(X) — M(X,w), M — M ® w, is an equivalence of
categories (see Example in 3.3.4). Combining the proposition with 4.3.3(i), we get

COROLLARY. For any finite collection {M}, s € S, of Dx-modules one has

(4.4.7.2) G895 ® M, s (X, w, {M,)).

4.4.8. PROPOSITION. Let A be a non-unital chiral algebra, AT := A ® w the
corresponding unital algebra (see 3.3.3). Then the embeddings A, w — AT yield a
quasi-isomorphism

(4.4.8.1) CMX,A) @k = CM(X, A).

Proof. Notice that C"(X, A")po = C"(X,A)q & C"(X,w)po where the
subcomplex C°*(X, A)},, is generated by all chains f X a; € T(UWD, (A,)%)),
f€0pm,a; € A}ZQ such that at least one of the a;’s belongs to A C AT. By 4.3.3(i)
it suffices to show that C°"(X, A)po — C"(X, A)$4 is a quasi-isomorphism.

Both complexes are filtered: the first one by the Cousin filtration and the
second one by the number of a;’s from A as above. The embedding is compatible
with filtrations. It is a filtered quasi-isomorphism: indeed, gr,C"(X, A)pq =
D(U™ h((Apa[1])®")s, — RLpr(U™, A¥)s | and also gr,C"(X, A)}, =
CMX,w, {A}n copies)s,, » 0 we are done by (4.4.7.2). O

REMARK. Suppose that A is equipped with a commutative filtration; it extends
in the obvious manner to AT. We have C"(X, A.) € HoBYV and C"(X,At) €
HoBV,, (see 4.3.2(iv) and 4.3.4). The above lemma (together with 4.1.7 and 4.1.15)
shows that C°"(X, At) comes from C°"(X, A.) by adding the unit. The same is
true in the setting of commutative chiral algebras.

4.4.9. We return to the unital setting.

For a chiral subalgebra B C A one defines the relative Chevalley-Cousin com-
plex C(B, A)pg € CM(R(X)) as follows. Consider A as a B-module. For each
I € 8§ we have a complex of Dyr-modules C*(X, B, A[1]7)po (see 4.2.19). As a
mere graded D yr-module, our complex C(B, A)pq xr equals

(4.4.9.1) C(B, Ay x1 = @ AYTe™ (X B Alllr)pe.
TeQ)
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Its differential is the sum of the differentials of A&I/T)CCh(X, B, A[l]7)pq and the
morphisms A/ eh(X, B, All)r)po[~1] — AY/eh(X, B, All]g)pg for S €
Q(T,|T| — 1) coming from the binary chiral operation ua (cf. 3.4.11). For any
J — I one has an evident embedding AiJ/I)C’(B,A)pr x1 — C(B,A)pg xs. We
have defined the right D-complex C(B, A)pg on X3; it is clearly admissible.

Set CM(X, B, A)pg := I'(X8,h(C(B, A)pa)). As a mere graded module, our

complex equals > T(U™+™) h((Bpg[1])¥™R(Apg[1])¥")). As in the proof of
m>0,n>0

the proposition in 4.2.12 we see that C°"(X, B, A)pq — R pr(R(X), C(B, A)pq).
We have the Cousin spectral sequence (see 4.2.3)

(4.4.9.2) By, =H (X, B, All]1 ),

converging to HP~1C"(X, B, A)pq.

Consider an evident embedding of complexes C*(X, A)pq — O (X, B.A)pq.
It has a left inverse C°*(X, B, A)pq — C*(X, A)pg formed by the morphisms
DU, h((Bpe[1])*™ B (Apa[1])¥")) — DU ™), h((Apa[1])X 7).

PROPOSITION. The embedding C"(X, A)pq — CN(X,B.A)pq is a quasi-

isomorphism. Therefore the spectral sequence (4.4.9.2) converges to Hﬁrq(X, A).

Proof. The complex C' = C*(X, B, A)pqg carries an increasing filtration C,,
that corresponds to the first grading (by m), and Cp = C"*(X, A)pq. It suffices to
check that gr,,C' is acyclic for m > 0.

Consider the embedding j : U0H™) < X x U™, Set A := 5, 5* AR Opm);
this is a U™ -family of chiral algebras on X. Let €™ be the relative version of the
chiral cochain complex for A™); this is a complex of Oy my-modules. It is acyclic
by the relative version of the lemma from 4.3.4. Now €("™) is a left Dy my-module
(since A(™) is), and gr,,C = RT pr(U™), B¥™ @ (™) = 0; q.e.d. O

4.5. Rigidity and flat projective connections

Suppose one has a Z-family of curves X = {X,} equipped with (not necessary
unital) chiral algebras A,. The fiberwise chiral homologies H" (X, A.) form quasi-
coherent sheaves on Z. In this section we discuss an X-local structure on A which
provides a flat projective connection V on the chiral homology sheaves.

An example of such a structure is an extension of the Dy, z-action on A to
a Dx-action compatible with the chiral product: then the C'(A,) form complexes
of D-modules on the fibration of Ran’s spaces R(X.), and V is the corresponding
Gauss-Manin connection. Such a simple picture occurs quite rarely though. Usually
the action of “horizontal” vector fields on A is well defined only up to the adjoint
action of A% i.e., more precisely, A carries an action of an extension of the Lie
algebra of horizontal vector fields by the (relative) de Rham complex of AX% (which
is naturally a homotopy Lie algebra). This suffices for the definition of V due to
a key rigidity property of chiral homology: the action of the homotopy Lie algebra
RUpgr(X., AL) on C°" (X, A,) is canonically homotopically trivialized. A weaker
structure, when A% is replaced by ALie/wX/Z 14, leads to a projective connection.

In practice, one always considers instead of the whole of A% its smaller Lie*
subalgebra determined by the geometry of the situation. For example, suppose
that our family of chiral algebras comes from a universal setting (i.e., from a vertex
algebra). Then a flat projective on the chiral homology is produced by a Virasoro
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vector (see 3.7.25). For a family of Kac-Moody algebras, the Sugawara tensor, and
the Oth chiral homology, we get the Knizhnik-Zamolodchikov connection. Another
example: suppose we have a chiral algebra A on a curve X equipped with an action
of the group of G-valued functions, GG is an algebraic group. We get a family of
twisted chiral algebras parametrized by the moduli space Bung of G-bundles on X
(see 3.4.17). Then any Kac-Moody tensor in A provides a flat projective connection
on the corresponding sheaves of chiral homology on Bung. Connections of this type
on the Oth chiral homology are treated in Chapters 16-17 of [FBZ].

In 4.5.1 we explain why the de Rham complex of a Lie* algebra is a homotopy
Lie algebra. In 4.5.2 the above-mentioned rigidity property of chiral homology is es-
tablished; the key tool here is the BV algebra structure on the chiral chain complex.
Some variants of the rigidity property, in the format needed for the construction of
the connection, are discussed in 4.5.3. The input package for the construction of the
connection on chiral homology is defined in 4.5.4; the corresponding connection is
constructed in 4.5.5. The twisted seting, leading to a projective connection, is dis-
cussed in 4.5.6. Section 4.5.7 contains a streamlined construction of the O-extension
of the Lie algebra of vector fields on Z acting on chiral homology, and also com-
patibility with tensor products. Section 4.5.8 considers the case of chiral homology
with coefficients, 4.5.9 compares the two settings, 4.5.10 gives a different construc-
tion of the connection in the case when the coefficient sheaves are supported at
points (for a convenient explicit formula, see 4.5.12), and 4.5.11 compares the two
constructions. In 4.5.13 we discuss the above-mentioned examples in more detail.

As always, we deal with differential graded super objects, so “Lie algebra”
means “DG super Lie algebra”, etc.

4.5.1. Let L be a Lie* algebra on X. Then the de Rham complex DR(L)
is naturally a homotopy Lie algebra. This means that there is a canonical object
in the homotopy category of sheaves of Lie algebras identified with DR(L) in the
derived category of sheaves. Similarly, RT' pr(X, L) is naturally a homotopy Lie
algebra; i.e., there is a canonical object in the homotopy category of Lie algebras
identified with RT'pr(X, L) as a mere object of D(k). We denote these homotopy
Lie algebras by DR(L), RT'pr(X, L) by abuse of notation. One constructs them
as follows.

Take P, Q as in 4.2.12 and write Ly := L ® P, Lyg := LR P ® Q, etc. We
have the quasi-isomorphisms of Lie* algebras L < Ly — Lpg which yield quasi-
isomorphisms of Lie algebras h(Lp) — h(Lpg). They are canonically identified
with DR(L) in DSh(X) (see 2.2.10), so we have defined the homotopy Lie algebra
structure on DR(L). The Lie algebra I'(X, h(Lpq)) is identified with RI'pr(X, L)
in D(k);°! it provides the homotopy Lie algebra structure on R pr(X,L). The
independence of the auxiliary choice of P, Q follows from the lemma in 2.2.10 (or
rather Remark after it) and the second lemma in 4.1.3.

Suppose that L acts on a not necessary unital chiral algebra A (see 3.3.3).
Then Lgpg acts on Apg, so the Lie algebra I'(X, h(Lpo)) acts on Apg by deriva-
tions. Therefore I'(X, h(Lpq)) acts on C*(X, A)pq by transport of structure. In
particular, this action is compatible with the BV structure (see 4.3.1).

We see that C°*(X, A) is naturally an RT pr(X, L)-module.>?

51This follows by an argument from the proof of the proposition in 4.2.12.
52The independence of this construction from the auxiliary choice of P, Q can be seen as
above.
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4.5.2. Rigidity. Suppose that the L-action on A comes from a morphism of
Lie* algebras ¢ : L — A% and the adjoint action of A.

LEMMA. The homotopy action of RUpr(X,L) on C(X,A) is canonically
homotopically trivialized.

Proof. Let us show that the action of I'(X, h(Lpo)) extends naturally to an
action on C"(X, A)pq of the contractible Lie algebra I'(X, h(Lypo))+ (see 1.1.16).
This action comes from the BV structure on C"(X, A)pg (see 4.3.1). Indeed, we
have morphisms I'(X, h(Lypo)) — ['(X, h(AL%)) — C(X, A)pg[—1] of Lie alge-
bras, so I'(X, h(Lpo))+ acts via the canonical action of C"(X, A)pa[—1]; defined
by the BV structure (see 4.1.6). O

4.5.3. VARIANTS. The material of this section will not be used until 4.5.5; the
reader can skip it at the moment.

Below, our L is a Lie* algebra which is homotopically quasi-induced as a D x-
complex (see 2.1.11), so the natural projections DR(Lq) — h(Lg), T'pr(X, Lg) —
I'(X,h(Lg)) are quasi-isomorphisms (see the lemma in 4.1.4). The corresponding
projection I'(X, h(Lypo)) — T'(X, h(Lg)) is a quasi-isomorphism of Lie algebras.

If L acts on a (not necessary unital) chiral algebra A, then Lg acts on Ag and
Agpg and so I'(X, h(Lg)) acts on CM(X, A)pq.

(i) Suppose that we are in the situation of 4.5.2. Let us show that the action
of T'(X,h(Lg)) on C"(X, A)pq is canonically homotopically trivialized.

One proceeds by providing a homotopy between this action and the one consid-
ered in the proof in 4.5.2°3 and then applying 4.5.2; for technical reasons we have to
pass to a larger chiral chain complex C"(X, A) 3. Here is a precise construction.

Let PT be the unital D x-algebra corresponding to P, so P = P @ Ox as an
D x-module, eg, Pt — Ox the morphism of unital algebras defined by ep. Set
J := Kerep, It := Kere;,. Then P, J, I+ are ideals in PT; one has J7 - P C J, and J

is contractible and D x-flat.5*

Set P := Cone(J — P), Pt := Cone(J* — Pt). Then P is a unital Dx-
algebra so that P+ < P+t is an embedding of algebras, and P is an ideal in Pt.
Our ej, extends to a quasi-isomorphism of O x-algebras P+ — Ox. Its restriction

: P — Oy is also a quasi-isomorphism, so (‘.P €5) satisfies the same conditions
as (997 €p). Set T+ := Cone(P — P1); this is a contractible D x-algebra.

Consider the chiral algebra Az, := A® P ® Q. The Lie* algebra Lyq =
L ® Pt ®Q acts on it. The action of the normal Lie* subalgebra L3, C Ljyq
coincides with the adjoint action via t3 : — A@Q, and Lo C L3, acts via
tg by the adjoint action of Ag and the tr1V1a1 actlon on P.

Now the contractible Lie algebra I'(X, h(Lj34g)); := T'(X, h(ngi +o)) acts nat-
urally on C?"(X, A)5,. Namely, the subalgebra I'(X, h(Ls4 o)) C I'(X, h(Lj1q)):
acts via the above action on A3, and the ideal F( h(L3q))t € T(X, h(Ljsg))t
acts as in the proof in 4.5.2 (with P replaced by P).

This action provides the homotopical trivialization of the I'(X, h(Lq))-action
we promised.

C
59 C

53Note that the Lg-action cannot be realized directly as a part of the Lpg-action used in
4.5.2: since P is non-unital, there is no embedding Lo — Lpg, and the projection Lpg — Lqg is
not compatible with the actions.

54The Tor-dimension of Dx equals 1 since dim X = 1.
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(ii) Suppose that A is unital and the L-action on A comes from a morphism of
Lie* algebras 7 : L — A% /w1, and the adjoint action of A¥*/wl, on A. Let us
show that the I'(X, h(Lg))-action on C°"(X, A)44 is homotopically equivalent to
the multiplication by a character. Below jJ, etc., are as in (i).

Denote by L’ an w-extension of L defined as the pull-back of the w-extension
ALt of AL /w14 by 7. So we have a morphism of Lie* algebras ¢ : L” — Al
with #1° = 14. Set L%, =L’ ® P @ Q, ete.

As in (i), we have the Lie* algebra Lj, o which acts naturally on Az, and a

contractible Lie* algebra L@;Q. Set ngg = Gone(L%)Q — L. ); this is a Lie*

algebra® which is a central wsq [1]-extension of Lj,?g.

The Lie algebra I'(X, h(Lg 1)) is a central extension of the contractible Lie
:

algebra I'(X, h(L34g)): = I‘(Xﬁ(L@;Q)) from (i) by I'(X, h(w50))[1]. Denote by
(X, h(L(TD+Q)); its push-out by the embedding I'(X, h(wsq))[1] — C"(X,w) 5.
Now the Lie algebra T'(X, h(LgHQ)); acts naturally on C°"(X, A)5, in a way
that the central subalgebra C°"(X,w)so C I‘(X,h(Lj,JrQ))?t acts by homotheties
according to the C"(X,w)sqo-module structure on C"(X, A)5,. This action is
determined by the property that I'(X, h(L3)) C I'(X, h(Lj,JrQ)); acts according

to the Lj, g-action on A3, and the image of I'(X, h(L%)Q))T in I'(X, h(Lg;Q)) C

(X, h(LjHQ))g acts as in the proof in 4.5.2 (with L, ¢, P replaced by L, ., P).
Our I'(X, h(Lj)JrQ))g is homotopically equivalent to k acting on C"(X, A)44
by homotheties (see 4.3.3). Since the I'(X, h(Lg))-action on C°"(X, A)4,, is a part

of the I'(X, h(Lj)JrQ))g—action, it is homotopically multiplication by a character, as
was promised.

REMARK. As follows from the above, the Lie algebra H®,(X,L) acts on

H(X, A) according to the character H o(X,L) — Hpbp(X,w) Y, k where the
first arrow is minus the boundary map for the extension L.

4.5.4. Concocting a connection. Let Z be an affine k-scheme. Let 7 : X —
Z be a smooth proper Z-family of curves;’® for a point z € Z the corresponding
curve is denoted by X,. The notions we dealt with have an obvious relative version:
we consider Dx,/z-modules, and it is clear what chiral algebras on X/Z (= Z-
families of chiral algebras) are, Lie* algebras on X/Z, etc. A Lie* algebra L on
X/Z yields a sheaf h(L) := L/(LOx/z) of Lie 710 z-algebras.

So let A be a (not necessary unital) chiral algebra on X/Z which we assume to
be Oz-flat. It defines a complex of quasi-coherent O z-modules 7¢"(X/Z, A) which
is a relative version of the complex I'“"(X, A) from 4.2.11. Replacing A by A ® Q,
where Q is a Dolbeault D x,;-algebra, we get a chiral chain complex Rrh(X/Z, A),
which is an object of the derived category D(Z, 0 z) of quasi-coherent O z-modules
(=T(Z,0z)-modules). Also choosing P as in 4.2.12, we can represent R7°"(X/Z, A)
by a complex C"(X/Z, A)pa (see (4.2.12.2)).

We are going to describe a certain structure of X-local origin which yields an
integrable connection on R7¢"(X/Z, A). In fact, we consider a slightly more general

55Since Ly acts on L% and the arrow is compatible with the Ly o-actions.
56We are sorry for the abuse of notation: before X meant an individual curve.
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situation starting with a given Lie algebroid £ on Z (see 2.9.1); the output is a
homotopy L-action on Rw¢"(X/Z, A). The case of the connection corresponds to
L =07z (for a smooth 7).

So let £ be a Lie algebroid on Z. It yields a Lie 7~ 'O x-algebroid 7L acting
on Ox which is an extension of 'L by Oz (see 2.9.5).57

Suppose we have the following package:

(a) a Lie* algebra L on X/Z,

(b) a Lie 770 z-algebroid extension X of 7L by h,z(L) and a section s :
®X/Z - :K:a

(¢) an action of X on L,

(d) an action of X on A and a morphism of Lie* algebras ¢ : L — AL,

The following properties should hold:

(i) The X-action on L and A is compatible with the D y,z-module structure
on them,® the Lie* bracket on L, and the chiral product on A. It is 71O z-linear
with respect to the K-variable.’® The morphism ¢ : L — A commutes with the
K-actions.

(ii) $(©x,z) C K is a normal Lie 7~ !0 z-subalgebra.

Therefore K is an extension of 77 1L by Ky := h)z(L) x ©x/z.

(iii) The Lie subalgebra ©x,; C Xg acts on A and L via the D x,z-module
structures, and h,z(L) C Ko acts on L via the adjoint action and on A via ¢ and
the adjoint action. The adjoint action of X on h,;(L) C Ko coincides with the
XK-action on h,z(L) coming from the X-action on L.

We call such a package an L-action on A governed by v : L — AL,

4.5.5. PROPOSITION. Suppose that as a mere Dx,z-complex our L is homo-
topically quasi-induced. Then our package yields a homotopy left L-module structure
on the complex Rm"(X/Z, A). In particular, if L is a plain Lie O z-algebroid, then
the Rineh(X/Z, A) are left L-modules.

Proof. We get the homotopy L-action from the obvious R7.X-action trivializing
homotopically the action of Rm.Ky by means of (i) in 4.5.3. Here is the precise
construction.

(i) We use C°" chiral chain complexes, so one has to make some auxiliary
choices of resolutions:

(a) Notice that our datum is contravariantly functorial with respect to mor-
phisms of L. Replacing L by its appropriate left resolution, we can assume that £
is homotopically flat (or even semi-free) as a complex of Oz-modules.

(b) Choose a Dolbeault Ox-algebra Q equipped with a left wfL-action.

To construct Q one can essentially repeat the construction from the proof of
the first lemma in 4.1.3. Namely, we pick a Jouanolou map p : ¥ — X which
yields a Dolbeault Ox-algebra P := p.Qdy,x. Let Q be a DG O x-algebra equipped
with a left wfL-action (see 2.9.5) and a morphism of O y-algebras P — Q which is
universal with respect to this structure. Our Q is a Dolbeault O x-algebra.%°

57We apologize for the discrepancy of notation: the smooth map 7 : Y — X from 2.9.5 is
now 7: X — Z.

580ur K acts on Ox (via K — 7T L) preserving =10z C Ox; hence it acts on Dx/z-

59Te., A and L are left 5-modules with respect to the Lie 71 4-algebroid structure on K.

60Let us check that Q is a homotopically flat resolution of Ox. Since nfL is Ox-flat, the
enveloping algebra U(nfL) is also homotopically Ox-flat (see 2.9.2). Locally on X our P is
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(c) Choose a non-unital O x-algebra resolution ep : P — Ox equipped with a
left wfL-action such that P>° = 0 and each P° is Dx/z-flat. Here we consider P as
a Dx/z-module via the standard embedding ©x/z — L.

One can construct P by an obvious modification of Example in 4.2.12. Set
PO .= Sym>°U(wfL), where U(nTL) is considered as a left 77L-module. Let ep :
P9 — Ox be the morphism of algebras with 7fL-action defined by the morphism
of left 7fL-modules U(nfL) — Ox, ly@ic) = loy. Finally set P~ = Kerep,
and P* =0 for a # 0, —1.

(ii) Since O/ C 7Ly, our P, Q are automatically Dx/z-algebras. The Lie
710 z-algebroid X acts on them via K — 7fL.

Set Kao := h;z(La) x (2®Ox/z); let Xq be the push-out of X by the obvious
morphism of Lie 710 z-algebras Kg — Kgg. Since K acts on the target of this
morphism, our Kg is a Lie 7710 z-algebroid extension of 77'L by Kgo. Set Kq :=
Ko/Q ® Ox/z; this is a Lie 710 -algebroid which is an extension of 77'L by
hyz(La). .

(iii) As in (i) in 4.5.3, our P yields modified algebras P (which satisfies the same
conditions as (P, ep), see (i)(c) above), P+, and j’; Each of them is naturally 71L-
equivariant. We have the chiral algebra A, together with the action of the Lie*
algebra L3 4 on it (see (i) in 4.5.3).

The Lie w10 z-algebroid Ko acts naturally on Azq. The restriction of this
action to h/Z(LQ) C XKqo coincides with the action via the embedding Lg — Lg, .
Our algebroid acts also on L3, o, and the above constructions are compatible with
this action.

(iv) Consider the complex of Oz-modules C*"(X, A)5, which represents the
object of the derived category Rw"(X/Z, A). It carries an action of the O z-algebra
Thiz(Lyig)t = Wih/Z(Li,;Q), defined in (i) in 4.5.3, and the Lie O z-algebroid
7.Kq. Notice that m.h/z (L3 o)t is contractible, as follows from the relative version
of the lemma in 4.1.4 applied to Lg.%" The action of m.Xg vanishes on 7. (20 x,z),
so it factors through the quotient m.%Kg which is an extension of £ by m.hyz(La).

Let £ be the push-out of 7.%Xq by the morphism m.hyz(La) — mhz(Ljiq):-
This is a Lie Oz-algebroid®® which is an extension of L by a contractible ideal
m.hyz(Lj+q);. The above actions form an L-action on C*"(X, A)z4.

The homotopy category of left L-modules is naturally equivalent to that of L-
modules, so C°"(X, A)jzq defines an object of the latter category. Its independence
from the auxiliary choices from (i) above is left to the reader. This is the promised
homotopy left L-module structure on Rr"(X/Z, A). O

REMARK. The construction of the Lie algebroid £ used only data (a)—(c) of
4.5.4.

4.5.6. A twisted version. In practice, one usually finds a weaker variant of
the package from 4.5.4 which leads to a twisted L-action (i.e., an action of a central
extension of L) on chiral homology. If L = ©4, we get a flat projective connection.

isomorphic to SymV where V' is an acyclic complex of free Ox-modules, hence Q is isomorphic to
Sym(U(ztL) @ V).

61The relative version of the lemma in 4.1.4, together with its proof, remains true because
the functor Rm. has homological dimension 1 (since 7 is proper of relative dimension 1).

62Since 7. Kgg — ﬂ.h/Z(ngJrQ)i is a . Kg-equivariant morphism of Lie Oz-algebras.
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Below we assume that our chiral algebra A is unital. So suppose we have L
and data (a)—(c) as in 4.5.4, and a version of (d) that looks as follows:

(d) an action of K on A and a morphism of Lie* algebras 7 : L — AL /w1 4.

We demand properties (i)—(iii) of 4.5.4 with ¢ replaced with 7.

Our 7 defines, as in (ii) in 4.5.3, an w-extension L’ of L and a morphism of Lie*
algebras «* : L” — A% which lifts 7 and such that :”1”> = 14. The K-action on L
lifts to L” so that /> commutes with the K-actions.

The w-extension L’ is important for the reasons explained in the remark after
the proposition below.®® Our package is called a twisted L-action on A governed
by o>« LP — Alie,

PROPOSITION. Suppose that L is a homotopically quasi-induced D x ,z-complex.
Then the above package yields a homotopy O z-extension L’ of L and a left unital
homotopy L-action on the chiral complex Rt (X/Z, A).

REMARK. The extension £ depends only on data (a)—(c), L”, and the X-action
on L”. It does not depend on A and .

Proof. Let us repeat steps (i)—(iii) of the proof in 4.5.5. So we have the
complex C°"(X/Z, A)5, which represents Rr"(X/Z, A). It is a module over the
commutative non-unital algebra C°"(X/Z,w)3o (Where w := wyx/z) which is a
homotopy unit Oz-algebra (see 4.3.4). We will define a C"(X/Z,w)s,-extension
L of the Lie 0 z-algebroid L from step (iv) of the proof in 4.5.5 and an action
of L’ on C"(X/Z, A)sq such that C"(X/Z,w)5q C L’ acts according to the
C"(X/Z,w)5q-module structure.

Let W.h/Z(Lj)+Q)§ be the relative version of the Lie algebra F(X,h(LjHQ))g
defined in (ii) in 4.5.3. This is a Lie O z-algebra which is a central extension of the
contractible Lie algebra m.h/z(Lso); by C(X/Z,w)5q.

Now C"(X/Z, A)3q carries a natural action of ﬁ.h/Z(L@+Q)g (see (ii) in 4.5.3)
and of the Lie Oz-algebroid m.Kq (see steps (ii) and (iv) in 4.5.5). The latter
algebroid is an extension of L by m.h,;(Lg). Let L’ be the push-out of 7.Kg
by the morphism 7.h,;(Lg) — W-h/Z(LjHQ); (see (II)~ in 4.5.3). This is a Lie
0 z-algebroid® which is a C"(X/Z,w)sq-extension of L. Our actions define the
promised action of £’ on C"(X/Z, A)sq- O

REMARK. One can rephrase slightly the definition of £?. Consider the Lie* al-

gebra L%Q from (ii) in 4.5.3. Let J_CE be an extension of 7' L by h /4 (Lg+Q) defined
i i

as the push-out of Xo by the morphism %z (Lq) — h/Z(L<> ). This is naturally a

Pro
Lie 710 z-algebroid. Then 7Kg is an extension of £ by m.h)z(wpeo)[1]. Tt is clear
that L’ is the push-out of this extension by Thyz(wepo)[1] = CMX/Z, A)zq.

4.5.7. REMARKS. (i) Suppose we are in the situation of 4.5.6 and L is a
plain Lie algebroid. Then H#OLY = 0, and the definition of £ = HOL’ can be
streamlined as follows.

Set K := IK/@X/Z; this is a Lie 71O z-algebroid which is an extension of
1L by h,7(L). Since L is a quasi-induced D x,z-module, h/Z(Lb) is a central

63The package can be easily reformulated so that L’ and ¢’ become entry data.
64Since mh,z(Lo) — ﬁ.h/Z(LﬂerQ); is a m.Kq-equivariant morphism of Lie Oz-algebras.
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extension of k7 (L) by h/z(w). Set N := Cone(h,z(L*) — X); this is a complex
with cohomology H'N = L, H™'N = h/z(w). The K-action on h,;(L") factors
through X, so N is naturally a Lie 710 z-algebroid. Thus R°7.N is a Lie Oz-
algebroid which is an extension of £ by R'm.h,/z(w) = Oy.

Now there is a canonical isomorphism of the Lie algebroid O z-extensions

(4.5.7.1) L" = H°Rrx.N.

To see this, we use the description of L’ from the remark at the end of 4.5.6.
Notice that as a morphism in the derived category m.h )z (wsq)[1] — C(X/Z, A) 54
amounts to the trace morphism m.h/z(wso)[l] — T>o(mh/z(wso)[1]) — Oz.
Therefore L’ = HO7. Kq. R

Now the standard morphisms Pt — Oy, Ox — Q yield morphisms of Lie
710 z-algebroids K — No — N where Ng := Cone(hz(Lj) — Ka). The second
arrow is a quasi-isomorphism; the first one induces an isomorphism of cohomology
in degrees > —1. Therefore we get Hr.Kq — H°Rr.N which is (4.5.7.1).

(ii) Suppose that for a given L we have a finite family of chiral algebras A,
together with twisted L-actions on each A,. Then one has a natural twisted L-
action on ®A, such that the corresponding O x-extension of L is (homotopically
equivalent to) the Baer sum of the corresponding extensions L£°». Namely, we take
L =TIL,, X the fibered product of K, over 77L, and ¢ = ¥i,. The product map
(4.3.5.1) is compatible with the (twisted) L-actions.

4.5.8. Suppose we are in the situation of 4.5.6; let us show that the con-
struction of loc. cit. generalizes immediately to the case of chiral homology with
coefficients.

Let {Ms}scs be a finite non-empty family of Oz-flat chiral A-modules. By
4.2.19, we have the corresponding chiral homology complex Rr"(X/Z, A, {M,}) of
O z-modules.

Now suppose that the Lie 710 g-algebroid X acts on each M,. We assume that
this action is compatible with the D x,z-module and the chiral A-module structure
on M,, and is 71O g-linear with respect to X, that the Lie subalgebra h)z(L) C X
acts via 7 and the h,z (A" /1 yw)-action on M, and that © x,7 C K acts according
to the D x,z-module structure on M.

Such a package yields then a left unital homotopy action of £” on the complex
Rreh(X/Z, A, {M,}). Namely, it defines in the obvious manner a twisted L-action
governed by ¢ on the chiral algebra A{Ms} (see 4.2.19), so the Lie algebroid L
from the proof in 4.5.6 acts on C°"(X/Z, A,{M,})3q as on the direct summand
of C°M(X/Z, A{Ms})st. This action is homotopy unital, i.e., C*(X/Z, A, {M})50
is naturally a homotopy unital C*"(X/Z,w)s,-module, and C"(X/Z,w)5, C L
acts on C"(X/Z, A, {M})5q according to this module structure.

4.5.9. Suppose we have a finite non-empty set S and for each s € S a section
s+ Z — X whose images for different s do not intersect. As in 4.4.3 we get the
A-modules A,. The K-action on A yields one on A, which evidently satisfies the
above compatibilities, so £ acts on Rr"(X/Z, A, {A}).

LEMMA. The identification Rr"(X/Z, A, {As}) = Rx"(X/Z, A) of (4.4.3.2)
is compatible with the L -actions.
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Proof. We want to show that the above canonical isomorphism in the derived
category of O z-modules lifts naturally to an isomorphism between the objects in the
derived category of O z-modules equipped with homotopically unital left L’-actions.

Recall (see the proof in 4.4.3) that our isomorphism comes from diagram

(4.4.3.4) which, in turn, arises from the morphisms of chiral algebras AlA &

A® Sym P P, A. The twisted L-action governed by > on A defines one on each
of the above chiral algebras; the morphisms &, 3 are compatible with this action,
and it preserves the Z°-gradings on A4} and A ® Sym P. Passing to the cor-

responding C%}‘Q—complexes, we get quasi-isomorphisms® C"(X/Z, A, {As})j)g &

CMX/Z, A {As})aq LA C"(X/Z,A)zq of left homotopically unital L°-modules,
which form the promised lifting. O

4.5.10. Suppose we are in the situation of 4.5.8 and each M, is supported at
the image of a section x4 : Z — X; assume that the images of z for different s do
not intersect. Then one can compute R7<"(X/Z, A, {M,}) by means of an economic
complex C°"(X/Z, A, {M})5 that does not use Q; see (4.2.19.3). Let us describe
a variant L” of the extension £° that acts naturally on C*"(X/Z, A, {M})5. This
construction will be compared with the general one from 4.5.8 in 4.5.11.

Below, js : Us — X is the complement to |Jzs(Z); P, P, etc., are as in (iii) in
4.5.5 and in 4.5.2.

(i) Consider the Lie 7~'0z-algebroid X := X/s(6x,z) which is an extension

of 7L by h/z(L), and the Lie* algebra Lgi+ = C?one(L;~> — Lgy) (cf. (ii) in

4.5.3). Let ®, ® be the push-outs of K by, respectively, hyz(L) — hz(js«jsLy)
and h/z(L) — h/z (js*ijL%J,). Thus ® C & are naturally Lie 710 z-algebroids, so

7.® C m.® are Lie O z-algebroids. We have an embedding 1° : m.hyz(js«jsws)[1] —
7.® whose cokernel maps quasi-isomorphically onto £.5¢ Let £ be the push-out of
T.® by T.h 7 (jsxjiws)[1] — CMX/Z, js.jiw)s. The latter complex (which is the
relative version of I'(X®, h(js.jiws))) is acyclic, so L — L is a quasi-isomorphism
of Lie algebroids.

We will define an O z-extension L’ of £ that acts on C°"(X/Z, A, {Ms})3.

(ii) For s € S set S, := S~ {s} and consider a Lie* algebra jg*ijLb/].bjss*jgsw
which is a central zs.0z-extension of js.jsL. Applying h,z, we get a central
z,.0 z-extension h/Z(jS*j§L)bS of h/z(js«jéL). Pulling this extension back to
hz(js«jsLy.), we get a central 4.0 z-extension h/Z(jS*ngjjJr)bS of the latter
Lie algebra.

Notice that the morphisms h,z(js.i5L") — hyz(js«j5sL) < hyz(L) lift nat-
urally to h/Z(js*ng)bS. Denote by h/Z(jS*ng%?)bs the cone of the morphism

h/Z(jS*ngb) — h/Z(jg*ngﬁ,QbS; this is a Lie algebra which is a central s.0z-
extension of h/Z(jS*ng%Q. Let @+ & be the push-outs of X by, respectively,
i

the morphisms h/z(L) — hyz(js«j5L3: )", hyz(L) — hyz(js«i5L% ). These
’ E
are Lie 7710 z-algebroid 5.0 z-extensions of ® and &.

65Here CM(X/Z, A, {AS})j,Q is the component of C°*(X/Z, A ® SymP) 3, of degree 19,
66We use here, as in the proof of 4.5.5, a relative version of the lemma from 4.1.4.
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(iii) So for each s € S we have an O z-extension 79" of the Lie O z-algebroid
7.®; denote by 7.®" the Baer sum of these extensions. Define 7.9° ¢ 7.9 in a
similar way. By construction, 7.®" contains m.h)z (js*ng%))[l] as a submodule. By
the sum of residues formula m.h 7 (js.«jéws)[1] C 7.h /2 (js*ng%))[l] is a subcomplex
in m.®". Let L’ be the push-out of m.®" by the morphism m.hyz(is«jsws)[1] —
CMX/)Z, jsujiw)s. Our L’ is naturally a Lie 0Oz-algebroid which is an Oz-
extension of L.

(iv) Let us define the £ -action on C°*(X/Z, A, {M,})3. Our L’ is the sum of
the ideals C°"(X/Z, js.jiw)s, W.h/Z(jS*ng%))[l], and the subalgebroid 7.®°. We
define the action on these submodules separately, leaving it to the reader to check
the compatibilities. Take any chain ¢ = (@my) ® ca € C(X/Z, A, {M,})5 =
(@h)2(My)) ® TUSY  hyz((A5[1)2M)s,. For any a € CM(X/Z, js.jiw)s and
g€ W.h/Z(jS*j;L%))[l] one has a(c) := c®14(a), B(c) := ¢ K "(B). A section
¢ € (m.®)" can be represented by a collection (¢, {2}) where ¢ € 7.® and ¢ €
w.h/Z(jS*ngb) are such that for any s € S the image of ¢ — £, in T'(Ug, K) is

regular at x5(Z); i.e., it belongs to I'(Ug,, X). Now

(45.10.1) ¢ (c) = (@m,) @ lca) + Y ( @ M) @ ((¢ — Ly)mys + L) @ ca.
seSs s7s

4.5.11. Let us show that the construction from 4.5.10 is naturally homo-
topically equivalent to the general construction from 4.5.8. Consider the quasi-
isomorphisms

(45.11.1)  CM(X, A {M})50 — CM(X, Ag, {Msa})5 — CM(X, A, {M})5,

comparing the chiral chain complexes we consider (see (4.2.19.5)). The left complex
carries the action of the extension £ from 4.5.8 and 4.5.6; the right one carries the
action of £” from 4.5.10. The middle complex carries an action of an extension L
defined in the same way as LY with L, L® replaced by Lg := L®Q, LbQ = L’®Q and
the h,z(L)-extension X of 7= 1L replaced by its push-out Xg by hyz(L) — h;z(La).
Thus £ is an extension of L/ by ®Q,; the details of the construction are left to
the reader. There are evident quasi-isomorphisms

(4.5.11.2) Lo — L — L

of Lie algebroid extensions of £, and (4.5.11.1) is equivariant with respect to these
morphisms. This establishes the promised homotopy equivalence.

4.5.12. Suppose we are in the situation of 4.5.10 and L is a plain Lie algebroid,
so L» =5 HOLP. Let us extract from 4.5.10 a description of the action of £’ on
CM(X/Z,A,{M})5 as on a mere object of the derived category of Oz-modules.

First, as in the end of 4.5.10, for v € L its lifting 4* € L” is given by a collection
(¢, {€2}) where ¢ is a section of X over Usg that lifts v and the £2 € h,z(js.j5L")
are such that the sections ¢ — £, € T'(Ug, K) lie in I'(Us,,X), i.e., they are regular
at 25(Z). Now 4" acts on the chiral chain complex as the endomorphism given by
formula (4.5.10.1).

In particular, suppose that A is a plain chiral algebra and the M are plain A-
modules. Then H§"(X/Z, A, {M,}) =(A),z = (®h)z(Ms))n,, s, a) (see (4.4.4.1)),
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and LY acts on it as

(4.5.12.1) ¥ (@m) =Y ( 2 me) @ (¢ — Ls)ms + £my).
seS sFs

4.5.13. EXAMPLES. Below we assume for simplicity that Z is smooth.

(i) Let X be a Z-family of curves as in 4.5.4. Consider the following canonical
package (a)—(c) from 4.5.4:

Take L = Oy, so 7Tl = Ox and #fL is the algebra of vector fields on X
preserving m. Let L = Ox,zp = ©x/z ® Dx,z be the Lie* algebra corresponding
to the Lie algebra of vertical vector fields (see Example (i) in 2.5.6(b)), so h/z (L) =
O©x/z. Then L acts on L by transport of structure. Let K be the push-out
of 7*L by the diagonal embedding morphism Ox/z < Ox/z x h/z(L), and let
s : Ox/z — X be the embedding of the first multiple. Our X is a Lie 710,
algebroid in the obvious manner. It acts naturally on L so that 7L C X acts
by transport of structure, h,;(L) by the adjoint action, and ©x/z <, K via the
D x,z-module structure on L. Our datum satisfies the properties (i)-(iii) in 4.5.4.

Now let A be a (not necessary unital) chiral algebra on X equipped with an
action of 7#L. For example, such is any universal chiral algebra in the sense of
3.3.14. The 7L-action extends then to a K-action so that Ox/z <5 K acts via the
Dx,z-module structure on A. To complete datum (d) of 4.5.4, we need a Virasoro
vector, i.e., a morphism of Lie* algebras ¢ : L — AL, The conditions from 4.5.4
mean that ¢ commutes with the Lf-actions and Ox/z C L¥ acts on A according to
the Lie action defined by ¢ (see (3.7.25.1)); i.e., for any vertical field 7 € O/ its
Lt-action on A is a — ad,(-ya — a - 7 where the first term is the adjoint action and
the second term is the right D x,z-module action.

According to 4.5.5, such datum provides a flat connection on the chiral homol-
ogy sheaves. Usually one finds a twisted version of the above situation, when A is
unital and ¢ is replaced by 7 : L — AL /w1 4. Tt leads, by 4.5.6, to a flat projective
connection. The corresponding ¢” : L” — A is then a Virasoro vector of a certain
central charge ¢ (see 3.7.25).

(ii) Suppose we are in the situation of 3.4.17, so X is a single curve and we
have a group D x-scheme G acting on a chiral algebra A. Assume that G is smooth;
let L =Lie(G) be its Lie* algebra (see (iv) in 2.5.7) which is a vector D x-bundle.
Suppose we have a G-equivariant morphism of Lie* algebras ¢ : L — AL%*; here G
acts on L by the adjoint action.

Let P = P be a Z-family of D x-scheme G-torsors on X, which is the same as
a G-torsor on X x Z%7 equipped with a relative connection®® compatible with the
G-action. By 3.4.17, our P yields then a Z-family of twisted chiral algebras A(P)
on X X Z.

Let us show that our datum defines then a package (a)-(d) from 4.5.4 for A(P)
and the Lie Oz-algebroid L = Oz. The Lie* algebra from (a) is L(P) := the
P-twist of L with respect to the adjoint action. Then h,;(L(P)) identifies in the
usual way with the Lie algebra of vertical vector fields on P which commute with
the G-action and are compatible with the connection.

671.e., a torsor with respect to the pull-back of G' by the projection X x Z — X.
68] e., a connection along X-directions.
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Our family of curves is constant, so L is a semi-direct product of 7~1L (acting
by vector fields along X-directions) and © /. Let X be the sheaf of pairs (7, 77)
where 7 € 770 C O xx 7 and 77 is its lifting to a vector field on P which commutes
with the G-action and is compatible with the connection. This is naturally a
Lie =10 z-algebroid which is an extension of 7= 'L by h/z(L(P)).% Set X :=
K x ©x/z. Then K acts in an evident manner on L(P), so we have defined data (b)
and (c) from 4.5.4. The morphism from (d) is ¢(P) : L(P) — A(P)%%, the P-twist
of ¢.

Properties (i)—(iii) of 4.5.4 are immediate, so 4.5.5 defines a flat connection on
the chiral cohomology of the family A(P). One finds more often a twisted version
of the above situation, when instead of ¢ one has a G-equivariant morphism of Lie*
algebras 7 : L — A" Then we get a twisted package from 4.5.6, hence a flat
projective connection on the chiral homology.

The most interesting particular case of the above situation occurs when G is the
jet scheme of an algebraic group H (see Remark (iv) in 3.4.17) and L° corresponding
to 7 is a Kac-Moody extension (see 2.5.9). Then D x-scheme G-torsors are the same
as G-torsors on X (see (3.4.17.2)), so the chiral homology of A(P) forms a twisted
D-module on the moduli space Bunyg of H-bundles on X.

4.6. The case of commutative D x-algebras

For a commutative chiral algebra its chiral homology is naturally a homotopy
commutative algebra (see 4.3.1 and 4.3.4). So we have a functor from the homo-
topy category of commutative D x-algebras to that of commutative DG algebras.
The theorem in 4.6.1 says that it is equal to the left derived functor of the functor
R’ (R) from 2.4.1. The key point is the computation of the chiral homology of a
polynomial D x-algebra done in 4.6.2. Its relative version is presented in 4.6.4 after
some needed preliminaries on semi-free modules (see 4.6.3). The linearized version
of 4.6.1 (that deals with the chiral homology of R‘[Dx]-modules) is considered in
4.6.5. It implies that the chiral homology commutes with the cotangent complex
functor (see 4.6.6). We show also that chiral homology functor preserves perfect
complexes (see 4.6.7) and commutes with their duality (see 4.6.8). By the propo-
sition in 4.1.17, these facts imply that for a (very) smooth D x-algebra its chiral
homology algebra is essentially a complete intersection (see 4.6.9).

As in 4.3.7, “Dx-algebra” means “commutative unital DG super D x-algebra”
and “plain D x-algebra” means “D x-algebra supported in degree 0”.

4.6.1. The chiral homology as a left derived functor. Let F’ be a
Dx-algebra. We say that F' is semi-free if it is O x-semi-free in the sense of 4.3.7
and is convenient if it is semi-free and one can find Ffy C F} C --- C F as in
loc. cit. such that the corresponding V; have the property I'(X, h(V;)) = 0. We call
F. a convenient filtration on F and {V;} C F convenient generators.

By Remark (b) in (the proof of) 4.3.7 every D x-algebra admits a convenient
left resolution.

Consider the morphism ¢ : C°*(X, F) — (F) from (4.2.17.1); it is naturally
a morphism in the homotopy category of commutative algebras (see 4.3.2(i)).

69The projection K — 7w~ 1L is surjective since G is smooth as a Dx-scheme.
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THEOREM. If F is convenient, then ¢ is a quasi-isomorphism:
(4.6.1.1) o CMX,F) = (F).

Therefore on the category of commutative unital chiral algebras, C" coincides with
the left derived functor of { ).

Proof. (a) Since both parts of (4.6.1.1) are compatible with inductive limits,
our problem reduces to the following statement:

Let R — F be an elementary morphism (see 4.3.7) such that the corresponding
V' C F has the property I'(X,h(V)) = 0. Suppose that ¢r : C"(X, R) — (R) is a
quasi-isomorphism. Then ¢p : C"(X, F) — (F) is also a quasi-isomorphism.

(b) Let us show that the above statement follows from its particular case when
RY = Oy and the differential of F' vanishes.

Recall that as a mere Z-graded D x-algebra, F' equals R ® SymV, and the
ring filtration F, := R ® Sym=*V is compatible with the differential. The functor
( ) commutes with tensor products, so as a mere Z-graded algebra, (F) equals
(R) ® (Sym V). Notice that (Sym V) = Sym K where K = H% (X, V[1]) since, by
2.1.12, the maximal constant quotient of V¢ equals K®Ox. The filtration F, defines
a filtration on C°" (X, F) (see 4.2.18); we also have a filtration (R)®@Sym<¢K on (F)
compatible with the differential. Our morphism is compatible with filtrations, so, by
(4.2.18.1), it suffices to check that gr ¢ is a quasi-isomorphism. Now gr ¢r = dgrr,
and gr F equals R® SymV as a DG algebra (the differential kills V). By 4.3.6 we
are reduced to the situation of R = Ox; i.e., F = SymV.

(¢c) Now F =SymV, dp =0, so (F) = Sym K where K := HY »(X,V[1]). We
want to show that ¢r : C°*(X,Sym>°V) — Sym>°K is a quasi-isomorphism.

4.6.2. We will deduce this fact from the next proposition which is valid under
less restrictive assumptions on V. Take any V € CM(X); set F := SymV. Let
us represent C°"(X, F) by the commutative algebra C°"(X, F)pq (see 4.3.2) and
RT'pr(X,V) by the complex I'(X, h(Vpq)). The embedding T'(X, h(Vpq))[1] C
C{MX,F) — C"(X, F) (see 4.2.12) yields a morphism of commutative algebras

(4.6.2.1) Sym(I'(X, h(Vpa))[1]) — C"(X, F).

PROPOSITION. IfV is homotopically O x -flat, then this is a quasi-isomorphism.

End of the proof of the theorem. Consider V as in part (c) of the proof in 4.6.1.
We know that I'(X, h(Vpo))[1] = RTpr(X,V[1]) = HYR(X,V[1]) = K, and it
is clear that (4.6.2.1) is right inverse to ¢p. So the proposition implies that ¢ is
a quasi-isomorphism, and we are done.

Proof of Proposition. (i) Set F~Y := Sym>°V. By 4.4.8 it suffices to show that

(4.6.2.2) Sym”(I'(X, h(Vpa))[1]) — CM(X, F>0)

is a quasi-isomorphism.

(ii) Let us show first that (4.6.2.2) comes from a morphism of certain D-
complexes on X®. Recall that the Chevalley-Cousin complex C(F>°) is a com-
mutative algebra in CM(X$)*. Set P := Syme(ASFS)V[l]) (see 3.4.10); this is
again a commutative algebra in CM(X®)*. The embeddings A®Y o AB >0
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C(F>Y) define a morphism of commutative algebras P — C(F>°). Passing to the
de Rham cohomology, we get

(4.6.2.3) RTpr(X®, P) — RUpr(X®,C(F>%) = (X, F>Y).
Now there is a canonical quasi-isomorphism
(4.6.2.4) Sym”°RT pr(X,V[1]) = R pr(X®, P).

Namely, we know that RTpr(X,V[1]) == RTpr(XS, AP V1)), and (4.6.2.3) is
the symmetric power of this quasi-isomorphism via (4.2.8.6).

It is immediate that (4.6.2.2) is the composition of (4.6.2.3) and (4.6.2.4). So
to prove the proposition, one needs to check that (4.6.2.3) is a quasi-isomorphism.

(iii) Consider a filtration W. on C(F>?) defined as follows. On each C(F>?)x:
our filtration is compatible with the Q(I)-grading (see (3.4.11.1)), and for T € Q(I)
one has WnAg/T)jiT)j(T)*(F>0[1])®T = ASKI/T)((F>O[1])'ZT . aniT)OUm); see
3.1.6 and 3.1.7. Our C(F~Y) also carries a Zo-grading defined by the action
of homotheties on V; denote the components by C(F)™). Subcomplex P and
filtration W. are compatible with the grading. One has W_,C(F>%) = C(F>Y),
and W_,,_1C(F)"™) = 0, W_,C(F>%)™ = P(®_ To prove the proposition, it
suffices to show that
(4.6.2.5) RTUpr(X8, P™) = RUpr(XS, g™ C(F>)).

n

One has gt C(F>%)y: = @ & AUT(R(F>ON)®5) © Lieg) s
5eQ(I) TeQ(S,n)
see (3.1.10.1) (we forget about the differential). Therefore

(4.6.2.6) gV C(F> = & ADFE)®S @ Liek,
SeQ(I)

and there is an obvious identification
(4.6.2.7) gtV C(F>%) = SymTgr™, C(F>?).

Here Sym? is nth symmetric power with respect to the ®* tensor structure (see
3.4.10). Now (4.6.2.7) is compatible with the differentials; i.e., it is an isomorphism
of complexes. Since P = Sym”PM), (4.6.2.5) for arbitrary n follows from the
case n = 1 by (4.2.8.6).

(iv) The complex gr'¥; C(F>0) is supported on the diagonal X C X, so we can
consider it as an 8°-diagram ® of complexes of D-modules on X. The subcomplex
P identifies with a constant subdiagram V C ®. Now RI pr(X$,gr",C(F>?))
is the de Rham cohomology of X with coefficients in the homotopy direct limit
C(8°,®) (see 4.1.1(iv)). Similarly, RT pr(X$, PM)) = RIpr(X,C(8°,V)), and
C(8°,V) = V. We will show that V — C(8°,®) is a quasi-isomorphism. This
implies (4.6.2.5) for n = 1, hence finishes the proof.

Define a grading ® = &®,, so that the subdiagram ®,,, collects all summands
in (4.6.2.6) with |S| = m. Then d(®,,) C ®,,—1, and every ®,, is the induced
8°-diagram that corresponds to a representation of the symmetric group X,, on
(F>O11])®" ® Lie? (see Exercise in 4.1.1(iv)). Therefore, by loc. cit., the projec-
tion C(8°,®) — lim ® is a quasi-isomorphism, and lim ® is a complex with terms
(F>°[1])®™ ® Liel,)s,,. In other words, lim ®¢, as a mere graded D-module, coin-

m

cides with the cofree Lie coalgebra generated by the left D-module (Sym>°V*)[1].
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The differential equals the canonical differential defined by the commutative alge-
bra structure on F>%. Therefore V' — lim ® is a quasi-isomorphism (see theorem
7.5 in [Q1]),” and we are done. O

4.6.3. Semi-free modules. We need to fix some terminology. Let R’ be a
D x-algebra. The DG category of R‘[Dx]-modules (which are the same as central
chiral R-modules) is denoted by M(X, RY) and its derived category by DM (X, R?).

An RY[Dx]-module M is said to be semi-free if it admits a filtration M_; =
0C MyC M; C---,|UM; =M, such that for each i there exists a Z-graded D x-
submodule N; C M; which is a locally projective D x-module, d(N;) C M;_1, and
the morphism R’ ® N; — gr; M is an isomorphism. We refer to the N; as semi-free
generators of M. We say that the generators N; are convenient if T'(X, h(N;)) = 0;
in this situation M is said to be convenient. A semi-free module is automatically
R'flat.

A linearized version of the proof of part (i) of the lemma in 4.3.7 (which is an
immediate modification of the usual construction of [Sp]) shows that every R[Dx]-
module admits a semi-free resolution. Moreover, one can choose it so that NV; is
isomorphic to a direct sum of (shifts of) D x-modules Lo where L is a line bundle
on X. If wanted, we can assume that the L are of sufficiently negative degree
(cf. Remark (b) in 4.3.7), so the resolution is convenient.

A morphism of Dx-algebras f : R — F yields an evident exact DG functor
[ M(X, F*) — M(X, RY) and its left adjoint f* : M(X, RY) — M(X, F?), f*M :=
Ft® M.

Re

LEMMA. The left derived functor Lf* : DM(X,R*) — DM(X, F*) is well
defined and is left adjoint to f. : DM(X,F*) — DM(X,R"). If f is a quasi-
isomorphism, then

Lf*
(4.6.3.1) DM(X,RY) = DM(X, F*)
f.

are mutually inverse equivalences.
Proof. Use semi-free resolutions of R‘[D y]-modules. O

4.6.4. The proposition in 4.6.2 admits a version with parameters. Let R’ be
a Dx-algebra, V an R![Dx]-module. Consider the symmetric R’-algebra F* :=
SymRe VZ.

Fix auxiliary P, Q and set C°(-) := C°*(X,-)po (see 4.2.12). We have a com-
mutative homotopy unital C¢"(R)-algebra C°*(F) and a homotopy unital C°*(R)-
module C*"(R, V) := C*(X, R, {V})pa (see 4.2.19). Let Syméch(R)CCh(R, V) be
the symmetric algebra of a homotopically C"(R)-flat resolution of C*"(R, V). The
obvious morphism of C"(R)-modules C"(R,V) — C°*(F) yields a morphism of
the homotopy unital C°"(R)-algebras

(4.6.4.1) Syméen g C(R, V) — C"(F).
70Strictly speaking, [Q1] considers the setting of complexes over a field of characteristic 0

subject to some boundedness condition. From the modern point of view, the statement is a
consequence of the Koszul duality of the operads Com and Lie (in characteristic 0); see [GK].



4.6. THE CASE OF COMMUTATIVE D x-ALGEBRAS 345

THEOREM. IfV is homotopically R-flat, then (4.6.4.1) is a quasi-isomorphism.

Proof. Choose a semi-free resolution W — V. Since V is homotopically R-flat,
the morphism SymgW — SymV is a quasi-isomorphism. Replacing V by W, we
can assume that V is semi-free (we use the fact that Syméah (r) breserves quasi-
isomorphisms). The corresponding filtration on V' makes (4.6.4.1) a morphism of
filtered C°"(R)-algebras. Using (4.2.18.3), one can replace V by gr V; hence we are
reduced to the case when V = R’ @ N where N is a locally projective Z-graded
D x-module (considered as a complex with zero differential). So F' = R ® Sym N*.

By (4.4.7.1), one has C*"(X,R) ® RI'pr(X,N) = C"(X,R,V); by 4.3.6,
C"(X,R) ® C"(X,Sym N) = C°*(X, F). This identifies (4.6.4.1) with (4.6.2.1)
(for V = P) tensored by C°"(X, R), so we are done by the proposition in 4.6.2. [J

4.6.5. Here is a version of 4.6.1 for the chiral homology with coefficients.

Let Rf be a D x-algebra. Recall that the constant D x-algebra (R) ® Ox is a
quotient of RY. Let M be a (DG) R*[D x]-module (= the central chiral R-module).
Consider Mgy := ((R) ® Ox) }% M:; this is the maximal quotient of M which is a
(R) ® Dx-module.

The functor M — Mgy is right exact. Let M +— M <LR> be its left derived
functor DM (X, RY) — D(X,(R) ® Ox). So if M is homotopically R‘-flat, then
My = Mp).

Passing to the de Rham cohomology, we get a triangulated functor DM (X, RY)
— D((R)), M — RI'pgr(X, M<LR>); here D({R)) is the derived category of unital
(R)-modules.

Now let (M) g be the maximal constant quotient of M fR>.71 This is naturally
an (R)-module. The functor M +— (M)g is right exact. As is clear from the proof
of the next lemma, it admits the left derived functor M — (M)k.

LEMMA. One has a natural isomorphism

(4.6.5.1) RTpr(X, M) = (M)5[-1].

Proof. One has a natural morphism RIpg(X, M<LR>) — (M)g[—1] coming

from the canonical morphisms M (LR> — My — (M)r ® w and the trace map

RTpr(X,(M)r ®@ w) = (M)r ® RTpr(X,w) 1, (M)g[—1]. For convenient M it
is a quasi-isomorphism (see 4.6.3), and we are done. O

Suppose now that R is convenient (see 3.6.1), so (R) = C"(X, R). By 4.3.4,
we have a triangulated functor DM(X, RY) — D((R)), M — C"(X, R, M).

PROPOSITION. One has a natural isomorphism
(4.6.5.2) CMX,R,M) = (M)&[-1].
Proof. Let us define a natural morphism
(4.6.5.3) CMX,R, M) — (M)g[-1].

"1So (M) R is obtained from the complex M, (r) by term-by-term application of the functor
HPER(X,-) (see 2.1.12).
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We have the Z-graded D x-algebra RIMM with components RIMI0 = R, R{M}1
= M][-1], and C°*(X,R, M) is the degree 1 component of C°"(X, RIM}) (see
4.2.19). The Z-graded algebra (R1*}) has components (R{MI)0 = (R), (RIM})! =
(M)r[—1]. The morphism ¢pary : C*(X, RIM}Y) — (RIM}) of commutative alge-
bras (see 4.2.17 and (i) in 4.3.2) then yields (4.6.5.3).

Let us check that (4.6.5.3) is a quasi-isomorphism for convenient M (see 4.6.3).
This establishes (4.6.5.2).

The filtration M; induces on (M) a filtration such that gr;(M)r = (gr; M).
The same is true for C°*(X, R, M), so it suffices to check our statement for M
replaced by gr M. Thus we can assume that M = R*® N where N is a complex of
locally projective D x-modules with zero differential such that I'(X, h(N)) = 0.

Consider S := Sympc(M*[-1]) = R®* ® Sym(N*[—1]). One has an evident
projection S — RIM} compatible with the Z-gradings on both algebras. It yields
an isomorphism between the degree 1 components of the chiral homology, so one has
C"(X,R,M) = C"(X,5)'. We also have (S) = Sym g ({(M)r), so our projection
yields an isomorphism of the degree 1 components (S)* = (RIMH = (M) z[-1].
Since S is convenient, we have C"(X, S) = (S) (see 4.6.1). Therefore (4.6.5.3) is a

quasi-isomorphism; q.e.d. O
COROLLARY. The functor C**(X,R,-) : DM(X, R*) — D((R)) is left adjoint
to the functor D({R)) — DM(X, R"), P — P ® wx|[1]. O

REMARK. Here is a version of the above statements for several R*[D x]-modules
M (we will not use it). One has an (R) ® Dxs-module X Mgy which yields
(R)

RFDR(U(S), (X) Mgry) € D((R)). Now for R convenient and M, homotopically
R

R-flat there is a canonical isomorphism

(4.6.5.4) CM(X,R,{M,}) = RUpr(U®, % M,(g)).

4.6.6. The cotangent complex. The definition of the cotangent complex
(we recalled it in 4.1.5) renders itself immediately into the setting of D x-algebras.
Namely, for a commutative D x-algebra R’ we have its R‘[D x]-module of differ-
entials Qr = Qpe/x. Now LQOp is an object of DM(X, R") equipped with a
morphism “Qr — Qg defined as follows. If R’ is semi-free, then “Qp = Q.
One checks that if ¢ : R® — F* is a quasi-isomorphism of semi-free algebras, then
do : Lo*Qr — Qg is a quasi-isomorphism. If R is arbitrary, then one chooses a
semi-free resolution R — R and defines Q) as the image of Q & by the equivalence
DM(X, RY) = DM(X, R’); its independence of the choice of R follows from the
exercise in 4.3.7. Notice that the image of “Qp in the derived category of DG
R’-modules (forgetting the D y-action) equals the usual cotangent complex of R
relative to Ox.

PROPOSITION. There is a canonical quasi-isomorphism

(4.6.6.1) LQCch()QR) = CCh(X; R, LQR)[”'

Proof. Let Qcen(x Rryy, be the module of C°"(X, R)pg-differentials relative to
C°"(X,w)pq. The canonical odd derivation of the algebra R1?#} (see 4.2.19 for
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notation) yields a derivation C*"(X, R)po — C*(X, R, QR)pa[l] by transport of
structure. So we have a morphism of C°*(X, R)pg-modules

(4.6.6.2) Qeen(x,Rypo — C(X, R, Qr)pall].

Its composition with the canonical morphism LQCCIL(X)R) — Qgen(x,R)y, 1S a Mor-
phism “Qcen(x gy — C"(X, R,Qg)[1] in the derived category of unital C*"(X, R)-
modules. Replacing R by a semi-free resolution, we get an arrow LQCch( X,R) —
C"(X, R,XQg)[1]. It remains to show that this is a quasi-isomorphism.

We need a lemma. For arbitrary R consider the (R)-module (Qg)r (see 4.6.5).
The universal derivation R — Qg yields a derivation (R) — (Qg)r between the
constant quotients, hence a morphism of DG (R)-modules

LEMMA. Suppose that, as a mere graded D x -algebra, R is freely generated by
some Dx-module. Then (4.6.6.3) is an isomorphism.

Proof of Lemma. Our statement has nothing to do with the differential on R,
so we can forget about it. Suppose that R = Sym V*. Denote by (V') the maximal
constant quotient of V. Then (R) = Sym(V); hence Qg = (R) ® (V) (we identify
(V') with its image in Q) by the universal derivation). Similarly, Qr = R‘®@V, so
(Qr)r = (R)® (V). Now (4.6.6.3) identifies the generators of the free (R)-module,
and we are done. O

Let us finish the proof of the proposition. We can assume that R is conve-
nient. Then, by the theorem in 4.6.1, one has C°*(X,R) — (R). The arrow
CMX,R,Qr)[1] — (Qr)r from (4.6.5.3) is also a quasi-isomorphism. Indeed,
Qp is convenient (since the images of convenient generators of R by the universal
derivation are convenient generators of Qg), and our assertion was checked in the
proof of the proposition in 4.6.5. The above isomorphisms identify our morphism
EQcen(x,py — C"(X, R, *Qp)[1] with (4.6.6.3). We are done by the lemma. [

4.6.7. Perfect R‘[Dx]-complexes. Let us check that the chiral homology
preserves perfect complexes.

Let R’ be any commutative D x-algebra. We have the derived category of
RY[Dx]-modules DM (X, R®) and its subcategory DM (X, R®)pers of perfect com-
plexes (see 4.1.16).

PROPOSITION. (i) Perfectness is a local property for the Zariski topology of X .
(ii) The functor C*(X,R,-) : DM(X, R*) — D(C°"(X, R)) preserves perfect
complezxes.

Proof. (i) Suppose we have P € DM(X, R’) and a finite covering {U,} of X
such that the Py are perfect. For an R‘[Dx]-module M let M — C(M) be the
Cech resolution of M with respect to this covering.

If j : U — X is an intersection of some U,’s, then P|y is perfect; hence
the functor M +— Hom(P, j.j*M) = Hom(P|y, My) commutes with direct sums.
Thus M — Hom(P, M) = Hom(P, C(M)) also commutes with direct sums, so P is
perfect; q.e.d.

(ii) Follows from the fact that the right adjoint functor to C°*(X,R,), as
described in the corollary in 4.6.5, commutes with direct sums. (]
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Suppose that R has non-positive degrees, so DM(X, Re) is a t-category. We
define the span of its objects as in 4.1.16; every perfect complex has finite span.

LeMMA. (i) If an object M € DM(X, R) has span in [b,a] locally on X, then
the span of M lies in [b— 1,a].

(ii) If M € DM(X, R") has span [b, a], then C*"(X, R, M) € D(C*"(X, R)) has
span in [b+1,a+ 1].

Proof. (i) Clear since the cohomological dimension of X equals 1.
(ii) Use the corollary from 4.6.5. O

COROLLARY. If R’ is a plain Dx-algebra and M a finitely generated locally
projective R'[Dx]-module, then C"(X,R,M) is a perfect C°*(X, R)-module of
span [0, 1]. O

4.6.8. Compatibility with duality. Suppose that R has non-positive de-
grees.

PROPOSITION. (i) An object P € DM(X, R") is perfect of span [b, a] if and only
if it can be represented as a retract in DM(X, R") of a semi-free R'[Dx]-module
with finitely many generators whose degrees are in [b, a].

(ii) For a perfect P its dual is perfect, and the functor C*(X, R,-) commutes
with duality. O

4.6.9. THEOREM. For a plain very smooth Dx-algebra R’ (see 2.3.15) the
algebra C"(X, R) is perfect of span < 1 (see 4.1.17). In particular, if the higher
chiral homology of R vanishes, then (R) is a complete intersection.

REMARK. Probably, the theorem remains true if X is a projective variety of
arbitrary dimension n, and one defines C°"(X, R) as the left derived functor of
R — (R) (see 3.4); the estimate for the span is < n.

Proof of Theorem. We know that (R) = H°C"(X, R) is finitely generated (see
(ii) in the proposition in 2.4.2), so, by 4.1.17, it suffices to check that the cotangent
complex “Qeen(x, gy is a perfect C°"(X, R)-module of span in [—1,0].

Since R is very smooth, one has “Qr = Qg. Since Qg is a locally projective
Dx-module, C*(X, R, Qg) is a perfect C"(X, R)-module of span in [0, 1] (see the
corollary in 4.6.7). By 4.6.6, it equals LQCch(X7R) [—1], and we are done. O

4.7. Chiral homology of the de Rham-Chevalley algebras

In this section we consider the chiral homology of (the DG version of) the
orbit space of a Lie* R-algebroid. In particular, we interpret the homotopy 1-
Poisson structure on the chiral homology of a coisson algebra R. Namely, under
appropriate regularity condition it defines a Lagrangian embedding of Spec(R) into
a formal symplectic tube. If R is the Gelfand-Dikii coisson algebra (see 2.6.8), then
this is the formal neighbourhood of the space of global opers on X in the symplectic
space of all local systems.

4.7.1. The orbit space of a Lie* algebroid. Let R’ be a plain commutative
Dx-algebra and L a Lie* R-algebroid which is a vector D y-bundle on SpecR’. Let
us show that the DG version of the orbit space functor commutes with the chiral
homology.
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The dual D x-bundle L° is a Lie R-coalgebroid, so we have the corresponding
de Rham-Chevalley DG D x-algebra Cr(L°) =: Cr(L) (see (ii) and (iii) in 1.4.14).
It carries a decreasing filtration by DG ideals F" := Cr(L)=" with grpCr(L) =
Sympg(£°[—1])," and we consider Cx(L) = lim Cr(L)/F™ as a filtered topological
DG Dx-algebra. Thus Cr(L)pg := Um(Cr(L)/F™)pq is also a filtered topological
algebra, grpCr(L)po = Sympg(L°[—1])pa. We get a filtered topological homotopy
unital commutative DG algebra C"(X,Cg(L))po = lim C"(X,Cr(L)/F")pa;
one has grpC"(X,Cr(L))pa = CN(X,Sympg(L°[~1]))pa. As an object of the
corresponding homotopy category HoComuT,™ our algebra does not depend on
the auxiliary choice of P, Q, so we write simply C"(X, Cr(L)).

Consider now a homotopy unital commutative algebra C*(X, R)pq and a
homotopy unital Lie C"(X, R)pg-algebroid C"(X, R, L)pq (see (v) in 4.3.2).7
Choose any left resolution (which is a quasi-isomorphism of homotopy unital Lie
C°"(X, R)-algebroids) P — C°"(X, R, L)pq which is homotopically C°"(X, R)po-
projective. Consider the de Rham-Chevalley complex C(P) := Cger(x gy, (P)
which is a filtered homotopy unital topological DG algebra. In the unital setting
it was defined in 2.9.1, and in the present homotopy unital setting the defini-
tion is similar. Namely, as a mere topological graded module our C(P) is equal
to C"(X, R)pg & Homeen (x,Rypo (iejo SYMEen (x gype (P C"(X,R)pq), the al-

gebra structure on C(P) comes since Sym~°(P[1]) is naturally a C*(X, R)pqo-
coalgebra (the coproduct comes from the diagonal map P[1] — P[1] x P[1]). As an
object of HoComuT, C(P) does not depend on the auxiliary choice of P, P, Q, so
we denote it simply by Ceen(x, gy (C" (X, R, L)).

PROPOSITION. There is a canonical isomorphism in HoComuT

(4.7.1.1) CM(X,Cr(L)) = Coen(x,r) (C"(X,R,L)).

Proof. We will define a natural morphism of homotopy unital filtered topolog-
ical DG algebras

(4.7.1.2) CM(X,CRr(L))pa — C(P)

which induces a quasi-isomorphism of the associated graded algebras.

The action of L on R extends naturally to an action of the contractible Lie* alge-
bra L+ on Cp(L) (see 1.4.14). Thus C"(X,R, L)}, hence P;, acts on C"(X, Cr(L)).

If we forget about the differential, then the filtrations F" naturally split, so
both terms of (4.7.1.2) acquire an extra Z>o-grading, not merely a filtration. We
define (4.7.1.2) as a unique C" (X, R)pg-linear morphism which is compatible with
the grading, commutes with the action of the P[1]-part of P}, and is the identity
map on the degree 0 component C*(X, R)pq. We leave it to the reader to check
that it is actually a morphism of DG algebras. It is a quasi-isomorphism on grf’
due to 4.6.8 and 4.6.4. (]

72This is not a filtration in the sense of 3.3.12 and 4.2.18, so the corresponding spectral
sequence need not converge.

731t is the same as the homotopy category of commutative unital DG algebras A equipped
with a filtration by DG ideals A = F0 > F! O ... with homotopy equivalences being morphisms
f such that grg f is a quasi-isomorphism.

74Here “homotopy unital Lie algebroid” means that we have a Lie algebroid which is a
homotopy unital C°* (X, R)pg-module and whose action kills the homotopy unit in C°*(X, R)pq.
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4.7.2. A description of H§". We are in the situation of 4.7.1. Suppose, in
addition, that the top cohomology H'C"(X, R,L°) = H} (X, L?m) vanishes (see
2.4.7 and 4.6.5 for notation). By 2.2.17 (or 4.6.8 and 4.6.7), this amounts to the
fact that HY, (X, L)) = 0 and H},5(X, L)) is a projective (R)-module. Then
HOCM(X, R,L°) = H)p(X, L) and Hp (X, L(g)) are mutually dual projective
(R)-modules of finite rank.

By 4.7.1, the positive cohomology groups H>°C"(X,Cr(L)/F™) vanish for
each n, so --- — H°C"(X,Cr(L)/F") — HOCM(X,Cr(L)/F™) — --- are
surjective maps . The projective limit H§"(X,Cr(L)) is a complete topological
algebra, and (R) = H§"(X,Cg(L))/I where I is an open ideal. As follows from
4.7.1, the topology on H§"(X,Cr(L)) coincides with the I-adic topology, and one
has an exact sequence H{"(X, R) — H%R(XvL?R)) — I/I* — 0.

We see that the formal scheme Spf H§"(X,Cr(L)) is a “formal tube” around
(Y) where Y := Spec R*. Let us describe it in geometric terms using the formal
D x-scheme groupoid G on Y defined by L (see 1.4.15).

We have the sheaf of ind-affine ind-schemes (Y) x on X¢; and a formal groupoid
(G) x on it (see 2.4.1),75 hence for a test commutative algebra F the sheaf of F-points
(Y) x (F) and the sheaf of groupoids (G) x (F') on it. Denote by (Y/G)(F') the stack of
sections of the quotient stack (Y)x(F)/(S)x (F'). Its objects can be seen explicitly
as pairs (U., f.) where U. is an étale hypercovering of X and f. : U. x Spec F' — §.
is a morphism of simplicial Dx-spaces; here G., §; = § ? e ; G (i copies), is

the classifying simplicial formal D x-scheme.”® We leave the description of the
morphisms in (Y/G)(F) to the reader.
The stack (Y/G)(F) depends on F' in a functorial way.

PROPOSITION. (i) Automorphisms of objects of (4Y/G)(F) are all trivial, so
(Y/9) is a set-valued functor on the category of commutative algebras.
(ii) There is a natural isomorphism

(4.7.2.1) (4/9) = Spf H§" (X, Cr(L)).

Proof. (i) Take any object ¢ € (Y/9)(F) and its automorphism v. Since § is

a formal groupoid, there are nilpotent ideals I and J of F' such that v modl is the

identity and ¢ modJ comes from some ¢ € (Y)(F/J). It suffices to show that v := v

modl (I 4+ J) also equals the identity. Consider ¢ as a morphism of D x-algebras

R* — F/J ® Ox. One can view ¥ as a section of h(L ®[(I/(I+ J)® O0x)). This is
R

a trivial vector space by our conditions on £, and we are done.
(ii) Take any ¢ € (Y/9)(F). We will show that ¢ defines naturally a homotopy
morphism ¢e : Cr(L)Y — Ox @ F. Then (4.7.2.1) is the map ¢ ¢ = H§M (¢e).
Recall first the construction of G. from part (a) of the proof of the proposition
in 1.4.15. Fix n > 0 and set C,, := Cr(L)*/F"*!. Choose a C,,-semi-free resolution

U, — R (see 4.3.7); let T\ be the Cy-tensor product of a 4+ 1 copies of W,,.

5We extend functor ( ) to ind-affine Dx-schemes in the obvious way.

760f course, it suffices to consider U. associated to a covering {Ua}; then f. amounts to a
collection (fa, gng) where fo : Ua xSpec F — Yy, and gag : Uag X Spec ' — SUQB are morphisms
of Dy, - and DUaﬂ—schemes (here Uyp := Uq ;<( Upg) such that g,g connects the restriction of fa,

fs to Uag, and gapgsy = gay on Uggn -
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Then T,g') is naturally a cosimplicial DG D x-algebra. One has H >0T,S') =0, so
TSOT,({) — T,(L') is a quasi-isomorphism. Set E,(L') = HOTT(L'); then Spec ET(L') is the
nth infinitesimal neighborhood of Spec R C G..

Write ¢ as a pair (U., f.) (see above). Choose n sufficiently large so that f.
takes values in Spec E,(L' C G.. Consider the evident morphisms of cosimplicial DG
D x-algebras™’

(47.22)  Cr(L) = Cp — T 72T - EY L0y @ F — 0x @ F.

Choose a homotopy inverse functor which assigns to a cosimplicial DG D x-algebra
a DG Dx-algebra (e.g., the Thom-Sullivan construction from [HS] will do). Apply
it to (4.7.2.2); we get a sequence morphisms of DG D x-algebras where every arrow
directed to the left is a homotopy equivalence. Our ¢¢e is the composition. As a
morphism in the homotopy category, it does not depend on the auxiliary choices
involved. ~

(iii) It remains to check that the morphism (Y/G) — Spf H"(X, Cr(L)), ¢ — &,
is an isomorphism. Both spaces are formal neighborhoods of Spec H§"(X, R), so it
suffices to show that for any ¢ as above we have an isomorphism between the first
infinitesimal neighborhoods of ¢ and ¢. Fix an extension F’ of F by an ideal J of
square 0, and consider the sets of liftings &, & of ¢, ¢ to F'. We want to show that
the map & — &, ¢/ — ¢/, is bijective.

L
Set K :=1Q¢,z) g@((‘)x ®F) € DM(X,0x @ F) where “Qe () is the cotan-
e

gent complex (see 4.6.6). It follows from (4.6.6.1), (4.6.5.1), (4.6.5.2) that the
pull-back of the cotangent complex LQCch( x,er(c)) by the composition of mor-

phisms C"(X,Cr(L)) — HE"(X,Cr(L)) Lo equals RT'pr(X, K)[1] € D(F).
Then & is controlled by this complex in the usual way. Namely, there is a class
¢ € ExtL(RIpr(X,K)[1],J) = Ext’(K,wx ® J) which vanishes if and only if
& #0; if ¢ = 0, then & is a Homp(RTpr(X, K)[1],J) = Hom(K,wx ® J)-torsor.”™

Locally on X our ¢e factors through a morphism f : R — Ox ® F. Therefore
the canonical exact triangle Qe (c) . QL?L) R — LQgr — L£° in DM(X, R*) shows

R
that H>'K = 0 and c vanishes locally on X if and only if f lifts (locally) to
i R® — Ox ® F'. We can assume that the latter condition holds (otherwise both
& and & are empty). Then ¢ € Ext! (r50K,wx ® J) C Ext!(K,wx @ J);" if ¢ = 0,
then & is a Hom (750K, wx ® J)-torsor.

Let us describe 759K. For any a > 1 and ¢ € [0,a] the sheaf of relative 1-
forms with respect to the ith boundary projection §, — G,_1 identifies canonically
with pfL° where m; : §, — Y is the ith structure projection (see the proof of the
proposition in 1.4.15), so we have a canonical morphism x, : Qg, — @ 7w L°.

i€lo,al
Let xo : Qy — L° be the coaction morphism. Then the y. form a morphism
of simplicial Dx-modules on §.; set . := Cone(x.)[—1]. This complex has the

property that for every simplicial structure map 0 : G, — G, the corresponding
morphism 9*Z, — E, is a quasi-isomorphism.

"THere Oy . is the cosimplicial Ox-algebra such that Spec Oy = U..
"8We use the global duality for the de Rham cohomology.
" More precisely, ¢ € Ker(Ext!(r>0K,wx ® J) — Ext}(HOK,wx ® J)).



352 4. GLOBAL THEORY: CHIRAL HOMOLOGY

Thus we get a complex of cosimplicial (Oy, ® F)[Dx]-modules f*=. The to-
tal complex tot f*E is a complex of (Ox ® F)[Dx]-modules. It follows from the
construction of ¢ that it identifies canonically with 75K

Now € is controlled by the Hom complex Hom(tot f*E, tot wy ® J) (we assume
that Uy is affine). Since L£° is locally projective, one has HlHom(tot =, totwy. ®
J) C Ext! (50K, wyxy ® J), H'Hom(tot f*=, tot wy ® J) — Hom(rs>0K,wyx ® J).
One checks that the embedding transforms the obstraction ¢ to non-emptiness of
€ to ¢, and if ¢ = 0, then our map &€ — Eisa morphism of torsors with respect to
the second isomorphism map, and we are done. O

REMARK. Suppose in addition that R is a smooth D y-algebra, HY (X, Qry)
=0, and H}DR(X,Q<R>) is a projective (R)-module, so, by (ii) in the proposition
in 2.4.7, (Y) is smooth. Then (Y/G) is a smooth formal scheme, and the normal
bundle to (Spec RY) < (Y/9) is equal to H}, (X, L(r))-

4.7.3. The case of a coisson algebra. Suppose that R is a plain very
smooth coisson algebra, so ) = Qg is a Lie* R-algebroid. As in the end of 1.4.18,
consider the filtered topological (—1)-coisson algebra €°°**(R). According to (iv)
in the proposition in 4.3.1, C°"(X, C°**(R))pq = C"(X, €x(2))q is a homotopy
unital topological filtered Poisson algebra (we follow the notation of 4.7.1). As
an object of the corresponding homotopy category,®® it does not depend on the
auxiliary choices of P, Q, so we use the notation C"(X, G« (R)).

On the other hand, by (iii) in the proposition in 4.3.1, C°*(X, R)pq is a homo-
topy unital 1-Poisson algebra. Choose its semi-free resolution ¢ : ® — C"(X, R)pq
as a 1-Poisson algebra. Then Qg[—1] is a Lie ®-algebroid. It is semi-free as a ®-
module and is perfect by 4.6.9. Consider the topological filtered Poisson algebra
CPois(P); as a mere topological filtered algebra it equals the de Rham-Chevalley
algebra of the Lie algebroid Qg[—1] (see 2.9.1).8% As an object of the homotopy
category of topological filtered Poisson algebras, CP°**(®) does not depend on the
auxiliary choices of P, Q, ®, so we denote it simply by €P°*(C°"(X, R)).

PROPOSITION. There is a canonical homotopy equivalence of topological filtered
Poisson algebras

(4.7.3.1) Ch(X, G (R)) = CPO(CM(X, R)).

Proof. We can assume that the quasi-isomorphism ¢ : ® — C(X, R)pq
of 1-Poisson algebras is surjective. Then ¢ yields a morphism (®,Qg[-1]) —
(CM(X, R)pa, Qcen(x,R)po [—1]) in LieAlg. The arrow (coming from (4.6.6.2))
Qcen(x,Rypo [—1] = C"(X, R, Q)pg is a morphism of Lie C°"(X, R)pg-algebroids;
the composition Qg[—1] — C*(X, R,Q)pq is a quasi-isomorphism by (4.6.6.1).
Set P := C*(X, R)pg %Q@[*l]; the morphism P — C°*(X, R,Q)pq is a quasi-

isomorphism of Lie C°"(X, R)pq-algebroids since Qg is a semi-free ®-module. We

80Which coincides with the homotopy category of (unital) filtered Poisson algebras, i.e.,
Poisson algebras A equipped with a filtration A = A% > Al O ... by DG ideals such that
{A? A7} € A*i—1 and homotopy equivalences are morphisms that induce quasi-isomorphisms
between gr’s. One can assume that filtrations are complete, i.e., A = liLnA/Ai.

81T 2.9.1 we considered the unital setting; in the present homotopy unital setting the def-
inition of the de Rham-Chevalley complex should be modified as in 4.7.1, so CP°¥(d) equals
® @ Homg (Sym>Qs, ®) as a mere topological graded module.
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get the filtered quasi-isomorphisms of DG algebras
(4.7.3.2) CM(X,C(R))pa — Coen(x,R)pg (P) « EP7(®)

where the left arrow is (4.7.1.2). Let T — C°"(X, € (R))pg x CP?(®) be the
fibered product of these arrows. Our T carries the induced filtration, and both
projections

(4.7.3.3) CM(X, €% (R))pa — T — CP"*(®)

are ﬁltered_ quasi-isomorphisms. One checks that T is a Poisson subalgebra of
CM(X, €% (R))pg x CP(®), and we are done. O

4.7.4. The formal neighbourhood of global opers. We are in the situ-
ation of 4.7.3. Suppose in addition that H) (X, Q) = 0 and H}, (X, Qg)) is
a projective (R)-module, so C"(X, R) = (R) is a smooth algebra. Its homotopy
1-Poisson algebra structure yields a filtered topological Poisson algebra €P°((R))
which is concentrated in degree 0. The corresponding reduced algebra equals (R),
and Spec(R) — Spf €P°**((R)) is a Lagrangian embedding. According to 4.7.3 and
(4.7.2.1), one has a canonical identification

(4.7.4.1) Spf P ((R)) = (Spec R*/G)

where G is the formal D y-scheme groupoid on Spec R? defined by the Lie* algebroid
Qg.

Here is an important example of this situation. Let R be the Gelfand-Dikii
coisson algebra W/ for a non-degenerate k, so Spec R’ = Opg (see 2.6.8). If our
curve X has genus > 1, then the above conditions are satisfied, so Spec(R) =
Opg(X) = the space of global g-opers on X has a canonical Lagrangian embedding
into a symplectic formal tube SpfCP°*((R)). It is known (see [BD]) that the
forgetting-of- B-structure map (§p, V) — (g, V) is a closed embedding of Opg(X)
into the moduli space LocS8ysa of G-bundles with connection on X. It follows then
from (4.7.4.1) and the second proposition in 2.6.8 that Spf €P?¥*((R)) coincides with
the formal neighbourhood of Opg in LocSysq.

REMARK. One can show that the latter identification is compatible with sym-
plectic structures where LocSysqg is equipped with the usual symplectic structure
defined by k.

4.8. Chiral homology of chiral envelopes

We show that the chiral homology of the chiral enveloping algebra of a Lie*
algebra L is equal to the homology of the homotopy Lie algebra RT'pr(X,L).
Similar facts hold for the chiral homology with coefficients, in the twisted setting,
and in the chiral Lie algebroid setting. As an application, we show that the chiral
homology of a cdo on a very smooth D x-scheme Spec R’ can be interpreted as a
certain twisted de Rham homology of Spec C¢"(X, R’). In particular, it is finite-
dimensional.

4.8.1. Enveloping algebras of Lie* algebras. Let L be a Lie* DG algebra
on X. We have a homotopy Lie algebra RI'pr(X, L) (see 4.5.1) which yields the
Chevalley homology complex C'(RI'pr(X, L)) canonically defined as an object of
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HoBV,; similarly, we have the reduced complex C(RTpr(X, L)) € HoBV (see (a)
in 4.1.8).

Consider the chiral envelope U(L). The standard commutative filtration de-
fines, by 4.3.4, a homotopy filtered unital BV algebra structure on C*(X,U(L));
i.e., we have C°"(X,U(L)) € HoBV,.

THEOREM. There is a canonical morphism in HoBV,,
(4.8.1.1) C(RTpgr(X,L)) — CM(X,U(L))

which is an isomorphism if L is O x-flat. Therefore H"(X,U(L)) is the homology
of the homotopy Lie algebra RT' pr(X,L).

Proof. Denote by U(L)>" the kernel of the augmentation morphism U(L) — w
(which sends L to 0). This is a non-unital chiral algebra, and U(L) = (U(L)>°)*.
Thus, by Remark in 4.4.8, C¢*(X,U(L)) € HoBV,, is obtained from the non-unital
algebra C°"(X,U(L)>°) € HoBV by adding the unit. We will define a canonical

morphism in HoBYV
(4.8.1.2) C(RTpr(X,L)) — CM(X,U(L)>°)

which is an isomorphism when L is O x-flat. Adding the unit, one gets (4.8.1.1).

Let us represent C"(X,U(L)>?) by a filtered BV algebra C*(X,U(L)>%)pq
(see (iv) in 4.3.2 and 4.2.18) and RI'pgr(X, L) by a Lie algebra I'(X, h(Lpq)) (see
4.5.1). The embeddings of the Lie algebras I'(X, h(Lypo)) — T'(X,h(U(L)32)) —
CM(X,U(L)>°)pg[~1] identify I'(X,h(Lpg)) with the first term of the filtration
on C*(X,U(L)>%)po[—1]. By adjunction (see (a) in 4.1.8), one has a morphism
a : C(T(X,h(Lpa))) — C(X,U(L)>%)pq of filtered BV algebras which is our
(4.8.1.2).

Consider the morphism Sym>%(I'(X, h(Lpg))[1]) &5 gr.C(X,U(L)>%)pq =
CM(X,grU(L)>%)pq (see (4.2.18.3)). It equals the composition of the map (4.6.2.2)
for V.= L and the map C*"*(X,Sym”°L) — C"(X,grU(L)>?) coming from the
canonical morphism Sym>°L — grU(L)>°. If L is Ox-flat, then the latter map is a
quasi-isomorphism by the Poincaré-Birkhoff-Witt (see 3.7.14), and the former one
is a quasi-isomorphism by the proposition in 4.6.2. We are done. O

Here are some variants of the above theorem:

4.8.2. Coefficients. Let 7' C X be a finite non-empty subset and jy,. : Ur :=
X N T — X its complement. Suppose we have a Lie* algebra L on Ur and for
every t € T a chiral L-module M, supported at ¢ (see 3.7.16-3.7.19).

We have the enveloping chiral algebra U(L) and the M; are U(L)-modules, so
one has the corresponding chiral homology complex C"(X,U(L), {M}); the stan-
dard filtration on U(L) makes it a filtered complex. On the other hand, we have a
homotopy Lie algebra RI'pr(Ur, L) and each h(M;) is an RI'pr(Ur, L)-module, so
we have the corresponding Lie algebra homology complex C(RT pr(Ur, L), ®h(My))
filtered in the obvious way.

PROPOSITION. There is a canonical morphism of filtered complezes
(4.8.2.1) C(RTpr(Ur, L), ®h(My)) — C*(X,U(L), {M,}),

which is a filtered quasi-isomorphism if L is Ox -flat.
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Proof. Let us represent RT'pr(Ur, L) by a Lie algebra T'(Ur, h(Lsp)), so the
h(My) are T'(Ur, h(Lp))-modules, and we have the corresponding filtered Cheval-
ley complex C(T'(Ur, h(Lg)), ®h(My)). Similarly, C<*(X,U (L), {M,}) comes as the
filtered complex C" (U, U(L), {M;})p (see (4.2.19.3)). The morphism of Lie* alge-
bras Ly — U(L)yp yields then in the obvious way a morphism of filtered complexes
C(T(Ur, (L)), 2h(My)) — C"(Up,U(L),{M;})p which is our (4.8.2.1).

Let us show that (4.8.2.1) is a filtered quasi-isomorphism if L is Ox-flat. By
(4.2.18.3) and the PBW theorem in 3.7.14, one can pass to gr reducing our statement
to the case when L is commutative and its action on M; is trivial. Then one
has C(T(Ur, h(Ly)), ©h(My)) = (©h(My)) © (k & Sym>°(C(X, h(jr.dj Ls))[1]))
and C"(Ur,U(L),{M;})p = (®h(My)) @ (k ® C"(X, jr.j5(Sym>°L)5)). Our
morphism is the tensor product of the identity map for ®h(M;) and the direct sum
of idy, and the arrow (4.6.2.2) for V' = jp,j5L . We are done by 4.6.2. O

4.8.3. Twisted enveloping algebras. Let L be a Lie* DG algebra on X, L°
its w-extension, and U(L)" the corresponding twisted chiral envelope (see 3.7.20).
The standard filtration U (L) defines a homotopy unital BV structure on the chiral
complex, so we have C*(X,U(L)") € HoBV,, (see 4.3.4). Explicitly, it is repre-
sented by the homotopy unital filtered BV algebra C°*(X,U(L)*)q.

As in 4.5.1, we have a Lie algebra I'(X, h(L%,)) which is a central extension
of I'(X, h(Lpq)) by I'(X, h(wpa)). The latter complex computes the de Rham
homology of X (shifted by 1), so we have a trace map tr : I'(X, h(wpo)) — k[—1]
which is canonical up to a homotopy. Pushing out our central extension by tr, we
get a central k[—1]-extension T'(X, h(Lpq))” of T'(X, h(Lpq)) by k[—1]. Tt yields the
twisted Chevalley complex C(T'(X, h(Lpq)))” which is a filtered unital BV algebra
(see (c) in 4.1.8). As an object of the homotopy category HoBV,,, it does not
depend on the auxiliary choices; we denote it by C(RT pr(X, L))" € HoBV,.

PROPOSITION. For an Ox-flat L there is a canonical isomorphism in HoBV,,

(4.8.3.1) C"(X,U(L)*) = C(RTpr(X,L))".

Sketch of a proof. One can either repeat the arguments in the non-twisted case
or reduce the twisted situation to the non-twisted one using the fact that U(L)® is
a specialization of U (L") and applying 4.3.9. The details are left to the reader. [

The picture of 4.8.2 admits the following twisted versions (the proofs are similar
to the proof of the proposition in 4.8.2):

(i) Let T and Ur be as in 4.8.2, let L be an O-flat Lie* algebra on Ur and L’ its
w-extension. We have the Lie algebra I'(Ur, h(Ls)) and its central T'(Ur, h(wp))-
extension T'(Ur, h(L%)).

Let {M,}, t € T, be chiral U(L)’-modules supported at ¢ € T. Then ®@h(M;)
is naturally a I'(Ur, h(Lp))-module (indeed, it is a T'(Uz, h(L%))-module, and the
action of I'(Ur, h(ws)) is trivial). We have an evident morphism

(4.8.3.2) C(D(Ur, h(Lp)), ®h(M,)) — CM(X,U(L)’, {M;})p
which is a filtered quasi-isomorphism.

(ii) Let L be an O-flat Lie* algebra on X and L’ its w-extension. For T € 8§
consider the corresponding Lie algebra LEP r in the tensor category of left D xr-

modules (see 3.7.6) and its central extension LgfxT by wgyxT.
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Let {M;} be a T-family of chiral U(L)’-modules. Then j(™)* K M; is an thPU(T>_

module (as in (i), j(7)* K M, carries a natural L;?U(T)—action which factors through
LEPU(T)). We have the Lie algebra homology complex O(LEPUW ,7M* K M,) and an
evident morphism of filtered complexes of D yr-modules

(4.8.3.3) Do

ppe J T RM,) — CM(X,U(L) {M:})y

which is a filtered quasi-isomorphism. Notice also that jﬁT)C(L?PU(T) J T RM,) =
C(Ly yr 375 B M),

4.8.4. Chiral differential operators. Let R’ be a commutative unital D x-
algebra, L a Lie* R-algebroid, L” its chiral R-extension (see 3.9.6). Below we fix
P, Q and write C°"(-) for C*( X, -)pq.

Consider the chiral envelope U (L) (see 3.9.11) equipped with the PBW filtra-
tion. It yields a filtered homotopy unital BV algebra C"(U (R, L)°) (see 4.3.2 and
4.3.4).

On the other hand, we have a homotopy unital commutative algebra C°"(R)
and a homotopy unital C*"(R)-module C°"(R, L) := C°"(X, R, L)pq (see 4.3.2 and
4.3.4). The latter is naturally a Lie C“"(R)-algebroid: the Lie bracket comes in the
obvious manner from the Lie* bracket on Lpo and the Lopg-action on Rpg, and
the action on C°"(R) comes from the Lpg-action on Rpg.

The complex C°*(R,L”) is an extension of C"(R,L) by C*(R,R). Let
C"(R,L)" be its push-out by the obvious map C*(R,R) — C°"(R)[-1]. Our
C°M(R,L)" is naturally a homotopy unital BV extension of C°*(R,L) (see 4.1.9
and 4.1.15). Namely, the Lie bracket on C*"(R, £)" comes from the Lie* bracket on
L?PQ and the Lpg-action on Rpg, and the C"(R)-module structure is the obvious
“exterior product” map C"(R) ® C"(R,L)" — C"(R,L)". The C°"(R)-action
does not commute with the differential due to the fact that L is not a central
R-module; the discrepancy is given by axiom (ii) of BV extensions (see 4.1.9)%2
following from the definition of chiral extension (see 3.9.6).

There is an obvious map C°*(R,L)* — C"(U(R,L)")[~1] compatible with
the embeddings of C¢"(R)[—1]. It is also compatible with the Lie bracket and the
C°"(R)-action, and its image lies in the first term of the filtration. By universality
we get a morphism Cpy (C(R),C"(R,L))" — C"(U(R,L)") of the homotopy
unital filtered BV algebras, hence a morphism in HoBV,, (see 4.1.9 and 4.1.15)

(4.8.4.1) CL (C™MR),CM(R, L))’ — CMU(R,L)").

THEOREM. If R is homotopically Ox-flat and L is a homotopically flat R*-
module, then this is a filtered quasi-isomorphism.

Proof. By PBW, SympL = grU(R, L)". Now use (4.2.18.3) and 4.6.4. O

EXERCISE. Suppose that R, £ have degree 0. By (3.9.21.1), the category of chi-
ral extensions of L is a torsor over the 2-term complex <o RI'(X, h(F'Cg(L))) =
T7<oRUpr(X, F'CRr(L)) where F is the stupid filtration. The category of homo-
topy BV extensions of the homotopy Lie C°"(R)-algebroid C°"(R,L) is a tor-
sor over the 2-term complex T<o7>1F'€cen gy (C (R, L)) = T<2751C"(F'CR(L))

82We sincerely apologize for a hideous incongruency of notation: R and L' from 4.1.9 are
now C"(R) and C"(R, L)".
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(see (4.6.10.1)). The canonical morphism RI pr(X, F'Cr(L)) — CM(X, F1Cr(L))
maps the first truncated complex to the second one. Show that the functor L° —
C"(R,L)" from the category of chiral extensions of £ to the one of homotopy BV
extensions of C"(R, L) is affine with respect to the map ¢ : 7<o RUpr(X, F1Cr(L))
— T<oT51CN(F1CR(L)).

EXAMPLE. Let Y be a smooth affine variety, X = P!, JYx = Spec R’ the jet
scheme for Y x X/X, L = Og. Then Spec(R) =Y and Hy(X,R) = 0. So for
a cdo A on Y the complex C°"(X, A) is the de Rham complex of Y with coeffi-
cients in Oy with respect to certain right Dy-module structure on Oy, which is
the same as a flat connection V4 on w{,l. The isomorphism classes of cdo form an
H%,(X,DR(JYx/X)Z') = H?*(X,hDR(JYx/X)=")-torsor. The “constant jet”
embedding of Dx-schemes Y x X <— JYx yields a morphism of D x-modules
DR(JYx/X) — DR(Y) ® wx. Passing to de Rham cohomology and applying
tr : Rl pr(X,wx)[l] = k, we get a morphism e : H3 (X, DR(JYx/X)Z1) —
H°DR(Y)Z! = the closed 1-forms on Y. By the exercise above, the map A +— V4
is e-affine.

Notice that the canonical projection JYx — Y x X yields a morphism of
complexes DR(Y) ® Ox — DR(JYx/X)*, hence the one DR(Y)Z! ® wx —
DR(JYx/X)2' — hDR(JYx/X)Z'. Applying the functor H?(X,-), we get a right
inverse to e. Thus ¢ is a surjective map, so V4 can have arbitrary irregular singu-
larities at infinity.

QUESTION. According to §12 of [GMS2], any right Dy-module structure on
Oy, i.e., a flat connection V on w;l, yields a Virasoro vector in any cdo on the
“universal” jet scheme of Y in the setting of graded vertex algebras. The latter
produces an action of the the group ind-scheme Autk[[t]] on the cdo, which can be
planted then on the jet scheme of Y over any curve X. Take for A in the above
example such a cdo. Is it true that VA4 = V?

4.8.5. COROLLARY. Suppose R’ is a very smooth plain D x-algebra and A is
a chiral R®-cdo. Then dim H"(X, A) < oo.

Proof. By the above theorem, 4.6.9, 4.6.8, and 4.6.6, C°"(X, A) is a perfect BV
algebra (see 4.1.18), and we are done by the proposition in 4.1.18. (]

QUESTION. Is it true that the chiral homology of a (formal) quantization of
any symplectic coisson algebra is finite-dimensional?

Presumably, the finiteness can be seen from the first order of deformation, so
the picture of 3.9.10 may provide the clue.

4.9. Chiral homology of lattice chiral algebras

The fact that conformal blocks of a lattice Heisenberg algebra with positive x
are appropriate 6-functions is standard in mathematical physics; for a mathematical
proof see [Ga] 6.2.2 and also [F'S]. The proof of the theorem in 4.9.3 presented below
uses the Fourier-Mukai transform which helps to reduce it to the particular case of
the simplest commutative lattice chiral algebra. The descent construction in 4.9.1
is a particular case of [BD] 4.3.12, 4.3.13.
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4.9.1. We follow the notation of 4.10, so we have a lattice I" and the corre-
sponding torus T = G,, ® I'. Let Tors(X,T) be the algebraic Picard stack of
T-torsors on X; this is an algebraic stack.

For a test affine scheme Z set T'(X),q:(Z) := lim T(U) where the limit is over
the set of all open U C X X Z such that the fiber of U over any point of Z is
non-empty. In other words, an element of T'(X),q:(Z) is a family of rational maps
X — T parametrized by Z. One easily checks that T'(X),q: is a sheaf for the fppf
topology. We also have a sheaf of I'-divisors Div(X,T') := Div(X) T (see 3.10.7),
a morphism of sheaves div: T(X),q;: — Div(X,T'), and a canonical identification of
the Picard stacks

(4.9.1.1) 7 : Cone(div) = Tors(X,T)
where the projection Div(X,T') — Tors(X,T) is D ®@ v — O(D)®7.

PROPOSITION. This projection yields an equivalence of the Picard groupoids of
line bundles

(4.9.1.2) Pic(Tors(X,T)) = Pic(Div(X,T)).

Proof. 1t suffices to check that for any test scheme Z

- every regular function ¢ on T(X),q: X Z comes from Z;

- every line bundle M on T'(X),qt X Z comes from Z.

It suffices to prove our statements for T' = G,,. Choose an ample line bundle £
on X and set V,, := HY(X,L%"), V! :=V,,~ {0}. Define p,, : V! x V! — G, (X)rat
by (f,9) — f/g.

Our ¢ defines a regular function pX¢ on V) x V! x Z which is invariant with
respect to the obvious action of G,, on V,) x V. Suppose that n is big enough, so
dim V,, > 1. Then p} ¢ extends to a G,,-invariant regular function on V,, x V,, x Z,
which necessarily comes from Z. Similarly, p; M extends to a G,,-equivariant line
bundle on V,, x V,, X Z whose restriction to the diagonally embedded V,, X Z comes
from Z; such an object comes from a uniquely defined line bundle on Z. O

4.9.2. By 3.10.7 and the above proposition we have canonical morphisms of
the Picard groupoids

(4.9.2.1) PUX,T) 5 Picd (Div(X,T)) — Pic(Tors(X,T))

where Pic is the Picard groupoid of super line bundles. For A € Pic/ (Div(X,T))
we denote the corresponding super line bundle on Tors(X,T) also by .

ExAMPLE. Suppose I' = Z and A € Picf (Div(X)) is defined by formula
(3.10.7.4). The corresponding super line bundle on Tors(X,G,,) = Pic(X) is
Ao = detRI(X, L) ® det® 'RI(X, Ox).

The group of connected components of Tors(X,T) equals ' (the degree of the
T-torsor), Jors(X,T) = || Tors(X,T).. Each line bundle A on Jors(X,T) yields
amap 0y : I' = I'V so that for F € Tors(X,T), the group T' = Aut(F) acts on the
fiber Ag by the character 05(y) : T — G,,. The map A\ — ¢, is Z-linear: one has
Orgx = Ox + Ox.

For 6 € P?(X,T') we write &y := &, where A corresponds to 6 by (4.9.2.1).
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LEMMA. (i) For 0 € P*(X,T)" (see 3.10.3) the map 8 : T — TV is affine with
the linear part equal to k, (k(7),~') = k(v,7'). If 0 is symmetric,®® then 5y = k.

(ii) For 6 € P/(X,I)° = P(X,T) = Tors(X,TV) (see (3.10.3.1) the map Jy is
constant with image equal to the degree of the TV -torsor.

Proof. Let us check (ii) first. For 6§ € P(X,T') the corresponding A is an
extension of TJors(X,T) by G,, (see (3.10.7.3)). So Jy is constant and its value is
clear from [SGA 4] Exp. XVIII 1.3. Let us prove (i). By linearity and the argument
from the end of the proof of the proposition in 3.10.7, it suffices to check the first
statement for I' = Z and k the product pairing, which follows from the example
above. The second statement follows from the first one. O

REMARK. If 0x(7y) = 0, then the restriction of A to Tors(X,T), is the pull-
back of a uniquely defined line bundle on Tors (X, T'), (the coarse moduli space of
classes of isomorphisms of T-torsors of degree v) which we denote also by A.

4.9.3. Let A be a lattice chiral algebra. Let 6§ € P?(X,T")" be its #-datum (see
3.10.4), X the super line bundle on Tors(X,T) defined by 6, and \* = \®~1 the
dual bundle.

THEOREM. There is a canonical quasi-isomorphism

(4.9.3.1) C"(X,A) = RT(Tors(X,T),\*)* = @ RT(Tors(X,T),, \*)*
yell

compatible with the I'-gradings.
Here the I'-grading of C°*(X, A) comes from the I'-grading of A.

REMARKS. (i) The v-components of the right-hand side of (4.9.3.1) for which
dx(7y) # 0 vanish. If §x(y) = 0, then RT'(Tors(X,T),, A*) = RI'(Tors(X,T),, \*).
If k is non-degenerate, then there is only one such +; in particular, the chiral
homology is finite-dimensional.

(i) More precisely, the numerical class of A* on Tors(X,T'), (whichisa J(X)®
D-torsor) equals £ ® k where ¢ is the canonical polarization of the Jacobian J(X).
Therefore for k non-degenerate, the only non-zero chiral homology group occurs in
the degree equal to the product of g and the number of negative squares in x; its
dimension is equal to |det k|9.

(iii) The description of the chiral homology of A with coefficients®* is left to
the inquisitive reader.

4.9.4. Proof of the theorem. First let us check that the chiral homology satisfies
the same vanishing property as the right-hand side of (4.9.3.1):

LEMMA. If 6x(y) # 0, then C°"(X, A)Y = 0.

Proof. Consider the Lie* subalgebra af : t§, < A° (see 3.10.9). Therefore
t =T'(X, h(tp)) acts on A by the adjoint action. By (ii) and (iv) in the proposition
in 3.10.9, t acts on each A" by the character x(vy) € T'V, so it acts on C'(X, A)” in the
same manner. On the other hand, according to Remark in 4.5.3 and Remark (ii) in
3.10.9, t acts on C(X, A) by the character — degF¥ € I’V where 6 = 95¥™F, 65V™ ¢
PY(X,T)" is symmetric and § € Tors(X,TV) = P(X,T). So if C*(X, A)Y # 0,
then x(7) + degF" = 0, and we are done by the lemma from 4.9.2. O

83].e., invariant with respect to the involution ~y — —~.
84The category of A-modules was described in 3.10.13 and 3.10.14.
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4.9.5. We use the notation from 3.10.8.

For each I € 8§ we have an ind-X’-scheme Div(X,T)x:r = Div(X,T)g x:
(where S is the standard divisor Uz;). These ind-schemes form naturally an 8°-
diagram. Interpreting I'-divisors as T-torsors equipped with meromorphic trivial-
izations, we get a canonical projection ¢ = ¢y : Div(X,T")xr — Tors(X,T) which
is formally smooth. So our diagram lives over Tors(X,T). Notice that the canoni-
cal connection V from the remark in 3.10.8 acts along the fibers of ¢. Our ¢ yields
the projection ¢ = ¢y : Div(X,T")xr — Tors(X,T).

Let us fix some v € I such that d,(y) = 0, and consider the y-component of
our picture. Set P := Tors(X,T),, P := Tors(X,T),, and Gxr := Div(X,T)},
(the T'-divisors of degree ). The Gx:’s form an 8§°-diagram Gys of ind-schemes.
We have the projections 7 : Gys — X8 and Gys — P — P; the composition of
the latter arrows is ¢. As was mentioned in the remark in 4.9.2, our A is a super
line bundle on P.

4.9.6. Let us recall some terminology from [BD] 7.11.4. Let Y be an ind-
scheme of ind-finite type. An O'-module M on Y is a rule that assigns to any
closed subscheme Z C Y a quasi-coherent Oz-module Mz, and to any Z' C Z
an embedding Mz C Mz which identifies Mz, with the submodule of sections of
My killed by the ideal Jz of Z’; the embeddings should be transitive. If L is a
line bundle on Y, then L ® M, (L ® M)z := Lz ® Mg, is an O'-module on Y.
For a morphism p : Y — B where B is a scheme, we set ptM := |Jp|z.Mz; for
B = Speck we write pM =: T'.(Y,M). All ©'-modules on Y form an abelian
category.

For a scheme @ of finite type we denote by Dg the dualizing complex of @
realized as the Cousin complex (see [Ha]). For Y as above the complexes Dz form
an O'-module Dy on Y. If p: Y — B is ind-proper and B is of finite type, then
we have the canonical trace map tr, : ppDy — Dp.

4.9.7. We will consider ©'-modules on the ind-schemes G yr. Recall (see 3.10.8)
that Gxr = Spf R where R = Rxr is a topological O xr-algebra which is the pro-
jective limit of its quotients R, = R/I, which are finite and flat over Ox:. For
any O'-module M on Gy: its image mM is naturally a discrete R-module; this
establishes an identification of the category of O'-modules on Gy: and that of
discrete R-modules (which are quasi-coherent as Oxr-modules). The functor m
admits a right adjoint 7' which assigns to an O yr-module N the discrete R-module
TN = Homo ., (R, N) = JHome , (Ra, N); both m and 7! are exact functors.
A line bundle on Gx: is the same as an invertible topological R-module.

One has Dg , = m'Dyr. Since Dy is a right D ys-complex and ©xr acts
on R via V, our mDg_, is a right Dx:-complex. Since V acts along the fibers
of ¢, the line bundle ¢*\ on Gxr is equipped with a left © xr-action. Therefore
m(@*A® Dg ) = (b*A%)ngX[ is a right D yr-complex.

The above objects are compatible with the embeddings coming from arrows in
8, so the Dg_, form a !-complex on Gxs, etc. The right D-complex m(¢*A® Dg_ )
on X3 is evidently admissible.

PROPOSITION. There is a canonical quasi-isomorphic embedding in CM(X?®)

(4.9.7.1) C(A)%s = m(¢"A® Dg ).
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Proof. According to (3.10.8.1), one has AQI = m(¢*\ ® T O0x1). Therefore
C(A) = Aﬁ;’l ® C(w)xr = m(¢*N @ ©'C(w)xr1). Since C(w)x: is the Cousin
resolution of wy[|I|] with respect to the diagonal stratification and D is its whole

Cousin resolution, we have a canonical quasi-isomorphic embedding C(w) < Dxr.
Our (4.9.7.1) is the embedding m(¢*\ ® 7'C(w) x1) — m(¢*A @ 7' Dxr). O

4.9.8. Passing to the de Rham cohomology, the proposition yields an identifi-
cation (see 4.2.6(iv) for the notation)

(4.9.8.1) CMX,A) S T5p(X°% m(¢"A® Dg ).
Let DRy(Dg ) and DRy(¢*A ® Dg_ ;) be the de Rham complexes along

the V-foliation; denote by FRV the corresponding canonical nice resolutions (see
4.2.6(iv)). These are complexes of I-sheaves on Gxs, and I'55 (X5, m(¢*A®Dg )

=Tc(Sxs, DRv(¢*A® Dg_,)).

The differential of the DRy complexes is ¢~ 'O p-linear. Therefore we have 8°-
systems of complexes ¢ DRy (Dg ;) and ¢ DRy (¢*A®Dg ) = A@¢ DRy (Dg ).
The same is true for the DRy-complexes. One has T.(Gxs, ﬁv(DgXS ®P*N)) =
['(P,\ ® lim ¢ DRy(Dg_,)) where lim is the inductive 8°-limit. Combining the
identifications, we get

(4.9.8.2) CM(X, A)Y 5 T(P,A®lim ¢ DRy (Dg , ))-

4.9.9. We have the trace maps try : ¢1Dg, , — Dp which extend canonically
to the morphisms ¢ DRy (Dg ,) — Dp (killing all the other components of the
D Ry-complex). Passing to the inductive limit, we get lim ¢y DRv(Dg ;) — Dp.
Composing it with the projection I)T%v — DRy, we get a morphism of complexes
of O p-modules

(4.9.9.1) trgy : lim ¢ DRy(Dg ;) — Dp.

We define the y-component of (4.9.3.1) as the composition of (4.9.8.2) and the
morphisms I'(P, A ® h_H;(f)gﬁv(DgXS )) = I'(P,A® Dp) = RL'(P,\*)* where the
first arrow comes from idy ® trgy and the second arrow is the Serre duality. To
finish the proof of the theorem, we need to prove that the constructed arrow is a
quasi-isomorphism. This follows from the next proposition:

PROPOSITION. trgv is a quasi-isomorphism of complexes of O p-modules.

Proof. A morphism f of complexes of Op-modules is a quasi-isomorphism if
(and only if) its Fourier-Mukai transform ®(f) is. We will check that it happens
with trypv.

The Fourier-Mukai transform® @ takes values in the derived category of com-
plexes of O-modules on the (coarse) moduli space of line bundles on P which are
algebraically equivalent to 0. The latter identifies in the usual way with the moduli
space @Q := Tors(X,TV)° of TV-torsors of degree 0. Namely, for ¢ € Q the corre-
sponding line bundle )\, on P is constructed as follows. Let §, be the T"V-torsor of
degree 0. It defines a line bundle on Tors(X,T) according to, say, (3.10.7.3) and
(4.9.1.2); since §, has degree 0, our line bundle comes from a (uniquely defined)

85See the recent book [Po] on the subject.
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line bundle on Tors(X,T'). Our L is its restriction to P := Tors(X, T),. Therefore
Aq coincides with the line bundle A that corresponds to the commutative lattice
chiral algebra A, such that Spec Ag = J§, (the jet scheme of §; see 3.10.2).

Recall that ® is defined by means of a “kernel” which is a line bundle on @ x P
whose restriction to the fiber over each g equals \,. Looking back at (4.9.8.2), we
see that ®(tryy) is equal to the y-component of the morphism (4.9.3.1) for the
family of lattice chiral algebras Ag parametrized by Q.8¢ So, what we want to do
is to prove our theorem for our special family of commutative lattice algebras.

Notice that ¢(Dp) = dp := the skyscraper O-module at 0 € Q. Summing up
with respect to all 4 € T, we get a morphism of Og-complexes 7 : C°*(X, Ag) —
k'] ® dg. We want to check that this is a quasi-isomorphism.

First notice that H7 : (Ag) = H§"(X, Ag) = k[['|®dy. Indeed, the Q-scheme
Spec (Ag) is the space of horizontal sections of Spec A% s0 it is a copy of TV which
lives over 0 € Q. One checks in a moment that H°7 does not vanish on each of the
~y-components, so it is an isomorphism.

Since H"(X, Ag) is a unital (Ag)-module, we see that it vanishes outside
0 € Q. It remains to check that the morphism Lif7, where ig : {0} — @Q, is a
quasi-isomorphism. We have LifC"(X,Ag) = CM(X, Ap) and Lijk[l'] @ 6o ~
k'] ® Tor.(dg,d0) = k[I'] ® Sym(V[1]) where V is the cotangent space to @ at 0.
It follows from the construction that our map H"(X, Ag) — k[l ® Sym(V[1]) is
a morphism of commutative algebras. It is isomorphism in degree 0 and surjective
in degree —1 (since H%7 is an isomorphism).

To finish the proof, it suffices to check that the commutative algebra H" (X, Ag)
is generated by HS" and H{", and dim HS" is equal to dim @Q = rk(T')g where g
is the genus of X. Let us embed our torus T into a vector space K of the same
dimension. We have the open embedding of the jet schemes JTV = Spec A§ —

JK =: Spec R*. Therefore H"(X, Ag) = H"(X,R) @ (Ao) (see (4.3.12.2)), and
(R)

H"(X,R) = Sym(K* ® RI'(X,w)[1]) by the proposition in 4.6.2. We are done. [J

4.9.10. QUESTIONS. What would be an analog of the above theorem for a
chiral algebra coming from an arbitrary ind-finite chiral mononoid (see 3.10.16)?

Suppose A is the integrable quotient of the Kac-Moody algebra U(gp )™ defined
by a semi-simple algebra g and a positive integral level . Is it true that all the
higher chiral homologies of A vanish?

86The above considerations generalize to the situation of families of lattice algebras in a
straightforward way.



