QUANTITATIVE SHRINKING TARGET PROPERTIES FOR
ROTATIONS, INTERVAL EXCHANGES AND BILLIARDS IN
RATIONAL POLYGONS

JON CHAIKA AND DAVID CONSTANTINE

ABSTRACT. This paper presents quantitative shrinking target results for rota-
tions and then extends them to flows on flat surfaces and particularly billiards
in rational polygons. To do this a quantitative version of a unique ergodicity
criterion of Boshernitzan is established. This is equivalent to a quantitative
version of Masur’s criterion.

1. INTRODUCTION

1.1. Background. Let « € [0,1) and A denote Lebesgue measure on [0,1). R, :
[0,1) — [0,1) by Ro(r) = =+ a mod 1 is one of the most natural and best
understood dynamical systems. For example, the following is known.

Theorem 1. (Kurzweil [14]) For any decreasing sequence of positive real numbers
{b:}321 with divergent sum there exists V C [0, 1), a full measure set of «, such that
for all a € V we have
A(F? T B(R;i(x),bi)) ~1
n=11i=n
for every x.
On the other hand,
A ( AU B(R;i(x),bi)) =1
n=11i=n
for every x and every decreasing sequence of positive real numbers {b;}52, with
divergent sum iff a is badly approzimable.

Recall that « is badly approximable if all of the terms in its continued fraction
expansion are uniformly bounded. Throughout this paper we will denote the con-
tinued fraction expansion of a by [ay,as,...] and by ¢, the denominator of the n'”
convergent to .

The above theorem can be stated in terms of whether points visit shrinking
balls infinitely often under R,. Much of it was extended to interval exchange
transformations (see Definition 4.3 and Section 4.3):

Theorem 2. [4]
(1) If {b:;}2, is a decreasing sequence of positive real numbers with divergent
sum then for almost every IET, T, we have that \( A fJO B(T iz,b;)) =1

n=11i=n
for all .

(2) On the other hand, for almost every IET there exists a decreasing sequence
of positive real numbers {b;}5°, with divergent sum such that for almost

every x, A( ?101 EJO TB(z,b;)) = 0.
n=1i1=n
1
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(3) However, for almost every IET and any decreasing sequence of positive real
numbers {b;}52, with divergent sum such that ib; is decreasing we have that

A A fj T~'B(z,b;)) = 1 for almost every x.

n=11i=n
This statement says that, with some necessary caveats, orbits of points typically
hit shrinking balls infinitely often. This paper considers the related stronger ques-
tion of whether these balls are visited as often as one would expect. We now state
three answers to this question for rotations. Similar results hold for any flat surface
and thus for billiards in rational polygons by the unfolding construction [8] (see
Section 4).

1.2. Statement of results in the case of rotations.

Theorem 3. If « is an irrational number such that a, < né for all but finitely
many n then

N .

ZXB(O,%)(RIOC'I)
lim =2

N—o0

=1

'MZ
EHN)

@
Il
—

for almost every x.

It is easy to see that Theorem 3 fails to hold for a dense Gy set of rotations,
including some non-Liouville numbers. Related versions Theorems 12 and 13 hold
in any flat surface, and in particular billiards in rational polygons.

Theorem 3 states a very general condition which implies a result of the kind
we are considering for a particular natural target. The next two results consider
addressing larger families of targets.

Theorem 4. If « is badly approzimable, {b;}32, is non-increasing, y € [0,1) and
> b; = oo then

N .
EXB(y,bi)(TW)
lim &2

Nooo N
_:Zlu(B (y,0:))

for almost every x.

Note that the full measure set of x depends on .

Theorem 17 establishes a version for flows in flat surfaces (including billiards
in rational polygons). The condition on directions of flows is analogous to badly
approximable and in particular has Hausdorff dimension 1 in each flat surface [13].
Recently, this diophantine condition was shown to hold for an absolutely winning
set of directions [5] (see [17] for a definition of absolutely winning). Theorem 1
implies that for rotations this is the mildest condition on « we could hope. If
we want a result that holds for almost every a we need to restrict our choice of
sequences further.

[ee]

Consider a sequence {b;}5°, where ib; is non-increasing and . b; = oo.
i=1

We call these sequences Khinchin sequences. We say « is weakly bounded if

N N
lim limsup%(z loga; — > loga;) =0.

—00 N—o00 i=1 a;<C
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Theorem 5. If a is weakly bounded then it has the property that for any Khinchin
sequence {b; }2,

N .
2 XB(0b) (12T)
lim =1 =1
N —o0 N
S 2b;
1=1

for almost every x.

Once again, an analogous result holds in every flat surface (see Section 5) with
similar, full measure diophantine condition. This establishes the result for billiards
in rational polygons. By our methods we also obtain the following shrinking target
result:

Theorem 6. « has the the property that for any Khinchin sequence {b;}52,
/\(noi ;L(J;B(Rflx, b;)) =1 if and only if lim suplog% < o0.

n—roo

1.3. A related problem. If one is concerned about a specific sequence and not
concerned about a diophantine condition things are much simpler. Observe (see for
example [14, Proof of Lemma 7]) that for all a,b,y1,y2 € [0,1) and m # n € Z we
have

(1) AxA({(2,0) : |Rg(x) —y1] < a and |RG*(x) —ya| <b}) =
AXA{(2,0) : [Rg (x) — 1] < a)Ax A({(2,0) - [RE'(z) — y2| < b}).
From this fact we readily get a convergence in measure statement. That is, for all

€ > 0 we have

N
1XB(O,%)(R333)

lim A x A({(x,0) : |*=

N—o00

1> €)) =0.

S

N
>
n=1
One can use the method of subsequences to prove the result almost everywhere.
Additionally, if one wishes to consider

N
> XB(O,bn)(Rgx)

. L n=1
Jim 3 A({(a,0) £ [P

S 2b,
n=1

once again one readily gets convergence in measure. One can argue that when

—1]>€}) =0,

M M

> by is small the set of o where there is an x with ) Xp(0,,)(Ra(x)) large is
n=N n=N
small to prove convergence almost everywhere (at least when b,, is non-increasing

with divergent sum). See for example [18] for a fine result established by a (more
involved) approach like this.

This argument is a little deceptive, because in the absence of any kind of explicit
condition it says nothing about how a particular sequence behaves with a particular
rotation. In Section 3 we consider this problem, where the shrinking target is
determined not by some predetermined analytic constraint (such as shrinking like
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%) but rather arises from asking a natural question about the dynamics of R,. The
proof is similar in flavor to the other results; interestingly, however, only a weaker
estimate on frequency of visit times is possible. For almost every « this frequency
does not converge almost everywhere to the constant function.

1.4. Outline of paper. This paper first establishes Theorem 3 in Section 2. In
Section 4 it extends Theorem 3 in two variants to any flat surface, which apply to
billiards in rational polygons. The proof of Theorem 3 is a template for the other
proofs (though they present some complications). This paper concludes in Section
5 by establishing Theorems 4 and 5 in a general form which also has an application
to flat surfaces and billiards in rational polygons.

Most of our proofs follow the outline of the strong law of large numbers, using
probabilistic methods (in the fixed dynamical system, not the parametrizing space).
The strategy is to show that hitting a ball at one time and a different time are
independent events. This is of course false but things like it are true. We use a
quantitative version of Boshernitzan/Masur’s criterion [19] [3] [15] to establish the
approximate independence we can show (Theorem 15). The statement of this result
requires technical definitions and is postponed to Section 4.

1.5. Acknowledgments. The first author would like to thank B. Fayad and D.
Kleinbock for encouraging me to pursue this question. We would like to thank J.
Athreya, M. Boshernitzan, A. Eskin, H. Masur, R. Vance and W. Veech for helpful
conversations. The first author is partially supported by NSF grant DMS-1004372.
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2. PROOF OF THEOREM 3
2.1. Relation to dynamics.

Lemma 2.1. Almost every a satisfies the diophantine condition in Theorem 3.

o0
This is classical consequence of the fact that 3 -~ < co. See for example [12,

n=1m6
Theorem 30].
We next prove a maximal result.

<d(Rix,x) < —1

Gnt1qn

1
Lemma 2.2. (CEE=Ire

Proof. See, for example, [12], four lines before equation 34, which says

1 Pk 1
— < Ja——| < )
@ (qr + Qr+1) QK Qkqk+1
By multiplying everything by ¢x and recalling that qx11 = ar+19x + qx—1 and so
Qr+1 > ap+1qr and gi + gr+1 < (ags1 + 2)gx we obtain the lemma. O

dn ,
Lemma 2.3. > Xpq1) (7' (2)) <4ya, + L.

1=Qn—1

Proof. Observe that (y/a, + 1)d(R™-1(x),x) > \/ﬁznq' Also, {i: R(z) € [a,a +

ﬁ)} has at most 1 element out of every g, consecutive integers (Lemma 2.2).
an

dn . .
Therefore we have > XB(O’;_)(Rl(x)) < a, + > XB((],%)(Rl(x)) <
i=qn_1 ! i=(v/an+1)gn—1 ‘

4. /a,, + 1. O

Consider a set S = {x1,...,x}. Let Ps be the partition of [0, 1) into intervals
bounded by elements of this set. If r is a number then P, denotes Ps when S =

{0, R(0), ..., R=~1(0)}.

Lemma 2.4. There exists a function f constant on each element of P, such that

N
1 i
Jo 1f(z) = ;XB(O,%)(R x)|dz < 2N

Proof. Notice that{0, R(0), ..., R¥»~1(0)} is at least % dense and change each of the
summands to be constant on the partition elements. See for example [11, Theorem
1] quoted as Theorem 7 in this paper. O

Lemma 2.5. Let

N
(@) = Xy (2) ZXB(O,%)Ri(x)
=M
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and
N+k

9(%) = Xrr @) mv ) () Y Xpo,1) (R (2))-

i=M+k
N
Then fol |f(x) — g(@)|de < Y 2 — 2 which is O(4%).
i=M
The above lemma can be easily improved especially when [a, b] is small and well
adapted to the dynamics of rotation. However, we do not need this.

2.2. Dividing. Let u; = qio and u, = max{g : log(g.) < log(un 1) +

Ylog(un—1)}, v, = max{q, : ¢ < n*u,_1} and v/, = max{q, : ¢- < n*ul}. Let v,
be the number such that u, = g,,. Let v}, be the number such that u;, = ¢, and
vy, be the number such that u), = g,». Let

gn(@) = X5(0,1)(R').
i=u!!
The numbers u,, are chosen so that if u,, = 2¢ then w, 1 is roughly 2t a3

2.3. Basic properties.

1

Lemma 2.6. fogn x)dr < ( Zfogl x)dx)3.

This is by construction of w,,.
Corollary 2.7. v, = O(n3).

If 5,41 < 8 + /5, for all r then 5,1 = O(r%). The result follows from the fact
that there exists ¢ > 1 such that ¢, > ¢” for all large n and any a,n.

Lemma 2 8. For any € > 0 for all but finitely many n we have fo gn(z)dz >
(1—e)( Zfogixdxa
i=1
This is because our condition that a; < i¢ implies that log(gw,, ) is very close to
log(qu,_,) + ¥/ (log v, _, ).

IOg Z f() QL(w T
Corollary 2.9. liminf—=%——— =

n—00 logn

(S

This follows from the two previous lemmas.

Lemma 2.10. Z fo XB(0, o([ gn)-

1=Up 1

Proof. By construction u!! < log(u,_1)*log(un—110g(tn—1)*))*u,—1. This implies

u!!

that for big enough n we have Z fo XB(0, 1)( ‘(z))dx < loglog(uy,)?. O

1=Un

Lemma 2.11. For almost every xz we have Z E XB(Ol)(Rx) =

n=li=u,_1

N 1
o2 Jy gn(a)ie)
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Proof. The lemma follows by the Borel-Cantelli Theorem, Lemma 2.10 and Corol-

o0 1 k
lary 2.9 because % converges for any k. (I

n=1 73

2.4. Describing g,. The next proposition shows that for most points g, (z) is not
too large.

9 2
Proposition 2.12. > A({z: gn(z) > vi}) < o0.
n=1

dk+1

Define the above set to be B,,. Let C, = {z: > X[07;)(Ri(x)) > ¥ar+1}, and an
1=qk ‘

qr—1 .
easier to understand set D, = U B(R%(0), ————). To prove the proposition
k =0 ( ()7 W%) provs prop
we need a pair of Lemmas:

Lemma 2.13. C,, C D,..

It is a straightforward calculation (similar to Lemma 2.3) that if * ¢ Dy, then
T ¢ Ok.

Lemma 2.14. /\(_rrwlei) <3 [[A(Dy,).
= i=1

Proof. This follows by induction. Let k1, ..., k- be an increasing sequence of natural
numbers. Assume fTWle.i is the union of at most 3T)\(.rT71Dki)qkT intervals of size
1= 1=
at most ——2——. We intersect this set with D,, for u > k,.. Observe that D, is the
algr+14k'r

T
union of intervals that are at least ﬁ separated. Therefore each interval in ﬂlei

i=
intersects at most ——2——2q, + 1 of them. The proof follows. O
g, 419k,

1
Proof of Proposition 2.12. Notice that by Lemma 2.3 if x € B, then x € cva?
2
different Dy, where agy1 > vs. Using Lemma 2.14 it follows that

T

<
D
-
ol
S~—"
A
w
3
=
>~
—~
-
ol
S~—"
A
w
DO
~—~
—
S
Swho
|
wlito
S~—
3

U7}2 n—Un—1
II A(Dy,) (U ¥ ) which is less than
i=1 vi?

n

O

The next proposition shows that large values of g,, do not contribute most of its
mass.

n T d,.
Proposition 2.15. lim Joapm, 9l

n—oo fol gn(z)dx

2 +1

Proof. Observe that if )\(ﬁlei) = c and ax4+1 > v then )\(Tjﬂlei) < 3%, Also
= = vy

if x is in exactly r of the A, and y is in the same ones and one more, then
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r4+1 ,9k;+1 ) qk;+1 . 7
\2(2 X[O,%)(RJ () — X X[o,%)(Rj (y)))| < va?. The result follows from the
=1 ")=qx, J=4k;
fact that

ot v —v 7 ]

> ( " )3 ()"

—ts o

is small. O

The remainder of this section is devoted to showing the next two propositions.

Proposition 2.16. For almost every x we have

N M )
3 gi() > X1 (Ri()
I%nian’:li = lim inf =1 = )
—00 1 — 0
;fo gi(z)dx ;%

Proof.

N N M )
> gi(z) > 9i(x) > XB(0,1)(R'(x))
lim inf — =1 < liminf &2 < liminf =L
N—oo N 1 M —o0
Zl fo gz(x)daj

N —o0 e
for all . The first inequality holds because everything is positive and because of
Lemmas 2.6 and 2.10. The second inequality holds by Lemma 2.10.
The other direction follows from Lemma 2.11. O

z
SN

M=
=N

%

1 i=1

Proposition 2.17. For almost every x we have

N N .
2. 9i() 2. XB(0,1)(R'(x))

. i=1 . i
lim sup = lim sup

N
N—o0 1 N —o00
; fo gi(z)dx

Just as Proposition 2.16 follows from Lemmas 2.10 and 2.11, so too does Propo-
sition 2.17.

2.5. Independence.
. Sl 1 1
Proposition 2.18. §| Jo 9i(@)gi(y)dz — [ gi(z)dz [; g;(x)dz| < oo.
i

Proof. Consider Py Observe that if £ < n then by Lemma 2.4 the function gy

is within at most f,“’“ of a function constant on intervals of P, . This is less
n+1 n

than nz%% by our choice u], and the Diophantine condition on «. (Notice using

ulay, +1 > ntu,_1 and ula,, 11 < u;an%H < u/,n3+%) implies u!, > w,_1n%5.)

Consider P, . It is made up of intervals of two sizes — that is, there are two
Rokhlin towers, AU%H and B%H. Let us take two elements of this partition with
the same length, I and J. There exists ¢ such that I = J + R!(0) (because they
are in the same Rokhlin tower). Therefore a hit to J is followed by a hit to I. The
difference of these balls is 1 — i where i is such that B(R'(0),+)NI #0.Ifk >n
then by Lemma 2.5 if I; and Iy are intervals of the same size gi|;, and gg|s, differ
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Un
by at most Y, + — N_iu, (in Ly norm) when thought of functions of [0, |I1|). This
N

1
T-
n?to

’
is proportional to =% <
n

Corollary 2.19. If h is a positive function constant on intervals of P%H and

supported on AU; ) (or Bv;ﬂ) and j > n then

1 1 1 4u;
‘/ m_/h@m/gmwﬂ</hm,ﬂm
0 0 0 wj

‘We make one more observatlon Let I and J be intervals of two different sizes

in Py . Then ’(%) — % g’ | < 62u’“ To prove this we use the following result.

Theorem 7. (Kesten [11, Theorem 1]){0, ..., R%*~1(0)} has ezactly one element in
each [L, L],

qt’ 4t
Therefore the number of hits of {0,..., R%~1(0)} to any interval U is between

@|U| — 3 and ¢; T
Assume ¢ < j and consider two fixed partition intervals I, J of PU;. As a
consequence of the above argument

| / " i)y ) / ' g(a)da / g (w)da

2) < [ at@n(—z i>+ a0

This is done by changing g; to be constant on intervals of Pv; appealing to Corollary
2.19 and the previous argument. It follows that

S [ s [ a@a [ ol <> ) e do< Y

i#j z<] j=1 J
and Proposition 2.18 follows. (]
2.6. The probabilistic theorem.

Theorem 8. Let Ry, Ro, ... be positive random variables such that

n—1
max R, (w) < (Z/ Ridy)%

i=179
Z/R w)dy < C < o0

i#]
and

n—1
1 1
R,dv > = / R;dv)3
/Q (2 R
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then for almost every w we have

N—o0

; Jo Ri(v)dv
Theorem 9. (Chebyshev’s inequality) Let R be a random variable with [ Rdu = 0
2
and finite variance then p({w: R(w) > ¢}) < @.
Proof of Theorem 8. This is a straightforward proof by the method of subsequences.
N
Consider (Y- R; — [, Ridv)?. This is a non-negative random variable with
i=1

N N
/Q]&—/meWS/§}ﬁ+MR@¥w+CgmwiﬁNé
Q= Q Q=1 Q
With the last two inequalities holding for all large enough N We will ignore C' in
the following arguments. By Chebyshev’s inequality v({w : |ZR fQ R;dv| >

8

eN3}) < N5 . It follows that along the subsequence N; = Lzsj almost every w
has

N;
t(UJ) — fQ thV
i=1 _
WL =0
fQ Rt (W)dV
i=1
J
Next we estimate v({w : max > Ri(w) — [ Ridv > €(i3)3}) by Cheby-
i3 <]<(z-&-1)alt i5
(z+1 5. 4
shev’s inequality. Notice that (Jo(Ri(w) — [ Ri(2)dv(z))dv(w))? < 4i?(i3).
8
t=13
This implies that
.50
8.4 19
V({w ZR /szmwpgg
t= 1-3
which has convergent sum. It follows that
N
Ri(w) — [q Ri(w)dv
lim =1 =0
N—o00 N
Z:l fQ R;(w)dv
i=
for p-a.e. w and thus
N
ZlRi(w)
NIE%QN— =1

2 Jo B

for v a.e. w. O
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Proof of Theorem 1. Propositions 2.16 and 2.17 show that it suffices to prove con-
vergence of the sums of g;. This follows from Theorem 8 and Proposition 2.18. [

3. UNDETERMINED POINTS AS A SHRINKING TARGET

In this section we consider another shrinking target problem for rotations, but
one whose target arises in a very different way. Let P = {Ag, A1} be the partition of
[0,1) given by Ag = [0,a), A1 = [a, 1). For a sequence cg, ¢1, ... (finite or infinite)
of 0’s and 1’s, let C,, . = {x € X : Tz € A, for all i} and let ¥ be the set of
finite codings co, c1,. .., ¢, which actually occur, i.e. for which C., .. # 0. Let
Vi={z:z € Ce,...c; and such that co,...c;,0 and co,...c;,1 € ¥}. This is the
set of ‘undetermined’ points at step j, that is, all points whose coding up to step j
does not determine the coding at step j + 1. We want to find asymptotics on how
often a point is undetermined; specifically, we will prove

Theorem 10. For almost all x € [0,1) and almost all o,

log 371 xv; (x)
log Z?:l A(V5)
as n — 0.

To understand why Theorem 10 constitutes a shrinking target problem, consider
the following. Let P; = \/fc:OR(’;P, the partition generated by P and its first j
translations. For z € X, denote by [[z]]; the atom of  in P;. The coding cy,...c;
determines only the atom [[RJ,z]];. A point  will belong to V; if and only if Riz
is in [[1 — «]]; as the image of this atom under one more rotation contains points in
both Ay and A;. We will denote [[1 — a]]; by U; — these are the shrinking targets
which we are trying to hit. Note that U; = R (V}).

Before turning to the proof of Theorem 10, we give an argument as to why we
there is no stronger theorem along the lines of convergence for

3) > i1 xv; (@)
We begin with a proposition proving the existence of very large elements a,, for the

continued fraction expansion and use this to show that, for very long stretches of
time certain points are undetermined more often than 2?21 A(V;) predicts.

Proposition 3.1. For any C' € R and almost every « there exists infinitely many

m such that
m—1
Ay, > CZ(M
i=1

The following lemma appears in [12, page 60].

Lemma 3.2. For any n,by,...,b, € N we have
1 A{a:ai(a) = by, ..., an(@) =by})
b

32 " AN{a:a1(a) = b1, an1(@) = bp_1}) 02
Corollary 3.3.
1 - M{a:ar(a) =b1,...,an(@) > by}) < 2
100, ~ A{a:ai(@) =0b1,.an_1(a) =by_1})  bp
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n
Let W,, = {a: Y a;(e) < 10nlogn}.
i=1
Lemma 3.4. A\(W,) > 15.

Proof. Let A, = {a : a;(a) < n? for all i}. Consider Z fA a;(a)d\. By Lemma

3.2 this is dominated by Z > Z%z This is less than or equal to 2n(1 + logn?) <
i=1li=1

5nlogn. The Lemma follows from Markov’s inequality and the fact that Lemma

3.2 implies that A(A,) > 1— 2. O

Lemma 3.5. For a set of a of measure at least 4—10 we have >
n s.t. aeW,,

1 —
Cnlogn — 0.

Proof. Consider Z Jw, cisgs logz This is at least log(") . Also

1
max Z —— < 2logn.
i s.t. acW; Cn log( )

Therefore we obtain the Lemma for a set of o of measure at least 4—10. O
Let the set of such a be denoted S.
Proof of Proposition 3.1. Given that a is in W,,,_1 the Lemma 3.2 implies that

the probability that am,(a) > C Z a;(a) is at least ~ independent of

1

60CN log

the past outcomes. By the prev1ous Lemma, if o € S this diverges. For any

sequence of sets of finite measure {B;}$2; where there exists ¢ > 0 such that

A(B; N B;) > cA(B;)A(B;), one has A( °r?1 U B;) > 0. Using this, we find that
n=11i1=n

there is a positive measure set of o such that

m—1
Ay > CZal
i=1

infinitely often. The set of such « is Gauss map invariant and therefore has full
measure. 0

We need the following two Lemmas on the shrinking targets U; to complete our
proof of non-convergence for sums like (3). These Lemmas can be obtained using
the partial fraction expansion of «. We will denote by [y] the value modulo 1 of a
real number y and by ((y)) the distance from y to the nearest integer.

Lemma 3.6. Let
ry = max{Qk tqr < ]}
s; = maz{qy : qr1 < j}
t; =mazx{T € N:s; +Tr; <j}.
Then
Ro(Uy) = [[sja] + ty[r;al, [rja])
or

Ro(Uj) = [[rjal, [s;0] —t;(1 = [r;al)),



QUANTITATIVE SHRINKING TARGETS 13

and
A(U;) = A(V;) = ((rja)) + ((sja)) — t;{(r;a)).
Remark 3.7. Note that if r; = qx, s; = qu—1 and t; = a41.

Proof. The numbers r; and s; are the denominators of the best and second-best
rational approximations to « (respectively) with denominator less than or equal to

VE

CASE 1: 0 < [rja] < 1/2. As the convergents alternate in approximating « from
above and below, 1/2 < [sja] < 1. The only improvement possible in [r;a] as an
upper bound for R, (U;) would come from finding some ! with ((la)) < ((r;a)).
This is not possible for [ < j as r; is the denominator for the best approximation
to o with denominator < j. Thus the upper endpoint of R, (Uj;) is [rja] as desired.

The lower bond on R, (U;) given by [sja] can be improved only by adding [r;c]
some number of times, as r; is the only integer < j with ((r;a)) < ((sja)). The
lower will thus be of the form y = [s;a] + T'[r;a] and will be found by taking T as
large as possible such that the s; +T'r; rotations required to produce this point do
not exceed j; this number is ¢;.

We calculate A(U;) = ((rja)) + (1 — [sja] — t;[rja]) as ((rjo)) = [rjal. Since
((sja)) =1 — [s;a], this simplifies to the desired result.

CASE 2: 1/2 < [rja] < 1. Then 0 < [s;a] < 1/2 and the lower endpoint of R, (U;)
is [rja]. As before, the upper endpoint is of the form [sja] —T(1— [rja]). The best
such endpoint is found by taking T as large as possible, i.e. equal to ;.

Finally, we calculate again

AU;) =({sja)) —t;(1 = [rje]) + (1 = [r;a])
=({s;a)) = t;{{r;e)) + ((rja)).
(]

Lemma 3.8. For anyi € N, for alll € [gi,qi—1+¢;) or [¢i—1+ (b—1)qi, ¢i—1 +bg;)
where b € [2,a;41], the sets V, = R;'U; are disjoint.

Proof. Let J denote an interval of the form given in the statement of the Lemma.
As atoms of the sequence of partitions P;, the sets U; change only when the orbit of
0 hits U;. By the description of Lemma 3.6 this does not happen over the interior
of any of the intervals J. Suppose that R.'U; N R;*Uy # 0; with [,k € J. Note
that for such [ and k, U; = Uy. Suppose | > k and we obtain U; N Rf;kUk £ (.
However, the endpoints of U; = Uy, are points in the orbit of zero which are reached
by step ¢; at the latest so for R.7*Uy, to intersect U; would provide another point
in the orbit hitting U; before the time given by the right endpoint of the interval
J. This contradicts the description of Lemma 3.6. O

Partition N into the collection of all intervals J described above. Index them as
{Jm}. Note that |J,,| is non-decreasing in m and strictly increases as we cross the
integers ¢;. In fact |J,,| = gi—1 or ¢; (if J,, is part of the partition of I; = [g;, ¢i+1))-

Consider the integers [¢m—1,¢m) for some m satisfying Proposition 3.1; this is
a very large proportion of the interval [0, g,,). We will find that there are positive
measure subsets of points for which the numerators of quotients of the form (3)
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over the range [¢;—1,qm) differ by a factor of a,,, which is large compared to the
value of ) xv; up to time g, 1.

Let jo = ¢m—1 + gm—2. By the description of Lemma 3.6, V;, and Vjjtcq,._,
intersect for all ¢ < a,,. Points x that lie in the intersection of the Vj 14, , for
all such c satisfy ;I’" q; Xy () = am, Whereas there is an interval of points y
which lie only in Vj, itself yielding ] D m 1 XV; (y) = 1. As ay, is much larger

le

than m + > " Ya; — the largest possible value for xv;(y) by Lemma 3.8 —
convergence of the quotient (3) for almost every point falls We sum up this failure
by an arbitrary factor of C:

Theorem 11. For almost all x € [0,1) and almost all .,

and

S, (2)
HES SR YA

Thus Theorem 10 is our best hope for this problem.
Towards Theorem 10, we claim the following set of inequalities:

=0.

n dn
(4) Cin(logn)® > Zai > ZXVJ (x) > =
i=1 =1

for some positive constant C; and for almost every o and z € [0, 1).

Lemma 3.9. For almost every «, there exists a positive constant Cy such that
Cin(logn)® > 3" | a;.

Proof. Observe that if G, = {a : a;(a) < n® Vi < n} then [, Zal( JdA (o) <

6nlogn. Also a.e. a € G, for all but finitely many n. It follows from Markov’s
inequality that

1 1+e€

2+€
A{a: Zaz ) < 10n(logn)<"¢}) < Togn

10"
It follows that a.e. « has that > a;(a) < k>t€10* for all but finitely many k.
i=1
This implies the lemma because for all large enough k we have 10*~1(log 10¥~1)3 >
10*(log 10%)2. O
Lemma 3.10. For every z € [0,1) and any o, > ;| a; > ?’;1 xv; ().

Proof. Each interval of integers I; = [¢;, gi+1) is subdivided into a; subintervals J;,
as described in Lemma 3.8. As that Lemma shows, over each J,, the sets Vj are
disjoint and hence can contribute at most one to q" 2 Xy, (). 0

For each i, we have the interval of integers I; = [¢;,qi+1), subdivided (as in
Lemma 3.8) into subintervals J,,. Let us denote by J3 the second of these intervals
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for each i — specifically, J& = [q; +q;_1,2¢; +q;—1). We remark that when a;, = 1,
Jg is [¢i+1, Gi+1+¢:) and is actually a subinterval of I; 1. Nonetheless, the collection
{J%} consists of pairwise disjoint intervals.

We will give a lower bound on ;1-’;1 xv; (z) by bounding below the sum over

just the Ji. Towards this end, let
hi(z) =Y xv, (@).
JEJS
Lemma 3.11. For all i,

/ hi(z)d\ > 1/2.
[0.1)

Proof. As per Lemma 3.8, over J3, the V; are disjoint, so h;(x) € {0,1}. The length
of the interval J& is ¢;, and for j € Ji,

A(V;) = {gi-109),
using the description of R, (U;) provided by Lemma 3.6. By Theorem 13 in [12],

((gi—1)) > m. We may then bound the interval below by

g g 1
hi(x)d\ > ——— > — = —.
/[0,1) (=) ¢+q-1 2¢ 2

O

We prove with the following sequence of results that visits to the sets counted
by the functions h; are (approximately) independent events.

Lemma 3.12. Let [c,d) C [0,1). Let fi.qy(m) = #{[c,d) N Uies, R;'(0)}. Then
Me, d)|Im| =1 < fieay(m) < A[e, d))[Tm| + 1.
Proof. This follows immediately from Kesten’s Theorem 7, by counting how many

times the left endpoints of intervals [qli, %1] intersect [c, d). O

Proposition 3.13. For sufficiently large m (relative to i)

AV Jm| =2
<Avin J w)
le€Jm

Proof. Let m be so large that i ¢ J,,. By the previous lemma, the interval V; is
hit by the left endpoints of the V; between A\(V;)|J,| — 1 and A(V;)|J| + 1 times.
As the sets V; are disjoint over [ € J,,, this easily yields

AWl = 2)AW) < AViN | W) < (AVi) [ Tm| +2)A(V).
1€,
This holds for any I € J,,, as all have the same measure. As |J,|A(V]) = A(Uies,, V1)
this equation is close to asserting independence — we need only account for the errors
involving the +2. Translating this to an inequality with multiplicative errors yields
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(W)A(mn(ulgm%)

Vol
Avin | w)
ledJy,
AV)|Im| + 2
< (Sl

IMVIAUies, V-
([l

By using the above inequality for all i € J,, where n < m we get the following
corollary. It relates to calculating the correlation between a point being undeter-
mined in the intervals J,, and J,,.

Corollary 3.14. For any i € J,, and J,, Jp, disjoint, n < m
AWV | Jm| =2
—7o 1 ) MUies, Vi) A(U Vi
( )\(Vz‘)|Jm| ) ( €Jn ) ( leJm l)
AJvin U w

i€Jy l€Jm
< (Al 12
- (Vi) Im|
Proof. This follows from the previous proposition, summing the inequalities over

the disjoint sets V; for @ € I,,. (The desire to compute this sum explains our
preference for the formulation in terms of multiplicative bounds above.) O

))\(UieJnVi))\(UleJmVl)'

Proposition 3.15. Forj > i

(172‘1“ /hd/\/hd)\</hhd)\< 2‘1“ /hd)\/hd)\
qj—1 qj—1

Proof. First,

/h,»(m 2)d\ = /wa (ZXW )

leJs leJj

As over J& and over Jg the sets V; are disjoint, the integrand of the above has value
0 or 1 according to whether x € (Uyc 7 Vi) N (U ;5 Vi). Thus, we are calculating
2

AU vin U

leJj leJi
By Corollary 3.14, we get

(/\(Vz)lJ§|—2

, AU VAU, - 13 Vi
S A G AU )

<AxUvinUw
leJ3 leJ}

J
(L2

- AUie i VO, - 5V
A%w|wm5ou%o
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For the term (1 + W) we use any | € Ji. By Kesten’s Theorem 7, since V;

is an atom in the partition by the first ¢;1+1 — 1 points of the orbit of 0, A(V}) has
size at least ﬁ Likewise for |J3| we want a lower bound. From the description
of these intervals given in the statement of Lemma 3.8, [J| > gj—1. Using these

2¢i—1
]7*1 )

Returning to our inequalities for f hih;, as the V; are disjoint over Jg or Ji, we
can translate back into integrals as so:

- 2y 1 /wa dA/ZXVl
qj—1

two bounds, the multiplicative error terms in the above become (1 £+

leJj 1
g/m@ﬁg
2 i—
) [ i [ 3 e
q] ! leJ; leJi
These are the desired bounds on [ h;hjdA. O

The independence result we want is the following.

Proposition 3.16. There exist constants C,b > 0 such that

/ m@m@wf/ m@ﬁ/ hj(x)d\ < Ce™bli=il,
[0,1) [0,1) [0,1)

Proof. We need to show that the expression

2;_
ii/mw/mw
qj—1

decays exponentially in |i — j|. A clear upper bound on [ h;dA, [ h;jd\is 1. The ¢;
satisfy the recursion relation ¢;+1 = @;+1¢; + ¢;—1. As the a; are positive integers,
the g; grow exponentially (by comparison with the Fibonacci sequence, e.g.). Thus,
the terms Z;—: decay exponentially in j — ¢, finishing the proof. O

We can apply this approxunate independence to prove the remaining mequahty
in equation (4). Let h;(z) — [ hi(z)d), and note that h;(z) € (—1,1). Let

Sn(z) = Y1 hilw).

Proposition 3.17. For almost every x € S, for sufficiently large n,
dn 1
ZXVJ (x) > o

Proof. First, for all x € [0,1), 75", xv, () > 37, hi(z) so we will prove the
inequality for the latter sum.

Consider 1", [ hi(z)d\. By Lemma 3.11 this is bounded below by 2n it is
bounded above by n as h takes only 1 or 0 as a value. Applying Chebyshev’s
inequality to 5, yields (for any ¢ > 0)
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A{z: |5n(2)] > en}) < f§

62’112
o 1 1fh2 d)\+221<jfh ( )d)‘
N €2n?
D
en

For the last inequality we have used the facts that h;(z) € (—1,1) so
S, [h3(z)d)\ < n and that for some positive constant D, 23", [ hihjd\ <
(D — 1)n by Proposition 3.16.
We restrict our attention to the subsequence of times {n?}, obtaining

1<J

M{z 2 [3p2(2)| > en?}) < 2in2

Summing the term on the right-hand side of the above inequality over all n yields
a convergent series so by the Borel-Cantelli Lemma, for almost every x € [0, 1),

§n2 (CL‘)
)
Consider now the intervals [n?, (n+1)?). As h;(z) € (—1,1), for k € [n?, (n+1)?),

|5p2(z) — Sp(z)] <2n+1

—0 asn— oo.

SO
(@) _ Bnz(@)[+ 2041 _ [Se(z)[+20 41
k k n?
as k — oo.
We have now that for almost all z,
" hi(x) — [ hi(x)dA
S hile) = [h(@ay
n
S [ hi(z)dX € (3n,n), for sufficiently large n, >_;; hi(z) > in as desired.
O
We now prove a similar series of inequalities for ] 1 A(V;), namely:
n qn
(5) 20 n(logn)? > 2Zai > Z/\(V]) > =
i=1 j=1

The left-most inequality is Lemma 3.9. For the right-most:
Lemma 3.18. For all «,

Proof. This follows easily from Lemma 3.11 after noting that

qi+1

A > A = [ i

J=4q: JEJS
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It remains only to prove

Lemma 3.19. For all «,
n dn
230> YA
i=1 j=1

Proof. We will show that over the interval I; = [q;,qi+1), >_;cr, A(V;) is bounded
above by 2a;41. We do so by considering each subinterval J,, C I; individually. J; =
(¢, @i+1+qi—1) has a length of ¢;_1. Over this interval, A(V;) = ((¢i—1)) + ((¢;)).
This is bounded above by i - by [12] Thm 9. The total contribution of J; to
the sum of A\(V;)’s is thus bounded above by =t + Z’+1 <2

The intervals J, ..., Js,,, each have length ¢; and over each of them A(V}) <
({gi—100)) < q% They thus each provide a contribution to the relevant sum of less

than one and the result follows. O

The inequalities collected above enable us to prove the main theorem:

Proof of Thm 10. Suppose n € [¢m,dm+1). Then we have the following:

qm qm+1

fm < va ZX Z xv, (z) < C1(m +1)(log(m +1))*

dm+1

Z AMV;) < 2C1(m + 1)(log(m + 1))*

N =
3
A
]
=
=
I
WM:

Taking logs and formmg the relevant quotient, we see that the log(m) and
log(m+1) terms dominate the log(constant) and log(log(—)) terms. As % —
1, the result follows.

O

4. RESULTS ON FLAT SURFACES AND BILLIARDS
4.1. Flat surfaces.

Definition 4.1. A translation surface w is a finite union of polygons Py, ..., P,
such that

(1) the sides of the polygons are oriented so that the interior lies to the left
(2) each side is identified to exactly one parallel side of the same length. They
are glued together in an opposite orientation by parallel translation.

This definition appears in [16, Definition 4]. In flat surfaces distance and a
2-dimensional volume vg make sense because they make sense in each polygon.
Direction makes sense because of the gluings. Notice that an element of SLs(R)
applied to a flat surface produces another one. Let us assume that there is a
fixed horizontal direction. F} denotes flow with unit speed in direction 276 to the
horizontal. Straight line flows with unit speed on @ are parametrized by 6 € [0,1).
Fixing a direction, we can draw a line segment perpendicular to this direction and
obtain an interval exchange transformation Ty (see [20, Section 5.1] for a discussion
in a survey paper). In this way given a fixed flat surface we can obtain a one
parameter family of flows and interval exchange transformations.
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A specific case of a flat surface is a square with opposite sides identified. This
is a torus. If we let v denote one of the sides of the square then Ty is rotation by
cot(f) mod 1 (or 27 cot(#) on the unit circle).

Definition 4.2. A line segment in w is called a saddle connection if it connects
two vertices of the surface and has no vertex in its interior.

Given fixed combinatorics, let T denote the set unit area of flat surfaces where
all the saddle connections have length at least e. We will often use w to denote a
particular flat surface.

4.2. Billiards. This paper also addresses a particular family of dynamical systems,
billiards in rational polygons. A polygon is called rational if all of its angles are
rational multiples of 7. Fixing a point in the polygon and an angle 6 we can consider
the trajectory of that point as it travels in a straight line in the interior and obeys
the rules of elastic collision on the sides. A countable number of trajectories which
hit the corners of the polygon are undefined, but they have measure zero. The
trajectory of the well defined points takes angles in a finite set because the polygon is
rational. Following [8] one can reflect the polygon and keep the trajectory straight.
There are at most a finite number of reflections needed to return to the original
orientation. Identifying sides, one obtains a straight line flow in a flat surface. A
special case of this dynamical system is the billiard flow in a regular polygon.

4.3. Interval exchange transformations and their symbolic coding.
Definition 4.3. Given L = (l1,ls,...,1q) where l; > 0, we obtain d sub-intervals of
d
the interval [0, > 1;):
i=1
I = [0,11),]2 = [ll7l1 + lg), Iy = [ll + ot lg1, i+ o+l + ld)

Given a permutation w on the set {1,2,...,d}, we obtain a d-Interval Exchange
d d

Transformation (IET) T: [0, > 1;) — [0, >.1;) which exchanges the intervals I;
i=1 i=1

i=
according to w. That is, if v € I; then

T(l’) =x — Zlk + Z lr.

k<j w(k')<m(j)

We use the symbolic coding of interval exchange transformations heavily. This
section also shows the well known and useful fact that IETs are basically the same

as (measure conjugate to) continuous maps on compact metric spaces. For con-
d

creteness assume that » [, = 1.
i=1

Let 7: [0,1) — {1,2,...,d}2 by 7(z) = ...,a_1, ag, ay, ... where T?(z) € I,,.
This map is not continuous as a map from [0,1) with the standard topology to
{1,2, ..., d}* with the product topology. Observe that the left shift acts continuously
on 7([0,1)) C {1,2,...,d}%. However, if the discontinuities of T have infinite and
disjoint orbits (the Keane condition) then 7([0,1)) is not closed in {1,2,...,d}%
with the product topology. This is because the points immediately to the left of a
discontinuity give finite blocks that do not converge to an infinite block. Let X be
the closure of 7([0,1)) in {1,2,...,d}? with the product topology. X corresponds
to adding a countable number of points, the left hand sides of points in orbits of a
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discontinuity; X is a compact metric space. Let I X — [0,1) by flr0,1)) = 71
and extend f by continuity to the rest of X. Notice that, unlike 7, the map fis
continuous. Moreover the map is injective away from the orbit of discontinuities,
where it is 2 to 1. The left shift S acts continuously on X and if T' is not in the
direction of a saddle connection then the action of S on X is measure conjugate to
the action of T on [0, 1).

Fixing a point x, that is not in the orbit of a discontinuity, let

Wy q(T) = €p, Cpt1, vy Cq—1, ¢q Where 7(z) = ...c_1,¢0, €1, -
If z is in the orbit of a discontinuity let wy ,(z%) = lim+wp7q(y). Let wp 4(z™) =
y—x

lim w,4(y). Observe that if T satisfies the Keane condition (the orbits of its
y—x—

discontinuities are infinite and disjoint as sets), p > 0 and wy ,(z) # wy p(z~) then
.
w_n_—1(z") =w_n,_1(z7) for all N > 0. Let B(T) = {a1,...,a; : DlT”(Iai) #

()}. This is often called the set of allowed [ blocks.
Assume that there exists half open intervals Ji,...,J, and natural numbers
mq,...,m, such that 7Y is continuous (thus an isometry) on J; for 0 < j < my,

Ti(J)NTI'(J;) =0 for 0 < j < j' < m; and 4LTJI TJZO T7(J;) = [0,1). We say
=1 j=

TJilTj(Ji) are Rokhlin towers. m; + 1 is called the height of the Rokhlin tower.

]:

Each 77(J;) is called a level. Every word of 7([0, 1) is a concatenation of wq m, (2;)
where z; € J;. By construction, y;, z; € J; implies that wo m, (2;) = wo,m, (¥:). Also
wWo,mi—; (T7(yi)) = wjm,(yi). In this way a set of Rokhlin towers at a fixed stage
describes to a limited extent the dynamics of a system. As one takes Rokhlin tow-
ers with more and more levels one gains a better understanding of the dynamical
system.

4.4. Generalizing to billiards. The main results Section 4 are Theorems 12, 13
and 15:

Theorem 12. In every flat surface, for almost every (x,0) we have

N .
ZXB(O,%)(Tg(x))

=1

lim =1.
N—o00

EH[N)

N
32
i=1
Theorem 13. In every flat surface, for almost every 0 we have

N
Ji XBo, 4 (Fj(x))dt
im PO —1

N
N—oo fl W(%Pdt

for every x.

Because these results hold in all flat surfaces they apply to the billiard in ratio-
nal polygons and in particular any regular polygon [8]. Theorem 13 is proved by
methods much closer to standard quantitative ergodicity arguments than the inde-
pendence results used for the rest of the paper. Notice that it is a straightforward
consequence of Theorem 12 that the flow in almost every direction hits balls of

radius % infinitely often. However, the time it spends in these balls is integrable.
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This motivates the choice of target in Theorem 13, which is easier to prove than
Theorem 12.

The proof of Theorem 3 can be established very similarly for almost every IET
using probabilistic results of Kerckhoff [9] to obtain independence of Rokhlin towers.
More is required to establish Theorem 12 for all flat surfaces. This is motivated
by the desire to prove our result for billiards in any fixed rational polygon. The
main step in this argument is to make Boshernitzan’s criterion for unique ergodicity
effective.

Let A C {1,...,d}® be shift invariant with linear block growth. Assume that
it is minimal and has invariant measure p. Let €, := 51612 w(wy, ..., wy*) where

w1, ..., Wy * denotes the cylinder defined by ws, ..., w,. Boshernitzan’s criterion is
the following:
Theorem 14. (Boshernitzan [3]) If there exists a constant ¢ such that for infinitely
many n, €, > -, then the left shift is p uniquely ergodic.

This was proved for IETs by Veech [19].

Let n; be an increasing sequence of integers such that €,, > .= and n; > 10n;_1.

Theorem 15. Let b be a block of length n;. There exist constants Cy,Cy depending
Nit L

only on ¢ such that for any words w,w’ we have niL| S xp(STw) — xp(STw')| <
K j:l

016_02]:

This is a quantitative version of Boshernitzan’s criterion because it tells how
quickly any orbit equidistributes.

One can apply a result of Athreya which shows (via Lemma 4.11) that Bosher-
nitzan’s criterion for unique ergodicity often applies. Recall that 7. = {w :
all the saddle connections of w have length at least e€}. There are two flows on the
set of flat surfaces with fixed combinatorics — g; and ry. These correspond to the
actions of subgroups of SL(2,R):

(et 0 [ cos®  sin@
9=\0 et) "7 \—sinf cosf)"

Theorem 16. (Athreya [1]) For any w, all small enough € > 0 there exists C,c > 0
such that u({0 : girow ¢ Te for allt € [m,m +n]}) < Ce™". Moreover ¢ goes to 1
as € goes to 0.

Remark 4.4. Athreya’s Theorem is much closer to the formulation of Masur’s cri-
terion than to the formulation of Boshernitzan’s criterion. Masur’s criterion is: If
gimew enters T¢ infinitely often for some € > 0 then F} is uniquely ergodic (with
respect to Lebesgue measure) [15]. By passing to the symbolic coding, Theorem 15
implies a quantitative version of Masur’s criterion. The proof via Boshernitzan’s
criterion is clearer to us.

The proof we gave above can be established very similarly for almost every IET
using probabilistic results of Kerckhoff [9] to obtain independence of Rokhlin towers.
We need to work a little harder to establish the result for all flat surfaces. This
is motivated to establish by the desire to prove our result for billiards in rational
polygons. The main step in this argument is to make Boshernitzan’s criterion for
unique ergodicity effective. Then one can apply results of Athreya which show that
Boshernitzan’s criterion for unique ergodicity often applies.
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Corollary 4.5. For all small enough ¢ there exists C,6 such that u({6 : es(Tp) <
< forall s € [m,m +r]}) < 'rl% Moreover § goes to 0 as € goes to 0.

This corollary follows from Lemma 4.11 which is deferred to a more convenient
place.

We remark that with straightforward arguments Athreya’s result implies that in
any fixed flat surface, for almost every = and 6

N .
ZXB(O,%)(TOl(x))

lim sup =L < 0.

N
N—
o] Zi
i=1

4.5. Proof of Theorem 15. For ease of notation we treat the case where n; = 1;
the general case is the same.

Let B C {1,...,d}.

Let a,(w|B) = 7|{iS":Z”€BH.

Let M,[B] = mgxan(w|B) and m,[B] = Hti}nan(w\B). The next lemma is

o

similar to the main result in [3].

Lemma 4.6. Ife, > - then

,u({w apn(w|B) € [%mn[B] + iMn[B], imn[B] + %Mn[B]] })

1 3 3
Proof. Let uy, ....,u, be an allowed n block with exactly nmy,[B] occurrences of a
letter in B and vy, ..., v, be an allowed n block with exactly nM,,[B] occurrences of
a letter in B. By minimality there is w = ...; %1, ..., Up, ceeeey V1, ...y U, ... Consider
the successive blocks of length n formed by moving one place along w. At each step
the change in a,(|B) can be at most 2. So there needs to be at least

1 3 3 1
- B+ -M,|B| - (= B+ -M,|B
s8]+ 200,18 - G 8]+ o m))
different n blocks with a,(:|B) in our desired range (these blocks are different by
the fact that a,(-|B) assigns them different values). The lemma follows by our

assumption on €,. O

> ¢( my[B] + iMn[B]))

n(

The next proposition is similar to results used in [19].

Proposition 4.7. If €3, > 5 then [0,1) is the union of at most 3d-Rokhlin towers
of height between n and 2n, and with every level of u-measure at least 5.

Proof. Build disjoint towers with n levels such that that their bases are intervals
bounded by discontinuities of 7". Get a maximal collection of such towers. Every
point is within n forward iterates of one of these towers. Whenever one can dis-
jointly continue a pre-existing tower by forward iterates, do so. These towers will
have height at most 2n. If this is not possible (that is extending the tower hits a
discontinuity of T before it is exhausted) then split the levels of the tower so that
it can continue. The new subintervals will be bounded by discontinuities of 72"
(because they hit the discontinuity in at most n + n steps). O

Given n; let R; be a collection of towers as in Proposition 4.7.
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Remark 4.8. Notice that by construction each level has y-measure O(:-).

Lemma 4.9. Let S; be the set of towers in R; which have at least %iC’c occurrences
of the symbol 1. Then p(Si+1) > min{1, u(S;) + Co} where Cs is a constant.

Proof. Consider the words of length n;;1 as being concatenations of towers from
R; (i.e. words of length n;). By an argument similar to Lemma 4.6 a set of words
of at least fixed proportion, Csy, have at least a quarter of towers in S; and at least
a quarter not in S;. By Proposition 4.7 each tower in R; has between n; and 2n;
letters. Therefore the proportion of occurrences of the symbol 1 in these blocks is
at least % proportlon of occurrences of the symbol 1 in blocks in S;. By induction

this glves 171 66 occurrences of the symbol 1. O

Corollary 4.10. There exist v and 6 > 0 depending only on ¢ such that any block
of length niy, contains at least den,niy, disjoint occurrences of a block of length n;.

Proof. Choose r such that Cor > 1. Let § = (3)"C. O

Proof of Theorem 15. The proof is the same as for the Perron-Frobenius Theorem
with Corollary 4.10 providing the assumption. We provide a sketch. Consider the
matrix Mj11 that charts numbers of hits of towers of ny to the bases of towers of
ng—1. That is My41[¢, j] is the number of disjoint copies of the jth tower of ny, lie in
the i*" tower of nj_,. By Corollary 4.10 there exist 7, such that all of the entries
of M, are at least 6 of what they should be. This matrix is a contraction of at
least a fixed proportion on projective space. The theorem follows. ([l

4.6. Connection of flow to symbolic coding. Consider Definition 4.1. Label
the sides making sure a pair sides have the same label iff they are identified. Given
a fixed direction of flow we code a point by the sides its orbit hits. The symbolic
coding is related to the flow similarly to Section 4.3 (though the flow is closer to
the mapping torus of the coding).

4.7. Defining g, in this context. Given w and 6 let F} be the flow in direction
f and Ty be an IET in the usual way. If g;rpw returns to the compact part, 7,
infinitely often then let I3 be a a number such that g;,row is in 7.. Given [; let
liy1= >n§1(1)n {s:gsrow € T}

Lemma 4.11. There ezists M € R depending on w (and 6) such that if g w is in
the compact part then e,(Tp) > < for some n € [%}7 Me'].

Proof. 1f €,(Ty) < < then direction 6 on the surface is within 5 of a saddle con-

nection which crosses the horizontal at least s times [2, Page 750]. There exists
a constant M such that this saddle connection has length in [77, Ms]. Under the
action of g; (¢t roughly log s) this is shrunk to a short saddle connection. In partic-
ular, the vertical component is shrunk and the horizontal component is s-5 = < so
it is not expanded to be bigger than Cle. O

Lemma 4.12. In every flat surface for almost every 0 we have "ntl < il+s for all
but finitely many i.

This follows from the previous lemma and Theorem 16.
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Let i1 = nyp and inductively define uxr; = max{n; : log(n;) < log(ug) +
1og(ug)}. Let vyi1 be such that ugp1 = ny,,,. Let
Uk 41
gk () = ZXB(O,%)TZ(x)'
i=up
For the remainder of the paper n; will be denoted ¢; to make a clearer connection
to the previous sections.
Properties of g;.

dk4-1 .
Lemma 4.13. 3. xp(,1)T(x) < 2¢71(%42)3.

1=qk ‘ ’
Proof. The orbit of x can land at most once in any interval of size ¢4, ,, over
the time interval [gg, qx+1]- Additionally only one out of every g¢; hits can land

in any interval of size €. The orbit hits B(0,}) at most ¢ q’;% times

for the first 1/q’;:lqk iterates and at most ¢!, /%+L times after that because

dk
—1 qk+1 1
6qk-¢—1 (C ) qk) Z qp+1 ° D
qk qr e+l
\ Tap

Proposition 4.14. > A({z : gn(z) > n3}) < co.
n=1

This analogous to the proof of Proposition 2.12. We provide a couple of

qk+1 . 1 7
the key lemmas below. Let Cp = {z : igkx[o’%)(Rl(x)) > £ {/%=} and
qr—1 . 1

— —1
ch - igo B(R (0), \S/(QIZTWQ’“).

Lemma 4.15. C,, C D;..

Lemma 4.16. /\(_ﬁlei) < (1 + Y TIMDy,).
i= i=1

Proof. This follows by induction. Assume ﬁlei is the union of less than (1 4+
1=

%)T)\(iélei qk, ) intervals of size at most

2

dk,+1 % ’
T, qk,.
‘We intersect this set with D,, for © > k,. Observe that D, is the union of intervals

that are at least €, (T') separated. Therefore each interval in _ﬁlei intersects at
1=

most

2 -1

Qe+ 2 Qu¢
r+1 73
9k, qk’"

of them. The proof follows. O

1+

Recall that in the proof of Theorem 8 we only use control of the square of the
random variable. This motivates the next proposition.

Proposition 4.17. Y | [ gi(2)g;(x)dz — [ gi(x)dz [ gj(x)dz| < C for all i.
j=it2
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Lemma 2.5 establishes that if we let g; = > §;; where each §;; is g; re-
stricted to the towers R, ; defined as in Section 4.5 and 0 elsewhere then if £ > ¢

Z > Z | [ 9ij(x)gr(x)de — [, Graudx [ g ;| is summable. This is because
i=1 k>i+1 j,l titl

towers are successive images of the same interval (apply Lemma 2.5) and by Re-
mark 4.8 the levels of the towers have measure at most % (then apply Lemma
2.4).

The proposition is completed because the different towers Ry, ; and Ry, ;- converge
to the same distribution of hits in the tower R; ; because:

3

i

xR (T z)
! converges to 1 exponentially fast in i.
xr; (T*y)

Lemma 4.18.

ME

k=1

This follows from Theorem 15 by letting the block be the base (or any other for
that matter) level of the tower R,;. This result holds pointwise and so therefore on
sets (like R;) as well.

4.8. Proof of Theorem 12.
Proposition 4.19. If R; : @ — R are a family of random variables such that

(1) max R, ( Z Jo Ridv)3

1

2) Jo Rudv >3 Z Jo Ridv)s

(3) Z Z f[o D gi(x)g;(z)dx < +o0

i=1j>141
then for almost every w we have

5 Ri(w)

. =1
lim e E—.— 1.
N —o0

1; [ Ri(v)dv

N
Proof. Consider (Y R; — [, Rydv)?. This is a non-negative random variable with
i=1

(6) /Q (YR - [ Ri2)av(z) / Z Vv + ( / Ri(w)dv)?

i=1 2

+2 3 / Ri(w)R;(2)dv(w)dv(z) < 2NN3 + CN = 2N5 + CN

where C' does not depend on N. The remainder of the proof is similar to Theorem
8. O

4.9. Outline of the proof of Theorem 13. This is a straightforward con-
sequence of Theorem 15. To see this let n; be defined inductively so that

nipy = |eenitViosnd) | Let B; = B(a, =) C wand A; = B\Biyi. It is

straightforward to use Theorem 15 and our diophantine assumption (one also uses
nit1 t

a version of Lemma 4.13) to show that for any  we have Zlirgo % =0
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One then uses Theorem 15 to show that under our diophantine assumption for every
j:iiJrl XB,;(Ftw)dt

z,y we have lim =5% = 1. Now observe that
Y iS00 i T xp, (Fry)dt

Nit1 nit1 I~
/ XB(O,%)(th)dt > / xB; (F'z)dt — / xa, (Flz)dt.

i

5. MORE TARGETS

5.1. Proof of Theorem 4. This section establishes a more general version of
Theorem 4. That is, a version for more general flat surfaces. In this paper we
proved results for special targets to obtain explicit conditions. If one wants to
prove results for general targets this is possible by strengthening the conditions on
the dynamical system.

Definition 5.1. § : X — X a minimal shift dynamical system is called linear
recurrent if there exists some c such that es(n) > < for all n.

Let w be a flat surface and 6 have the property that there exists ¢ > 0 with
girow € ¢ for all t. The symbolic codings of interval exchange transformations
that arise from F}} are linearly recurrent (if they do not contain extraneous discon-
tinuities). This is a set of directions of Hausdorff dimension 1 in every translation
surface [13]. In particular, rotations by numbers with uniformly bounded continued
fraction expansion have linearly recurrent symbolic coding. Let p denote the unique

ergodic measure on S. Let ds(Z,7) = m Let 7 be as in Section 4.3.

Theorem 17. If T is an IET whose symbolic coding is linearly recurrent, {b;}32,
is non-increasing and Y b; = oo then

N
> XBy,bo) (T™T)

lim =2 =1

N—ooco N
S By, b)

for almost every y.

Note that in the case of rotations [14] implies that badly approximable/linearly
recurrent rotations are the only candidates for the theorem to hold. It not hard
to show (using some induced maps of badly approximable rotations or particular
Zs skew products of badly approximable rotations) that this equivalence fails for
general interval exchanges.

Linear recurrent systems are nice and we have the following strong quantitative
ergodicity result.

Proposition 5.2. Let T be an IET whose symbolic coding is linearly recurrent.
Then for any € > 0 there exists C. := C such that for any interval J, x and

N .
N > C|J|7! we have ﬁZX](TIl') €l—el+¢.

i=1
Lemma 5.3. Let S : X — X be linearly recurrent. For any € > 0 there exists a
constant C' = C. such that for any g,z € X, cylinder set J = *,a1,...,ax, * and

N
N > Ck we have |%ZX](ST) —xs(8'9)| < e

i=1
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This follows from Theorem 15.
The following Corollary is known and can be proved directly without appealing
to Theorem 15 of which it is an immediate consequence.

Corollary 5.4. LetT be an IET whose symbolic coding is linearly recurrent. There
1~ _
exists a constant C such that for any interval J, x € [0,1) we have > x;(T'z) <

i=1
C.

Proof of Proposition 5.2. Partition J by cyhnder sets of X of between 2‘ ]‘ and 3177 7|

Let C¢ be as in Lemma 5.3. Set C' = Cg(e™' +¢'). The cylinder sets entirely
in J will be hit within $ of the appropriate number of times. There will be up to
two small intervals which are not an entire cylinder set. These can be hit at most

(1+ £ )2\J\ times each. O
Nk41
Let ny be defined inductively so that > b = O(1). Let gr(z) =
. A =Nk
2 XBob)(T'z).
1=Nk

By arguments similar to the previous sections,

Proposition 5.5. There exist C1,C2 depending only on the constant from the

g

linear recurrence such that if b n, then

Nk41

1 1 1
[ @)= [ st [ ar(ortel < creme,

This follows similarly to Pr0p051t10n 4.17 because nrH —np > 27 (k41 — nk)-
Consider the i € [nr7 ny41] such that ’+21/4 < 1—2712, Call this set B. This is at

b i ;
most Y o5 > pe 2 1(1— 2’1) =273, By Proposition 4.17 if %7/4 >1-2717 we
i€B ‘
have
z+24 1z+24
|/ gk(@) D XBos) (T'x)dx —/ gr () dx/ > XBow) (T'r)dz| < Clem 3,
t=1 0 0 4=

The proposition follows by considering these stretches and the fact that the other
times contribute at most 277 which is exponentially small in j.

Lemma 5.6. There exist constants Cq,Cy where Co < 1 such that A({z : gx(z) >
1}) < C1C4

It follows from Corollary 5.4 that on any stretch by, ...b; where by is O(e) that
! )
Yo XB(0,p:)(T'x) < C(I — k)e. Therefore if {x : gx(x) > I} is non empty then llzgg((l;’;))
i=k
is not o(l). One can then appeal to Theorem 15 to show that the points hit at

different target sizes are roughly independent.
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Proof of Theorem 17. 1t suffices to show that for any € > 0 we have

N
22 XB(g.0,) (T")

n=1

N—ooo N
> (B(y,bn))

n=1

-1l <e

where lim is limsup or liminf. Let C' be given by Proposition 5.2 for 5. We divide
our times into two separate pieces. If k < [, % <1-%andng—ny > C(b,,)~! then
’lll
N _ N
let k,k+1,...,1 € V. Let hy(x) = > gn(z). Let U = N\V and hny(x) = Y gn(x).

neV nelU
By Proposition 5.2 we have

| lim 1,N(m) =0
N=eo [F by (z)da
for almost every z (if U is infinite). O

5.2. Proof of Theorem 5. This section presents results that hold for almost every
a. Additionally, in every surface almost every direction is weakly bounded. This
follows from [1, Theorem 1.1 (3)] because being weakly bounded is implied by the
fact that for all € we have that g;rgw is in some fixed compact part for all but an ¢
proportion of the time. (The compact part can be allowed to depend on 6.)

Given a direction of flow a let f(k) = max{i : ¢; < 2¥}. Let apy = qzzl. Recall
qr = nx. Given C € R and a let S¢(a) = {k: ayuy < C}.

Lemma 5.7. If a is weakly bounded then Sc(«) has density that goes to 1 as C
goes to infinity.

Recall that the density of a sequence of natural numbers A is 1}\rfn inf Mmgvﬂ.

—00
Proof. By definition log(qx) = log(¢q1) + ZLQ log(a;). |Sc(a)N[0,7]] = > 1.
i:af(i)<C
k
If 2" is roughly ¢ then this proportional to > log(a;). O
i:a; <C
gk+1
Lemma 5.8. If {b;}32, is a Khinchin sequence then ¢, = Y b; is a decreasing
i=2k

sequence with divergent sum.

o0
It satisfies 28T 1bori1log2 < ¢ < 2Fbyr log2. Note that > 2Fbyw diverges be-
k=1
cause {b;}32, is non-increasing with divergent sum.
ok+1

Let gr(x) = > XB(op:) (R').
=2k
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N
> gk(®)
Proposition 5.9. For any C > 0 we have lim 5o =1 for almost every
N=eo 5 [oula)da

k€S

x.

Proof. Let S¢ be enumerated in an increasing sequence {k;}32; There exists r
depending only on C such that if n; < k; then n,11 < kj4,. The proof follows by

establishing Propositions 4.17 and 4.19. O
Lemma 5.10. If {b;}52, is a Khinchin sequence then there exists C such that
dk+1 .

‘Z XB(0,b:) (R'z) < Cagy.

i=qx

This follows from the fact that b; < % for all ¢ and Lemma 2.3 (easily adapted
to targets of size <).

Lemma 5.11. For any K > 0 there exists ¢’,Cy depending only on K such that
1 1 1 —c'|{i k<i<j
‘fo gi(z)g;(x)dr — fo gk (z)dx fo gj(z)dz| < Cre Hi€Sw:k<i<y]

This is a consequence of Theorem 15.
Corollary 5.12. For any weakly bounded o we have
N
Z XB(O,bn)(Raz)
limi n=1 _
= !
Z 2bn
n=1

for almost every x.

Proof. Proposition 4.19 and Lemma 5.11 implies that

% gr ()

keSc
N
> Jo ge(@)dx
keSc
For any decreasing sequence {d;}$2; we have that if A; C Ay C ... is a sequence of
nested sequences whose density converges to 1 then

lim inf =1.
N—oo

N

> di
. . €A
lim lim == =1.
C—ooN—o00

i=1
The proof follows by Lemma 5.8 and Lemma 5.7. O

Lemma 5.13. For any weakly bounded o we have

N
> gr(x)
lim lim *£5¢
C—ocoN—oo 2N
> 2b,
n=1

=0

for almost every x.
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This follows similarly to Lemma 2.14.
Corollary 5.14. For any weakly bounded o we have

N

> XB(0.b,) (Ra)
. n=1
lim sup

N
N—oc0 Z 2bn
n=1

=1

for almost every x.

5.3. Proof of Theorem 6. This section only applies to rotations, so ¢, denotes
the denominator of the n** convergent to . Other than this the terminology is the
same as in the previous subsection. The sufficiency is true for IETs with basically
the same proof. The necessity is not true even for 3-IETs.

Lemma 5.15. Iflim suplog% < 00 then So(a) has positive lower density for large

n—oo
enough C.
Proof. Because ¢;+1 = a;q; + q;—1, we have log(ql) + ZZ o log(a; +1) > log(qx) >
log(q1) —&—ZZ olog(a;). |Sc(a)N[0,r]| = Z 1. Notice gj12 > 2¢;. It follows
i:af(i)<C

if 27 > g then |Sc(a) N[0, 7]| > k —2|{¢ < r :a; > C}|. Under our assumption
for large enough C and k we have k — 2|{i < r : a; > C}| is proportional to k.
(Otherwise hm bup *(log(q1) + El 5 log(a;)) would be co.) The lemma follows with

the trivial observatlon that if 2" < ¢ then |[0,7] \ S¢| < log(gx)- O
Proposition 5.16. If lim suplog% < oo then for large enough C,
n—oo
k
'Z gi(x)
lim inf kzesc >0

~ > I gi(y)dy

for almost every x.

Proof. By Proposition 5.9 the numerator is roughly Z fo 9i(y)dy. Tt follows from
i€Sc
the previous lemma that

k 1
> [y 9ily)dy

i€Sc

ifol 9i(y)dy

lim inf > 0.

k—o0

This establishes the “if” part of Theorem 6.

Proof of Theorem 6: “Only if” for rotations. Observe that for rotations if

q; <i<qj+1 then d(R'm,R"%iz) < +11q by Lemma 2.2 and we have
(qn)

A(B(R:™ (2,€)\ B(Rhx,€)) < minf2e, -

} Assume o has lim sup 28W) — o,

n—oo
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Then there exists ki,... such that 1oi¢ > 10t Let b; = ——t for all

ilog gy,

Qk;_, < i < q;. Notice b; is a Khinchin sequence. (In particular E?;JN b; is

log(qx;)—log(N)
roughly —Togtar) )
By the fact that b; is non-increasing we have
(c+1)qn ) cqn - . 1
)\( U B(R'z,b;)\ U B(Rlx,bi)) < gpmin{byq,, —}.
i=cqn i=(c—1)qn Gn+19n
o0
It is not hard to see that under our assumptions Y 2¥ min{byr, ——L——1} con-
= FO) 145 (k)
(qn]+1) 10g(2
verges. In particular, consider Zkf Hqn, {log(qﬂ L af(k:)+1(If(k) } and split the
sum into the few k € Sy; (where one uses the estimate %) and the most k
i1
that are not. This implies that A UB (R™z,b;) has measure zero. O
n=1i=n
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