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1. Introduction

1.1. The de Rham-Witt complex. Let X be a smooth algebraic variety de-
fined over a field k. The algebraic de Rham cohomology H∗

dR(X) is defined as the
hypercohomology of the de Rham complex

Ω0
X

dÐ→ Ω1
X

dÐ→ Ω2
X

dÐ→ ⋯.

When k = C is the field of complex numbers, Grothendieck [11] showed that the
algebraic de Rham cohomology H∗

dR(X) is isomorphic to the usual de Rham co-
homology of the underlying complex manifold X(C) (and therefore also to the
singular cohomology of the topological space X(C), with complex coefficients).
However, over fields of characteristic p > 0, algebraic de Rham cohomology is a
less satisfactory invariant. This is due in part to the fact that it takes values in
the category of vector spaces over k, and therefore consists entirely of p-torsion.
To address this point, Berthelot and Grothendieck introduced the theory of crys-
talline cohomology. To every smooth algebraic variety over a perfect field k of
characteristic p, this theory associates cohomology groups H∗

crys(X) which are
modules over the ring of Witt vectors W (k), and can be regarded as integral
versions of the de Rham cohomology groups H∗

dR(X).
The crystalline cohomology groups of a variety X were originally defined as

the cohomology groups of the structure sheaf of a certain ringed topos, called the
crystalline topos of X. However, Bloch [6] (in the case of small dimension) and
Deligne-Illusie [15] later gave an alternative description of crystalline cohomology,
which is closer in spirit to the definition of algebraic de Rham cohomology. More
precisely, they showed that the crystalline cohomology of a smooth variety X can
be described as the hypercohomology of a complex of sheaves

WΩ0
X

dÐ→WΩ1
X

dÐ→WΩ2
X

dÐ→ ⋯

called the de Rham-Witt complex of X. The complexWΩ∗
X is related to the usual

de Rham complex by the following pair of results:

Theorem 1.1.1. Let X be a smooth algebraic variety defined over a perfect field
k. Then there is a canonical map of cochain complexes of sheaves WΩ∗

X → Ω∗
X ,

which induces a quasi-isomorphism WΩ∗
X/pWΩ∗

X → Ω∗
X .

Theorem 1.1.2. Let X be a smooth formal scheme over SpfW (k) with central
fiber X = Speck ×SpfW (k) X. Moreover, suppose that the Frobenius map ϕX ∶X →
X extends to a map of formal schemes ϕX ∶ X→ X. Then there is a natural quasi-
isomorphism Ω∗

X →W Ω∗
X of chain complexes of abelian sheaves on the underlying

topological space of X (which is the same as the underlying topological space of
X). Here Ω∗

X denotes the de Rham complex of the formal scheme X relative to
W (k).
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Warning 1.1.3. In the situation of Theorem 1.1.2, the map of chain complexes
Ω∗

X → WΩ∗
X depends on the choice of map ϕX, though the induced map on

cohomology groups is independent of that choice.

The proofs of Theorems 1.1.1 and 1.1.2 which appear in [15] depend on some
rather laborious calculations. Our aim in this note is to present an alternate
construction of the complexWΩ∗

X (which agrees with the construction of Deligne
and Illusie for smooth varieties; see Theorem 4.4.12) which can be used to prove
Theorems 1.1.1 and 1.1.2 in an essentially calculation-free way: the only input
we will need is the Cartier isomorphism (which we recall as Theorem 3.3.5) and
some elementary homological algebra.

1.2. Overview. What is the essence of the construction of WΩ∗
X , and what

does our paper offer? Suppose for simplicity X = SpecR is an affine scheme,
smooth over the perfect field k. In this case, one first builds the de Rham com-
plex Ω∗

R. This is a relatively concrete invariant of R and has a simple universal
property: namely, Ω∗

R is a commutative differential graded algebra with a map
R → (ΩR)0, and Ω∗

R is universal for this structure. The theory of crystalline
cohomology (see, e.g, [1]) shows that this cochain complex of k-vector spaces,
up to quasi-isomorphism, has a canonical lift to W (k). The theory of the de
Rham-Witt complex provides a commutative, differential graded algebra WΩ∗

R

over W (k) equipped with a quasi-isomorphism WΩ∗
R/p → Ω∗

R, which provides a
representative of crystalline cohomology. One can view WΩ∗

R as a type of “rigid-
ification:” crystalline cohomology naturally lives in the derived category, while
de Rham-Witt theory provides an explicit cochain representative.

To construct the de Rham-Witt complex WΩ∗
R, we proceed as follows: choose

a p-complete, p-torsion-free algebra R̃ over W (k) such that R̃/p ≃ R; since R is
smooth, there is no obstruction to doing this. The first approximation toWΩ∗

R is

the p-completed de Rham complex Ω̂∗

R̃
. On the one hand, Ω̂∗

R̃
is a commutative,

differential graded algebra over W (k), and we have an isomorphism Ω̂∗

R̃
/p ≃ Ω∗

R.

On the other hand, the construction Ω̂∗

R̃
depends on the choice of lift R̃ of R, and

is not a functor of R.
In order to make something functorial in R, we have to make a further choice:

a lift ϕR̃ ∶ R̃ → R̃ of the Frobenius on R. The key observation is that the choice
of ϕR̃ induces an operator

F ∶ Ω̂∗

R̃
→ Ω̂∗

R̃

of graded algebras such that

dF = pFd.
Namely, F is a type of divided Frobenius: it is defined on i-forms as F = ϕ∗

R̃
/pi,

since ϕ∗
R̃

makes i-forms divisible by pi. In the paper, we call such structures
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Dieudonné complexes (Definition 2.1.1). We study the homological algebra of
Dieudonné complexes in sections 2 and 3 of this paper.

A crucial point about the Dieudonné complex (Ω̂∗

R̃
, d, F ) (equipped with the

de Rham differential and the operator F ) is that it enjoys a special homological
property: F implements the classical Cartier isomorphism

H∗(Ω∗
R) ≃ Ω∗

R(1)

between the de Rham cohomology of R and differential forms on R (with a Frobe-
nius twist). Given such a Dieudonné complex, we show that a general proce-
dure called strictification will produce a new (generally much larger) Dieudonné
complex quasi-isomorphic to the original one, equipped in addition with a Ver-
schiebung operator V and suitably complete with respect to V . We construct
WΩ∗

R as the strictification of Ω̂∗

R̃
. Remarkably, strictification also has a rigidifi-

cation function, as a short argument will show that the strictification does not
depend on the choice of lifts (R̃, ϕR̃). In fact, just as one can define the de Rham
complex as universal in the category of commutative, differential graded algebras,
one can define the de Rham-Witt complex via an analogous universal property
in an appropriate category of strict Dieudonné algebras (Definition 4.1.1).

In [15], a tower {WnΩ∗
X} of cochain complexes is constructed as an initial

object in the category of V -pro-complexes: specifically, one looks at towers of
commutative, differential graded algebras related by Verschiebung operators. One
difference in our approach is that we work directly with the inverse limit WΩ∗

X

rather than the individual terms WnΩ∗
X ; the inverse limit is often easier to work

with (e.g., as it is p-torsion-free). In addition, in our setup, the operator F on
the de Rham-Witt complex plays the fundamental role, rather than V , which
simplifies the relevant identities.

Finally, we mention a more highbrow motivation of WΩ∗
X , which we explore

further in Section 8. As mentioned above, the general theory of crystalline co-
homology shows that the de Rham complex, when considered as an object of
the derived category D(k), lifts to W (k). In general, cohomology theories (e.g.,
produced via site-theoretic machines) produce elements of the derived category,
defined up to quasi-isomorphism, rather than cochain complexes. In addition,
from a homotopy-theoretic point of view, the representation of a cohomology the-
ory in characteristic p by a commutative, differential graded algebra is a strong
condition: for instance, mod p singular cohomology of spaces cannot generally be
represented in this fashion, because of the existence of Steenrod operations.

The derived category D(Z) of the integers is equipped with an operator Lηp ∶
D(Z) → D(Z), an additive (though not exact) functor which has the effect of
reducing the p-torsion in cohomology by a small amount. The operator Lηp
was discovered in connection with crystalline cohomology, and has been used
extensively in the recent work by Bhatt-Morrow-Scholze [4] on integral p-adic
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Hodge theory. Namely, in [1], it was observed that the crystalline cohomology of
an affine variety is equipped with a quasi-isomorphism with its own Lηp. Con-

cretely, if R̃ is a p-adically complete algebra such that R/p is smooth over a
perfect field k, then the operator F discussed earlier yields a quasi-isomorphism
Ω̂∗

R̃
≃ LηpΩ̂∗

R̃
. Furthermore, Lηp implements a type of strictification. We show

(Theorem 8.3.11) that the fixed points D̂(Z)
Lηp

p of Lηp on the p-complete de-

rived category D̂(Z)p ⊂ D(Z) is equivalent to the category of strict Dieudonné
complexes. In particular, the structure that crystalline cohomology is a fixed
point of Lηp (which is ultimately a form of the Cartier isomorphism) explains the
strictification of crystalline cohomology given by the de Rham-Witt complex.

The theory of the de Rham-Witt complex has taken many forms since its orig-
inal introduction in [15], and our approach is restricted to the classical case of
algebras over Fp. In particular, we do not address the relative de Rham-Witt
complexes of Langer-Zink [20], or the absolute de Rham-Witt complexes consid-
ered by Hesselholt-Madsen [12] in relation to topological Hochschild homology.

1.3. Notations. Throughout this paper, we let p denote a fixed prime number.
We say that an abelian group M is p-torsion-free if the map p ∶ M → M is a
monomorphism.

1.4. Acknowledgments. We would like to thank Luc Illusie for helpful corre-
spondence and discussions. The idea of using Lηp to reconstruct the de Rham-
Witt complex had been independently considered by him. We would also like to
thank Vladimir Drinfeld for several comments. The third author was supported
by a Clay Research Fellowship.
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2. Dieudonné Complexes

In this section, we introduce and study the category KD of Dieudonné com-
plexes. In particular, we treat the theory of saturated and strict Dieudonné
complexes and the operations of saturation and strictification. A key class of
Dieudonné complexes is given by those of Cartier type (Definition 2.4.1) which
shows that in certain cases, these operations are especially mild homologically.

2.1. The Category KD.

Definition 2.1.1. A Dieudonné complex is a triple (M∗, d, F ), where (M∗, d) is
a cochain complex of abelian groups and F ∶M∗ →M∗ is a map of graded abelian
groups which satisfies the identity dF (x) = pF (dx).

We let KD denote the category whose objects are Dieudonné complexes, where
a morphism from (M∗, d, F ) to (M ′∗, d′, F ′) in KD is a map of graded abelian
groups f ∶ M∗ → M ′∗ satisfying d′f(x) = f(dx) and F ′f(x) = f(Fx) for each
x ∈M∗.

Remark 2.1.2. Let (M∗, d, F ) be a Dieudonné complex. We will generally abuse
terminology by simply referring to the underlying graded abelian group M∗ as a
Dieudonné complex; in this case we implicitly assume that the data of d and F
have also been specified. We will refer to F as the Frobenius map on the complex
M∗.

In the situation of Definition 2.1.1, it will be convenient to interpret F as a
map of cochain complexes.

Construction 2.1.3. Let (M∗, d) be a p-torsion-free cochain complex of abelian
groups, which we identify with a subcomplex of the localization M∗[p−1]. We
define another subcomplex (ηpM)∗ ⊆ M∗[p−1] as follows: for each integer n, we
set (ηpM)n = {x ∈ pnMn ∶ dx ∈ pn+1Mn+1}.

Remark 2.1.4. Let (M∗, d, F ) be a Dieudonné complex, and suppose that M∗

is p-torsion-free. Then F determines a map of cochain complexes αF ∶ M∗ →
(ηpM)∗, given by the formula αF (x) = pnF (x) for x ∈Mn. Conversely, if (M∗, d)
is a cochain complex which is p-torsion-free and α ∶ M∗ → (ηpM)∗ is a map of
cochain complexes, then we can form a Dieudonné complex (M∗, d, F ) by setting
F (x) = p−nα(x) for x ∈Mn. These constructions are inverse to one another.

2.2. Saturated Dieudonné Complexes.

Definition 2.2.1. Let (M∗, d, F ) be a Dieudonné complex. We will say that
(M∗, d, F ) is saturated if the following pair of conditions is satisfied:

(i) The graded abelian group M∗ is p-torsion-free.
(ii) For each integer n, the map F induces an isomorphism of abelian groups

Mn → {x ∈Mn ∶ dx ∈ pMn+1}.
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We let KDsat denote the full subcategory of KD spanned by the saturated
Dieudonné complexes.

Remark 2.2.2. Let (M∗, d, F ) be a Dieudonné complex, and suppose that M∗

is p-torsion-free. Then (M∗, d, F ) is a saturated Dieudonné complex if and only
if the map αF ∶M∗ → (ηpM)∗ is an isomorphism (see Remark 2.1.4).

Remark 2.2.3. Let (M∗, d, F ) be a saturated Dieudonné complex. Then the
map F ∶M∗ →M∗ is injective. Moreover, the image of F contains the subcomplex
pM∗. It follows that for each element x ∈ Mn, there exists a unique element
V x ∈Mn satisfying F (V x) = px. We will refer to the map V ∶M∗ →M∗ as the
Verschiebung.

Proposition 2.2.4. Let (M∗, d, F ) be a saturated Dieudonné complex. Then the
Verschiebung V ∶M∗ →M∗ is an injective map which satisfies the identities

F ○ V = V ○ F = p(id)(1)

F ○ d ○ V = d p(d ○ V )(2)

V ○ d.(3)

Proof. The relation F ○ V = p(id) follows from the definition, and immediately
implies that V is injective (since M∗ is p-torsion-free). Precomposing with F , we
obtain F ○ V ○ F = pF . Since F is injective, it follows that V ○ F = p(id). We
have pd = (d ○ F ○ V ) = p(F ○ d ○ V ), so that d = F ○ d ○ V . Postcomposition with
V then yields the identity V ○ d = V ○ F ○ d ○ V = p(d ○ V ). �

Proposition 2.2.5. Let (M∗, d, F ) be a saturated Dieudonné complex and let
r ≥ 0 be an integer. Then the map F r induces an isomorphism M∗ → {x ∈ M∗ ∶
dx ∈ prM∗+1}.

Proof. It is clear that F r is injective (since F is injective), and the inclusion
F rM∗ ⊆ {x ∈M∗ ∶ dx ∈ prM∗+1} follows from the calculation d(F ry) = prF r(dy).
We will prove the reverse inclusion by induction on r. Assume that r > 0 and that
x ∈M∗ satisfies dx = pry for some y ∈M∗+1. Then d(pry) = 0, so our assumption
that M∗ is p-torsion-free guarantees that dy = 0. Applying our assumption that
M∗ is a saturated Dieudonné complex to x and y, we can write x = F (x′) and
y = F (y′) for some x′ ∈M∗ and y′ ∈M∗+1. We then compute

pF (dx′) = d(F (x′)) = dx = pry = prF (y′).
Canceling F and p, we obtain dx′ = pr−1y′. It follows from our inductive hypoth-
esis that x′ ∈ im(F r−1), so that x = F (x′) ∈ im(F r). �

Remark 2.2.6. Let (M∗, d, F ) be a saturated Dieudonné complex. It follows
from Proposition 2.2.5 that every cycle z ∈ M∗ is infinitely divisible by F : that
is, it belongs to F rM∗ for each r ≥ 0.
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2.3. Saturation of Dieudonné Complexes. Let f ∶M∗ → N∗ be a morphism
of Dieudonné complexes. We will say that f exhibits N∗ as a saturation of M∗

if N∗ is saturated and, for every saturated Dieudonné complex K∗, composition
with f induces a bijection

(4) HomKD(N∗,K∗)→ HomKD(M∗,K∗).
In this case, the Dieudonné complex N∗ (and the morphism f) are determined
by M∗ up to unique isomorphism; we will refer to N∗ as the saturation of M∗

and denote it by Sat(M∗).
Proposition 2.3.1. Let M∗ be a Dieudonné complex. Then M∗ admits a satu-
ration Sat(M∗).

Proof. Let T ∗ ⊆M∗ be the graded subgroup consisting of elements x ∈M∗ satis-
fying pnx = 0 for n≫ 0. Replacing M∗ by the quotient M∗/T ∗, we can reduce to
the case where M∗ is p-torsion-free. In this case, Remark 2.2.2 implies that the
direct limit of the sequence

M∗ αFÐ→ (ηpM)∗ ηp(αF )ÐÐÐ→ (ηpηpM)∗ ηp(ηp(αF ))ÐÐÐÐÐÐ→ (ηpηpηpM)∗ → ⋯
is a saturation of M∗. �

Corollary 2.3.2. The inclusion functor KDsat ↪KD admits a left adjoint, given
by the saturation construction M∗ ↦ Sat(M∗).

Remark 2.3.3. Let (M∗, d, F ) be a Dieudonné complex, and assume that M∗

is p-torsion-free. Then we can identify M∗ with a subgroup of the graded abelian

group M∗[F −1], defined as the colimit M∗
F→M∗

F→ . . . , or equivalently defined as
equivalence classes of elements F −nx for x ∈M∗ in a natural way. Unwinding the
definitions, we see that the saturation Sat(M∗) can be described more concretely
as follows:

● As a graded abelian group, Sat(M∗) can be identified with the subgroup
of M∗[F −1] consisting of those elements x satisfying d(F n(x)) ∈ pnM∗ for
n≫ 0 (note that if this condition is satisfied for some nonnegative integer
n, then it is also satisfied for every larger integer).

● The differential on Sat(M∗) is given by the construction x↦ F −np−nd(F nx)
for n≫ 0.

● The Frobenius map on Sat(M∗) is given by the restriction of the map
F ∶M∗[F −1]→M∗[F −1].

Remark 2.3.4. For future reference, we record a slight variant of Remark 2.3.3.
Let (M∗, d, F ) be a p-torsion-free Dieudonné complex on which F is injective, and
form the construction M∗[F −1] as above. The operator d ∶M∗ →M∗+1 extends
to a map

d ∶M∗[F −1]→M∗[F −1]⊗Z Z[1/p]
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given by the formula

d(F −nx) = p−nF −ndx.

Then Sat(M∗) ⊂M∗[F −1] can be identified with the graded subgroup consisting
of those elements y = F −nx ∈M∗[F −1] such that dy ∈M∗[F −1]⊗Z Z[1/p] actually
belongs to M∗[F −1].

Namely, suppose that we can write d(F −nx) = F −mz in M∗[F −1] for x, z ∈
M∗. Then F −ndx = pnF −mz and F r−ndx = pnF r−mdz for r ≫ 0. It follows
that d(F r−nx) = d(F rF −nx) is divisible by pr for r ≫ 0. It follows that F −nx
belongs to Sat(M∗) as in the formula of Remark 2.3.3. Conversely, if F −nx
belongs to Sat(M∗) as in the formula of Remark 2.3.3, then it is easy to see that
d(F −nx) ∈M∗[F −1] as desired.

2.4. The Cartier Criterion. Let M∗ be a Dieudonné complex. For each x ∈
M∗, the equation dFx = pF (dx) shows that the image of Fx in the quotient
complex M∗/pM∗ is a cycle, and therefore represents an element in the cohomol-
ogy H∗(M/pM). This construction determines a map of graded abelian groups
M∗ → H∗(M/pM), which factors uniquely through the quotient M∗/pM∗.

Definition 2.4.1. We say that the Dieudonné complex M∗ is of Cartier type if

(i) The complex M∗ is p-torsion-free.
(ii) The Frobenius map F induces an isomorphism of graded abelian groups

M∗/pM∗ → H∗(M/pM).

Theorem 2.4.2 (Cartier Criterion). Let M∗ be a Dieudonné complex which
is of Cartier type. Then the canonical map M∗ → Sat(M∗) induces a quasi-
isomorphism of cochain complexes M∗/pM∗ → Sat(M∗)/pSat(M∗).

To prove Theorem 2.4.2, we will need to review some properties of the con-
struction M∗ ↦ (ηpM)∗.

Construction 2.4.3. Let M∗ be a cochain complex which is p-torsion-free. For
each element x ∈ (ηpM)k, we let γ(x) ∈ Hk(M/pM) denote the cohomology class
represented by p−kx (which is a cycle in M∗/pM∗, by virtue of our assumption
that x ∈ (ηpM)k). This construction determines a map of graded abelian groups
γ ∶ (ηpM)∗ → H∗(M/pM). Since the codomain of γ is a p-torsion group, the map
γ factors (uniquely) as a composition

(ηpM)∗ → (ηpM)∗/p(ηpM)∗ γÐ→ H∗(M/pM).

Proposition 2.4.4 (Compare [4, Prop. 6.12]). Let M∗ be a cochain complex
of abelian groups which is p-torsion-free. Then Construction 2.4.3 determines a
quasi-isomorphism of cochain complexes

γ ∶ (ηpM)∗/p(ηpM)∗ → H∗(M/pM).
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Here we regard H∗(M/pM) as a cochain complex with respect to the Bockstein
map β ∶ H∗(M/pM) → H∗+1(M/pM) determined the short exact sequence of

cochain complexes 0→M∗/pM∗
pÐ→M∗/p2M∗ →M∗/pM∗ → 0.

Proof. For each element x ∈ Mk satisfying dx ∈ pMk+1, let [x] ∈ Hk(M/pM)
denote the cohomology class represented by x. Unwinding the definitions, we see
that the map β satisfies the identity β([x]) = [p−1dx]. It follows that for each
y ∈ (ηpM)k, we have

β(γ(y)) = β([p−ky]) = [p−k−1dy] = γ(dy),
so that γ ∶ (ηpM)∗ → H∗(M/pM) is a map of cochain complexes. It follows that
γ is also a map of cochain complexes. It follows immediately from the definition
of (ηpM)∗ that the map γ is surjective. Let K∗ denote the kernel of γ. We will
complete the proof by showing that the cochain complex K∗ is acyclic. Unwinding
the definitions, we can identify K∗ with the subquotient of M∗[p−1] described by
the formula

Kn = (pn+1Mn + d(pnMn−1)/(pn+1Mn ∩ d−1(pn+2Mn+1)).
Suppose that e ∈Kn is a cocycle, represented by pn+1x + d(pny) for some x ∈Mn

and y ∈ Mn−1. The equation de = 0 ∈ Kn+1 implies that d(pn+1x) ∈ pn+2Mn+1.
It follows that e is also represented by d(pny), and is therefore a coboundary in
Kn. �

Corollary 2.4.5. Let f ∶ M∗ → N∗ be a map of cochain complexes of abelian
groups. Assume that M∗ and N∗ are p-torsion-free. If the induced map M∗/pM∗ →
N∗/pN∗ is a quasi-isomorphism, then the induced map

(ηpM)∗/p(ηpM)∗ → (ηpN)∗/p(ηpN)∗

is also a quasi-isomorphism.

Proof. By virtue of Proposition 2.4.4, it suffices to show that the induced map
H∗(M/pM) → H∗(N/pN) is a quasi-isomorphism (where both complexes are
equipped with the differential given by the Bockstein). But this map is already
an isomorphism, since the map M∗/pM∗ → N∗/pN∗ is a quasi-isomorphism. �

Proof of Theorem 2.4.2. Let (M∗, d, F ) be a Dieudonné complex which is p-torsion-
free. Then the saturation Sat(M∗) can be identified with the colimit of the
sequence

M∗ αFÐ→ (ηpM)∗ ηp(αF )ÐÐÐ→ (ηpηpM)∗ ηp(ηp(αF ))ÐÐÐÐÐÐ→ (ηpηpηpM)∗ → ⋯
Consequently, to show that the canonical map M∗/pM∗ → Sat(M∗)/pSat(M∗)
is a quasi-isomorphism, it will suffice to show that each of the maps

(ηkpM)∗/p(ηkpM)∗ → (ηk+1
p M)∗/p(ηk+1

p M)∗
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is a quasi-isomorphism. By virtue of Corollary 2.4.5, it suffices to verify this when
k = 0. In this case, we have a commutative diagram of cochain complexes

M∗/pM∗
αF //

&&

(ηpM)∗/p(ηpM)∗

γvv
H∗(M/p),

where the map M∗/pM∗ → H∗(M/p) is induced by the Frobenius. Since M∗

is assumed to be of Cartier type, this map is an isomorphism. Since γ is a
quasi-isomorphism by virtue of Proposition 2.4.4, it follows that the map αF ∶
M∗/pM∗ → (ηpM)∗/p(ηpM)∗ is also a quasi-isomorphism, as desired. �

2.5. Quotients of Saturated Dieudonné Complexes.

Construction 2.5.1. Let M∗ be a saturated Dieudonné complex. For each
integer r ≥ 0, we let Wr(M)∗ denote the quotient of M∗ by the subcomplex
im(V r)+ im(dV r), where V is the Verschiebung map of Remark 2.2.3. We denote
the natural quotient maps Wr+1(M)∗ →Wr(M)∗ by Res ∶Wr+1(M)∗ →Wr(M)∗.
Proposition 2.5.2. Let M∗ be a saturated Dieudonné complex and let r be a
nonnegative integer. Then the map F r ∶ M∗ → M∗ induces an isomorphism of
graded abelian groups Wr(M)∗ → H∗(M∗/prM∗).

Proof. The equality d ○ F r ≃ pr(F r ○ d) guarantees that F r carries each element
of M∗ to a cycle in the quotient complex M∗/prM∗. Moreover, the identities

F rV r(x) = prx F rdV r(y) = dy
guarantee that F r carries the subgroup im(V r) + im(dV r) ⊆ M∗ to the set of
boundaries in the cochain complex M∗/prM∗. We therefore obtain a well-defined
homomorphism θ ∶Wr(M)∗ → H∗(M∗/prM∗). The surjectivity of θ follows from
Proposition 2.2.5. To prove injectivity, suppose that x ∈M∗ has the property that
F rx represents a boundary in the quotient complex M∗/prM∗, so that we can
write F rx = pry+dz for some y ∈M∗ and z ∈M∗−1. Then prx = V rF rx = V r(pry+
dz) = prV r(y) + prdV r(z), so that x = V r(y) + dV r(z) ∈ im(V r) + im(dV r). �

Corollary 2.5.3. Let (M∗, d, F ) be a saturated Dieudonné complex. Then the
quotient map u ∶ M∗/pM∗ → W1(M)∗ is a quasi-isomorphism of cochain com-
plexes.

Proof. We have a commutative diagram of cochain complexes

M∗/pM∗
αF //

u

��

(ηpM)∗/p(ηpM)∗

��
W1(M)∗ // H∗(M/pM),
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where the bottom horizontal map is the isomorphism of Proposition 2.5.2, the
right vertical map is the quasi-isomorphism of Proposition 2.4.4, and αF is an
isomorphism by virtue of our assumption that M∗ is saturated. It follows that u
is also a quasi-isomorphism. �

Remark 2.5.4. More generally, if M∗ is a saturated Dieudonné complex, then
the quotient map M∗/prM∗ → Wr(M)∗ is a quasi-isomorphism for each r ≥ 0.
This can be proven by essentially the same argument, using a slight generalization
of Proposition 2.4.4.

Corollary 2.5.5. Let f ∶M∗ → N∗ be a morphism of saturated Dieudonné com-
plexes. The following conditions are equivalent:

(1) The induced map M∗/pM∗ → N∗/pN∗ is a quasi-isomorphism of cochain
complexes.

(2) The induced map W1(M)∗ →W1(N)∗ is an isomorphism of cochain com-
plexes.

(3) For each r ≥ 0, the induced map M∗/prM∗ → N∗/prN∗ is a quasi-isomorphism
of cochain complexes.

(4) For each r ≥ 0, the induced map Wr(M)∗ →Wr(N)∗ is an isomorphism
of cochain complexes.

Proof. The equivalences (1)⇔ (2) and (3)⇔ (4) follow from Proposition 2.5.2.
The implication (3) ⇒ (1) is obvious, and the reverse implication follows by
induction on r. �

2.6. The Completion of a Saturated Dieudonné Complex.

Remark 2.6.1 (Frobenius and Verschiebung at Finite Levels). Let M∗ be a
saturated Dieudonné complex. Using the identities F ○d ○V = d and F ○V = p id,
we deduce that the Frobenius map F ∶M∗ →M∗ carries im(V r) + im(dV r) into
im(V r−1) + im(dV r−1). It follows that there is a unique map of graded abelian
groups F ∶Wr(M)∗ →Wr−1(M)∗ for which the diagram

M∗ F //

��

M∗

��
Wr(M)∗ F // Wr−1(M)∗

commutes.
Similarly, the identity V ○d = p(d○V ) implies that V carries im(V r)+ im(dV r)

into im(V r+1)+im(dV r+1), so that there is a unique map V ∶Wr(M)∗ →Wr+1(M)∗
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for which the diagram

M∗ V //

��

M∗

��
Wr(M)∗ V // Wr+1(M)∗

commutes.

Construction 2.6.2 (Completion). Let M∗ be a saturated Dieudonné complex.
We let W(M)∗ denote the inverse limit of the tower of cochain complexes

M∗ → ⋯→W3(M)∗ ResÐÐ→W2(M)∗ ResÐÐ→W1(M)∗ ResÐÐ→W0(M)∗ = 0.

We will refer to W(M)∗ as the completion of the saturated Dieudonné complex
M∗. We regard W(M)∗ as a Dieudonné complex with respect to the Frobenius
map F ∶ W(M)∗ → W(M)∗ given by the inverse limit of the maps Wr(M)∗ →
Wr−1(M)∗ appearing in Remark 2.6.1.

Remark 2.6.3. The formation of completions is functorial: if f ∶M∗ → N∗ is a
map of saturated Dieudonné complexes, then f induces a map W(f) ∶W(M)∗ →
W(N)∗, given by the inverse limit of the tautological maps

M∗/(im(V r) + im(dV r)) fÐ→ N∗/(im(V r) + im(dV r)).

Our primary goal in this section is to prove the following:

Proposition 2.6.4. Let M∗ be a saturated Dieudonné complex. Then the com-
pletion W(M)∗ is also a saturated Dieudonné complex.

The proof of Proposition 2.6.4 will require some preliminaries. To begin with,
we record some facts about the tower {Wr(M)∗}.

Lemma 2.6.5. Let M∗ be a saturated Dieudonné complex and let x ∈M∗ satisfy
d(V rx) ∈ pM∗+1. Then x ∈ im(F ).

Proof. We have dx = F rd(V rx) ∈ F rpM∗+1 ⊆ pM∗+1, so the desired result follows
from our assumption that M∗ is saturated. �

Lemma 2.6.6. Let M∗ be a saturated Dieudonné complex and let x ∈M∗. If the
image of px vanishes in Wr(M)∗, then the image of x vanishes in Wr−1(M)∗.

Proof. It suffices to show that if x ∈M∗ and we have

(5) px = V r+1a + dV r+1b,

then we can write

(6) x = V rã + dV rb̃.
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To do this, we observe that dV r+1a is divisible by p and then use Lemma 2.6.5
again write a = F ã for some ã ∈M∗. This in turn implies that dV r+1b is divisible
by p, so that b = F b̃ for some b̃ ∈M∗. Then we can write

px = pV rã + dV r(p̃b),

and dividing by p, we obtain the desired claim. �

We can now prove Proposition 2.6.4. For future reference, it will be helpful to
formulate the result in a slightly more general form. That is, we introduce a new
category TD. This category will play an auxiliary role in the sequel at various
points.

Definition 2.6.7. A strict Dieudonné tower is a tower {X∗
r ,R ∶X∗

r+1 →X∗
r , r ≥ 0}

of cochain complexes equipped with operators F ∶X∗
r+1 →X∗

r and V ∶X∗
r →X∗

r+1

in the category of graded abelian groups satisfying the following conditions.

(1) X∗
0 = 0.

(2) The map R ∶X∗
r+1 →X∗

r is surjective for each r ≥ 0.
(3) The operator F ∶X∗

r+1 →X∗
r satisfies dF = pFd for each r ≥ 0.

(4) The operators F,R,V commute with each other.
(5) We have FV = V F = p on each X∗

r .
(6) Given any x ∈ X∗

r such that dx is divisible by p, x belongs to the image
of F ∶X∗

r+1 →X∗
r .

(7) The kernel of the map R ∶X∗
r+1 →X∗

r is exactly the submodule X∗
r+1[p] ⊂

X∗
r+1 consisting of x ∈X∗

r+1 such that px = 0.
(8) The kernel of R ∶ X∗

r+1 → X∗
r is the span of the images of V r, dV r ∶ X∗

1 →
X∗
r+1.

A morphism of strict Dieudonné towers is a morphism of towers of cochain
complexes which are compatible with the F,V operators. We let TD be the
category of strict Dieudonné towers.

We next show that the above definition axiomatizes the salient features of the
construction {Wr(M)∗} for a saturated Dieudonné complex. That is, we consider
the following construction.

Construction 2.6.8. Let M∗ be a saturated Dieudonné complex. Then we
consider the tower {Wr(M)∗} with R = Res, equipped with the operators F ∶
Wr(M)∗ → Wr−1(M)∗ and V ∶ Wr−1(M)∗ → Wr(M)∗ induced by the analogous
operators F,V on M∗.

Proposition 2.6.9. If M∗ is a saturated Dieudonné complex, then the tower
{Wr(M)∗} with the operators F,V induced by Construction 2.6.8 is a strict
Dieudonné tower, so that we obtain a functor KDsat → TD.
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Proof. Axioms (1) through (5) and (8) are clear. To check (6), it is equivalent to
showing that if x ∈M∗ and we can write

(7) dx = py + V ra + dV rb, y, a, b ∈M∗,

then we can find z, a′, b′ ∈M∗ such that

(8) x = Fz + V ra′ + dV rb′.

In order to do this, we observe that (7) implies that d(V ra) is divisible by p, so
by Lemma 2.6.5 we conclude that a = F ã for some ã ∈M∗. Substituting into (7),
we thus have

d(x − V rb) = p(y + V r−1ã),
so that x − V rb = Fz for some z ∈M∗ by saturation. Therefore, we can solve (8)
with z as given, a′ = b, b′ = 0.

To check (7), we observe first that the kernel of R ∶ Wr+1(M)∗ → Wr(M)∗
consists of simple p-torsion. In fact, this follows because if x ∈ M∗ belongs
to im(V r) + im(dV r), then px ∈ im(V r+1) + im(dV r+1) because p = FV . Con-
versely, the map R ∶ Wr+1(M)∗ → Wr(M)∗ annihilates simple p-torsion in view
of Lemma 2.6.6. �

We now define a functor in the reverse direction, starting with a strict Dieudonné
tower and producing a saturated Dieudonné complex.

Construction 2.6.10. Let {X∗
r } be a strict Dieudonné tower. Let X∗ = lim←Ðr

X∗
r

be the inverse limit of the tower, so that X∗ is a cochain complex. Define the
operators F,V on X∗ as the inverse limit of the operators F ∶ X∗

r → X∗
r−1 and

V ∶X∗
r−1 →X∗

r . Since we have dF = pFd, X∗ defines an object of KD.

Proposition 2.6.11. If {X∗
r } ∈ TD, then the inverse limit X∗ = lim←Ðr

X∗
r equipped

with the operator F ∶X∗ →X∗ is a saturated Dieudonné complex.

Proof. We observe first that X∗ is p-torsion-free. Indeed, if x ∈X∗, then x defines
a system of elements {xr ∈X∗

r } compatible under the restriction maps R. If x ≠ 0
but px = 0, each of the xr ∈ X∗

r satisfy pxr = 0. However, now the assumption
that the restriction maps annihilate simple p-torsion forces all the xr to vanish.

We have FV = V F = p on X∗, so F is injective. To show that X∗ is saturated,
it suffices now to show that if x ∈X∗ and dx is divisible by p, then x belongs to the
image of F . For each r, let xr ∈X∗

r be the image of x. By assumption and (6), we
can find yr+1 ∈ X∗

r+1 such that Fyr+1 = xr. The system {yr ∈X∗
r } is, however, not

necessarily compatible underR. We have, however, thatR(yr+1)−yr is annihilated
by F and thus by R, since R annihilates simple p-torsion and p = V F . It follows
that the sequence {R(yr+1) ∈X∗

r } is compatible under R and defines an element
y ∈X∗ with Fy = x. �

Proof of Proposition 2.6.4. Combine Propositions 2.6.9 and 2.6.11. �
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2.7. Strict Dieudonné Complexes. For every saturated Dieudonné complex
M∗, the tower of cochain complexes

M∗ → ⋯→W3(M)∗ ResÐÐ→W2(M)∗ ResÐÐ→W1(M)∗ ResÐÐ→W0(M)∗ = 0.

determines a tautological map ρM ∶M∗ →W(M)∗. It follows immediately from
the definitions that ρM is a map of (saturated) Dieudonné complexes, which
depends functorially on M∗.

Proposition 2.7.1. Let M∗ be a saturated Dieudonné complex. Then the map
ρM ∶M∗ →W(M)∗ induces isomorphisms Wr(M)∗ →Wr(W(M))∗ for r ≥ 0.

Proof. By virtue of Corollary 2.5.5, it will suffice to treat the case r = 1. Let
γ ∶W1(M)∗ →W1(W(M))∗ be the map determined by ρM . We first show that
γ is injective. Choose an element x ∈ W1(M)∗ satisfying γ(x) = 0; we wish
to show that x = 0. Represent x by an element x ∈ M∗. The vanishing of
γ(x) then implies that we can write ρM(x) = V y + dV z for some y ∈ W(M)∗
and z ∈ W(M)∗−1. Then we can identify y and z with compatible sequences
ym ∈Wm(M)∗ and zm ∈Wm(M)∗−1. The equality ρM(x) = V y + dV z then yields
x = V (y0) + dV (z0) = 0.

We now prove that γ is surjective. Choose an element e ∈ W1(W(M))∗; we
wish to show that e belongs to the image of γ. Let x ∈ W(M)∗ be an element
representing e, which we can identify with a compatible sequence of elements
xm ∈ Wm(M)∗ represented by elements xm ∈ M∗. The compatibility of the
sequence {xm}m≥0 guarantees that we can write xm+1 = xm + V mym + dV mzm for
some elements ym ∈M∗ and zm ∈M∗−1. We then have the identity

x = ρM(x1) + V (∑
m≥0

V mym+1) + dV (∑
m≥0

V mzm+1)

in W(M)∗, which yields the identity e = γ(x1) in W1(W(M))∗. �

Definition 2.7.2. Let M∗ be a Dieudonné complex. We will say that M∗ is
strict if it is saturated and the map ρM ∶M∗ → W(M)∗ is an isomorphism. We
let KDstr denote the full subcategory of KD spanned by the strict Dieudonné
complexes.

Proposition 2.7.3. Let M∗ and N∗ be saturated Dieudonné complexes, where
N∗ is strict. Then composition with the map ρM induces a bijection

θ ∶ HomKD(W(M)∗,N∗)→ HomKD(M∗,N∗).

Proof. We first show that θ is injective. Let f ∶W(M)∗ → N∗ be a morphism of
Dieudonné complexes such that θ(f) = f ○ ρM vanishes; we wish to show that f



18 BHARGAV BHATT, JACOB LURIE, AND AKHIL MATHEW

vanishes. For each r ≥ 0, we have a commutative diagram of cochain complexes

M∗
ρM //

��

W(M)∗ f //

��

N∗

��
Wr(M)∗Wr(ρM )

// Wr(W(M))∗ Wr(f)// Wr(N)∗

Since Wr(f) ○Wr(ρM) = Wr(f ○ ρM) vanishes and Wr(ρM) is an isomorphism
(Proposition 2.7.1), we conclude that Wr(f) = 0. It follows that the composite

map W(M)∗ fÐ→ N∗ → Wr(N)∗ vanishes for all r. Invoking the completeness of
N∗, we conclude that f = 0.

We now argue that θ is surjective. Suppose we are given a map of Dieudonné
complexes f0 ∶M∗ → N∗; we wish to show that f0 belongs to the image of θ. We
have a commutative diagram of Dieudonné complexes

M∗
f0 //

ρM
��

N∗

ρN
��

W(M)∗ W(f0)// W(N)∗,

where the right vertical map is an isomorphism (since N∗ is complete). It follows
that f0 = θ(ρ−1

N ○W f0) belongs to the image of θ, as desired. �

Corollary 2.7.4. The inclusion functor KDstr ↪ KDsat admits a left adjoint,
given by the completion functor M∗ ↦W(M)∗.

Notation 2.7.5. Let M∗ be a Dieudonné complex. We let W Sat(M∗) denote
the completion of the saturation Sat(M∗).
Corollary 2.7.6. The inclusion functor KDstr ↪KD admits a left adjoint, given
by the completed saturation functor W Sat ∶ KD→KDstr.

Proof. Combine Corollaries 2.3.2 and 2.8.3. �

Here again there is a form of these results for strict Dieudonné towers, which
we record for future reference.

Proposition 2.7.7. If {X∗
r } ∈ TD and X∗ = lim←ÐX

∗
r ∈ KDsat, then we have a

natural equivalence in TD, {Wr(X)∗} ≃ {X∗
r }.

Proof. For each r, we have the map X∗ → X∗
r , which is clearly compatible with

F,V . We claim that this map induces an isomorphism Wr(X)∗ ≃X∗
r .

We claim first that the kernel of the restriction map X∗
r+k →X∗

r is the span of
the images of V r, dV r ∶ X∗

k → X∗
r+k. We argue by induction on k; for k = 1, it is

part of the assumption. If we have proven it for k − 1, we consider the composite
of surjections X∗

r+k → X∗
r+k−1 → X∗

r . Since V r, dV r generate the kernel of the
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second map by the inductive hypothesis and V r+k−1, dV r+k−1 generate the kernel
of the first map by assumption, we find that V r, dV r generate the kernel of the
composite.

Thus, for each k, we have an exact sequence

X∗
k ⊕X∗−1

k

V r,dV rÐÐÐÐ→X∗
r+k →X∗

r → 0.

The above is an exact sequence of inverse systems (under the restriction maps R)
as k varies. The restriction maps in the first term are all surjective. As a result,
when we take the inverse limit we find an exact sequence

X∗ ⊕X∗−1 V r,dV rÐÐÐÐ→X∗ →X∗
r → 0.

This implies that X∗
r ≃Wr(X)∗, as desired. �

Corollary 2.7.8. The composite functor KDstr ↪ KD → TD sending a strict
Dieudonné complex X∗ to the strict Dieudonné tower {Wr(X)∗}, is an equiva-
lence of categories, whose inverse sends a tower {X∗

r } to X∗ = lim←Ðr
X∗
r .

Proof. Combine Propositions 2.6.11, 2.7.7 and the above analysis. �

2.8. Comparison of M∗ and W(M)∗. In this subsection, we record a few
homological properties of the construction W(⋅): in particular, that it does not
change the mod p quasi-isomorphism type of a saturated Dieudonné complex.

Proposition 2.8.1. Let M∗ be a saturated Dieudonné complex and let W(M)∗
be its completion. Then the tautological map ρM ∶M∗ →W(M)∗ induces a quasi-
isomorphism M∗/prM∗ →W(M)∗/prW(M)∗ for every nonnegative integer r.

Proof. Combine Proposition 2.7.1 with Corollary 2.5.5. �

Corollary 2.8.2. Let M∗ be a saturated Dieudonné complex and let W(M)∗ be
its completion. Then the tautological map ρM ∶ M∗ → W(M)∗ exhibits W(M)∗
as a p-completion of M∗ in the derived category of abelian groups.

Proof. By virtue of Proposition 2.8.1, it will suffice to show that W(M)∗ is a
p-complete object of the derived category. But in fact something stronger is true:
each term in the cochain complex W(M)∗ is a p-complete abelian group, since
W(M)n is given by an inverse limit lim←ÐWr(M)n, where Wr(M)n is annihilated

by pr. �

Corollary 2.8.3. Let M∗ be a saturated Dieudonné complex and let W(M)∗ be
its completion. The following conditions are equivalent:

(1) The tautological map ρM ∶M∗ →W(M)∗ is a quasi-isomorphism.
(2) The underlying cochain complex M∗ is a p-complete object of the derived

category of abelian groups.
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Corollary 2.8.4. Let M∗ be a Dieudonné complex. Suppose that the abelian
group Mk is p-complete and p-torsion free for each k, and that M∗ is of Cartier
type. Then the canonical map u ∶M∗ →W Sat(M∗) is a quasi-isomorphism.

Proof. Note that the domain and codomain of u are cochain complexes of abelian
groups which are p-complete and p-torsion-free. Consequently, to show that u
is a quasi-isomorphism, it will suffice to show that the induced map M∗/pM∗ →
W Sat(M∗)/pW Sat(M∗) is a quasi-isomorphism. This map factors as a compo-
sition

M∗/pM∗ vÐ→ Sat(M∗)/pSat(M∗) v′Ð→W Sat(M∗)/pW Sat(M∗).
The map v is a quasi-isomorphism by virtue of Theorem 2.4.2, and the map v′ is
a quasi-isomorphism by Proposition 2.8.1. �

2.9. Examples.

Example 2.9.1. There is a strict Dieudonné complex X∗ with X0 = Zp, X i = 0
for i ≠ 0, and such that F is the identity. Given Y ∗ ∈ KDstr, HomKD(X∗, Y ∗) is
given by the submodule of Y 0 given by those cycles fixed under F .

Example 2.9.2. Let A be the p-completion of a free Z-module and let ϕ ∶ A ≃ A
be an automorphism. Then there is a strict Dieudonné complex X∗ concentrated
in degree zero with X0 = A and F = ϕ.

Example 2.9.3. We construct the free strict Dieudonné complex X∗ on a gen-
erator x as follows. First, X0 is the set of formal infinite sums ∑n≥0 anF

nx +
∑n>0 bnV

nx with an, bn ∈ Zp and where an → 0 p-adically as n → ∞. Next, X−1

is the set of formal sums ∑n≥0 cnF
ndx +∑n>0 dV

nx where cn, dn ∈ Zp and cn → 0
p-adically as n→∞. The differential on X∗ and the operator F are evident. We
leave it to the reader to verify that X∗ is a strict Dieudonné complex, and that
for any Y ∗ ∈ KDstr, we have HomKD(X∗, Y ∗) = Y 0.

We now give a much more general construction of strict Dieudonné complexes,
which is a special case of the approach taken in Section 6 below.

Example 2.9.4. Let M be an abelian group. Suppose given a surjection g ∶
M ↠M whose kernel is precisely the subgroup M[p] ⊂M consisting of (simple)
p-torsion. Then we will construct a two-term strict Dieudonné complex X∗ as
follows. We build a strict Dieudonné tower {X∗

n} such that:

(1) X0
n = M/pn,X−1

n = M[pn], and the differential d ∶ X−1
n → X0

n is the com-
posite M[pn] ⊂M →M/pn.

(2) The map R ∶ X∗
n → X∗

n−1 is obtained by applying the map g. Note that
the hypotheses on g imply that g carries M[pn] into M[pn−1].

(3) F ∶ X∗
n → X∗

n−1 is given by the quotient map M/pn ↠ M/pn−1 and the
map M[pn]→M[pn−1] given by multiplication by p.
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(4) V ∶ X∗
n−1 → X∗

n is given by the inclusion M[pn−1] → M[pn] and the map
p ∶M/pn−1 →M/pn.

One checks easily that the above gives a strict Dieudonné tower, and taking the
inverse limit yields a strict Dieudonné complex.
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3. Dieudonné Algebras

We next study the multiplicative version, and introduce the theory of Dieudonné
algebras in this section. We show in particular that de Rham complexes of torsion-
free rings equipped with a Frobenius lift give rise to Dieudonné algebras (Propo-
sition 3.2.1) and that operations of saturation and strictifications interact well
with the algebra structure.

3.1. Definitions.

Definition 3.1.1. A Dieudonné algebra is a triple (A∗, d, F ), where (A∗, d) is
a commutative differential graded algebra, F ∶ A∗ → A∗ is an algebra homomor-
phism satisfying the following additional conditions:

(i) The map F satisfies the identity dF (x) = pF (dx) for x ∈ A∗.
(ii) The groups An vanish for n < 0.
(iii) For x ∈ A0, we have Fx ≡ xp (mod p).
Let (A∗, d, F ) and (A′∗, d′, F ′) be Dieudonné algebras. A morphism of Dieudonné

algebras from (A∗, d, F ) to (A′∗, d′, F ′) is a graded ring homomorphism f ∶ A∗ →
A′∗ satisfying d′ ○ f = f ○ d and F ′ ○ f = f ○ F . We let AD denote the category
of whose objects are Dieudonné algebras and whose morphisms are Dieudonné
algebra morphisms.

Remark 3.1.2. In the situation of Definition 3.1.1, we will generally abuse ter-
minology and simply refer to A∗ as a Dieudonné algebra.

Remark 3.1.3. There is an evident forgetful functor AD → KD, which car-
ries a Dieudonné algebra A∗ to its underlying Dieudonné complex (obtained by
neglecting the multiplication on A∗).

Remark 3.1.4. Let A∗ be a commutative differential graded algebra, and sup-
pose that A∗ is p-torsion-free. Let ηpA∗ ⊆ A∗[p−1] denote the subcomplex intro-
duced in Remark 2.2.2. Then ηpA∗ is closed under multiplication, and therefore
inherits the structure of a commutative differential graded algebra. Moreover,
the dictionary of Remark 2.2.2 establishes a bijection between the following data:

● Maps of differential graded algebras α ∶ A∗ → ηpA∗

● Graded ring homomorphisms F ∶ A∗ → A∗ satisfying d ○ F = p(F ○ d).

Remark 3.1.5. Let (A∗, d, F ) be a Dieudonné algebra, and suppose that A∗ is
p-torsion-free. Then we can regard ηpA∗ as a subalgebra of A∗, which is closed
under the action of F . We claim that (ηpA∗, d∣ηpA∗ , F ∣ηpA∗) is also a Dieudonné
algebra. The only nontrivial point is to check condition (iii) of Definition 3.1.1.
Suppose we are given an element x ∈ (ηpA)0: that is, an element x ∈ A0 such that
dx = py for some y ∈ A1. Since A∗ satisfies condition (iii) of Definition 3.1.1, we
can write Fx = xp + pz for some element z ∈ A0. We wish to show that z also
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belongs to (ηpA)0: that is, dz ∈ pA1. This follows from the calculation

p(dz) = d(pz) = d(Fx − xp) = pF (dx) − pxp−1dx = p2F (y) − p2xp−1y,

since A1 is p-torsion-free.

Example 3.1.6. Let R be a commutative Fp-algebra and let W (R) denote the
ring of Witt vectors of R, regarded as a commutative differential graded algebra
which is concentrated in degree zero. Then the Witt vector Frobenius F ∶W (R)→
W (R) exhibits W (R) as a Dieudonné algebra, in the sense of Definition 3.1.1.
The Dieudonné algebra W (R) is saturated if and only if the Fp-algebra R is
perfect; if this condition is satisfied, then W (R) is also strict.

3.2. Example: de Rham Complexes.

Proposition 3.2.1. Let R be a commutative ring which is p-torsion-free, and let
ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p). Then there is
a unique ring homomorphism F ∶ Ω∗

R → Ω∗
R with the following properties:

(1) For each element x ∈ R = Ω0
R, we have F (x) = ϕ(x).

(2) For each element x ∈ R, we have F (dx) = xp−1dx + d(ϕ(x)−x
p

p )
Moreover, the triple (Ω∗

R, d, F ) is a Dieudonné algebra.

Remark 3.2.2. In the situation of Proposition 3.2.1, suppose that the de Rham
complex Ω∗

R is p-torsion-free, and regard ηpΩ∗
R as a (differential graded) subalge-

bra of Ω∗
R. The ring homomorphism ϕ extends uniquely to a map of commutative

differential graded algebras α ∶ Ω∗
R → Ω∗

R. The calculation

α(dx) = dα(x) = dϕ(x) ≡ dxp = pxp−1dx ≡ 0 (mod p)
shows that α carries Ωn

R into pnΩn
R, and can therefore be regarded as a map of

differential graded algebras. Ω∗
R → ηpΩ∗

R. Applying Remark 3.1.4, we see that
there is a unique ring homomorphism F ∶ Ω∗

R → Ω∗
R which satisfies condition (1)

of Proposition 3.2.1 and endows Ω∗
R with the structure of a Dieudonné algebra.

Moreover, the map F automatically satisfies condition (2) of Proposition 3.2.1:
this follows from the calculation

pF (dx) = d(Fx)
= d(ϕ(x))

= d(xp + pϕ(x) − x
p

p
)

= p(xp−1dx + dϕ(x) − x
p

p
).

Proof of Proposition 3.2.1. The uniqueness of the homomorphism F is clear, since
the de Rham complex Ω∗

R is generated (as a graded ring) by elements of the form
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x and dx, where x ∈ R. We now prove existence. Define θ ∶ R → R by the formula

θ(x) = ϕ(x)−xp

p . A simple calculation then gives

θ(x + y) = θ(x) + θ(y) − ∑
0<i<p

(p − 1)!
i!(p − i)!x

iyp−i(9)

θ(xy) = ϕ(x)θ(y) + θ(x)ϕ(y) − pθ(x)θ(y).(10)

Consider the map ρ ∶ R → Ω1R given by the formula ρ(x) = xp−1dx + dθ(x). We
first claim that ρ is a group homomorphism. This follows from the calculation

ρ(x + y) = (x + y)p−1d(x + y) + dθ(x + y)

= (x + y)p−1d(x + y) + dθ(x) + dθ(y) − d( ∑
0<i<p

(p − 1)!
i!(p − i)!x

iyp−i)

= ρ(x) + ρ(y) + ((x + y)p−1 − xp−1 − ∑
0<i<p

(p − 1)!
(i − 1)!(p − i)!x

i−1yp−i)dx

+((x + y)p−1 − yp−1 − ∑
0<i<p

(p − 1)!
i!(p − i − 1)!x

iyp−i−1)dy

= ρ(x) + ρ(y).
We next claim that ρ is a ϕ-linear derivation from R into Ω1

R: that is, it satisfies
the identity ρ(xy) = ϕ(y)ρ(x) + ϕ(x)ρ(y). This follows from the calculation

ρ(xy) = (xy)p−1d(xy) + dθ(xy)
= (xy)p−1d(xy) + d(ϕ(x)θ(y) + θ(x)ϕ(y) − pθ(x)θ(y))
= (xp−1ypdx + θ(y)dϕ(x) + ϕ(y)dθ(x) − pθ(y)dθ(x))

+(xpyp−1dy + ϕ(x)dθ(y) + θ(x)dϕ(y) − pθ(x)dθ(y))
= ((yp + pθ(y))xp−1dx + ϕ(y)dθ(x)) + ((xp + pθ(x))yp−1dy + ϕ(x)dθ(y))
= ϕ(y)(xp−1dx + dθ(x)) + ϕ(x)(yp−1dy + dθ(y))
= ϕ(y)ρ(x) + ϕ(x)ρ(y).

Invoking the universal property of the module of Kähler differentials Ω1
R, we

deduce that there is a unique ϕ-semilinear map F ∶ Ω1
R → Ω1

R satisfying F (dx) =
λ(x) for x ∈ R. For every element ω ∈ Ω1

R, we have F (ω)2 = 0 in Ω∗
R (since F (ω)

is a 1-form), so F extends to a ring homomorphism Ω∗
R → Ω∗

R satisfying (1) and
(2).

To complete the proof, it will suffice to show that F endows Ω∗
R with the

structure of a Dieudonné algebra. It follows (1) that F (x) ≡ xp (mod p) for
x ∈ Ω0

R. It will therefore suffice to show that d ○ F = p(F ○ d). Let A ⊆ Ω∗
R be the

subset consisting of those elements ω which satisfy dF (ω) = pF (dω). It is clear
that A is a graded subgroup of Ω∗

R. Moreover, A is closed under multiplication:
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if ω ∈ Ωm
R and ω′ ∈ Ωn

R belong to A, then we compute

dF (ω ∧ ω′) = d(F (ω) ∧ F (ω′))
= ((dFω) ∧ Fω′) + (−1)m(Fω ∧ (dFω′))
= p((Fdω) ∧ Fω′) + (−1)m(Fω ∧ (Fdω′))
= pF (dω ∧ ω′ + (−1)mω ∧ dω′)
= pFd(ω ∧ ω′).

Consequently, to show that A = Ω∗
R, it will suffice to show that A contains x and

dx for each x ∈ R. The inclusion dx ∈ A is clear (note that Fddx = 0 = dF (dx),
since F (x) = xp−1dx+dθ(x)) is a closed 1-form). The inclusion x ∈ A follows from
the calculation

dFx = dϕ(x)
= d(xp + pθ(x))
= pxp−1dx + pdθ(x)
= p(xp−1dx + dθ(x))
= pF (dx).

�

The Dieudonné algebra of Proposition 3.2.1 enjoys the following universal prop-
erty:

Proposition 3.2.3. Let R be a commutative ring which is p-torsion-free, let
ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p), and regard
the de Rham complex Ω∗

R as equipped with the Dieudonné algebra structure of
Proposition 3.2.1. Let A∗ be another Dieudonné algebra which is p-torsion-free.
Then the restriction map

HomAD(Ω∗
R,A

∗)→ Hom(R,A0)

is injective, and its image consists of those ring homomorphisms f ∶ R → A0

satisfying f(ϕ(x)) = F (f(x)) for x ∈ R.

Proof. Let f ∶ R → A0 be a ring homomorphism. Invoking the universal property
of the de Rham complex Ω∗

R, we see that f extends uniquely to a homomorphism

of differential graded algebras f ∶ Ω∗
R → A∗. To complete the proof, it will suffice

to show that f is a map of Dieudonné algebras if and only if f satisfies the
identity f(ϕ(x)) = F (f(x)) for each x ∈ R. The “only if” direction is trivial.
Conversely, suppose that f(ϕ(x)) = F (f(x)) for x ∈ R; we wish to show that
f(Fω) = Ff(ω) for each ω ∈ Ω∗

R. The collection of those elements ω ∈ Ω∗
R which

satisfy this identity span a subring of Ω∗
R. Consequently, we may assume without
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loss of generality that ω = x or ω = dx, for some x ∈ R. In the first case, the
desired result follows from our assumption. To handle the second, we compute

pf(Fdx) = pf(xp−1dx + dϕ(x) − x
p

p
)

= f(pxp−1dx + d(ϕ(x) − xp))
= f(dϕ(x))
= df(ϕ(x))
= dFf(x)
= pFd(f(x)).

Since A1 is p-torsion-free, it follows that f(Fdx) = Fdf(x), as desired. �

Remark 3.2.4. Although we will not use this in the sequel, we observe that the
above results can be generalized to the case where R has p-torsion. We sketch
the details in the remainder of this subsection, which can be skipped without loss
of continuity.

Recall first the notion of a λp-ring or θ-algebra. This is a p-typical notion of a
λ-ring introduced by Joyal [17]. The theory of λp-rings is also developed using the
language of plethories in [8]. A λp-ring is a commutative ring R equipped with a
function θ ∶ R → R satisfying the equations (9), (10), with ϕ ∶ R → R defined as
ϕ(x) = xp + pθ(x). In other words, ϕ ∶ R → R is a ring homomorphism which is
congruent modulo p to the Frobenius. However, we require a “witness” θ of the
Frobenius congruence, which satisfies all the relations it needs to for ϕ to be a
ring homomorphism that one can obtain by “dividing by p.” Crucially, when R
is p-torsion-free, a λp-ring is precisely a commutative ring with an endomorphism
ϕ which lifts the Frobenius mod p; this is a p-typical version of the Wilkerson
criterion [29] for λ-rings. The free λp-ring on one generator is given by S =
Z[x, θ(x), θ2(x), . . . ], and the free λp-ring on a set of generators is a tensor product
of copies of S.

Definition 3.2.5. A λp-cdga is the datum of:

(1) A commutative, differential graded algebra (X∗, d) such that X i = 0 for
i < 0.

(2) A self-map F ∶ X∗ → X∗ of graded commutative rings such that F such
that dF = pFd, i.e., F equips (X∗, d) with the structure of a Dieudonné
complex.

(3) The structure of a λp-ring on X0 such that F (x) = ϕ(x) = xp + pθ(x) for
x ∈X0.

(4) The relation Fdx = xp−1dx + dθ(x) holds for any x ∈ X0. Note that this
relation is automatic if X1 is p-torsion-free, since it holds after multiplying
by p.
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Note that a λp-cdga is a special type of Dieudonné algebra; a λp-cdga always
defines a Dieudonné algebra, and a Dieudonné algebra with p-torsion free terms
yields a λp-cdga.

Proposition 3.2.6. Let R be a λp-ring. Then the de Rham complex Ω∗
R of R is

naturally a λp-cdga extending the λp-structure on R. Moreover, for any λp-cdga
X∗ we have a canonical bijection

{λp − cdga maps Ω∗
R →X∗} ≃ {λp − ring maps R →X0} .

In other words, the construction R ↦ Ω∗
R is the left adjoint of the forgetful functor

X∗ ↦X0 from λp-cdgas to λp-rings.

Proof. When R,Ω1
R and X∗ are p-torsion-free, this is precisely Proposition 3.2.3.

In general, suppose first that R,Ω1
R are p-torsion-free but do not assume any

condition on X∗. Then, given a map of λp-rings f ∶ R → X0, we obtain first a

map of commutative differential graded algebras f ∶ Ω∗
R →X∗, using the universal

property of the de Rham complex. It remains to check that f is a map of λp-cdgas,

i.e., that it commutes with F and with θ in degree zero. Clearly f commutes
with θ, since f does. Moreover, F is an algebra map, so (as before) it suffices to

see that f(Fdx) = Ff(dx), x ∈ R. This follows from the assumptions.
Finally, the case of a general λp-ring reduces to the case where {R,Ω1

R} are
p-torsion-free as follows: the category of λp-rings is generated under reflexive
coequalizers by the free algebras. Given any λp-ring R, we can write R as a
reflexive coequalizer of R2 ⇉ R1, where R2,R1 are free on sets of generators.
Thus R1,R2,Ω1

R1
,Ω1

R2
are p-torsion-free. Thus Ω∗

R1
,Ω∗

R2
are λp-cdgas with the

desired universal property. Taking reflexive coequalizers in λp-cdgas (which are
computed at the level of graded abelian groups), we find that Ω∗

R acquires the
structure of a λp-cdga with the desired universal property. �

3.3. The Cartier Isomorphism. We will need a variant of Proposition 3.2.1
for completed de Rham complexes.

Variant 3.3.1 (Completed de Rham Complexes). Let R be a commutative ring.

We let Ω̂∗
R denote the inverse limit

lim←Ð
n

Ω∗
R/pnΩ∗

R ≃ lim←Ð
n

Ω∗
R/pnR.

We will refer to Ω̂∗
R as the completed de Rham complex of R. Note that there

is a unique multiplication on Ω̂∗
R for which the tautological map Ω∗

R → Ω̂∗
R is a

morphism of differential graded algebras.
Now suppose that R is p-torsion-free, and that we are given a ring homo-

morphism ϕ ∶ R → R satisfying ϕ(x) ≡ xp (mod p). Then the homomorphism

F ∶ Ω∗
R → Ω∗

R of Proposition 3.2.1 induces a map Ω̂∗
R → Ω̂∗

R, which we will also
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denote by F , which endows Ω̂∗
R with the structure of a Dieudonné algebra. More-

over, this Dieudonné algebra enjoys the following universal property: if A∗ is
any Dieudonné algebra which is p-adically complete and p-torsion-free, then the
restriction map

HomAD(Ω̂∗
R,A

∗)→ Hom(R,A0)
is an injection, whose image is the collection of ring homomorphisms f ∶ R → A0

satisfying f ○ ϕ = F ○ f . This follows immediately from Proposition 3.2.3.

Remark 3.3.2. Let R be a commutative ring. Then the quotient Ω̂∗
R/pnΩ̂∗

R can
be identified with the de Rham complex Ω∗

R/pnR
.

Remark 3.3.3. Let R be a commutative ring which is p-torsion-free. Suppose
that there exists a perfect Fp-algebra k such that R/p is a smooth k-algebra.
Then each R/pnR is also a smooth Wn(k)-algebra, and our assumption that k

is perfect guarantees that the quotient Ω̂∗
R/pnΩ̂∗

R can be identified with the de

Rham complex of R/pnR relative to Wn(k). It follows that each Ω̂i
R/pnΩ̂i

R is a
projective R/pnR-module of finite rank, and that the transition maps

(Ω̂i
R/pnΩ̂i

R)⊗Z/pnZ (Z/pn−1Z)→ (Ω̂i
R/pn−1Ω̂i

R)
are isomorphisms. In this case, we conclude that each Ω̂i

R is a projective module of

finite rank over the completion R̂ = lim←ÐR/pnR. In particular, Ω̂∗
R is p-torsion-free.

Remark 3.3.4. Let R be a commutative ring which is p-torsion-free, let ϕ ∶ R →
R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p), and regard Ω̂∗

R as a

Dieudonné algebra as in Variant 3.3.1. Then the Frobenius map F ∶ Ω̂∗
R → Ω̂∗

R

induces a map of graded rings

Cart ∶ Ω∗
R/p ≃ Ω̂∗

R/pΩ̂∗
R → H∗(Ω̂∗

R/pΩ̂∗
R) ≃ H∗(Ω∗

R/p).
Using the formulae of Proposition 3.2.1, we see that this map is given concretely
by the formula

Cart(x0dx1 ∧⋯dxn) = [xp0(x
p−1
1 dx1) ∧⋯ ∧ (xp−1

n dxn)],
where [ω] denotes the cohomology class represented by a cocycle ω. In particular,
this formula shows that Cart is independent of the choice of ϕ.

We will need the following result. Compare [19, Th. 7.2] for a treatment.

Theorem 3.3.5 (Cartier Isomorphism). Let R be a commutative ring which is
p-torsion-free and let ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp
(mod p). Suppose that there exists a perfect Fp-algebra k such that R/p is a
smooth algebra over k. Then the map Cart ∶ Ω∗

R/p
→ H∗(Ω∗

R/p
) is an isomor-

phism. That is, the Dieudonné complex Ω̂∗
R is of Cartier type in the sense of

Definition 2.4.1.
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Corollary 3.3.6. Let R be a commutative ring which is p-torsion-free and let
ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p). Suppose that
there exists a perfect Fp-algebra k such that R/p is a smooth algebra over k. Then

the canonical map Ω̂∗
R →W Sat(Ω̂∗

R) is a quasi-isomorphism of chain complexes.

Proof. Combine Theorem 3.3.5 with Corollary 2.8.4. �

3.4. Saturation of Dieudonné Algebras.

Definition 3.4.1. Let A∗ be a Dieudonné algebra. We will say that A∗ is sat-
urated if it is saturated when regarded as a Dieudonné complex: that is, if it is
p-torsion-free and the map F ∶ A∗ → {x ∈ A∗ ∶ dx ∈ pA∗} is a bijection. We let
ADsat denote the full subcategory of AD spanned by the saturated Dieudonné
algebras.

In the setting of saturated Dieudonné algebras, axiom (iii) of Definition 3.1.1
can be slightly weakened:

Proposition 3.4.2. Let A∗ be a saturated Dieudonné complex satisfying A∗ =
0 for ∗ < 0. Suppose that A∗ is equipped with the structure of a commutative
differential graded algebra for which the Frobenius map F ∶ A∗ → A∗ is a ring
homomorphism. The following conditions are equivalent:

(a) The complex A∗ is a Dieudonné algebra: that is, each element x ∈ A0

satisfies Fx ≡ xp (mod p).
(b) Each element x ∈ A0 satisfies Fx ≡ xp (mod V A0).

Proof. The implication (a)⇒ (b) is obvious. For the converse, suppose that (b)
is satisfied and let x ∈ A0. Then we can write Fx = xp + V y for some y ∈ A0.
Applying the differential d, we obtain d(V y) = d(Fx − xp) = p(F (dx) − xp−1dx) ∈
pA1. Invoking Lemma 2.6.5, we can write y = Fz for some z ∈ A0, so that
Fx = xp + V y = xp + V Fz = xp + pz ≡ xp (mod p). �

Let f ∶ A∗ → B∗ be a morphism of Dieudonné algebras. We will say that
f exhibits B∗ as a saturation of A∗ if B∗ is saturated and, for every saturated
Dieudonné algebra C∗, composition with f induces a bijection

HomAD(B∗,C∗)→ HomAD(A∗,C∗).
Proposition 3.4.3. Let A∗ be a Dieudonné algebra. Then there exists a map
of Dieudonné algebras f ∶ A∗ → B∗ which exhibits B∗ as a saturation of A∗.
Moreover, f induces an isomorphism of Dieudonné complexes Sat(A∗) → B∗,
where Sat(A∗) is the saturation of §2.3.

Remark 3.4.4. We can summarize Proposition 3.4.3 more informally as follows:
if A∗ is a Dieudonné algebra and Sat(A∗) is the saturation of A∗ in the category
Dieudonné complexes, then Sat(A∗) inherits the structure of a Dieudonné algebra,
and is also a saturation of A∗ in the category of Dieudonné algebras.
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Proof of Proposition 3.4.3. Replacing A∗ by the quotient A∗/A∗[p∞], we can re-
duce to the case where A∗ is p-torsion-free. In this case, the Frobenius on A
determines a map of Dieudonné algebras αF ∶ A∗ → (ηpA)∗ (Remark 3.1.5), and
A∗ is saturated if and only if αF is an isomorphism. The saturation of A can
then be computed as the direct limit of the sequence

A∗ αFÐ→ (ηpA)∗ ηp(αF )ÐÐÐ→ (ηpηpA)∗ ηp(ηp(αF ))ÐÐÐÐÐÐ→ (ηpηpηpA)∗ → ⋯,
which also computes the saturation of A∗ as a Dieudonné complex. �

3.5. Completions of Dieudonné Algebras.

Proposition 3.5.1. Let A∗ be a saturated Dieudonné algebra, and let V ∶ A∗ →
A∗ be the Verschiebung map of Remark 2.2.3. Then:

(i) The map V satisfies the projection formula xV (y) = V (F (x)y).
(ii) For each r ≥ 0, the sum im(V r) + im(dV r) ⊆ A∗ is a (differential graded)

ideal.

Proof. We first prove (i). Given x, y ∈ A∗, we compute

F (xV (y)) = F (x)F (V (y)) = pF (x)y = F (V (F (x)y).
Since the map F is injective, we conclude that xV (y) = V (F (x)y).

We now prove (ii). Let x be an element of A∗; we wish to show that multipli-
cation by x carries im(V r) + im(dV r) into itself. This follows from the identities

xV r(y) = V r(F r(x)y)
±xd(V ry) = d(xV r(y)) − (dx)V r(y) = dV r(F r(x)y) − V r(F r(dx)y).

�

Corollary 3.5.2. Let A∗ be a saturated Dieudonné algebra. For each r ≥ 0, there
is a unique ring structure on the quotient Wr(A)∗ for which the projection map
A∗ → Wr(A)∗ is a ring homomorphism. Moreover, this ring structure exhibits
Wr(A)∗ as a commutative differential graded algebra.

Remark 3.5.3. Let A∗ be a saturated Dieudonné algebra. Since A−1 = 0, we
have Wr(A)0 = A0/V rA0. In particular, we have W1(A)0 = A0/V A0.

Construction 3.5.4. Let A∗ be a saturated Dieudonné algebra. We let W(A)∗
denote the completion of A∗ as a (saturated) Dieudonné complex, given by the
inverse limit of the tower

⋯→W3(A)∗ →W2(A)∗ →W1(A)∗ →W0(A)∗ ≃ 0.

Since each Wn(A)∗ has the structure of a commutative differential graded alge-
bra, the inverse limit W(A)∗ inherits the structure of a commutative differential
graded algebra.
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Proposition 3.5.5. Let A∗ be a saturated Dieudonné algebra. Then the comple-
tion W(A)∗ is also a saturated Dieudonné algebra.

Proof. It follows from Proposition 2.6.4 that W(A)∗ is a saturated Dieudonné
complex. Moreover, the Frobenius map F ∶W(A)∗ →W(A)∗ is an inverse limit
of the maps F ∶Wr(A)∗ →Wr−1(A)∗ appearing in Remark 2.6.1), each of which
is a ring homomorphism (since the Frobenius on A∗ is a ring homomorphism).
It follows that F ∶ W(A)∗ → W(A)∗ is a ring homomorphism. The vanishing
of W(A)∗ for ∗ < 0 follows immediately from the analogous property of A∗.
To complete the proof, it will suffice to show that each element x ∈ W(A)0

satisfies Fx ≡ xp (mod V W(A)0) (Proposition 3.4.2). In other words, we must
show that F induces the usual Frobenius map on the Fp-algebra W1(W(A)0) =
W(A)0/V W(A)0. This follows from the analogous property for A∗, since the
tautological mapW1(A)∗ →W1(W(A))∗ is an isomorphism by Proposition 2.7.1.

�

Let A∗ be a saturated Dieudonné algebra. Then the tautological map ρA ∶
A∗ →W(A)∗ of §2.7 is a map of (saturated) Dieudonné algebras.

Definition 3.5.6. Let A∗ be a saturated Dieudonné algebra. We will say that A∗

is strict if the map ρA ∶ A∗ →W(A)∗ is an isomorphism of Dieudonné algebras. We
let ADstr denote the full subcategory of ADsat spanned by the strict Dieudonné
algebras.

Remark 3.5.7. A saturated Dieudonné algebra A∗ is complete if it is complete
when regarded as a saturated Dieudonné complex.

We have the following nonlinear version of Proposition 2.7.3:

Proposition 3.5.8. Let A∗ and B∗ be saturated Dieudonné algebras, where B∗

is strict. Then composition with the map ρA induces a bijection

θ ∶ HomAD(W(A)∗,B∗)→ HomAD(A∗,B∗).
Proof. By virtue of Proposition 2.7.3, it will suffice to show that if f ∶W(A)∗ →
B∗ is a map of Dieudonné complexes for which f ○ ρA is a ring homomorphism,
then f is a ring homomorphism. Since B∗ is complete, it will suffice to show that
each of the composite maps W(A)∗ → B∗ → Wr(B)∗ is a ring homomorphism.
This follows by inspecting the commutative diagram

A∗
ρA //

��

W(A)∗ f //

��

B∗

��
Wr(A)∗ β // Wr(W(A))∗ // Wr(B)∗,

since the map β bijective (Proposition 2.7.1). �
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Corollary 3.5.9. The inclusion functor ADstr ↪ ADsat admits a left adjoint,
given by the formation of completions A∗ →W(A)∗.

Corollary 3.5.10. The inclusion functor ADstr ↪ AD admits a left adjoint,
given by the completed saturation functor W Sat ∶ AD→ADstr.

Proof. Combine Proposition 3.4.3 with Corollary 3.5.9. �

3.6. Comparison with Witt Vectors.

Lemma 3.6.1. Let A∗ be a saturated Dieudonné algebra. Then the quotient
R = A0/V A0 is a reduced Fp-algebra.

Proof. It follows from Remark 3.5.3 that V A0 is an ideal in A0, so that we can
regard R as a commutative ring. Note that the ideal V A0 contains V (1) =
V (F (1)) = p, so that R is an Fp-algebra. To show that R is reduced, it will suffice
to show that if x is an element of R satisfying xp = 0, then x = 0. Choose an
element x ∈ A0 representing x. The condition xp = 0 implies that xp ∈ V A0, so that
F (x) ≡ xp (mod p) also belongs to V A0. We can therefore write Fx = V y for some
y ∈ A0. Applying the differential d, we obtain d(V y) = d(Fx) = pF (dx) ∈ pA1.
Invoking Lemma 2.6.5, we can write y = Fz for some element z ∈ A0. Then
Fx = V Fz = FV z, so that x = V z ∈ V A0 and therefore x = 0, as desired. �

Proposition 3.6.2. Let A∗ be a strict Dieudonné algebra and let R = A0/V A0.
Then there is a unique ring isomorphism u ∶ A0 → W (R) with the following
properties:

(i) The diagram

A0 u //

��

W (R)

��
A0/V A0 id // R

commutes (where the vertical maps are the natural projections).
(ii) The diagram

A0

F

��

u // W (R)
F
��

A0 u // W (R)
commutes (where the right vertical map is the Witt vector Frobenius).

Proof. Since the ring R is reduced (Lemma 3.6.1), the ring of Witt vectors W (R)
is p-torsion free as it embeds inside W (Rperf) where Rperf denotes the perfection
limÐ→x↦xp

R. Applying the universal property of W (R) [17], we deduce that there

exists a unique ring homomorphism u ∶ A0 →W (R) which satisfies conditions (i)
and (ii). To complete the proof, it will suffice to show that u is an isomorphism.
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We first note that u satisfies the identity u(V x) = V u(x) for each x ∈ A0 (where
the second V denotes the usual Witt vector Verschiebung). To prove this, we
begin with the identity

F (u(V x)) = u(FV x) = u(px) = pu(x) = FV u(x)
and then invoke the fact that the Frobenius map F ∶W (R) →W (R) is injective
(by virtue of the fact that R is reduced). It follows that u carries Wr(A)0 into
V rW (R), and therefore induces a ring homomorphism ur ∶ A0/Wr(A)0 →Wr(R)
for every nonnegative integer r. Since A∗ is complete, we can identify u with
the inverse limit of the tower of maps {ur}r≥0. Consequently, to show that u is
an isomorphism, it will suffice to show that each ur is an isomorphism. We now
proceed by induction on r, the case r = 0 being vacuous. We have a commutative
diagram of short exact sequences

0 // A0/V A0 V r−1
//

u1

��

A0/V rA0 //

ur
��

A0/V r−1A0

ur−1

��

// 0

0 // R
V r−1

// Wr(R) // Wr−1(R) // 0

where u1 is the identity map from A0/V A0 = R to itself, and ur−1 is an isomor-
phism by the inductive hypothesis. It follows that ur is also an isomorphism, as
desired. �

Combining Proposition 3.6.2 with the universal property of the Witt vectors
W (R), we obtain the following result:

Corollary 3.6.3. Let B be a commutative ring which is p-torsion-free, and let
ϕ ∶ B → B be a ring homomorphism satisfying ϕ(b) ≡ bp (mod p) for each b ∈ B.
Let A∗ be a strict Dieudonné algebra. Then every ring homomorphism f0 ∶ B →
A0/V A0 admits an essentially unique lift to a ring homomorphism f ∶ B → A0

which satisfies f ○ ϕ = F ○ f .

We will need a slight variation on Corollary 3.6.3.

Proposition 3.6.4. Let A∗ be a strict Dieudonné algebra and let R be a com-
mutative Fp-algebra. For every ring homomorphism f0 ∶ R → A0/V A0, there is
a unique ring homomorphism f ∶ W (R) → A0 satisfying the following pair of
conditions:

(i) The diagram

W (R) f //

��

A0

��
R

f0 // A0/V A0

commutes (where the vertical maps are the natural projections).
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(ii) The diagram

W (R)
F
��

f // A0

F
��

W (R) f // A0

commutes (where the left vertical map is the Witt vector Frobenius).

Remark 3.6.5. In the special case where R is reduced, the ring of Witt vectors
W (R) is p-torsion-free, so that Proposition 3.6.4 follows from Corollary 3.6.3.

In the situation of Proposition 3.6.4, we can apply Proposition 3.6.2 to identify
A0 with the ring of Witt vectors W (A0/V A0). Consequently, the existence of the
map f ∶W (R)→ A0 is clear: we simply apply the Witt vector functor to the ring
homomorphism f0 ∶ R → A0/V A0. The uniqueness of f is a consequence of the
following elementary assertion:

Lemma 3.6.6. Let f ∶ R → R′ be a homomorphism of commutative Fp-algebras,
and let g ∶W (R)→W (R′) be a ring homomorphism. Suppose that the diagrams

W (R) g //

��

W (R′)

��

W (R) g //

F
��

W (R′)
F
��

R
f // R′ W (R) g // W (R′)

commute. If R′ is reduced, then g =W (f) coincides with the map determined by
f (and the functoriality of the construction A↦W (A)).

Proof. For each element a ∈ R, let [a] ∈W (R) denote its Teichmüller representa-
tive, and define [b] ∈W (R′) for b ∈ R′ similarly. We first claim that g commutes
is compatible with the formation of Teichmüller representatives: that is, we have
g([a]) = [f(a)] for each a ∈ R. For this, it will suffice to show that g([a]) ≡ [f(a)]
(mod V r) for each r ≥ 0. We proceed by induction on r. The case r = 1 follows
from our compatibility assumption concerning f and g. To carry out the induc-
tive step, let us assume that we have an identity of the form g([a]) = [f(a)]+V rb
for some x ∈W (R′). We then compute

Fg([a]) = g(F [a])
= g([a]p)
= g([a])p

= ([f(a)] + V rb)p

≡ [f(a)]p (mod pV r)
≡ F [f(a)] (mod FV r+1).
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Since R′ is reduced, the Frobenius map F ∶ W (R′) → W (R′) is injective, so we
deduce that g([a]) ≡ [f(a)] (mod V r+1), thereby completing the induction.

For each x ∈W (R), we have the identity

F (g(V x)) = g(FV x) = g(px) = pg(x) = FV g(x).
Using the injectivity of F again, we conclude that g(V x) = V g(x): that is, the
map g commutes with Verschiebung.

Combining these observations, we see that for any element x ∈ W (R) with
Teichmüller expansion ∑n≥0 V

n[an], we have a congruence

g(x) ≡ g([a0] + V [a1] +⋯ + V n[an]) (mod V n+1)
≡ g([a0]) + V g([a1]) +⋯ + V ng([an]) (mod V n+1)
≡ [f(a0)] + V [f(a1)] +⋯ + V n[f(an)] (mod V n+1)
≡ W (f)(x) (mod V n+1.)

Allowing n to vary, we deduce that g(x) =W (f)(x), as desired. �
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4. The de Rham-Witt Complex

In this section, we introduce the de Rham-Witt complex of an Fp-algebra
(Definition 4.1.1) as the strict Dieudonné algebra satisfying a particular universal
property analogous to that of the de Rham complex. An essential result (Theo-
rem 4.2.3) shows that this is quasi-isomorphic to the completed de Rham complex
of a lift in case the algebra is smooth over a perfect ring. In Theorem 4.4.12, we
show that the de Rham-Witt complex agrees (in the regular case) with the clas-
sical de Rham-Witt complex constructed in [15].

4.1. Construction.

Definition 4.1.1. Let A∗ be a strict Dieudonné algebra and suppose we are given
an Fp-algebra homomorphism f ∶ R → A0/V A0. We will say that f exhibits A∗

as a de Rham-Witt complex of R if it satisfies the following universal property:
for every strict Dieudonné algebra B∗, composition with f induces a bijection

HomAD(A∗,B∗)→ Hom(R,B0/V B0).
Notation 4.1.2. Let R be an Fp-algebra. It follows immediately from the defini-
tions that if there exists a strict Dieudonné algebra A∗ and a map f ∶ R → A0/V A0

which exhibits A∗ as a de Rham-Witt complex of R, then A∗ (and the map f)
are determined up to unique isomorphism. We will indicate this dependence by
writing A∗ as W Ω∗

R, and referring to A∗ as the de Rham-Witt complex of R.

Warning 4.1.3. The de Rham Witt complexW Ω∗
R of Notation 4.1.2 is generally

not the same as the de Rham-Witt complex defined in [15] (though they agree for
a large class of Fp-algebras: see Theorem 4.4.12). For example, it follows from
Lemma 3.6.1 that our de Rham-Witt complexW Ω∗

R is the same as the de Rham-
Witt complex W Ω∗

Rred , where Rred denotes the quotient of R by its nilradical.
The de Rham-Witt complex of Deligne and Illusie does not have this property.
In fact, with a bit more work, one can also find reduced rings R where the two
complexes differ (Remark 7.1.2).

For existence, we have the following:

Proposition 4.1.4. Let R be an Fp-algebra. Then there exists strict Dieudonné
algebra A∗ and a map f ∶ R → A0/V A0 which exhibits A∗ as a de Rham-Witt
complex of R.

Proof. By virtue of Lemma 3.6.1, we may assume without loss of generality
that R is reduced. Let W (R) denote the ring of Witt vectors of R, and let
ϕ ∶ W (R) → W (R) be the Witt vector Frobenius. Since R is reduced, W (R)
is p-torsion-free. Proposition 3.2.1 now equips the de Rham complex Ω∗

W (R)

with the structure of a Dieudonné algebra. Let A∗ be the completed satura-
tion W Sat(Ω∗

W (R)
). Combining the universal properties descibed in Proposition
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3.5.8, Proposition 3.4.3, Proposition 3.2.3, and Proposition 3.6.4, we see that for
every strict Dieudonné algebra B∗, we have natural bijections

HomADstr(A∗,B∗) ≃ HomADsat(Sat(Ω∗
W (R)

,B∗)
≃ HomAD(Ω∗

W (R)
,B∗)

≃ HomF (W (R),B)
≃ Hom(R,B0/V B0);

here HomF (W (R),B) denotes the set of ring homomorphisms from f ∶W (R)→
B satisfying f ○ ϕ = F ○ f . Taking B∗ = A∗, the image of the identity map idA∗
under the composite bijection determines a ring homomorphism R → A0/V A0

with the desired property. �

Let CAlgFp denote the category of commutative Fp-algebras. Then the con-

struction A∗ ↦ A0/V A0 determines a functor ADstr → CAlgFp .

Corollary 4.1.5. The functor A∗ ↦ A0/V A0 described above admits a left adjoint
W Ω∗ ∶ CAlgFp → ADstr, given by the formation of de Rham-Witt complexes

R ↦W Ω∗
R.

Notation 4.1.6. Let R be an Fp-algebra. For each r ≥ 0, we let Wr Ω∗
R denote

the quotient W Ω∗
R /(im(V r)+ im(dV r)). By construction, we have a tautological

map e ∶ R →W1 Ω∗
R.

4.2. Comparison with a Smooth Lift.

Proposition 4.2.1. Let R be a commutative ring which is p-torsion-free, and let
ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p) for x ∈ R. Let

Ω̂∗
R be the completed de Rham complex of Variant 3.3.1, and let A∗ be a strict

Dieudonné algebra. Then the evident restriction map

HomAD(Ω̂∗
R,A

∗)→ Hom(R,A0/V A0)

is bijective. In other words, every ring homomorphism R → A0/V A0 can be lifted

uniquely to a map of Dieudonné algebras Ω̂∗
R → A∗.

Proof. Combine the universal properties of Variant 3.3.1 and Corollary 3.6.3 (not-
ing that if A∗ is a strict Dieudonné algebra, then each of the abelian groups An

is p-adically complete). �

Corollary 4.2.2. Let R be a commutative ring which is p-torsion-free, and let
ϕ ∶ R → R be a ring homomorphism satisfying ϕ(x) ≡ xp (mod p) for x ∈ R.

Then there is a unique map of Dieudonné algebras µ ∶ Ω̂∗
R →W Ω∗

R/p for which the
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diagram

R //

��

Ω̂0
R

µ // W1 Ω0
R/p

��
R/p e // W1 Ω0

R/p

commutes (here e is the map appearing in Notation 4.1.6). Moreover, µ induces

an isomorphism of Dieudonné algebras W Sat(Ω̂∗
R)→W Ω∗

R/p.

Proof. The existence and uniqueness of µ follow from Proposition 4.2.1. To prove
the last assertion, it will suffice to show that for every strict Dieudonné alge-
bra A∗, composition with µ induces an isomorphism θ ∶ HomAD(W Ω∗

R/p,A
∗) →

HomAD(Ω̂∗
R,A

∗). Using Proposition 4.2.1 and the definition of the de Rham-
Witt complex, we can identify θ with the evident map Hom(R/p,A0/V A0) →
Hom(R,A0/V A0). This map is bijective, since A0/V A0 is an Fp-algebra. �

Theorem 4.2.3. Let R be a commutative ring which is p-torsion-free, and let
ϕ ∶ R → R satisfying ϕ(x) ≡ xp (mod p). Suppose that there exists a perfect
ring k of characteristic p such that R/p is a smooth k-algebra. Then the map

µ ∶ Ω̂∗
R →W Ω∗

R/p of Corollary 4.2.2 is a quasi-isomorphism.

Proof. By virtue of Corollary 4.2.2, it will suffice to show that the tautological
map Ω̂∗

R →W Sat(Ω̂∗
R) is a quasi-isomorphism, which follows from Corollary 3.3.6.

�

Example 4.2.4. We record an example of the saturation process and give an
explicit description of the de Rham-Witt complex of a product of copies of Gm,
recovering the discussion in [15, Sec. I.2].

Consider the ring R = Z[x±1
1 , . . . , x

±1
n ] equipped with self-map ϕ ∶ R → R sending

xi ↦ xpi . The de Rham complex of R, Ω∗
R, is as a graded ring the exterior algebra

on R on the forms d logxi for 1 ≤ i ≤ n, and the differential is determined by
d(xni ) = nxni d logxi. The map ϕ induces the structure of a Dieudonné algebra on
Ω∗
R thanks to Proposition 3.2.1. A computation shows F (d logxi) = d logxi.
Now we use the description of the saturation Sat(Ω∗

R). The graded alge-

bra Ω∗
R[F −1] is the exterior algebra over the ring R∞ = Z[x±1/p∞

1 , . . . , x
±1/p∞

n ]
on the same classes {d logxi,1 ≤ i ≤ n} and the differential d ∶ Ω∗

R[F −1] →
Ω∗
R[F −1]⊗Z Z[1/p] sends, for example, x

a/pn

i ↦ (a/pn)xa/p
n

i d logxi. It follows that
Sat(Ω∗

R) is the subalgebra of the exterior algebra over R∞ on {d logxi} consisting
of elements ω such that dω is still integral. Furthermore, the de Rham-Witt com-
plex of Fp[x±1

1 , . . . , x
±1
n ] is obtained as the completion WSat(Ω∗

R). This recovers
the description via integral forms in [15, Sec. I.2].
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4.3. Comparison with the de Rham Complex.

Construction 4.3.1. Let R be a commutative Fp-algebra, let W Ω∗
R be the de

Rham-Witt complex of R, and let W1 Ω∗
R be the quotient of W Ω∗

R of Notation
4.1.6. Then the tautological ring homomorphism e ∶ R →W1 Ω0

R admits a unique
extension to a map of differential graded algebras ν ∶ Ω∗

R →W1 Ω∗
R.

Theorem 4.3.2. Let R be a regular Noetherian Fp-algebra. Then the map ν ∶
Ω∗
R →W1 Ω∗

R is an isomorphism.

We first treat the special case where R is a smooth algebra over a perfect field
k. In fact, our argument works more generally if k is a perfect ring:

Proposition 4.3.3. Let k be a perfect Fp-algebra and let R be a smooth algebra
over k. Then the map ν ∶ Ω∗

R →W1 Ω∗R is an isomorphism.

Proof. Let A be a smooth W (k)-algebra equipped with an isomorphism A/pA ≃
R, and let Â denote the p-adic completion of A. Using the smoothness of A, we

see that the ring homomorphism A → A/pA ≃ R x↦xpÐÐÐ→ R can be lifted to a map

A → Â. Passing to the completion, we obtain a ring homomorphism ϕ ∶ Â → Â
satisfying ϕ(x) ≡ xp (mod p). Applying Corollary 4.2.2, we see that there is a

unique morphism of Dieudonné algebras µ ∶ Ω̂∗

Â
→W Ω∗

R for which the diagram

Â
∼ //

��

Ω̂0
Â

µ // W Ω0
R

��
Â/pÂ ∼ // R

e // W1 Ω0
R

commutes. From this commutativity, we see that ν can be identified with the
composition

Ω∗
R ≃ Ω̂∗

Â
/pΩ̂∗

Â

µÐ→W Ω∗
R /pW Ω∗

R →W1 Ω∗
R.

We now have a commutative diagram of graded abelian groups

Ω̂∗

Â
/pΩ̂∗

Â

Cart //

��

ν

&&

H∗(Ω̂∗

Â
/pΩ̂∗

Â
)

��
W Ω∗

R /pW Ω∗
R

// W1 Ω∗
R

// H∗(W Ω∗
R /pW Ω∗

R),

where the vertical maps are induced by µ, and the top horizontal and bottom right
horizontal maps are induced by the Frobenius on Ω̂∗

Â
andW Ω∗

R, respectively. We

now observe that the top horizontal map is the Cartier isomorphism (Theorem
3.3.5), the right vertical map is an isomorphism by virtue of Theorem 4.2.3, and
the bottom right horizontal map is an isomorphism by Proposition 2.5.2. It
follows that ν is also an isomorphism. �
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To handle the general case, we will need the following:

Proposition 4.3.4. The category ADstr admits small filtered colimits, which are
preserved by the functor A∗ ↦Wr(A)∗ = A∗/(im(V r) + im(dV r)).

Proof. We first observe that the category AD of Dieudonné algebras admits fil-
tered colimits, which can be computed at the level of the underlying graded
abelian groups. Moreover, the subcategory ADsat ⊆ AD is closed under filtered
colimits. In particular, the construction A∗ ↦ Wr(A)∗ preserves filtered col-
imits when regarded as a functor from the category ADsat to the category of
graded abelian groups. It follows from Corollary 3.5.9 that the category ADstr

also admits small filtered colimits, which are computed by first taking a col-
imit in the larger category ADsat and then applying the completion construction
A∗ ↦W(A)∗. Consequently, to show that restriction of Wr to ADstr commutes
with filtered colimits, it suffices to show that the canonical map Wr(limÐ→Aα)

∗ →
Wr(W(limÐ→Aα))

∗ is an isomorphism for every filtered diagram {A∗
α} in ADstr.

This is a special case of Proposition 2.7.1. �

Remark 4.3.5. In the statement and proof of Proposition 4.3.4, we can replace
Dieudonné algebras by Dieudonné complexes.

Corollary 4.3.6. The construction R ↦ Wr Ω∗
R commutes with filtered colimits

(when regarded as a functor from the category of Fp-algebras to the category of
graded abelian groups).

Proof. Combine Proposition 4.3.4 with the observation that the functor R ↦
W Ω∗

R preserves colimits (since it is defined as the left adjoint to the functor
A∗ ↦ A0/V A0). �

Proof of Theorem 4.3.2. Let R be a regular Noetherian Fp-algebra. Applying
Popescu’s smoothing theorem (***ref***), we can write R as a filtered col-
imit limÐ→Rα, where each Rα is a smooth Fp-algebra. It follows from Corollary

4.3.6 that the canonical map ν ∶ Ω∗
R → W1 Ω∗

R is a filtered colimit of maps
να ∶ Ω∗

Rα
→ W1 ΩRα . It will therefore suffice to show that each of the maps

να is an isomorphism, which follows from Proposition 4.3.3. �

Remark 4.3.7. Let R be a regular Noetherian Fp-algebra. Composing the tauto-
logical map W Ω∗

R →W1 Ω∗
R with the inverse of the isomorphism ν ∶ Ω∗

R →W Ω∗
R,

we obtain a surjective map of differential graded algebras W Ω∗
R → Ω∗

R. It follows
from Theorem 4.3.2 and Corollary 2.5.3 that the induced map W Ω∗

R /pW Ω∗
R →

Ω∗
R is a quasi-isomorphism.

4.4. Comparison with Illusie. We now consider the relationship between the
de Rham-Witt complex W Ω∗

R of Notation 4.1.2 and the de Rham-Witt complex
WΩ∗

R of Bloch-Deligne-Illusie. We begin with some definitions.
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Definition 4.4.1. Let R be a commutative Fp-algebra. An R-framed V -pro-
complex consists of the following data:

(1) An inverse system

⋯→ A∗
4 → A∗

3 → A∗
2 → A∗

1 → A∗
0

of commutative differential graded algebras. We will denote each of the
transition maps in this inverse system by Res ∶ A∗

r+1 → A∗
r , and refer to

them as restriction maps. We let A∗
∞ denote the inverse limit lim←Ðr

A∗
r .

(2) A collection of maps V ∶ A∗
r → A∗

r+1 in the category of graded abelian
groups, which we will refer to as Verschiebung maps.

(3) A ring homomorphism β ∶W (R) → A0
∞. For each r ≥ 0, we let βr denote

the composite map W (R) βÐ→ A0
∞ → A0

r.

These data are required to satisfy the following axioms:

(a) The groups A∗
r vanish for ∗ < 0 and for r = 0.

(b) The Verschiebung and restriction maps are compatible with one another:
that is, for every r > 0, we have a commutative diagram

A∗
r

V //

Res
��

A∗
r+1

Res
��

A∗
r−1

V // A∗
r .

It follows that the Verschiebung maps induce a homomorphism of graded
abelian groups V ∶ A∗

∞ → A∗
∞, which we will also denote by V .

(c) The map β ∶ W (R) → A0
∞ is compatible with Verschiebung: that is, we

have a commutative diagram

W (R) β //

V
��

A0
∞

V
��

W (R) β // A0
∞.

(d) The Verschiebung maps V ∶ A∗
r → A∗

r+1 satisfy the identity V (xdy) =
V (x)dV (y).

(e) Let λ be an element of R and let [λ] ∈ W (R) denote its Teichmüller
representative. Then, for each x ∈ A∗

r , we have an identity

(V x)dβr+1([λ]) = V (βr([λ])p−1xdβr[λ])
in A∗

r+1.

Let ({A∗
r}r≥0, V, β) and ({A′∗

r }r≥0, V ′, β′) be R-framed V -pro-complexes. A
morphism of R-framed V -pro-complexes from ({A∗

r}r≥0, V, β) to ({A′∗
r }r≥0, V ′, β′)
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is a collection of differential graded algebra homomorphisms fr ∶ A∗
r → A′∗

r for
which the diagrams

A∗
r

fr //

Res
��

A′∗
r

Res
��

A∗
r

fr //

V
��

A′∗
r

V ′

��
A∗
r−1

fr−1 // A′∗
r−1 A∗

r+1
// A′∗

r+1

W (R)
βr

||

β′r

##
A0
r

fr // A′0
r

are commutative. We let VPCR denote the category whose objects are R-
framed V -pro-complexes and whose morphisms are morphisms of R-framed V -
pro-complexes.

Remark 4.4.2. In the situation of Definition 4.4.1, we will generally abuse ter-
minology by simply referring to the inverse system {A∗

r}r≥0 as an R-framed V -
pro-complex; in this case, we are implicitly assuming that Verschiebung maps
V ∶ A∗

r → A∗
r+1 and a map β ∶W (R)→ A0

∞ have also been specified.

Remark 4.4.3. Let R be a commutative Fp-algebra and let {A∗
r} be an R-framed

V -pro-complex. It follows from conditions (a) and (b) of Definition 4.4.1 that,
for each r ≥ 0, the composite map

A∗
r

V rÐ→ A∗
2r

ResrÐÐ→ A∗
r

vanishes. Consequently, condition (c) of Definition 4.4.1 implies that the map
βr ∶W (R)→ A0

r annihilates the subgroup V rW (R) ⊆W (R), and therefore factors
through the quotient Wr(R) ≃W (R)/V rW (R).
Proposition 4.4.4. Let R be a commutative Fp-algebra. Then the category
VPCR has an initial object.

Proof Sketch. For each r ≥ 0, let Ω∗
Wr(R)

denote the de Rham complex of Wr(R)
(relative to Z). We will say that a collection of differential graded ideals {I∗r ⊆
Ω∗
Wr(R)

}r≥0 is good if the following conditions are satisfied:

(i) Each of the restriction maps Wr+1(R) → Wr(R) determines a map of
de Rham complexes Ω∗

Wr+1(R)
→ Ω∗

Wr(R)
which carries I∗r+1 into I∗r , and

therefore induces a map of differential graded algebras Ω∗
Wr+1(R)

/I∗r+1 →
Ω∗
Wr(R)

/I∗r .

(ii) For each r ≥ 0, there exists a map V ∶ Ω∗
Wr(R)

/I∗r → Ω∗
Wr+1(R)

/I∗r+1 which

satisfies the identity

V (x0dx1 ∧⋯ ∧ dxn) = V (x0)dV (x1) ∧⋯ ∧ dV (xn);
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here we abuse notation by identifying an element of Ω∗
Wr(R)

with its image

in the quotient Ω∗
Wr(R)

/I∗r . Note that such a map V is automatically

unique.
(iii) For each x ∈ Ω∗

Wr(R)
/I∗r and each λ ∈ R, the difference V xd[λ]−V ([λ]p−1x)dV [λ]

belongs to I∗+1
r+1 (here we abuse notation by identifying the Teichmüller

representative [λ] with its image each Ω∗
Ws(R)

/I∗s ).

It is not difficult to see that there exists a smallest good collection of differential
graded ideals {I∗r }r≥0, and that the inverse system {Ω∗

Wr(R)
/I∗r }r≥0 (together with

with the Verschiebung maps defined in (ii) and the evident structural map β ∶
W (R)→ lim←Ðr

Ω0
Wr(R)

/I0
r ) is an initial object of VPCR. �

Remark 4.4.5. In the situation of the proof of Proposition 4.4.4, the differential
graded ideal I∗1 vanishes: that is, the tautological map Ω∗

R →W1Ω∗
R is always an

isomorphism.

Definition 4.4.6. Let R be a commutative Fp-algebra and let {WrΩ∗
R}r≥0 denote

an initial object of the category of VPCR. We let WΩ∗
R denote the inverse limit

lim←Ðr
WrΩ∗

R. We will refer to WΩ∗
R as the classical de Rham-Witt complex of R.

Remark 4.4.7. The proof of Proposition 4.4.4 provides an explicit model for the
inverse system {WrΩ∗

R}: each WrΩ∗
R can be regarded as a quotient of the absolute

de Rham complex Ω∗
Wr(R)

by a differential graded ideal I∗r , which is dictated by

the axiomatics of Definition 4.4.1.

Warning 4.4.8. Our definition of the classical de Rham-Witt complex WΩ∗
R

differs slightly from the definition appearing in [15]. In [15], the inverse system
{WrΩ∗

R}r≥0 is defined to be an initial object of a category VPC′
R, which can be

identified with the full subcategory of VPCR spanned by those R-framed V -pro-
complexes {A∗

r} for which β ∶W (R)→ A0
∞ induces isomorphisms Wr(R) ≃ A0

r for
r ≥ 0. However, it is not difficult to see that the initial object of VPCR belongs
to this subcategory (this follows by inspecting the proof of Proposition 4.4.4), so
that WΩ∗

R is isomorphic to the de Rham-Witt complex which appears in [15].

Remark 4.4.9. Let R be a commutative Fp-algebra and let WΩ∗
R be the classical

de Rham-Witt complex of R. The proof of Proposition 4.4.4 shows that the
restriction maps Wr+1Ω∗

R →WrΩ∗
R are surjective. It follows that each WrΩ∗

R can
be viewed as a quotient of WΩ∗

R.

Our next goal is to compare the de Rham-Witt complexW Ω∗
R of Notation 4.1.2

with the classical de Rham-Witt complex WΩ∗
R. We begin with the following

observation:

Proposition 4.4.10. Let R be a commutative Fp-algebra, let A∗ be a strict
Dieudonné algebra, and let β1 ∶ R → A0/V A0 be a ring homomorphism. Then:
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(1) The map β1 admits a unique lift to a ring homomorphism β ∶W (R)→ A0

satisfying β ○ F = F ○ β.
(2) The inverse system {Wr(A)∗}r≥0 is an R-framed V -pro-complex (when

equipped with the Verschiebung maps V ∶Wr(A)∗ →Wr+1(A)∗ of Remark
2.6.1 and the map β described in (1)).

Proof. Assertion (1) is the content of Proposition 3.6.4. To prove (2), we must
verify that β and V satisfy axioms (a) through (e) of Definition 4.4.1. Axioms
(a) and (b) are obvious. To prove (c), we compute

Fβ(V x) = β(FV x) = β(px) = pβ(x) = FV β(x),
so that β(V x) = V β(x) by virtue of the fact that the Frobenius map F ∶ A0 → A0

is injective. The verification of (d) is similar: for x, y ∈ A∗, we have

FV (xdy) = (px)(dy) = (FV x)(FdV y) = F ((V x)(dV y));
invoking the injectivity of F again, we obtain V (xdy) = (V x)(dV y). To prove
(e), we compute

F ((V x)dβ([λ])) = F (V x)F (dβ([λ]))
= pxF (dβ([λ)])
= xd(Fβ([λ]))
= xd(β(F [λ]))
= xdβ([λ]p)
= xdβ([λ])p

= pxβ([λ])p−1dβ([λ])
= FV (xβ([λ])p−1dβ([λ]).

Canceling F , we obtain the desired identity V xdβ([λ]) = V (xβ([λ])p−1dβ([λ])).
�

Applying Proposition 4.4.10 in the case A∗ =W Ω∗
R and invoking the universal

property of the classical de Rham-Witt complex, we obtain the following:

Corollary 4.4.11. Let R be a commutative Fp-algebra. Then there is a unique
homomorphism of differential graded algebras γ ∶WΩ∗

R →W Ω∗
R with the following

properties:

(i) For each r ≥ 0, the composite map

WΩ∗
R

γÐ→W Ω∗
R →Wr Ω∗

R

factors through WrΩ∗
R (necessarily uniquely, by virtue of Remark 4.4.9);

consequently, γ can be realized as the inverse limit of a tower of differential
graded algebra homomorphisms γr ∶WrΩ∗

R →Wr Ω∗
R.
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(ii) The diagrams

WΩ∗
R

γ

��

V // WΩ∗
R

γ

��

W (R) //

��

WΩ0
R

γ

��

W Ω∗
R

V // W Ω∗
R R // W Ω0

R /V W Ω0
R

are commutative.

We can now formulate the main result of this section:

Theorem 4.4.12. Let R be a regular Noetherian Fp-algebra. Then the map
γ ∶WΩ∗

R →W Ω∗
R of Corollary 4.4.11 is an isomorphism.

Proof. The map γ can be realized as the inverse limit of a tower of maps γr ∶
WrΩ∗

R →Wr Ω∗
R; it will therefore suffice to show that each γr is an isomorphism.

Since the constructions R ↦WrΩ∗
R and R ↦Wr Ω∗

R commute with filtered colim-
its, we can use Popescu’s smoothing theorem to reduce to the case where R is a
smooth Fp-algebra. Using Theorem I.2.17 and Proposition I.2.18 of [15], we see
that there exists a map F ∶WΩ∗

R →WΩ∗
R which endows WΩ∗

R with the structure
of a Dieudonné algebra and satisfies the identities FV = V F = p. Since R is
smooth over Fp, Remark I.3.21.1 of [15] guarantees that the Dieudonné algebra
WΩ∗

R is saturated. Moreover, Proposition I.3.2 implies that the kernel of the
projection map WΩ∗

R →WrΩ∗
R is equal to im(V r) + im(dV r), so that

WΩ∗
R ≃ lim←ÐWrΩ

∗
R ≃ lim←ÐWΩ∗

R/(im(V r) + im(dV r))
is a strict Dieudonné algebra. For each x ∈WΩ∗

R, we have

V γ(Fx) = γ(V Fx) = γ(px) = pγ(x) = V Fγ(x).
Since the map V ∶W Ω∗

R →W Ω∗
R is injective, it follows that γ(Fx) = Fγ(x): that

is, γ is a morphism of (strict) Dieudonné algebras. We wish to show γr =Wr(γ)
is an isomorphism for each r ≥ 0. By virtue of Corollary 2.5.5, it suffices to prove
this in the case r = 1. Invoking Remark 4.4.5, we are reduced to proving that the
tautological map Ω∗

R → W1 Ω∗
R is an isomorphism, which follows from Theorem

4.3.2. �
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5. Globalization

In this section, we globalize the construction of the de Rham-Witt complex to
schemes. In particular, we show that the de Rham-Witt complex behaves very
well with respect to an étale base change. The general result is slightly tricky and
relies on the interaction of the Witt vector functor and étaleness, so we begin with
the case of a Zariski localization, which enables one to define the de Rham-Witt
complex of a scheme. We then treat the case of étale localization. In both cases,
we find that if X is an Fp-scheme, then Wr(OX) is a quasi-coherent module on
the Witt scheme Wr(X).

5.1. Localizations of Dieudonné Algebras.

Proposition 5.1.1. Let A∗ be a Dieudonné algebra and suppose we are given a
multiplicatively closed subset S ⊆ A0 such that F (S) ⊆ S. Then the graded ring
A∗[S−1] inherits the structure of a Dieudonné algebra, which is uniquely deter-
mined by the requirement that the tautological map A∗ → A∗[S−1] is a morphism
of Dieudonné algebras.

Proof. We first observe that there is a unique differential on the ring A∗[S−1]
for which the map A∗ → A∗[S−1] is a morphism of differential graded algebras,
given concretely by the formula d(xs ) = dx

s − xds
s2 . Similarly, the assumption that

F (S) ⊆ S guarantees that there is a unique homomorphism of graded rings F ∶
A∗[S−1]→ A∗[S−1] for which the diagram

A∗

F

��

// A∗[S−1]
F
��

A∗ // A∗[S−1]

is commutative, given concretely by the formula F (xs ) =
F (x)
F (s) . To complete the

proof, it will suffice to show that the triple (A∗[S−1], d, F ) is a Dieudonné algebra:
that is, that is satisfies the axioms of Definition 3.1.1. Axiom (ii) is immediate,
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and axiom (i) follows from the calculation.

dF (x
s
) = d

F (x)
F (s)

= dF (x)
F (s) − F (x)dF (s)

F (s)2

= pF (dx)
F (s) − pF (x)F (ds)

F (s)2

= pF (dx
s
− xds
s2

)

= pF (dx
s
).

To prove (iii), choose any x ∈ A0 and any s ∈ S. Since A∗ is a Dieudonné algebra,
we have

F (x)sp ≡ xpsp ≡ xpF (s) (mod p),
so that we can write F (x)sp = xpF (s) + py for some y ∈ A0. It follows that

F (x
s
) = F (x)

F (s) = x
p

sp
+ p y

spF (s)
in the commutative ring A0[S−1], so that F (xs ) ≡ (xs )p (mod p). �

Remark 5.1.2. In the situation of Proposition 5.1.1, the Dieudonné algebra
A∗[S−1] is characterized by the following universal property: for any Dieudonné
algebra B∗, precomposition with the tautological map A∗ → A∗[S−1] induces a
monomorphism of sets

HomAD(A∗[S−1],B∗)→ HomAD(A∗,B∗),
which image consists of those morphisms of Dieudonné algebras f ∶ A∗ → B∗ with
the property that f(s) is an invertible element of B0, for each s ∈ S.

Example 5.1.3. Let A∗ be a Dieudonné algebra and let s be an element of A0

which satisfies the equation F (s) = sp. Applying Proposition 5.1.1 to the set
S = {1, s, s2, . . .}, we conclude that the localization A∗[s−1] inherits the structure
of a Dieudonné algebra.

Proposition 5.1.4. Let A∗ be a Dieudonné algebra, and let s ∈ A0 be an element
satisfying the equation F (s) = sp. If A∗ is saturated, then the localization A∗[s−1]
is also saturated.

Proof. We first show that the Frobenius map F ∶ A∗[s−1]→ A∗[s−1] is a monomor-
phism. Suppose that F ( x

sk
) = 0 for some x ∈ A∗. Then we have an equality
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snF (x) = 0 in A0 for some n ≫ 0. Enlarging n if necessary, we can assume that
n = pm for some integer m ≥ 0, so that

0 = snF (x) = F (sm)F (x) = F (smx).
Since the Frobenius map F is a monomorphism on A∗, it follows that smx = 0,
so that x

sk
vanishes in A∗[s−1].

Now suppose that we are given an element y
sn ∈ A∗[S−1] such that d( y

sn ) is
divisible by p in A∗[S−1]; we wish to show that y

sn belongs to the image of F .
Enlarging n if necessary, we can assume that n = pm for some m ≥ 0, so that

d( y
sn

) = dy
sn

− pm yds

sn+1
≡ dy
sn

(mod p).

It follows that we can choose k ≫ 0 for which spkdy is divisible by p in A∗. We
then have

d(spky) = spkdy + pkspk−1yds ≡ spkdy ≡ 0 (mod p).
Invoking our assumption that A∗ is saturated, we can write spky = Fz for some

z ∈ A∗. It follows that y
sn =

spky
spm = F ( z

sm ), so that y
sn belongs to the image of F as

desired. �

In the situation of Proposition 5.1.4, the Dieudonné algebra A∗[s−1] is usually
not strict, even if A∗ is assumed to be strict. However, the strictification of
A∗[s−1] is easy to describe, by virtue of the following result:

Proposition 5.1.5. Let A∗ be a saturated Dieudonné algebra and let s ∈ A0 be
an element satisfying F (s) = sp. Let r ≥ 0 and let s denote the image of s in the
quotient Wr(A)0. Then the canonical map ψ ∶Wr(A)∗[s−1]→Wr(A[s−1])∗ is an
isomorphism (of differential graded algebras).

Proof. The surjectivity of ψ is immediate from the definitions. To prove injectiv-
ity, we must show that the inclusion

(V rA∗ + dV rA∗)[s−1] ⊆ V r(A∗[s−1]) + dV r(A∗[s−1])
Since the left hand side is a subcomplex of A∗[s−1], it will suffice to show that the
left hand side contains V r(A∗[s−1]). This follows immediately from the identity

V r(s−nx) = V r(F r(s−n)sn(pr−1)x) = s−nV r(sn(pr−1)x).
�

Corollary 5.1.6. Let R be a commutative Fp-algebra, let A∗ be a Dieudonné
algebra, and let f ∶ R → A0/V A0 be a ring homomorphism which exhibits A∗ as a
de Rham-Witt complex of R (in the sense of Definition 4.1.1). Let s ∈ R be an
element, and let us abuse notation by identifying the Teichmüller representative
[s] ∈W (R) with its image in A0. Set B∗ = A∗[[s]−1]. Then the map

R[s−1] fÐ→ (A0/V A0)[s−1] ≃ B0/V B0 =W(B)∗/V W(B)∗



CONSTRUCTING DE RHAM-WITT COMPLEXES ON A BUDGET (DRAFT VERSION) 49

exhibits W(B)∗ as a de Rham-Witt complex of R[s−1].
Proof. For any strict Dieudonné algebra C∗, we have a commutative diagram of
sets

HomAD(W(B)∗,C∗) //

��

HomAD(A∗,C∗)

��
Hom(R[s−1],C0/V C0) // Hom(R,C0/V C0).

To prove Corollary 5.1.6, it will suffice to show that this diagram is a pullback
square. Invoking the universal property of B∗ supplied by Remark 5.1.2, we can
reformulate this assertion as follows:

(∗) Let f ∶ A∗ → C∗ be a morphism of Dieudonné algebras. Then f([s]) is an
invertible element of C0 if and only if its image in C0/V C0 is invertible.

The “only if” direction is obvious. For the converse, suppose that f([s]) admits
an inverse in C0/V C0, which is represented by an element y ∈ C0. Then we
can write yf([s]) = 1 − V z for some z ∈ C0. Since C0 is V -adically complete, the
element f([s]) has an inverse in C0, given by the product y(1+V z+(V z)2+⋯). �

5.2. The de Rham-Witt Complex of an Fp-Scheme. We now apply Corol-
lary 5.1.6 to globalize the construction of Definition 4.1.1.

Construction 5.2.1. Let X = (X,OX) be an Fp-scheme, and let Uaff(X) de-
note the collection of all affine open subsets of X. We define a functor W Ω∗

X ∶
Uaff(X)op →AD by the formula

W Ω∗
X(U) =W Ω∗

OX(U) .

We regard W Ω∗
X(U) as a presheaf on X (defined only on affine subsets of X)

with values in the category of Dieudonné algebras.

Theorem 5.2.2. Let X be an Fp-scheme. Then the presheaf W Ω∗
X of Con-

struction 5.2.1 is a sheaf (with respect to the topology on Uaff(X) given by open
coverings).

Proof. We will show that, for every integer d ≥ 0, the presheaf W Ωd
X is a sheaf

of abelian groups on X. Unwinding the definitions, we can write W Ωd
X as the

inverse limit of a tower of presheaves

⋯→W3 Ωd
X →W2 Ωd

X →W1 Ωd
X ,

where Wr Ωd
X is given by the formula Wr Ωd

X(U) = Wr Ωd
OX(U)

. It will therefore

suffice to show that each Wr Ωd
X is a sheaf of abelian groups. In other words, we

must show that for every affine open subset U ⊆ X and every covering of U by
affine open subsets Uα, the sequence

0→Wr Ωd
X(U)→∏

α

Wr Ωd
X(Uα)→∏

α,β

Wr Ωd
X(Uα ∩Uβ)
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is exact. Without loss of generality, we may replace X by U and thereby reduce to
the case where X = Spec(R). By a standard argument, we can further reduce to
the case where each Uα is the complement of the vanishing locus of some element
sα ∈ R. In this case, we wish to show that the sequence

0→Wr Ωd
R →∏

α

Wr Ωd
R[s−1

α ]
→∏

α,β

Wr Ωd
R[s−1

α ,s−1
β

]

is exact. Setting M =Wr Ωd
R, we can apply Corollary 5.1.6 and Proposition 5.1.5

to rewrite this sequence as

0→M →∏
α

M[s−1
α ]→∏

α,β

M[s−1
α , s

−1
β ],

where sα denotes the image in Wr(R) of the Teichmüller representative [sα] ∈
W (R). The desired result now follows from the observation that the elements sα
generate the unit ideal in Wr(R). �

It follows that from Theorem 5.2.2 that for any Fp-scheme X, the presheaf
W Ω∗

X can be extended uniquely to a sheaf of Dieudonné algebras on the collection
of all open subsets of X. We will denote this sheaf also by W Ω∗

X and refer to it
as the de Rham-Witt complex of X.

Remark 5.2.3. The proof of Theorem 5.2.2 shows that each Wr Ωd
X can be

regarded as a quasi-coherent sheaf on the (Z/prZ)-scheme (X,Wr(OX)); here
Wr(OX) denotes the sheaf of commutative rings on X given on affine open sets
U by the formula Wr(OX)(U) =Wr(OX(U)).
Proposition 5.2.4. Let R be a commutative Fp-algebra and let X = SpecR be the

associated affine scheme. Then, for every integer d, the canonical map W Ωd
R →

H0(X;W Ωd
X) is an isomorphism and the cohomology groups Hn(X;W Ωd

X) vanish
for n > 0.

Proof. Let F ● denote the homotopy limit of the diagram

⋯→W3 Ωd
X →W2 Ωd

X →W1 Ωd
X ,

in the derived category of abelian sheaves on X. For every affine open subset
U ⊆ X, the hypercohomology RΓ(U ;F ●) can be identified with the homotopy
limit of the diagram

⋯→ RΓ(U ;W3 Ωd
X)→ RΓ(U ;W2 Ωd

X)→ RΓ(U ;W1 Ωd
X).

It follows from Remark 5.2.3 that eachWr Ωd
X can be regarded as a quasi-coherent

sheaf on (X,Wr(OX)), so we can identify the preceding diagram with the tower
of abelian groups

⋯→W3 Ωd
OX(U)

→W2 Ωd
OX(U)

→W1 Ωd
OX(U)

.

This diagram has surjective transition maps, so its homotopy limit can be identi-
fied with the abelian groupW Ωd

OX(U) (regarded as an abelian group, concentrated
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in degree zero). It follows that F ● can be identified with W Ωd
X (regarded as a

chain complex concentrated in degree zero), so the preceding calculation gives
RΓ(U ;W Ωd

X) ≃ W Ωd
OX(U) for each affine open subset U ⊆ X. Proposition 5.2.4

now follows by taking U =X. �

5.3. Étale localization. In this subsection, we will generalize the previous con-
struction of Zariski localization to étale localization. The construction will require
slightly more technology involving the Witt vectors.

In this subsection, we will often abbreviate “commutative differential graded
algebra under A∗” simply to “A∗-algebra.”

Definition 5.3.1. Let f ∶ A∗ → B∗ be a map of commutative, differential graded
algebras. We will say that f is étale (or that B∗ is an étale A∗-algebra) if f ∶ A0 →
B0 is étale and the map of graded algebras A∗ ⊗A0 B0 → B∗ is an isomorphism.

We observe now that any étale A0-algebra can be realized as an étale commu-
tative, differential graded algebra.

Proposition 5.3.2. The forgetful functor B∗ ↦ B0 establishes an equivalence
between the category of étale A∗-algebras and the category of étale A0-algebras.

Proof. The functor that sends an étale A0-algebra B0 to the A∗-algebra Ω∗
B0 ⊗Ω∗

A0

A∗ provides a quasi-inverse to the forgetful functor from étale A∗-algebras to
étale A0-algebras. In fact, we observe that the map of commutative, differential
graded algebras Ω∗

A0 → Ω∗
B0 is étale as A0 → B0 is étale and therefore ΩB0/Z ≃

B0 ⊗A0 ΩA0/Z. By base-change, this implies that Ω∗
B0 ⊗Ω∗

A0
A∗ is étale over A∗.

The above description provides a universal property: to give a map of A∗-
algebras Ω∗

B0 ⊗Ω∗

A0
A∗ into an A∗-algebra C∗ is simply to give a map of commu-

tative rings B0 → C0. Given an étale A∗-algebra C∗, we find a natural map of
A∗-algebras g ∶ Ω∗

C0 ⊗Ω∗

A0
A∗ → C∗. Since both sides are étale over A∗ and agree

in degree zero, it follows that the map g is an isomorphism. It follows that the
two functors are quasi-inverse to each other as desired. �

The main result of this section (Theorem 5.3.13 below) is an analog in the
setting of strict Dieudonné algebras. In order to prove this result, we will need
a basic compatibility of the Witt vectors with étaleness. This result (in various
forms, and not only for Fp-algebras) has been proved by Langer-Zink [20, Prop.
A.8, A.11], van der Kallen [28, Th. 2.4], Borger [7, Th. 9.2]. We will need the
following case, parts of which also appear in the original work of Illusie [15, Prop.
1.5.8].
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Proposition 5.3.3. Let A → B be an étale map of Fp-algebras. Then the maps
Wn(A)→Wn(B) are étale. Furthermore, the diagrams of rings

Wn(A)
R
��

// Wn(B)
R
��

Wn−1(A) // Wn−1(B)

, Wn(A)
F
��

// Wn(B)
F
��

Wn−1(A) // Wn−1(B)
are cocartesian.

Definition 5.3.4. Let A be an Fp-algebra and let M be a W (A)-module. We
will say that M is nilpotent if M is annihilated by the ideal V nW (A) ⊂ W (A)
for some n, i.e., if M is actually a Wn(A)-module for some n.

Definition 5.3.5. Let A→ B be an étale map of Fp-algebras. If M is a nilpotent
W (A)-module, so that M is a Wn(A)-module for some n, then we write MB for
the W (B)-module M ⊗Wn(A) Wn(B). By Proposition 5.3.3, the construction of
MB does not depend on the choice of n.

The construction M ↦ MB is clearly the left adjoint of the forgetful functor
from nilpotent W (B)-modules to nilpotent W (A)-modules. In addition, the
functor M ↦MB is exact because Wn(A)→Wn(B) is étale, hence flat.

Definition 5.3.6. Given a W (A)-module M and a ∈ Z≥0, we let M(a) denote the
new W (A)-module obtained by restriction of scalars of M along F a ∶ W (A) →
W (A).

Suppose M is a nilpotent W (A)-module; then M(a) is also clearly nilpotent.
In fact, if M is a Wn(A)-module for some n, then so is M(a).

Proposition 5.3.7. Given an étale map A → B of Fp-algebras and a nilpotent
W (A)-module M , we have (MB)(a) ≃ (M(a))B.

Proof. Without loss of generality, assume that M is a Wn(A)-module. We clearly
have a natural map (M(a))B → (MB)(a), and since both sides are exact functors on
the category of Wn(A)-modules which commute with filtered colimits, it suffices
to see that the map is an equivalence when M = Wn(A) itself. However, this
follows from Proposition 5.3.3. �

Definition 5.3.8. Let M,N be nilpotent W (A)-modules. We will say that a
homomorphism f ∶M → N of abelian groups is (F a, F b)-linear if for all x ∈W (A)
and m ∈M , we have

f((F ax)m) = (F bx)f(x) ∈ N.
Equivalently, f defines a map of W (A)-modules M(a) → N(b).

Corollary 5.3.9. Fix an étale map A→ B. Let M be a nilpotent W (A)-module
and let N be a nilpotent W (B)-module, considered as a nilpotent W (A)-module
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via restriction of scalars. Then any (F a, F b)-linear map f ∶ M → N extends
uniquely to a (F a, F b)-linear map MB → N .

Proof. This follows from Proposition 5.3.7. �

Example 5.3.10. Let M,N,P be nilpotent W (R)-modules. Let f ∶M → N and
g ∶ N → P be maps which are (F a, F b)-linear and (F c, F d)-linear respectively.

Suppose that M
f→ N

g→ P is exact in the category of abelian groups. Then

MB
fB→ NB

gB→ PB is exact as well. To see this, by replacing (a, b) by (a + k, b + k)
and (c, d) by (c + l, d + l) for some k, l ≥ 0, we can assume that b = c. Thus we
have a short exact sequence of nilpotent W (R)-modules M(a) → N(b) → P(d), and
base-changing we find a short exact sequence (MB)(a) → (NB)(b) → (PB)(d).

As an example of this picture, we unwind the construction of Proposition 5.3.2
in this case. First, we need the following lemma.

Lemma 5.3.11. Let R be a ring. Let M be a Wn(R)-module such that pkM = 0
and let d ∶Wn(R)→M be a derivation. Then the composite d○F k ∶Wn+k(R)→M
vanishes.

Proof. It suffices to take n →∞ and show that any derivation d ∶W (R) → N for
a W (R)-module N has the property that d ○ F k is divisible by pk. This follows
from consideration of the universal case N = Ω1

W (N)
and the fact that Ω∗

W (R)

is a Dieudonné complex. If W (R) does not have p-torsion (e.g., R a reduced
Fp-algebra), this is Proposition 3.2.1 and in the general case this follows from
Remark 3.2.4. Alternatively, one proceeds inductively by observing that for any
x ∈W (R), we have F nx ∈ ∑ni=0 p

n−iRpi where Rpi ⊂ R denotes the subset consisting
of pth powers. �

Let R∗ be a commutative, differential graded algebra and suppose given a map
of rings W (A)→ R0 which factors through Wn(R) for some n. Let B be an étale
A-algebra.

First, we can form R∗
B = R∗⊗Wn(A)Wn(B) as a graded algebra by base-change.

We cannot directly tensor the differential up along Wn(A) → Wn(B), since the
differential is not Wn(A)-linear. However, it follows now that the differential
d ∶ R∗ → R∗ is (F n, F n)-linear. Therefore, we obtain a unique differential d on
R∗
B which is (F n, F n)-linear over W (B) and which agrees with the differential on

R∗. It follows that d is the derivation on R∗
B given by Proposition 5.3.2: namely,

the derivation given by Proposition 5.3.2 has the aforementioned properties, by
Lemma 5.3.11 again.

We now adapt the definition to strict Dieudonné algebras, where we will require
étaleness only at each finite level.

Definition 5.3.12. Let f ∶ A∗ → B∗ be a map of strict Dieudonné algebras. We
will say that f is V -adically étale if, for each n, Wn(f) ∶ Wn(A)∗ → Wn(B)∗ is
étale as a map of commutative, differential graded algebras.
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The main result of this subsection is the following.

Theorem 5.3.13. Let A∗ be a strict Dieudonné algebra. The functor B∗ ↦
B0/V B0 establishes an equivalence of categories between the category of V -adically
étale strict Dieudonné algebras under A∗ and the category of étale A0/V A0-
algebras.

First, we check full faithfulness. Here one has a slightly stronger result; namely,
V -adically étale maps are characterized by an analogous universal property.

Proposition 5.3.14. Let B∗ be a strict Dieudonné algebra which is V -adically
étale over A∗ and let C∗ be another strict Dieudonné algebra over A∗. Then
maps of strict Dieudonné algebras B∗ → C∗ over A∗ are in bijection with maps
of A0/V A0-algebras B0/V B0 → C0/V C0. That is, we have an isomorphism

(11) HomADA∗
(B∗,C∗) = HomA0/V A0(B0/V B0,C0/V C0).

Proof. Indeed, it follows from strictness that maps of strict Dieudonné algebras
f ∶ B∗ → C∗ are in bijection with systems of maps of differential graded algebras
fn ∶ Wn(B)∗ → Wn(C)∗ such that we have commutative diagrams of graded
algebras

Wn(B)∗

Res
��

fn // Wn(C)∗

Res
��

Wn−1(B)∗ fn−1 // Wn−1(C)∗

, Wn(B)∗

F
��

fn // Wn(C)∗

F
��

Wn−1(B)∗ fn−1 // Wn−1(C)∗

.

Now suppose given a map B0/V B0 → C0/V C0 under A0/V A0, which also induces
maps on the Witt vectors Wn(B0/V B0) → Wn(C0/V C0), under Wn(A0/V A0).
Then the maps of differential graded algebras Wn(A)∗ → Wn(B)∗ are étale for
each n, so we obtain the (unique) maps fn from Proposition 5.3.2. The commu-
tativity of the desired diagrams (which only depends on the underlying graded
algebras) also follows, since the analogous diagrams commute when one restricts
from Wn(B)∗ to Wn(A)∗ and the diagrams commute in degree zero by functori-
ality of the Witt vectors. �

Proof of Theorem 5.3.13. Suppose given an étale A0/V A0-algebra S. We now
construct a V -adically étale strict Dieudonné algebra C∗ under A∗ together with
an identification C0/V C0 ≃ S.

In order to do this, we construct the associated strict Dieudonné tower {Wn(C∗)}.
Consider first the strict Dieudonné tower Wn(A)∗. Each term is a nilpotent
W (A0/V A0)-module. We define C∗

n = (Wn(A)∗)S to be the associated nilpotent
W (S)-module.

We claim that the {C∗
n} naturally assemble into a strict Dieudonné tower.

To see this, we use systematically Corollary 5.3.9. First, we construct the dif-
ferentials. The differential d on Wn(A)∗ is (F n, F n)-linear by Lemma 5.3.11,
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so we obtain a differential on C∗
n which is (F n, F n)-linear. Next, the restric-

tion maps R ∶ Wn(A)∗ → Wn−1(A)∗ are W (A0/V A0)-linear, so we obtain re-
striction maps R ∶ C∗

n → C∗
n−1 which are W (S)-linear. The Frobenius maps

F ∶ Wn(A)∗ → Wn−1(A)∗ are (F 0, F 1)-linear, so we obtain Frobenius maps
F ∶ C∗

n → C∗
n−1 which are (F 0, F 1)-linear as maps of W (S)-modules. Finally,

the Verschiebung maps V ∶Wn−1(A)∗ →Wn(A)∗ are (F 1, F 0)-linear, so they ex-
tend to maps C∗

n−1 → C∗
n as well. All the relevant identities involving R,F, d, V

hold for the {Wn(A)∗}, so they hold for {C∗
n} by base-change.

It remains to check that the {C∗
n} form indeed a strict Dieudonné tower in

the sense of Definition 2.6.7. All these follow similarly from base-change, since
by Example 5.3.10 exact sequences are preserved by base-change. For instance,
R ∶ C∗

n → C∗
n−1 is a base-change ofWn(A)∗ →Wn−1(A)∗ and is therefore surjective

as well. To see that the kernel of R is precisely the p-torsion, we base-change the
exact sequences

0→Wn(A)∗[p]→Wn(A)∗ R→Wn−1(A)∗ → 0, 0→Wn(A)∗[p]→Wn(A)∗ p→Wn(A)∗

along Wn(A0/V A0)→Wn(S) to obtain a short exact sequence

0→ C∗
n[p]→ C∗

n

R→ C∗
n−1 → 0.

Similarly, we have the exact sequence

Wn+1(A)∗ F→Wn(A)∗ d→Wn(A)∗+1/p,
which upon base-change (note that the map d is (F n, F n)-linear) induces an exact
sequence

C∗
n+1

F→ C∗
n

d→ C∗+1
n /p,

showing that the image of F ∶ C∗
n+1 → C∗

n consists of those elements x with dx
divisible by p, as desired.

Finally, as in the discussion preceding Definition 5.3.13, the C∗
n naturally ac-

quire the structure of commutative, differential graded algebras compatibly in n,
with C0

n = Wn(S). Taking the inverse limit, we find using Corollary 2.7.8 that
C∗ = lim←Ðn

C∗
n is a strict Dieudonné algebra with Wn(C)∗ = C∗

n. �

Proposition 5.3.15. Let R → S be an étale map of Fp-algebras. Then the map
WΩ∗

R → WΩ∗
S of strict Dieudonné complexes is V -adically étale. Furthermore,

for each n, we have an isomorphism

WnΩ∗
R ⊗Wn(R) Wn(S) ≃WnΩ∗

S.

Proof. Let WΩ∗
R ∈ AD be the de Rham-Witt complex of R, so that we have

a map R → W1Ω0
R. By Theorem 5.3.13, there exists a V -adically étale strict

Dieudonné algebra X∗ underWΩ∗
R such thatW1(X)0 =W1Ω0

R⊗RS and therefore
Wn(X)∗ = WnΩ∗

R ⊗Wn(R) Wn(S). We claim that the natural map S → W1(X)0

exhibits X∗ as a de Rham-Witt complex of S. Indeed, to see this, we use (11)
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to conclude that X∗ has the desired universal property. In fact, if Y ∗ ∈ AD is a
strict Dieudonné algebra, we conclude from the universal property (4) of the de
Rham-Witt complex together with (11) to find:

HomAD(X∗, Y ∗) = HomAD(WΩ∗
R, Y

∗) ×Hom(R,Y 0/V Y 0) Hom(S,Y 0/V Y 0)
= Hom(S,Y 0/V Y 0),

as desired. �
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6. The Nygaard filtration

Fix a smooth Fp-algebra R equipped with a p-adically complete flat lift R̃ to

Zp as well as a lift ϕ ∶ R̃ → R̃ of the Frobenius on R. In this situation, the

p-adic completion Ω̂∗

R̃
of the de Rham complex of R̃ is naturally equipped with

the structure of a Dieudonné complex, as in Variant 3.3.1. One can then consider
the following subcomplexes:

(12) N k Ω̂∗

R̃
∶= pkR̃ → pk−1Ω̂1

R̃

dÐ→ ...
dÐ→ pΩ̂k−1

R̃

dÐ→ Ω̂k
R̃

dÐ→ Ω̂k+1
R̃

dÐ→ ....

As k varies, we obtain a descending filtration {N k Ω̂∗

R̃
}k≥0 of Ω̂∗

R̃
. This filtration

has the following key features:

(1) The Frobenius ϕ∗ ∶ Ω̂∗

R̃
→ Ω̂∗

R̃
is divisible by pk when restricted to N k Ω̂∗

R̃
as ϕ∗ is divisible by pi on i-forms,

(2) The maps N i Ω̂∗

R̃

ϕ∗Ð→ piΩ̂∗

R̃
induced by (1) for i = k, k+1 induce an isomor-

phism

grkN Ω̂∗

R̃
≃ τ≤k(pkΩ̂∗

R̃
/pk+1Ω̂∗

R̃
) ≃ τ≤kΩ∗

R,

where the last isomorphism is obtained by dividing by pk.

This construction evidently depends on the chosen lifts R̃ and ϕ. Nevertheless, it
was observed by Nygaard (and elaborated by Illusie-Raynaud [16, §III.3]) that a
filtration {N kWΩ∗

R}k≥0 with similar properties can be constructed directly on the
de Rham-Witt complex WΩ∗

R intrinsically in terms of R; this so-called Nygaard

filtration matches up with the filtration {N k Ω̂∗

R̃
}k≥0 of Ω̂∗

R̃
constructed above in

the derived category under the canonical quasi-isomorphism Ω̂∗

R̃
≃ WΩ∗

R from

Theorem 4.2.3, thus proving that the filtration {N k Ω̂∗

R̃
}k≥0 is independent of

choices in the derived category.
In this section, we shall construct a similar “Nygaard” filtration for any sat-

urated Dieudonné complex M∗ that lives in non-negative degrees (Construc-
tion 6.1.1). Having constructed it, we observe in Remark 6.2.3 that the existence
of this filtration can also be seen as a formal consequence of the quasiisomorphism
M ≃ LηpM using the language of filtered derived categories; the latter borrows
from [5] which exploits this observation for M ∶= RΓcrys(Spec(R)).

6.1. Constructing the Nygaard filtration. For the rest of this section, let
(M∗, d, F ) be a saturated Dieudonné complex with M i = 0 for i < 0.

Construction 6.1.1 (The Nygaard filtration). For i, k ≥ 0, define N kM i to be
pk−i−1VM i when i < k, and M i for i ≥ k. Using the identity pdV = V d, it is easy
to check that N kM∗ ⊂M∗ is a subcomplex. We view it as

N kM∗ ∶= pk−1VM0 dÐ→ pk−2VM1 dÐ→ ....
dÐ→ VMk−1 dÐ→Mk dÐ→Mk+1....
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Note that N k+1M∗ ⊂ N kM∗, so we can view {N kM∗}k≥0 as a descending filtra-
tion on M∗; we call this the Nygaard filtration on M∗, and write

grkNM
∗ ∶= N kM∗/N k+1M∗

for the corresponding graded pieces.

Remark 6.1.2. Note that pk−iM i ⊂ N kM i ⊂ pk−i−1M i for all i < k: the second
containment is obvious, while the first follows as pk−iM i = pk−i−1V (FM i). Thus,
M∗ is Nygaard complete (i.e., that M i ≃ lim←Ðk

M i/N kM i for all i) if and only if

each M i is p-adically complete.

Example 6.1.3. Say R is a perfect ring of characteristic p, and let M =W (R),
as in Example 3.1.6. Then N kW (R) = pkW (R) as F is an automorphism of
W (R) (since R is perfect) and V = F −1p (since FV = p).

Remark 6.1.4. Say R is a smooth algebra over a perfect field of characteristic
p, so its de Rham-Witt complex WΩ∗

R is a saturated Dieudonné complex. The
image of WΩ∗

R in the derived category D(Zp) can be described as the absolute
cyrstalline cohomology of SpecR, i.e., as RΓ((SpecR)crys,Ocrys) where Ocrys is
the structure sheaf on the crystalline site of SpecR. The Nygaard filtration
N kWΩ∗

R also admits a crystalline interpretation when k < p, as explained by

Langer-Zink in [21, Theorem 4.6]: the image of N kWΩ∗
R in the derived category

D(Zp) is identified with RΓ((SpecR)crys,I[k]crys), where I[k]crys ⊂ Ocrys is the k-th
divided power of the universal pd-ideal sheaf Icrys ⊂ Ocrys on the crystalline site.
It is also clear that this description cannot work for k ≥ p: taking p = 2 and R
perfect already gives a counterexample as (2[k]) = (2) ≠ (2k) for k ≥ 2. We are
not aware of a crystalline description of the Nygaard filtration for k ≥ p.

As M i = 0 for i < 0, we have an induced map

ϕM ∶M∗ αFÐ→ ηpM
∗ ⊂M∗

of complexes. Explicitly, this map is piF on the degree i term M i. In terms
of this map, N kM∗ ⊂ M∗ is the maximal subcomplex of M∗ on which ϕM is
“obviously” divisible by pk. One can make this into a more precise assertion:

Proposition 6.1.5. Fix k ≥ 0.

(1) The terms of the complex grk
N
M∗ vanish in degrees > k.

(2) The map ϕM carries N kM∗ into pkM∗. Moreover, ϕ−1
M (pkM∗) = N kM∗.

(3) The map ϕM induces a map grk
N
M∗ → τ≤k(pkM∗/pk+1M∗) by (1) and (2);

this is an isomorphism of complexes.
(4) Dividing ϕM by pk gives an isomorphism grk

N
M∗ ≃ τ≤k(M∗/pM∗).

Proof. (1) Both N kM i and N k+1M i agree with M i for i ≥ k + 1.
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(2) As ϕM equals piF on M i, the assertion is trivially true in degrees i ≥ k.
For smaller degrees, we simply observe that

ϕM(pk−i−1VM i) = piFpk−i−1VM i = pk−1FVM i = pkM i,

which proves the first assertion. For the second, fix x ∈M i with ϕM(x) ∈
pkM i. We must show x ∈ N kM i. We may clearly assume i < k. Dividing
by pi, our hypothesis gives F (x) = pk−iy for some y ∈ M i. As i < k, this
gives F (x) = pk−i−1(FV )(y) = pk−i−1F (V (y)) = F (pk−i−1V (y)). As F is
injective, we get x = pk−i−1V (y), which clearly lies in N kM i, as wanted.

(3) In degrees i < k, the map under consideration is given by

pk−i−1VM i/pk−iVM i piFÐÐ→ pkM i/pk−1M i.

It is thus sufficient to check that piF gives a bijection pk−i−1VM i → pkM i

for i < k. Since p is a nonzerodivisor, this reduces to checking that F gives
a bijection VM i → pM i, which is clear: F is injective and FV = p.

In degree k, the map under consideration is given by

Mk/VMk pkFÐÐ→ (pkMk ∩ d−1(pk+1Mk+1))/pk+1Mk.

To show this is an isomorphism, we may divide by pk to reduce to checking
that

Mk/VMk FÐ→ d−1(pMk+1)/pMk

is a bijection. We claim that the above map is separately an isomorphism
for the “numerator” and the “denominator”. Indeed, Lemma 2.6.5 and

the injectivity of F give an identification Mk F≃ d−1(pMk+1), while the

injectivity of F and the formula FV = p give an identification VMk F≃ pMk.
(4) This is formal from (3). �

Let (M∗, d, F ) be a p-torsion-free Dieudonné complex such that M i = 0 for
i < 0. Suppose that M∗ satisfies the Cartier criterion of Theorem 2.4.2: that is,
the map M∗/pM∗ → H∗(M∗/pM∗) sending m ↦ [F (m)] is an isomorphism. In
this case, we know that the map M∗ → Sat(M∗) induces a quasi-isomorphism
mod p. We observe now that up to quasi-isomorphism, we can also recover the
Nygaard filtration on Sat(M∗).

For each k ≥ 0, we let N k
uM

∗ ⊂M∗ be the subcomplex pkM0 → pk−1M1 → ⋅ ⋅ ⋅→
pMk−1 → Mk → Mk+1 → . . . . This defines a descending filtration M∗ ⊃ N 1

uM
∗ ⊃

. . . of cochain complexes. Note that the natural map N k
uM

∗ ⊂ M∗ → Sat(M∗)
factors through N kSat(M∗), i.e., this filtration is compatible with the Nygaard
filtration on Sat(M∗). Our next result shows that the natural map gives a quasi-
isomorphism modulo p, and gives an abstraction of the construction in (12) for
the completed de Rham complex.
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Proposition 6.1.6. Suppose M∗ satisfies the Cartier criterion and M i = 0 for
i < 0. Then for each k ≥ 0, the map

N k
uM

∗ → N kSat(M∗)
induces a quasi-isomorphism N k

uM
∗/p→ N kSat(M∗)/p.

Proof. We already know the result for k = 0 (Theorem 2.4.2). To deduce the
result for arbitrary k, by induction it suffices to show that on associated gradeds
we obtain a quasi-isomorphism

N k
uM

∗/N k+1
u M∗ → N kSat(M∗)/N k+1Sat(M∗).

Note first that the differential on the right-hand-side vanishes, since d(N k
uM

∗) ⊂
N k+1
u M∗. In particular, the cohomology of the right-hand-side is given by M i/p

for 0 ≤ i ≤ k and 0 for i > k. To determine the cohomology on the other side, we use
Proposition 6.1.5 which gives us an isomorphism N kSat(M∗)/N k+1Sat(M∗) →
τ≤k(Sat(M)∗/p) given by ϕSat(M∗)/pk. Unwinding the definitions, the composite
map M i/p → H i(τ≤k(Sat(M)∗/p)) ≃ H i(τ≤k(M∗/p)) (where the last equivalence
uses the Cartier criterion) and this map is an isomorphism since M∗ satisfies the
Cartier criterion. �

6.2. The Nygaard filtration and Lηp via filtered derived categories. Con-
struction 6.1.1 is very explicit, but does not give a conceptual understanding of
the Nygaard filtration. The latter can be obtained to some extent by using
Proposition 6.1.5 to reinterpret the Nygaard filtration in terms of filtered derived
categories, as we briefly explain. In particular, the discussion below makes clear
that the Nygaard filtration is an intrinsic feature of any fixed point of Lηp on
D(Z) in the sense of §8.3.

Let us first recall some definitions and facts about the filtered derived category
DF (Z) and the realization of the Lηp operator as a truncation operator we refer
to [5] for proofs.

Construction 6.2.1 (Filtered derived categories). One defines DF (Z) as the
category of descending Z-indexed filtrations {F k}k∈Z on objects of D(Z); if every-
thing is interpreted ∞-categorically, we can simply defineDF (Z) ∶= Fun(Zop,D(Z))
as the ∞-category of Zop-indexed diagrams. For an object F ∶= {F k}k∈Z ∈DF (Z),
we call F −∞ ∶= limÐ→k→−∞

F k the underlying nonfiltered complex. A diagram

{F k}k∈Z is called N-filtered if grk(F ) = 0 for k < 0; we shall write such ob-
jects as {F k}k≥0. The category DF (Z) comes equipped with the Beilinson t-
structure which is prescribed the following requirement: the connective part
DF ≤0(Z) ⊂ DF (Z) comprises those filtered objects F ∶= {F k}k∈Z such that
grk(F ) ∶= F k/F k+1 lies in D≤k(Z) for all k. A defining feature of the connec-
tive cover map τ≤0

B N → N in this t-structure is that grkτ≤0
B N ≃ τ≤kgrkN via the

natural map. In particular, if N is Nop-indexed, so is τ≤0
B N .
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Construction 6.2.2 (The Lηp operator as a truncation). We continue using
the notation in Construction 6.2.1. Fix an M ∈ D(Z) with H i(M) = 0 for

i < 0 and H0(M) being p-torsionfree. Consider the Nop-filtered object M̃ ∶=
{(pk) ⊗LZ M}k≥0 ∈ DF (Z) given by the p-adic filtration on M . Then one can
show that the natural map Lηp(M) → M is the underlying map on nonfiltered

complexes for the the connective cover τ≤0
B M̃ → M̃ in the Beilinson t-structure

on DF (Z). In particular, Lηp(M) ∈ D(Z) comes equipped with a preferred lift
to the filtered derived category, and hence with a natural descending filtration
{Filk}k≥0 that maps to the p-adic filtration {(pk) ⊗LZ M}k≥0 under the canonical
map LηpM → M . The defining feature of this construction is that grkLηp(M)
identifies with τ≤k(pkM/pk+1M) via the canonical map Lηp(M) → M . In other

words, given any filtered object Ñ ∈ DF (Z) with a map f ∶ Ñ → M̃ , if grk(f)
identifies grk(Ñ) with τ≤kgrk(Ñ), then f factors through a unique isomorphism

Ñ ≃ τ≤0
N M̃ .

We can now give the promised description.

Remark 6.2.3 (The Nygaard filtration via filtered derived categories). Fix a
saturated Dieudonné complex (M∗, d, F ) with M i = 0 for i < 0. Then we have
a given isomorphism αF ∶ M∗ ≃ ηpM∗ of complexes. Transfering the discussion
of Construction 6.2.2 along this isomorphism, the image M ∈D(Z) of M∗ comes
equipped with a preferred filtration {Filk}k≥0 with the following features:

(1) The Frobenius map ϕM ∶M αF≃ Lηp(M) canÐÐ→M carries Filk into pkM .
(2) The induced map grkM → pkM/pk+1M identifies the left side with τ≤k of

the right side.

One can then show using Proposition 6.1.5 that the Nygaard filtration {N kM∗}k≥0

considered in this section provides a lift of {Filk}k≥0 to the category of chain com-
plexes. In fact, since the above features characterize {Filk}k≥0 in DF (Z), this
discussion also recovers Proposition 6.1.6.
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7. Relation to seminormality

In this section, we briefly explore the behaviour of the de Rham-Witt com-
plexes introduced in this paper in the case of singularities. More precisely, in
Proposition 7.2.4, we shall identify the functor R ↦WΩ0

R/VWΩ0
R with the semi-

normalization functor R ↦ Rsn; the key calculation that goes into this is that of
a cusp, recorded in Example 7.1.1.

7.1. The example of a cusp. The easiest example of a non-seminormal ring
arises as the ring of functions on the cuspidal cubic. In this subsection, we
calculate the WΩ∗-theory for this example, and explain why it differs from both
Illusie’s de Rham-Witt complex as well as crystalline cohomology.

Example 7.1.1 (The cusp). Assume p ≥ 5. Consider the map

R = Fp[x, y]/(x2 − y3) ≃ Fp[t2, t3]Ð→ S ∶= Fp[t]
of Fp-algebras, where x = t3 and y = t2. Let us explain why this map induces an
isomorphism on the de Rham-Witt complexes WΩ∗ of Notation 4.1.2.

We shall compute our de Rham-Witt complexes using Corollary 4.2.2. To apply
this result, we use the obvious lifts R ∶= Zp[x, y]/(x2−y3) and S ∶= Zp[t] of R and

S respectively. There is an obvious inclusion g ∶ R → S lifting the given inclusion
modulo p. Moreover, raising the variables to their p-th powers defines Frobenius
lifts ϕR and ϕS on R and S that are compatible under g. This gives rise to a
map Ω∗

R → Ω∗
S of Dieudonné complexes. We shall check that this map induces an

isomorphism Sat(Ω∗
R)→ Sat(Ω∗

S).
First, note that Ω∗

S has no p-torsion, and that Ω∗
R and its maximal p-torsionfree

quotient Ω∗
R have the same saturation as saturated Dieudonné complexes are p-

torsionfree by definition. It is thus enough to check that Ω∗
R → Ω∗

S is an iso-
morphism on saturation. Next, we observe that the Frobenius lifts on R and S
factor over the inclusion g: the element ϕS(t) = tp ∈ S ∶= Zp[t] lies in the subring
R ∶= Zp[t2, t3]. Thus, we have a commutative diagram

R
g //

ϕR
��

S

ϕS
��

ψ

~~
R

g // S.

This implies that the kernel K∗ of Ω∗
R → Ω∗

S is killed by the Dieudonné complex

structure map αF ∶ Ω∗
R → ηpΩ∗

R induced by ϕR. In particular, the Dieudonné

complex structure on K∗ induced by the formula K∗ = ker(Ω∗
R → ΩS) has trivial

saturation. Thus, if we write Q∗ for the image of Ω∗
R → Ω∗

S, then it is enough1

to prove that Q∗ ⊂ Ω∗
S induces an isomorphism on saturation. As Q0 = R and

1Here we implicitly use that Sat(−) is a left-adjoint, and hence it carries pushouts in KD
to pushouts in KDsat. Even though pushouts in the latter category are not easy to describe
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Q1 = im(Ω1
R → Ω1

S), it is not difficult to see using the N-grading of everything in

sight that Ω∗
S/Q∗ is given by the acyclic complex Zp ⋅ t

dÐ→ Zp ⋅ dt: this is clear in
degree 0, and in degree 1 it amounts to observing that the map

Ω1
R ∶= Zp[t2, t3] ⋅ t ⋅ dt⊕Zp[t2, t3] ⋅ t2 ⋅ dt→ Ω1

S = Zp[t] ⋅ dt
hits tidt for all i ≠ 0 (where we use p ≠ 2,3 to simplify the left hand side above).
But then Q∗ → Ω∗

S is a quasi-isomorphism, and thus it remains so after applying
ηpn for all n ≥ 0 by Proposition 8.2.1. Our claim now follows by the construction
of the saturation functor in Proposition 2.3.1.

Let us use this calculation to explain why the WΩ∗ introduced in this paper
differs from Illusie’s de Rham-Witt complex WΩ∗ for cusp.

Remark 7.1.2. Example 7.1.1 gives an example of a reduced Fp-algebra A ∶=
Fp[x, y]/(x2 − y3) where the classical de Rham-Witt complex WΩ∗

A differs from
the de Rham-Witt complex WΩ∗

A introduced in this paper. More precisely, the
comparison map

cA ∶WΩ∗
A →WΩ∗

A

from Corollary 4.4.11 is not an isomorphism of complexes. Indeed, by Exam-
ple 7.1.1, we know that WΩ2

A = 0. On the other hand, Remark 4.4.5 shows that
WΩ∗

A admits Ω∗
A as a quotient, and hence WΩ2

A ≠ 0.
In fact, the comparison map cA is not even a quasi-isomorphism. To see this,

note that that we have a commutative diagram in the derived category of the
form

WΩ∗
A

//

��

WΩ∗
A

��
WΩ∗

A ⊗LZ Fp
//

��

WΩ∗
A ⊗LZ Fp

��
Ω∗
A

// W1Ω∗
A.

If the first horizontal map were a quasi-isomorphism, then the second one would
be so as well. On the the other hand, the second vertical map on the right is a
quasi-isomorphism by Corollary 2.5.3, so the diagram above would imply that the
bottom horizontal map is surjective on H∗. By Example 7.1.1, the complexW1Ω∗

A

identifies with Ω∗
B where B = Fp[t] is the seminormalization of A. In summary,

we have shown that if cA were a quasi-isomorphism, then Ω∗
A → Ω∗

B would be

explicitly in general, there is a simplification in our case: Sat(K∗) = 0, so we formally have

Sat(Ω∗R) ≃ Sat(Q∗).
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surjective on H∗. Let us show this is false for H0; we give the computation when
p = 5, leaving the general case to the reader. We must show that the map

ker(A dÐ→ Ω1
A)→ ker(B dÐ→ Ω1

B)
is not surjective. By the Cartier isomorphism, the target identifies with Bp =
Fp[t5]. Now t5 = xy under our inclusion A ⊂ B (which was determined by x = t3
and y = t2). So it is enough to check that xy ∈ A is not killed by the de Rham

differential. But d(xy) = x ⋅dy+y ⋅dx. As Ω1
A = (A ⋅dx⊕A ⋅dy)/R ⋅(2x ⋅dx−3y2 ⋅dy),

one checks using the N-grading that d(xy) ≠ 0.

Next, we wish to explain why the WΩ∗ introduced in this paper differs from
classical crystalline cohomology. To make sense of this, we first explain why the
latter maps naturally to former for a large class of Fp-algebras. To this end, we
give a new construction of the complex WΩ∗

A ∈ KDstr, via the equivalence in
Theorem 8.4.11, in terms of derived de Rham-Witt complexes. Our discussion
here is not self-contained, and we refer to other sources for proofs.

Remark 7.1.3 (ReconstructingWΩ∗ via derived de Rham-Witt complexes). Let
A be an Fp-algebra. In this case, by left Kan extension from smooth Fp-algebras
to all simplicial commutative Fp-algebras, one can define the derived de Rham-
Witt complex LWΩA ∈ D(Zp) (as discussed in [5] for instance). When A admits
the structure of an lci k-algebra, this agrees with the crystalline cohomology
RΓcrys(Spec(A)) of A by [3, Theorem 1.5]. In general, by reduction to the case
of polynomial Fp-algebras, one obtains a canonical map LWΩA → LηpLWΩA.
Define its “strictification” W(LWΩA) as the p-completion of the colimit of

LWΩA → LηpLWΩA → Lηp2LWΩA → ....

Then W(LWΩA) is naturally an object of the ∞-category D̂(Zp)p
Lηp

of §8.4.
Moreover, the equivalence

D̂(Zp)p
Lηp ≃ KDstr

coming from Theorem 8.4.11 carries W(LWΩA) to WΩ∗
A: this assertion holds

true on the category of smooth Fp-algebras by Theorem 4.4.12, and thus holds
true in general as both functors commute with sifted colimits. In particular, there
is a canonical comparison map

dA ∶ LWΩA →WΩ∗
A

in D(Zp) that is compatible with the Frobenius maps. If A admits the structure
of an lci k-algebra for a perfect field k, we may also view dA as a map

dA ∶ RΓcrys(A)→WΩ∗
A

in D(Zp) that is compatible with the Frobenius maps.
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Remark 7.1.4. Let A = Fp[x, y]/(x2 − y3). By Remark 7.1.3 and because A is
an lci Fp-algebra, there is a canonical comparison map

dA ∶ RΓcrys(Spec(A))→WΩ∗
A

in D(Zp). We shall explain why this is not an isomorphism. If it were an
isomorphism, the dA ⊗LZp Fp would also be an isomorphism. By Example 7.1.1,

we know that H2(WΩ∗
A⊗LZp Fp) ≠ 0. On the other hand, RΓcrys(Spec(A))⊗LZp Fp

identifies with the derived de Rham complex LΩA as A is lci (see [3, Theorem
1.5]). As A admits a lift to Z/p2 together with a lift of Frobenius, there is a
natural identification

⊕i ∧i LA/Fp[−i] ≃ LΩA

by loc. cit.. In particular, since H2(∧2LA/Fp[−2]) ≃ H0(Ω2
A/Fp

) ≠ 0, we learn

that H2(RΓcrys(Spec(A)) ⊗LZp Fp) ≠ 0 as well, so H2(dA ⊗LZp Fp) cannot be an

isomorphism.

7.2. Realizing the seminormalization via the de Rham-Witt complex.
Using Example 7.1.1, we shall show that WΩ∗

(−)
is insensitive to seminormaliza-

tion. We recall the relevant terminology and results from [26] first. A ring R is
seminormal if it is reduced and satisfies the following condition: given x, y ∈ R
with x2 = y3, we can find t ∈ R with x = t3 and y = t2. Any commutative ring R
admits a universal map R → Rsn to a seminormal ring by [26, Theorem 4.1]; we
refer to Rsn as the seminormalization of R.

Proposition 7.2.1. Let R → S be a map of Fp-algebras. Assume that R → S
gives an isomorphism on seminormalization. Then WΩ∗

R ≃WΩ∗
S.

Proof. Since a ring and its reduction have the same seminormalization (by defi-
nition) and isomorphic de Rham-Witt complexes (Lemma 3.6.1), we may assume
R and S are reduced. Let us introduce some terminology following [26, page 213]:
given an injective map S1 → S2 of reduced Fp-algebras, we say it is elementary
extension if S2 is obtained by adjoining a single element t ∈ S2 to S1 with the prop-
erty that t2, t3 ∈ S1; any such map induces an isomorphism on seminormalizations.
It is known that any extension R → S of reduced rings that gives an isomorphism
on seminormalizations is a filtering union of R-subalgebras Si ⊂ S such that each
R → Si is obtained by finitely many elementary extensions (see [26, Lemma 2.6]).
It is easy to show that the category ADstr contains filtered colimits2 and that the
functor WΩ∗

(−)
commutes with filtered colimits (Corollary 4.1.5). We may thus

2It is clear that ADsat admits filtered colimits, and these are computed at the level of
complexes, i.e., in KDsat. To see that ADstr admits filtered colimits, we simply apply the
completion functor W(−) to the colimit of the corresponding diagram in ADsat; this works
thanks to Proposition 3.5.8.
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inductively reduce to the case where R → S is an elementary extension. In this
case, by definition, we can find a pushout square

Fp[t2, t3]

��

// Fp[t]

��

R // S̃,

of commutative rings together with a surjective map S̃ → S factoring the original
elementary extension. We shall check that both R → S̃ and S̃ → S induce iso-
morphisms on WΩ∗

(−)
. For the map R → R̃: the map WΩ∗

(−)
induced by the top

horizontal arrow in the square above is an isomorphism (Example 7.1.1), so the
same holds true for the one induced by the bottom horizontal arrow as WΩ∗

(−)

preserves pushouts (Corollary 4.1.5). For S̃ → S: as both R → S̃ and R → S
give homeomorphisms on Spec(−), the same holds true for the surjective map

S̃ → S, so S is the reduction of S̃, and then the claim follows from Lemma 3.6.1
as before. �

To identify our functor R ↦WΩ0
R/VWΩ0

R with the seminormalization functor
R ↦ Rsn, it is convenient to identify a class of maps inverted by the seminor-
malization functor (as in [26, Lemma 2.1]): a map R → S of commutative rings
is subintegral if it is an integral map and Spec(S)(k) → Spec(R)(k) is bijective
for every field k. This condition obviously only depends on the underlying map
of reduced rings. Moreover, it is easy to see that any subintegral map R → S
with R reduced must be injective: R embeds into a product of fields, and each
such embedding factors uniquely over S. For any ring R, the map R → Rsn is
subintegral by [26, Corollary 4.2]. Conversely:

Lemma 7.2.2. If R → S is subintegral, then Rsn ≃ Ssn.

Proof. We may assume R and S are reduced. But then R → S is injective by
subintegrality. Then Rsn → Ssn is also an injective subintegral map by [26,
Theorem 4.1, Corollary 4.2]. This forces Rsn ≃ Ssn by the seminormality of Rsn

and [26, Lemma 2.6]. �

There next criterion to test subintegrality will be useful for us:

Lemma 7.2.3. Let R → S be a map of commutative rings. Then R → S is subin-
tegral if and only if Spec(S)(V ) → Spec(R)(V ) is bijective for every valuation
ring V . When R is noetherian, it suffices to work with discrete valuation rings
in the previous sentence.

Proof. We may assume that both R and S are reduced
For the forward direction: as a subintegral map is integral, it satisfies the valua-

tive criterion for properness. The forward direction now follows as Spec(S)(K)→
Spec(R)(K) is bijective for every field K.
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Conversely, assume that every map R → V with V a valuation ring factors
uniquely through S. Applying this condition for fields V immediately shows
Spec(S)(k) → Spec(S)(k) is bijective for any field k. Applying this condition
for valuation rings then shows that Spec(S) → Spec(R) satisfies the valuative
criterion for properness, and hence R → S is integral.

The simplification in the noetherian case follows as one only needs to use
discrete valuation rings when testing the valuative criterion for noetherian rings.

�

We can now prove the promised result:

Proposition 7.2.4. Let R be an Fp-algebra, and let R′ = WΩ0
R/VWΩ0

R. Then
the natural map R → R′ exhibits R′ as the seminormalization of R.

Proof. Consider the functor F (R) = WΩ0
R/VWΩ0

R on Fp-algebras; this functor
only depends on Rred, takes values in reduced Fp-algebras by Lemma‘3.6.1, and
there is a natural map ηR ∶ R → F (R). Similarly, the seminormalization Rsn of
any Fp-algebra R only depends on Rred, is always reduced (by definition), and
there is a natural map R → Rsn. It thus suffices to identify F (R) with Rsn for
any reduced Fp-algebra compatibly with the structure map from R. In fact, as
both F (−) and (−)sn commute with filtered colimits, we may even assume that
R is a finite type Fp-algebra that is reduced.

Let us show that any map R → S with S regular factors uniquely over ηR; by
Lemma 7.2.3 and the noetherianity of R, this will imply that R → F (R) induces
an isomorphism on seminormalizations. For existence: given such a map R → S,
naturality of η gives a commutative diagram

R
ηR //

g

��

F (R)
F (g)
��

S
ηS // F (S).

By Theorem 4.3.2, the map ηS is an isomorphism when S is regular, so the
square above gives the desired factorization. In fact, the same reasoning also
gives uniqueness: given a, b ∶ F (R) → S such that F (a) ○ ηR = F (b) ○ ηR =∶ g,
composition with ηS and the above diagram shows that ηS ○ a = ηS ○ b as they
both equal F (g), whence a = b as ηS is an isomorphism.

The previous paragraph shows that R → F (R) is a subintegral map, so it
induces an isomorphism on seminormalizations (Lemma 7.2.2). In particular, we
get an injective R-algebra map a ∶ F (R) → Rsn (where injectivity follows from
reducedness of F (R)). On the other hand, the map R → Rsn is a subintegral map,
and hence induces an isomorphism on applying F (−) by Proposition 7.2.1. This
gives an injective R-algebra map b ∶ Rsn → F (R) (where injectivity follows from
[26, Theorem 4.1]). By the universal property of seminormalization, the map
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a ○ b ∶ Rsn → Rsn must agree with the identity (as it does so on restriction to R).
As both a and b are injective, this immediately implies that a and b are mutually
inverse isomorphisms, so a gives the desired isomorphism F (R) ≃ Rsn. �
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8. Homological Algebra

In this section, we will describe the category of strict Dieudonné complexes
(and similarly strict Dieudonné algebras) entirely in terms of the derived category
and the functor Lηp on it, introduced by Berthelot-Ogus [1]. A major application
will be to give a short proof of the crystalline comparison of the cohomology
theory AΩ of Bhatt-Morrow-Scholze [4].

Namely, we show (Theorem 8.3.11) that the category of strict Dieudonné com-
plexes is equivalent to the fixed points of the functor Lηp on the p-complete

derived category D̂(Z)p, i.e., the category of objects K ∈ D̂(Z)p together with
an isomorphism ϕ ∶ K ≃ LηpK. In particular, any cochain complex with such
an isomorphism (an abstraction of the Cartier isomorphism) admits a canonical
representative or strictification. From this point of view, a fundamental feature
of crystalline cohomology RΓcrys(SpecA) of a smooth affine algebra over a perfect
ring k is the isomorphism it admits with its own Lηp, which leads precisely to
its strictification, i.e., the de Rham-Witt complex. We will also show that this
picture does not depend whether one uses the derived category or its natural
∞-categorical enhancement.

8.1. Recollections on the derived category. We recall the following classical
definition. Compare [18, Ch. 13–14] for a modern textbook reference.

Definition 8.1.1. The derived category D(Z) of the integers can be defined in
two equivalent ways:

(1) D(Z) is the localization of the category CoCh(Z) of cochain complexes
of abelian groups at the collection of quasi-isomorphisms.

(2) D(Z) is the homotopy category of the subcategory CoCh(Z)free ⊂ CoCh(Z)
of cochain complexes of free abelian groups: that is, given X∗, Y ∗ ∈
CoCh(Z)free, HomD(Z)(X,Y ) is the abelian group of chain homotopy
classes of maps of cochain complexes X∗ → Y ∗.

Using the second description, we regard D(Z) as a symmetric monoidal cate-
gory under the tensor product of cochain complexes of free abelian groups.

Variant 8.1.2. If one uses the first definition of D(Z) (as a localization), then
one can replace the category of all cochain complexes CoCh(Z) with various
subcategories. For example, D(Z) is also the localization of the subcategory
CoCh(Z)free at the quasi-isomorphisms. It will be helpful for us to know that
D(Z) is the localization of the intermediate subcategory CoCht.fr(Z) ⊂ CoCh(Z)
consisting of cochain complexes of torsion-free abelian groups.

As a matter of notation, we will typically use the superscript ∗ to refer to
cochain complexes, and omit the ∗ to refer to the underlying object of the derived
category.
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Remark 8.1.3. If Z were replaced by a different ring R (which is not of finite
homological dimension), the description of the derived category as the homotopy
category of cochain complexes of free abelian groups should be modified: one
should instead take the homotopy category of K-projective complexes in the
sense of [25]. See also [13, Ch. 2] for a presentation as a model category.

Next, we recall elements of the theory of p-complete objects in D(Z), as in [10]
and going back to ideas of Bousfield [9].

Definition 8.1.4. Let X ∈ D(Z). We will say that X is p-complete if for
every Y ∈ D(Z) such that p ∶ Y → Y is an isomorphism in D(Z), we have

HomD(Z)(Y,X) = 0. We let D̂(Z)p ⊂ D(Z) be the full subcategory spanned by
the p-complete objects.

Definition 8.1.5. An abelian group X is called derived p-complete if, when
considered as an object of D(Z) concentrated in a single degree, it is p-complete.

An object ofD(Z) is p-complete if and only if its cohomology groups are derived
p-complete [10, Prop. 5.2]. The category of derived p-complete abelian groups is
itself abelian, and includes all p-complete abelian groups. A detailed treatment
of the theory of derived complete (also called L-complete) abelian groups and
modules is given in [14, Appendix A].

Example 8.1.6. Let X∗ be a cochain complex. Suppose all the terms X i, i ∈ Z
are derived p-complete. Then the underlying object X ∈ D(Z) is derived p-
complete, because the cohomology groups are derived p-complete.

Definition 8.1.7. An derived p-complete abelian group A is called pro-free if
the following equivalent conditions hold:

(1) A is p-torsion-free.
(2) A is isomorphic to the p-adic completion of a free abelian group.

Example 8.1.8. Let A be a pro-free abelian group and let B ⊂ A be a derived
p-complete subgroup. Then B is pro-free.

The main result of this subsection that we will need is that for cochain com-
plexes of pro-free p-complete abelian groups, maps in the derived category can be
described as chain homotopy classes of maps of complexes. Closely related results
appear in appear in [24, 27] (where a model category structure is produced) and
[23, Sec. 7.3.7]; for convenience of the reader, we spell out the details in this
special case.

Proposition 8.1.9. Let X∗ be a cochain complex of free abelian groups. Suppose
the underlying object X ∈ D(Z) is p-complete. Let X̂∗

p be the (levelwise) p-

completion of the cochain complex X∗. Then X∗ → X̂∗
p is a quasi-isomorphism.



CONSTRUCTING DE RHAM-WITT COMPLEXES ON A BUDGET (DRAFT VERSION) 71

Proof. In fact, since both sides are p-complete objects of D(Z), it suffices to show

that the map X∗ → X̂∗
p becomes a quasi-isomorphism after taking the derived

tensor product with Z/p. But the map is in fact an isomorphism modulo p, and
both sides are p-torsion-free. �

Proposition 8.1.10. D̂(Z)p is equivalent to the homotopy category of cochain
complexes of p-complete pro-free abelian groups.

Proof. If U∗ is a cochain complex of free abelian groups representing an object of

D̂(Z)p, then the (levelwise) p-completion Û∗
p is quasi-isomorphic to U∗. It follows

that any object of D̂(Z)p can be represented by a cochain complex of pro-free
p-complete abelian groups.

Let X∗, Y ∗ be cochain complexes of p-complete pro-free abelian groups. Choose
a cochain complex X̃∗ of free abelian groups equipped with a quasi-isomorphism
X̃∗ →X∗. We have that HomD(Z)(X,Y ) is the group of chain homotopy classes of

maps X̃∗ → Y ∗. Replacing X̃∗ by its (levelwise) p-completion Z∗ does not change

the quasi-isomorphism type, and we have a factorization X̃∗ → Z∗ → X∗, and
maps X̃∗ → Y ∗ are equivalent to maps Z∗ → Y ∗. Combining these observations,
it suffices to show now that Z∗ →X∗ is a chain homotopy equivalence.

For this, we observe that X∗ is K-projective [25] as a cochain complex in the
category of derived p-complete abelian groups. Indeed, any complex of pro-free
p-complete abelian groups T ∗ is K-projective in this sense: T ∗ is a filtered colimit
of its truncations τ≤nT ∗, which are bounded-above cochain complexes of pro-free
p-complete abelian groups. Applying [25, Cor. 2.8], we conclude that X∗ is K-
projective, and similarly so is Z∗. Therefore, any quasi-isomorphism Z∗ → X∗

admits a chain homotopy inverse. �

8.2. The Functor Lηp. Next, we review some of the basic properties of the
operator Lηp. For a more extensive treatment, we refer the reader to [4, Sec. 6].

Recall from Construction 2.1.3 the functor ηp on the category CoCht.fr(Z) of
p-torsion free cochain complexes, which takes an object M∗ to the subcomplex
ηpM∗ ⊂M∗[p−1] with (ηpM)n = {x ∈ pnMn ∶ dx ∈ pn+1Mn+1}. One has the follow-
ing basic property of ηp.

Proposition 8.2.1. If (M∗, d) is a cochain complex of p-torsion-free abelian
groups, then there is a functorial isomorphism of graded abelian groups H∗(ηpM) ≃
H∗(M)/H∗(M)[p], where H∗(M)[p] ⊂H∗(M) denotes the p-torsion.

Proof. Given a cycle z ∈ Mn, the element pnz ∈ (ηpM)n is a cycle, and if z is
a boundary, then so is pnz ∈ (ηpM)n. This defines a map Hn(M) → Hn(ηpM).
Unwinding the definitions, we see that the class of a cycle z ∈Mn belongs to the
kernel of this map precisely if pz ∈Mn is a boundary, as claimed. �

We now study the derived version of this functor.
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Definition 8.2.2. The functor ηp ∶ CoCht.fr(Z) → CoCht.fr(Z) defined above
preserves quasi-isomorphisms by Proposition 8.2.1. Therefore, ηp descends to a
functor Lηp ∶D(Z)→D(Z).

Given an object X ∈D(Z), we have H∗(LηpX) ≃H∗(X)/H∗(X)[p] by Propo-
sition 8.2.1. In particular, Lηp is an operator on D(Z) which reduces the p-torsion
by a small amount.

Proposition 8.2.3. Lηp naturally has the structure of a symmetric monoidal
functor D(Z)→D(Z).

Proof. In fact, ηp has the structure of a lax symmetric monoidal functor: given
p-torsion-free cochain complex K∗, L∗, there is a natural transformation ηpK∗ ⊗
ηpL∗ → ηp(K∗ ⊗ L∗). The derived functor Lηp is strictly symmetric monoidal.
Since both sides are quasi-isomorphism invariants, it suffices to show that the
natural map LηpX ⊗Z LηpY → Lηp(X ⊗Z Y ) is a quasi-isomorphism for X,Y ∈
D(Z). As in [4, Prop. 6.8], one reduces to the case where X,Y are both cyclic,
and then checks directly. �

Proposition 8.2.4 (Compare [4, Lem. 6.19]). The functor Lηp preserves D̂(Z)p
and descends to a symmetric monoidal functor D̂(Z)p → D̂(Z)p.

We recall also Proposition 2.4.4, which shows that the composite functor

D(Z) Lηp→ D(Z) ⊗Z/p→ D(Z/p)
has a very simple description, as the cohomology modulo p equipped with the
Bockstein differential. In particular, Lηp/p has a canonical cochain representative.
This suggests that Lηp should have a strictification function, and we explore this
in the rest of the section.

8.3. Fixed Points of Lηp: 1–categorical version. In this subsection, we prove
the basic result (Theorem 8.3.11 below) that the category of strict Dieudonné
complexes can be identified with the fixed point category of Lηp on the p-complete
derived category. In particular, any fixed point will admit a canonical represen-
tative as a cochain complex. We use the following definition of fixed points.

Definition 8.3.1. Let C be a category and F ∶ C → C be an endofunctor. The
fixed points CF is the category of pairs (X,ϕ ∶ X ≃ F (X)) where X ∈ C and ϕ
is an isomorphism between X and F (X). Morphisms in CF are defined in the
evident manner.

Construction 8.3.2. We clearly have a functor KDsat → CoCht.fr(Z) which
sends a saturated Dieudonné complex X∗ to its underlying cochain complex.
Furthermore, the operator F enables us to lift this to a functor

(13) KDsat → (CoCht.fr(Z))ηp ,
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to the fixed point category (CoCht.fr(Z))ηp . Essentially by definition, this induces
an equivalence of categories KDsat ≃ (CoCht.fr(Z))ηp .

Our main result is an analog of Construction 8.3.2 for strict Dieudonné com-
plexes and for the derived category. To begin with, we will need a number of
homological preliminaries.

Notation 8.3.3. Let X∗ be a torsion-free cochain complex. For each n, we have
a canonical reduction map X∗/pn+1 → X∗/pn and an inclusion map X∗/pn →
X∗/pn+1 obtained from tensoring the inclusion Z/pn ⊂ Z/pn+1 with X∗. We denote
by

F ∶H∗(X/pn+1)→H∗(X/pn), V ∶H∗(X/pn)→H∗(X/pn+1)
the induced maps in cohomology. This choice of notation is informed by its
compatibility with similar maps for Dieudonné complexes under the strictification
result in Theorem 8.3.11.

Construction 8.3.4 (The Bockstein homomorphism). Let X∗ be a cochain com-
plex of torsion-free abelian groups and let n ≥ 1 be an integer. Then we define
a differential βpn on the cohomology groups H∗(X/pn) in one of two equivalent
ways:

(1) βpn is the connecting homomorphism arising from the short exact sequence
of cochain complexes 0→X∗/pn →X∗/p2n →X∗/pn → 0.

(2) Explicitly, given x ∈X i such that dx is divisible by pn (so that x represents
a class [x] in H i(X/pn)), βpn([x]) is the class [dx/pn].

In particular, this procedure manufactures a cochain complex of Z/pn-modules
from a torsion-free cochain complex of abelian groups.

Remark 8.3.5. The Bockstein homomorphism has the following basic property.
Consider the reduction map X∗/pn+1 →X∗/pn. Then a class a ∈H i(X/pn) admits
a lift to H i(X/pn+1) (i.e., belongs to the image of the map F ) if and only if βpn(a)
is divisible by p.

We will need the following general construction.

Construction 8.3.6. Let X∗ be a torsion-free cochain complex. Then, for each
n, we have a natural map

µn ∶H∗(X/pn)→H∗((ηpX)/pn−1),
such that:

(1) µn commutes with the Bockstein differentials on both sides.
(2) µn annihilates any x ∈H∗(X/pn) with px = 0.
(3) µn is surjective, and its kernel is the chain complex generated by the

image of the map V n−1 ∶ H∗(X/p) → H∗(X/pn) induced by the natural
map X/p→X/pn arising from the embedding Z/p ⊂ Z/pn.
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(4) For any k ≤ n, we have a commutative square

H∗(X/pn)

Fn−k

��

µn // H∗(LηpX/pn−1)

Fn−k

��
H∗(X/pk) µk // H∗(LηpX/pk−1)

.

(5) For any k ≤ n, we have a commutative square

H∗(X/pn) µn // H∗(LηpX/pn−1)

H∗(X/pk)
V n−k

OO

µk // H∗(LηpX/pn−1)
V n−k

OO
.

To construct µn, we proceed as follows. We represent a class in Hk(X/pn) by
x ∈Xk such that pn ∣ dx and map x↦ pkx ∈ (ηpX)k. Then d(pkx) ∈ (ηpX)k+1 is di-
visible by pn−1, so that pkx defines a cycle in (ηpX/pn−1)k. Passing to cohomology
classes gives the map desired.

Proof. We prove that the above construction is well-defined. Suppose first that
x ∈Xk has the property that pn divides dx and that px represents the zero class
in Hk(X/pn). Then px = pnx′ + dy, where dy is divisible by p. Furthermore,
dx′ is divisible by p since dx is divisible by pn. It follows that pkx ∈ (ηpX)k can
be written as pn−1(pkx′)+ d(pk−1y), which yields the zero class in Hk(ηpX/pn−1).
This implies that the construction µn is well-defined and implies further that µn
annihilates the p-torsion in H∗(X/pn).

Consider a class x ∈ Xk such that pn divides dx. Then µn([x]) = [pkx]. We
observe that the Bockstein βpn carries [x] to [dx/pn] ∈ Hk+1(X/pn), while the
Bockstein βpn−1 carries [pkx] ∈Hk(ηpX∗/pn−1) to [d(pkx)/pn−1]. Furthermore, we
have µn([dx/pn]) = [pk+1dx/pn]. Comparing shows that µn commutes with the
Bockstein.

Next, we argue that µn is surjective. Indeed, fix a chain z ∈ (ηpX)k such that
dz ∈ (ηpX)k+1 is divisible by pn−1. We have z = pkz′ for some z ∈ Xk, and it
suffices to observe that dz is divisible by pn in Xk+1, because pkdz is divisible by
pn−1 in a subgroup of pk+1Xk+1. Thus µn([z′]) = [z′].

Suppose now that x ∈ Xk has dx divisible by pn and that µn([x]) = 0. In
other words, in (ηpX)k, we have pkx = pn−1(pkx′) + d(pk−1y′) for some pkx′ ∈
(ηpX)k, pk−1y′ ∈ (ηpX)k−1. Then we have that dx′ is divisible by p, and same for
dy′. We have x = pn−1x′ + d(pn−1y′)/pn. We can then write [x] = V n−1([x′]) +
βpnV n−1([y′]) in Hk(X/pn). �

Remark 8.3.7. We now observe that the above constructions pass to the derived

category. Given X ∈D(Z), we let X/pn =X L⊗ Z/pn be the derived tensor product
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of X with Z/pn; explicitly, if X is represented by a torsion-free cochain complex
X∗, then X/pn is represented by the quotient X∗/pn.

We will now need to observe that Notation 8.3.3, Construction 8.3.4, and Con-
struction 8.3.6 are clearly quasi-isomorphism invariant in the torsion-free cochain
complex X∗, so that they are well-defined and functorial for an object X ∈D(Z).
That is, we find:

(1) Bockstein homomorphisms and operators F,V on the cohomology {H∗(X/pn)}n≥1.
(2) Natural maps µn ∶H∗(X/pn)→H∗(LηpX/pn−1) for n ≥ 1.

In the remainder of the section, we will pass to the derived category D(Z), and
carry out all of our constructions there. In particular, our goal is to construct
a strict Dieudonné tower. The main new construction we need is that of the
restriction map.

Construction 8.3.8. Let M ∈ D(Z) be an object equipped with a map ϕ ∶
LηpM → M in D(Z). Then we obtain, for each n, a map of graded abelian
groups

R ∶H∗(M/pn) µn→ H∗(LηpM/pn−1) ϕ→H∗(M/pn−1).
If we consider the source and the target as cochain complexes, equipped with the
Bockstein differential, then the map R is a map of cochain complexes.

Let M∗ be a saturated Dieudonné complex. By Proposition 2.5.2, we have an
isomorphism

F r ∶Wr(M)∗ ≃→H∗(M/prM).
In addition, we have an isomorphism ηpM∗ ≃M∗ via F . We observe now that the
restriction maps in cohomology from Construction 8.3.8 are compatible with the
restriction (i.e., quotient) maps on the tower {Wr(M)∗}. In fact, we can obtain
the entire structure of a strict Dieudonné tower in this way.

Proposition 8.3.9. Let M∗ be a saturated Dieudonné complex, so that we obtain
an isomorphism ηpM∗ ≃M∗ and an induced isomorphism ϕ ∶ LηpM ≃M in D(Z).
We have commutative diagrams

Wr(M)∗

R
��

≃ // H∗(M/pr)
R

��
Wr−1(M)∗ ≃ // H∗(M/pr−1)

,

Wr(M)∗

F
��

≃ // H∗(M/pr)
F
��

Wr−1(M)∗ ≃ // H∗(M/pr−1)

, Wr−1(M)∗

V
��

≃ // H∗(M/pr−1)
V
��

Wr(M)∗ ≃ // H∗(M/pr)
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Proof. Let x ∈M i have the property that dx is divisible by pr, so that x defines a
class in H i(M/pr). Unwinding the definitions, we find that µrx ∈H i(LηpM/pr−1)
is represented by the class pix ∈ (ηpM)i. The map ηpM i →M i is given by piz ↦
F −1(z), so we find that the map R carries the class of x to the class of F −1(x).
Since the map Wr(M)∗ → H∗(M/pr) sends an element y ∈ M i representing a
class in Wr(M)i to the class of F ry in H i(M/pr), the commutativity of the first
diagram follows. The commutativity of the second and third diagrams is easier,
and is left to the reader.

�

Let M∗ be a saturated Dieudonné complex, so that we can construct a strict
Dieudonné tower {Wr(M)∗}. The above discussion shows that the strict Dieudonné
tower (which in particular determines the strictification of M∗) depends only on
the quasi-isomorphism class M ∈ D(Z) of M∗ and the equivalence M ≃ LηpM
in D(Z) (rather than the isomorphism M∗ ≃ ηpM∗ of cochain complexes). We
formulate this more explicitly.

Construction 8.3.10. Suppose given a pair (X,ϕX) where X ∈ D̂(Z)p and
ϕX ∶X ≃ LηpX. For each n, we consider the cochain complex

(X∗
n , d) = (H∗(X/pn), βpn),

where βpn is the Bockstein differential on H∗(X/pn). We assemble the {X∗
n} into

a tower of cochain complexes via the maps

Rn ∶X∗
n →X∗

n−1

from Construction 8.3.8. This is a tower of cochain complexes, and since the map
µn is surjective, it follows that each Rn is surjective. In addition, we consider the
maps F ∶H∗(X/pn+1)→H∗(X/pn) and V ∶H∗(X/pn)→H∗(X/pn+1) as in Con-
struction 8.3.3. The list of properties in Construction 8.3.6 (and Remark 8.3.5)
shows that the tower {X∗

n} together with the F,V operators is a strict Dieudonné
tower.

The above defines a functor

Ψ ∶ D̂(Z)p
Lηp →KDstr

as the composite of the above construction with the equivalence TD ≃ KDstr

between strict Dieudonné towers and strict Dieudonné complexes.

With this in mind, the following is the main homological result of this section.

Theorem 8.3.11. Construction 8.3.2 together with projection to the derived
category and Construction 8.3.10. induce an inverse equivalence of categories

KDstr ≃ D̂(Z)p
Lηp

.

The proof of Theorem 8.3.11 will require some additional preliminaries.
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Definition 8.3.12. Let X∗, Y ∗ be p-torsion free Dieudonné complexes. Let f ∶
X∗ → Y ∗ be a map of the underlying cochain complexes. We say that f is weakly
F -compatible if the following diagram of cochain complexes

X∗

f

��

F // ηpX∗

ηpf

��
Y ∗ F // ηpY ∗

commutes up to chain homotopy. Equivalently, we require that the map F −1○f ○F
of cochain complexes X∗ → Y ∗ is chain homotopic to f .

Proposition 8.3.13. Let f ∶ X∗ → Y ∗ be a weakly F -compatible map between
the underlying cochain complexes of strict Dieudonné complexes X∗, Y ∗. Then f
is chain homotopic to a unique map of strict Dieudonné complexes f ∶X∗ → Y ∗.

Proof. Let u ∶ X∗ → Y ∗−1 be an arbitrary map of graded abelian groups. Then
we have

F −1 ○ (du + ud) ○ F = d(V u) + (V u)d.
Write F −1 ○ f ○ F = f + dh + hd for some map h ∶ X∗ → Y ∗−1. We now set

u = ∑∞
n=0 V

nh and f = f + du + ud. It follows that

F −1 ○ f ○ F − f = dh + hd + d(V u) + (V u)d − (du + ud)

= dh + hd +
∞

∑
n=0

(dV n+1h + V n+1hd) − (
∞

∑
n=0

dV nh + V nhd)

= 0.

It follows that f ∶ X∗ → Y ∗ is a map of strict Dieudonné complexes and, on
underlying cochain complexes, f is chain homotopic to f .

Finally, let g ∶X∗ → Y ∗ be a map of strict Dieudonné complexes which is chain
homotopic to zero. Then g induces the zero map Wr(X)∗ → Wr(Y )∗ thanks to
the identifications Wr(X)∗ ≃H∗(X/pr),Wr(Y )∗ ≃H∗(Y /pr). It follows that g is
zero, since both X∗, Y ∗ are strict. This proves uniqueness. �

Proof of Theorem 8.3.11. Let Φ ∶ KDstr → D̂(Z)p be the evident functor which
carries a strict Dieudonné complex X∗ to the class in D(Z) of the isomorphism
X∗ → ηpX∗. In Construction 8.3.10, we obtained a functor Ψ in the other di-
rection. Thanks to Proposition 8.3.9, we have seen that the above construction,
when one inputs a strict Dieudonné complex M∗, produces the strict Dieudonné
tower {Wr(M)∗}. In particular, we have an equivalence Ψ ○Φ ≃ id.

To complete the proof, we need to show that Φ is fully faithful and essentially
surjective. First, Φ is fully faithful thanks to Proposition 8.3.13 and the descrip-
tion of the p-complete derived category in Proposition 8.1.10. We now check
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essential surjectivity. Given an object X ∈ D̂(Z)p together with an equivalence

ϕ ∶ X ≃ LηpX in D(Z), choose a complex Y ∗ of free abelian groups representing
X. Then the equivalence ϕ is represented by a map (well-defined up to chain ho-
motopy) Y ∗ → ηpY ∗ of cochain complexes, i.e., Y ∗ can be given the structure of
a Dieudonné complex. Now the map Y ∗ →W(Y ∗) is a quasi-isomorphism since
it is a quasi-isomorphism modulo p and both sides are p-complete. It follows that
the pair (X,ϕ) is represented by a strict Dieudonné complex. In particular, Φ is
essentially surjective. �

8.4. Fixed Points of Lηp: ∞–categorical version. From a homotopy-theoretic
point of view, the analysis of D(Z) and fixed points of functors on it is somewhat
unnatural: the more natural object is not D(Z) itself, but its ∞-categorical en-
hancement which remembers the space of maps between objects. In particular,
one expects to perform operations such as fixed points at the ∞-categorical level
to obtain a well-behaved object.

In this subsection, we observe that the above analysis of the fixed points of
Lηp works at the ∞-categorical level. That is, it does not matter whether one
considers D(Z) or its ∞-categorical enhancement. This subsection, in which we
will freely use the theory of ∞-categories following [22], will not be used in the
sequel.

Definition 8.4.1. Given an ∞-category D and objects X,Y ∈ D and parallel
arrows X ⇉ Y , an equalizer of the parallel arrows is a limit of the diagram
∆1 ∪∂∆1 ∆1 → D.

Example 8.4.2. Suppose given a functor F ∶ BZ≥0 → D, classifying an object
X ∈ D together with an endomorphism f ∶ X → X. Then lim←ÐF can be identified

with an equalizer of the pair (f, idX) ∶ X ⇉ X. In fact, the map (of simplicial
sets) ∆1 ∪∂∆1 ∆1 → BZ≥0 is both left and right cofinal, as one sees easily using
the ∞-categorical version of Quillen’s Theorem A [22, Th. 4.1.3.1].

Example 8.4.3. Given spectra X,Y and maps f, g ∶ X ⇉ Y , the equalizer
eq(f, g) can be identified with the fiber fib(f − g).

Definition 8.4.4. Let C be an ∞-category and let F ∶ C → C be a functor. We
define the fixed points CF as the homotopy fixed points of the Z≥0-action on C
thus induced. We can describe it in any of the following manners:

(1) CF is the equalizer of the pair (F, idC) ∶ C⇉C) in the ∞-category of ∞-
categories.

(2) Using the Grothendieck construction [22, Ch. 2], we can identify the

pair (C,F) with a cocartesian fibration C̃ →∆1/∂∆0, and we consider the
∞-category of cocartesian sections of this fibration.
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By construction, an object of CF is represented by a pair (X,ϕX) where X ∈ C
and ϕX ∶ X ≃ FX. In addition, we can describe the space of maps between two
objects (X,ϕX), (Y,ϕY ) via the homotopy equalizer

HomCF ((X,ϕX), (Y,ϕY )) = eq(HomC(X,Y )⇉ HomC(X,FY ))
where the two maps of spaces HomC(X,Y ) ⇉ HomC(X,FY ) are given by f ↦
ϕY ○ f and f ↦ F (f) ○ ϕX .

Definition 8.4.5. We let D(Z) be the natural ∞-categorical enhancement of
D(Z). Namely, D(Z) is defined in one of two ways:

(1) D(Z) is the ∞-categorical localization of the category CoCht.fr(Z) of
torsion-free cochain complexes at the quasi-isomorphisms.

(2) D(Z) is defined as an appropriate homotopy coherent nerve [?] of the
differential graded category of cochain complexes of free abelian groups.

Similarly, we let D̂(Z)p ⊂ D(Z) be the full subcategory spanned by the p-complete
objects.

Definition 8.4.6. The functor ηp ∶ CoCht.fr(Z) → CoCht.fr(Z) respects quasi-
isomorphisms, so it induces a functor Lηp ∶ D(Z)→ D(Z) (which lifts the functor
D(Z)→D(Z)).

Our goal is to calculate the ∞-categorical fixed points D̂(Z)
Lηp

p . We first study

the action of Lηp on D(Z) further. The functor Lηp is an additive functor on
D(Z), but it is not exact. In fact, its failure to commute with suspension is exactly
multiplication by p, which leads precisely to the aforementioned discreteness. We
unwind this next. In order to do this, it will be helpful and concrete to view D(Z)
as arising from a differential graded category, rather than as a localization.

Definition 8.4.7. We let Ddiff(Z) be the differential graded category whose ob-
jects are the cochain complexes of free abelian groups. Given X∗, Y ∗, we define
the cochain complex HomDdiff(Z)(X∗, Y ∗) of maps X∗ → Y ∗ such that

HomDdiff(Z)(X∗, Y ∗)r =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 r > 0

HomCoCh(Z)free(X∗, Y ∗) r = 0

∏n∈Z Hom(Xn, Y n+r) r < 0

.

The differential graded nerve of the differential graded category Ddiff(Z) is
equivalent to D(Z). This is slightly different from the usual differential graded
category structure on cochain complexes, since we have truncated the cochain
complexes of maps. However, the underlying ∞-categories only depend on the
connective covers of the mapping complexes.

Construction 8.4.8. We have a functor ηp ∶ Ddiff(Z) → Ddiff(Z) of differential
graded categories defined as follows:
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(1) On objects, it sends X∗ ↦ ηpX∗.
(2) On morphisms, we have a map of cochain complexes HomDdiff(Z)(X∗, Y ∗)→

HomDdiff(Z)(ηpX∗, ηpY ∗) which is zero in degrees > 0. In degrees r > 0,
given a system of maps fi ∶X i → Y i+r, we obtain maps fi[1/p] ∶X i[1/p]→
Y i+r[1/p] and which carry ηpX i into piY i ⊂ ηpY i+r, thereby obtain the sys-
tem of maps ηpfi ∶X i → Y i+r. In degree r = 0, the same construction works
for a map of complexes.

On underlying ∞-categories, this produces the functor Lηp ∶ D(Z) → D(Z),
thanks to the universal property to D(Z) as a localization.

The crucial feature of ηp for the present section is the following divisibility
property.

Proposition 8.4.9. Let X∗, Y ∗ be cochain complexes of free abelian groups.
Then, for r ≤ 0, the map between r-cochains

HomDdiff(Z)(X∗, Y ∗)r → HomDdiff(Z)(ηpX∗, ηpY
∗)r

is divisible by p−(r+1). Furthermore, the map between r-cocycles

Zr HomDdiff(Z)(X∗, Y ∗)→ Zr HomDdiff(Z)(ηpX∗, ηpY
∗)

is divisible by p−r. Therefore, the map on rth cohomology

Hr HomDdiff(Z)(X∗, Y ∗)→Hr HomDdiff(Z)(ηpX∗, ηpY
∗)

is divisible by p−r.

Proof. An r-cocycle is given by a system of maps fn ∶ Xn → Y n+r such that
dfn = (−1)rfnd. It follows that fn[1/p] ∶ Xn[1/p] → Y n+r[1/p] carries ηpXn

into p−rηpY n+r. In particular, we have a system of maps {prfn ∶ ηpXn → ηpY n+r}.
This proves the desired divisibility of the map between r-cocycles. The analogous
(but slightly weaker) statement for cochains is similar. Together, the first two
statements imply the third. �

Proposition 8.4.10. Let X,Y ∈ D(Z). Then, for i ≥ 0, the map

πi HomD(Z)(X,Y )→ πi HomD(Z)(LηpX,LηpY )

is divisible by pi.

Theorem 8.4.11. The fixed points D̂(Z)
Lηp

p are equivalent to a 1-category. That

is, the mapping spaces in D̂(Z)
Lηp

p are homotopy discrete. Furthermore, the nat-
ural functor induces an equivalence

(D̂(Z)p)Lηp ≃ (D̂(Z)p)Lηp ≃ KDstr .
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Proof. Fix (X,ϕX) and (Y,ϕY ) ∈ D̂(Z)p
Lηp

, where ϕX ∶ X ≃ LηpX and ϕY ∶ Y ≃
LηpY . We then see that the space of maps Hom

D̂(Z)p
Lηp((X,ϕX), (Y,ϕY )) can

be computed as the homotopy fiber

fib(f1 − f2 ∶ HomD(Z)(X,Y )→ HomD(Z)(X,LηpY )),
where f1 is given by composition with ϕY and f2 is the composite of Lηp and pre-
composition with ϕX . We see that f1 is an isomorphism. Combining Lemma 8.4.12
below and Lemma 8.4.10, we find that f1−f2 induces an isomorphism on positive-
dimensional homotopy groups. This implies that the homotopy fiber is homotopy

discrete, and on π0 recovers the kernel of f1−f2 on π0. This implies that D̂(Z)
Lηp

p

is equivalent to a 1-category and the first displayed equivalence; meanwhile, the
second is Theorem 8.3.11. �

Lemma 8.4.12. Let A be a derived p-complete abelian group and let f, g ∶ A→ A
be maps. Suppose f is an automorphism of A. Then f + pg is an automorphism
of A.

Proof. In fact, since A is derived p-complete, it suffices to show that f+pg induces
an automorphism of A⊗LZ/pZ ∈D(Z). However, f+pg induces the same self-map
of A⊗L Z/pZ ∈D(Z) as does f , and this is an automorphism. �

Remark 8.4.13. Another formulation of the above argument is that since the
functor Lηp ∶ D(Z) → D(Z) preserves the zero object, we obtain a natural trans-
formation ΣLηp → LηpΣX for X ∈ D(Z). This map is p times a natural equiva-
lence ΣLηp ≃ LηpΣX, which leads to the above divisibility.
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9. Application: Crystalline Comparison for AΩ

The purpose of this section is to give a proof of the crystalline comparison
theorem for the AΩ-complexes of [4] using the description of strict Dieudonné
complexes in terms of fixed points of Lηp on the derived category, as explained in
Theorem 8.3.11. Let us first recall the relevant notation from [4, Example 3.16
and Proposition 3.17].

Notation 9.0.14. Let C/Qp is a complete nonarchimedean extension with µp∞ ⊂
C. Let OC be the valuation ring, m ⊂ OC the maximal ideal, and k = OC /m the
residue field. Write Ainf =W (O♭

C) equipped with its Frobenius automorphism ϕ.

Let θ ∶ Ainf → OC be Fontaine’s θ-map, and set θ̃ ∶= θ ○ ϕ−1. Let W = W (k) ≃
Ainf(k); there is a unique map Ainf →W lifting the map Ainf

θ̃Ð→ OC → k, and we
refer to this as the canonical map3. In particular, any base change functor of the
form − ⊗LAinf

W is along the canonical map.
We also need to specific elements of Ainf . Choose a compatible system εpn ∈

µpn(C) of primitive pn-th roots of unity. This choice defines an element ε ∈ O♭
C ,

and thus an element µ = [ε] − 1 ∈ Ainf , normalized as in [4], satisfying ϕ−1(µ) ∣ µ.

Write ξ = µ
ϕ−1(µ) and ξ̃ = ϕ(ξ); our normalizations are chosen to ensure that

ξ = [ε]−1

[ε
1
p ]−1

is a generator of ker(θ), and thus ξ̃ = [εp]−1
[ε]−1 is a generator of ker(θ̃).

The following two facts shall be useful in the sequel:

● The canonical map Ainf →W carries ξ̃ to p.
● For r ≥ 1, the map θ̃ ∶ Ainf → OC carries ϕ−r(µ) maps to εpr − 1 ∈ OC . In

particular, this element is nonzero as r ≥ 1.

Finally, let X be a smooth formal OC-scheme, and write Xk for its special fibre.
We shall use the complex AΩX ∈D(X,Ainf) from [4]. Recall that this complex is
defined as

AΩX ∶= LηµRν∗Ainf,X

where ν ∶ Xproet → X is the nearby cycles map from the generic fibre X of X.
This is a commutative algebra object of D(X,Ainf), and it comes equipped with
a multiplicative isomorphism

(14) ϕ̃X ∶ AΩX
≃→ ϕ∗Lηξ̃AΩX

3This choice differs from the usual map Ainf →W coming from θ by a Frobenius. Our perhaps
nonstandard choice is dictated by the prismatic picture: the complexWΩ∗R from Notation 4.1.2
is most naturally identified with ϕ∗WΩ∗R, i.e., there is an implicit Frobenius twist in identifying
the de Rham-Witt complex introduced in this paper with the usual one (though this is invisible
in our results as we have restricted ourselves to the absolute theory of Fp). This twist is reflected
in a similar twist present in the de Rham comparison theorem for AΩ. Indeed, even though
the formulation in [4, Theorem 14.1 (ii)] does not involve a Frobenius twist, this is an error
in [4] (pointed out to the first author by T. Koshikawa): there is a missing ϕ∗ on the second
displayed isomorphism in the “alternative” proof of Theorem 14.1 (ii) in [4, page 112].
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that factors the commutative Ainf-algebra map

ϕX ∶ AΩX → ϕ∗AΩX

induced by Lηµ functoriality from the Frobenius automorphism ϕX of the sheaf
Ainf,X on Xproet.

The goal of this section is to give a simple proof of the following result from
[4, Theorem 1.10 (i)], relating AΩX to the de Rham-Witt complex WΩ∗

Xk
.

Theorem 9.0.15. There is a natural quasi-isomorphism WΩ∗
Xk

≃ AΩX⊗̂LAinf
W of

commutative algebras in D(X,W ) compatibly with Frobenius.

There are two constructions of the comparison map given in [4]. Both these
constructions entail contemplating deformations of WΩ∗

Xk
over much larger sub-

sets of Spec(Ainf) than the locus Spec(W ) ⊂ Spec(Ainf) where WΩ∗
Xk

is sup-
ported: the first construction uses mixed characteristic de Rham-Witt complexes
that live over Spec(W (OC))→ Spec(Ainf), while the second entails working over
the even larger Spec(Acrys) → Spec(Ainf) and using embeddings into infinite di-
mensional affine spaces. In contrast, the construction of the comparison map

we give here uses only intrinsic properties of the complex AΩX⊗̂LAinf
W to pro-

duce the comparison map from WΩ∗
Xk

, and does not involve deforming outside

Spec(W ) ⊂ Spec(Ainf). Moreover, using the language introduced in this paper,
we shall prove a more precise statement matching up the additional structures

on either side: one can promote AΩX⊗̂LAinf
W to a strict Dieudonné algebra that

matches up with WΩ∗
Xk

.
Our construction will be local on X, so it suffices to give a functorial identi-

fication of the (derived) global sections of the two sheaves appearing in Theo-
rem 9.0.15 on a basis of the topology of X; this reduction enables us to avoid
discussing sheaves of strict Dieudonné algebras. A technically convenient basis
for the topology is provided by the “small” affine opens, so we assume from now
that X = Spf(R) where R is a small formally smooth OC-algebra R in the sense
of [4, Definition 8.5]. In this case, write

AΩR ∶= RΓ(X,AΩX).
This is a commutative algebra in D(Ainf) equipped with a Frobenius map

ϕR ∶ AΩR → ϕ∗AΩR

by functoriality of global sections. Moreover, this map factors over a multiplica-
tive isomorphism

(15) ϕ̃R ∶ AΩR
≃→ ϕ∗Lηξ̃AΩR

as in (14); this last property is not formal from (14), and a consequence of the
smallness of R, see [4, Proposition 9.15] (and the related [2, Remark 7.11]). With
this notation, our more precise comparison theorem is the following:
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Theorem 9.0.16. Fix notation as above.

(1) After base change along Ainf → W , the map ϕ̃R induces a commutative
W -algebra isomorphism

AΩR⊗̂LAinf
W ≃ ϕ∗Lηp(AΩR⊗̂LAinf

W ).
In particular, (ignoring the W -linear structure and thus the ϕ∗ on the
right hand side and) applying the equivalence in Theorem 8.3.11, this da-
tum yields a strict Dieudonne complex AΩ∗

R,W ∈ KDstr equipped with a
commutative algebra structure.

(2) The strict Dieudonne complex AΩ∗
R,W from (1) is a Dieudonné algebra,

and is naturally identified with the de Rham-Witt complex WΩ∗
Rk

.

In particular, one obtains quasi-isomorphisms

AΩR⊗̂LAinf
W ≃ AΩ∗

R,W ≃WΩ∗
Rk

of commutative algebras in D(W ) that are compatible with Frobenius.

The rest of this section will be dedicated to the proof of this theorem. We shall
first check that base change along Ainf → W carries AΩR to a strict Dieudonné
complex via a base change of the isomorphism in (15). The key assertion here is
the following result, which expresses a commutativity of the Lηξ̃ operator with
base change along Ainf →W .

Lemma 9.0.17. The natural map Ainf →W carries ξ̃ to p and induces a quasi-
isomorphism

(Lηξ̃AΩR)⊗̂LAinf
W ≃ Lηp(AΩR⊗̂LAinf

W )
compatibly with Frobenius.

Proof. Note that we can write W as p-adic completion of limÐ→r
Ainf/ϕ−r(µ). We

shall show that the desired compatibility holds true for each finite r and thus also
for the filtered colimit, and then pass it to the completion.

Let us first check that for r ≥ 1, the natural map Ainf → Ainf/ϕ−r(µ) induces a
quasiisomorphism

(Lηξ̃AΩR)⊗LAinf
Ainf/ϕ−r(µ) ≃ Lηξ̃(AΩR ⊗LAinf

Ainf/ϕ−r(µ)).
Via the criterion in [2, Lemma 5.16], it is enough to show that the OC-modules
H i(AΩR ⊗LAinf ,θ̃

OC) have no ϕ−r(µ)-torsion for all i. As ϕ−r(µ) maps to the

nonzerodivisor εpr − 1 ∈ OC under θ̃, it enough to show that these modules are
OC-flat. Now [4, Theorem 9.2 (i)] (see also [2, Proposition 7.5 and Remark 7.11]

for a shorter argument) identifies AΩR⊗LAinf ,θ̃
OC with Ω̃R. Then [4, Theorem 8.7]

identifies H i(Ω̃R) with (a Breuil-Kisin twist of) the sheaf Ωi
R/OC

of continuous

i-forms on R. In particular, each H i(Ω̃R) is a finite projective R-module. As R
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is flat over OC , the same holds true for any finite projective R-module, so our
claim follows.

Next, as both Lηξ̃ and ⊗L commute with filtered colimits, we get a natural
identification

(Lηξ̃AΩR)⊗LAinf
limÐ→
r

Ainf/ϕ−r(µ) ≃ Lηξ̃(AΩR ⊗LAinf
limÐ→
r

Ainf/ϕ−r(µ)).

The lemma now follows by applying derived p-adic completions to both sides,
observing that W is the derived p-adic completion of limÐ→r

Ainf/ϕ−r(µ), and that

the Lηξ̃ functor commutes with derived p-adic completions (see [4, Lemma 6.20]).
�

Applying the preceding lemma to the isomorphism ϕ̃R from (15) thus yields a
commutative algebra isomorphism

AΩR⊗̂LAinf
W ≃ ϕ∗Lηp(AΩR⊗̂LAinf

W ),
which proves first assertion in Theorem 9.0.16 (1). Ignoring the W -linear struc-
ture (and thus also the ϕ∗ on the right hand side), this defines an object of

the category D̂(Zp)
Lηp

from §8.3. Via Theorem 8.3.11, it strictifies to a strict
Dieudonné complex AΩ∗

R,W ∈ KDstr. As all our constructions are compatible
with the multiplicative structure, the complex underlying AΩ∗

R,W is a naturally

a cdga. This gives the second assertion in Theorem 8.3.11 (1).
To check that AΩ∗

R,W is a Dieudonné algebra, we use the criterion in Propo-
sition 3.4.2. Unwinding the equivalence in Theorem 8.3.11, and observing that
A0/V A0 is F -equivariantly identified with H0(A∗/p) for any A ∈ KDstr, we are
reduced to the following lemma:

Lemma 9.0.18. The endomorphism of H0(AΩR⊗LAinf
k) induced by ϕR is the

Frobenius map.

Proof. As R is small, we can fix a framing of R which gives rise to a map R → R∞

as in [4, Definition 8.5]. In particular, R∞ is perfectoid, and R → R∞ is faithfully
flat modulo p. By functoriality, we obtain a ϕ-equivariant map

η ∶ AΩR → Ainf(R∞).

Now recall that if S is a perfectoid OC-algebra, then Ainf(S)⊗̂LAinf
W ≃ W (Sk)

compatibly with Frobenius. Applying this to S = R∞, we obtain a ϕ-equivariant
map

H0(η ⊗LAinf
k) ∶H0(AΩR ⊗LAinf

k)→ R∞,k.

As ϕ acts as the Frobenius on R∞,k, it also acts as the Frobenius on any ϕ-stable
subring. In particular, the lemma would follow if H0(η⊗LAinf

k) were injective. To
check this injectivity, we use the Hodge-Tate comparison theorem [4, Theorem
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9.2 (i), Theorem 9.4(iii)] (see [2, Proposition 7.5 and Remark 7.11] for a simpler
argument), which identifies

AΩR ⊗LAinf ,θ̃
OC ≃ Ω̃R.

Via this identification, one can identify H0(η ⊗LAinf
k) as H0 of the map

Ω̃R ⊗LOC k → R∞,k.

But on passage to H0, this simply gives the natural map Rk → R∞,k (using [4,
Theorem 8.7] to identify the left hand side). As R → R∞ is faithfully flat modulo
p, it is also faithfully flat after base change to k, so the injectivity follows. �

Thus, we have strictified AΩR⊗̂LAinf
W to a strict Dieudonné algebra AΩ∗

R,W ∈
ADstr. We shall complete the proof of Theorem 9.0.16 by identifying this strict
Dieudonné algebra with the de Rham-Witt complex WΩ∗

Rk
. As explained in

the proof above, the Hodge-Tate comparison gives a natural quasi-isomorphism
between AΩ∗

R,W /p and Ω̃R ⊗LOC k. In particular, there is a natural map

γ ∶ Rk →H0(AΩ∗
R,W /p)

which is an isomorphism. By the universal property of the de Rham-Witt complex
resulting from Theorem 4.4.12 and Definition 4.1.1, we obtain a unique map

γ̃ ∶WΩ∗
Rk
→ AΩ∗

R,W

of strict Dieudonné algebras such that the composition

Rk
fÐ→H0(WΩ∗

Rk
/p)

H0(γ̃⊗LW k)
ÐÐÐÐÐÐ→H0(AΩ∗

X,W /p)
agrees with γ. To finish proving Theorem 9.0.16, it is now enough to check the
following:

Lemma 9.0.19. The map γ̃ is an isomorphism of strict Dieudonné algebras.

Proof. By Corollary 2.5.5 and strictness of both WΩ∗
Rk

and AΩ∗
R,W , it is enough

to prove that γ̃⊗LZpFp is a quasiisomorphism, i.e., that H∗(γ̃⊗LZpFp) is an isomor-

phism. Via Proposition 4.3.3 for WΩ∗
Rk
⊗LZp Fp and the Hodge-Tate isomorphism

for Ω̃R [4, Theorem 8.7] for AΩ∗
R,W ⊗LZp Fp, we can view H∗(γ̃ ⊗LZp Fp) as an en-

domorphism γ of the graded ring Ω∗
Rk

of differential forms on Rk. This endomor-

phism intertwines the Bockstein differentials coming from the natural Z/p2-lift
γ̃ ⊗LZp Z/p2 of the map γ̃ ⊗LZp Fp. Now the Bockstein differential on the source

of γ is the de Rham differential by the Cartier isomorphism. By the universal
property of the de Rham complex, it is thus enough to prove that the Bockstein

differential on H∗((AΩR⊗̂LAinf
W ) ⊗LZp Fp) attached to the element p ∈ Zp coin-

cides with the de Rham differential under the Hodge-Tate isomorphism. We shall
deduce this compatibility from the de Rham comparison theorem for AΩR. As
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ξ̃ ∈ Ainf maps to p ∈ W , there is a natural diagram in D(Ainf) comparing the

Bockstein constructions for ξ̃ and p:

AΩR/ξ̃ ≃ AΩR ⊗LAinf ,θ̃
OC

ξ̃ //

��

AΩ/ξ̃2 //

��

AΩR/ξ̃ ≃ AΩR ⊗LAinf ,θ̃
OC

��

AΩR/ξ̃ ⊗LAinf
W

ξ̃ //

≃

��

AΩ/ξ̃2 ⊗LAinf
W //

≃

��

AΩR/ξ̃ ⊗LAinf
W

≃

��

(AΩR⊗̂LAinf
W )⊗LZp Fp

p // (AΩR⊗̂LAinf
W )⊗LZp Z/p2 // (AΩR⊗̂LAinf

W )⊗LZp Fp

here all rows are exact triangles, and the second row is obtained via base change
from the first one. Comparing boundary maps on cohomology for the first and
last row above gives a commutative diagram

H i(AΩR ⊗LAinf ,θ̃
OC)

βξ̃ //

��

H i+1(AΩR ⊗LAinf ,θ̃
OC)

��

H i((AΩR⊗̂LAinf
W )⊗LZp Fp)

βp // H i+1((AΩR⊗̂LAinf
W )⊗LZp Fp).

Our goal was to identify the bottom horizontal map with the de Rham differential.
Via the Hodge-Tate comparison (and ignoring Breuil-Kisin twists), this square
identifies with

Ωi
R/OC

βξ̃ //

��

Ωi+1
R/OC

��
Ωi
Rk

≃ Ωi
Rk/k

βp // Ωi+1
Rk

≃ Ωi+1
Rk/k

.

As the vertical maps are the natural ones, it is enough to prove that the top
horizontal map is the de Rham differential. But this is precisely the calculation
that deduces the the de Rham comparison theorem for AΩ from the Hodge-Tate
one (see [2, Proposition 7.9]), so we are done. �
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Sup. (4), 12(4):501–661, 1979.

[16] Luc Illusie and Michel Raynaud. Les suites spectrales associées au complexe de de Rham-

Witt. Inst. Hautes Études Sci. Publ. Math., (57):73–212, 1983.
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