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over Z, i.e. the group generated by o and o* is free abelian of rank 2. In
particular {o} and {o, o} have the same fixed field k.

Witt vectors

46. Let x;, x,, ... be a sequence of algebraically independent elements over the integers
Z. For each integer n = 1 define

x" =Y dxy".
din

, Show that x, can be expressed in terms of x for d|n, with rational coefficients.
Using vector notation, we call (x,, x;, ...) the Witt components of the vector x,
and call (x!?, x'?, .. .) its ghost components. We call x a Witt vector.
Define the power series

£0 = [1a = x,.

nzl
Show that

—~t g; logf,(t) = ¥ x™r".

nzl

[By g; log f(t) we mean f'(t)/f (¢) if f (t) is a power series, and the derivative f(t) is taken

formally.]
If x, y are two Witt vectors, define their sum and product componentwise with

respect to the ghost components, i.e.
(x + ™ = x™ 4 y™.
What is (x + y),? Well, show that
£0fn =TI + 6 4 9™ = fray(0).

Hence (x + y), is a polynomial with integer coefficients in x, y,,..., X,, y,. Alsoshow
that

fxy(t) = n a- x:'/dyem/etn:)de/m

dezl

where m is the least common multiple of d, e and d, e range over all integers 2 1. Thus

(xy), is also a polynomial in x,, y, ..., X,, y, with integer coefficients. The above
arguments are due to Witt (oral communication) and differ from those of his original
paper.

If A is a commutative ring, then taking a homomorphic image of the polynomial
ring over Z into 4, we see that we can define addition and multiplication of Witt
vectors with components in A, and that these Witt vectors form a ring W(4). Show
that W is a functor, i.e. that any ring homomorphism ¢ of 4 into a commutative ring A’
induces a homomorphism W(p): W(A4) - W(A").
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Let p be a prime number, and consider the projection of W(A) on vectors whose
components are indexed by a power of p. Now use the log to the base p to index
these components, so that we write x, instead of x,.. For instance, xo now denotes
what was x, previously. For a Witt vector x = (xp, x;, ... , X, ...) define

Vx = (0, xg, Xy, ...) end—Fx—=-Och725"70)
Thus V is a shifting operator. -We -have Kokl =—F-<¥. Show that
(Vx)™ = px* " and—llm(Fx)"7 1) 4 pixo.

Also from the definition, we have

J—;n) = xﬁ" + pan-l 4 e 4 P""wﬁ\

Let & be a field of characteristic p, and consider W(k). Then V is an additive endomorph-
ism'of W(k), and F is a ring homomorphism of W(k) into itself. Furthermore,fx € W(k)
then

px = VFx,
If x, ye W(k), then (V denote by {a} the Witt

Show that if x € W(k) and x, # en x is a unit IR W(k). Hint: One has

I —x{xg'} =Vy
and the

x{xg '} %(Vy)‘ =(1=-V)Yy=1
0

Theorem 90 for Witt vectors, and prove
takes a vector whose trace is not 0, and finds
of Theorem 10.1).

If x € W,(k), show that there
solving first for the fir mponent, and then showing that a vec
in the image o and only if (a,, ..., a,_ ) is in the image of g. ve inductively

omology group is trivial. (One
undary the same way as in the proof

components in the prime field. Hence the solutions of p& = x for given x & W, (k)
all differ by the vectors with components in the prime field, and there are p" such
vectors. We define

k(‘i) = k(iO! ety cn— 1)9




