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Estudamos a teoria de Fluxos Estrela. Fazemos um apanhado do estado atual da

teoria e quais são algumas das perguntas em aberto atualmente. O objetivo principal desse

trabalho é introduzir o fluxo linear de Poincaré estendido e mostrar a sua força no estudo

de fluxos com singularidades. Esse fluxo foi usado por Li-Gan-Wen [36] para provar que

todo conjunto compacto, invariante, robustamente transitivo, com a propriedade estrela,

com todas as órbitas periódicas tendo o mesmo ı́ndice e com todas as singularidades tendo

também o mesmo ı́ndice, é parcialmente hiperbólico. Isso estende um famoso resultado

dado por Morales-Paćıfico-Pujals para dimensão 3 [45]. Desde então, o fluxo linear de

Poincaré estendido tem sido essencial no estudo de fluxos com singularidades.

Em seguida mostramos como estender um resultado dado por Abdenur-Bonatti-Crovisier

[1] para fluxos sem singularidades. Fazemos um estudo das relações entre propriedades

dinâmicas para o fluxo linear de Poincaré e propriedades para o próprio fluxo. Mostramos

várias diferenças entre fluxos e difeomorfismos. De fato, iremos ver que essa diferença é

muito mais do que apenas a existência de singularidades, ainda não é claro hoje em dia

qual é a verdadeira diferença. Por fim propomos algumas perguntas para a teoria.
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We study the theory of Star Flows. We summarize how the theory is nowadays

and what are some of the open question currently. The main goal of this work is to

introduce the extended linear Poincaré flow and to show its strength in the study of

flows with singularities. This flow was used by Li-Gan-Wen [36] to prove that every

compact, invariant, robustly transitive set, with the star property, with every periodic

orbit having the same index and with all singularities having the same index as well is

partially hyperbolic. This extends a famous result given by Morales-Pacifico-Pujals for

dimension 3 [45]. Since then, this flow has been essential in the study of flows with

singularities.

Then we will show how to extend a result given by Abdenur-Bonatti-Crovisier [1] for

flows without singularities. We do a study of the relations between dynamical properties

for the linear Poincaré flow and properties for the actual flow. We show several differences

between flows and diffeomorphisms. In fact, we will see that this difference is much more

than just the existence of singularities, still not clear today what is the real difference.

Finally we propose several questions for the theory.
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Chapter 1

Introduction

“Mathematics is a trap. If you are once caught in this trap you hardly ever get out

again to find your way back to the original state of mind in which you were before

you began to investigate mathematics.”

—Colerus, From simple numbers to the Calculus

Throughout history, mathematics was developed as people tried to understand the

world around them. Part of this understanding is to try to explain why a certain phe-

nomenon happens. Another part is to be able to predict future phenomena. In order to

do these things, mathematical models were created trying to approximate the reality.

So at first, the theory was developed to try to understand the world. But with time

it is almost as if mathematics “became alive” and started to live in a parallel world of

remarkable arguments and beautiful theorems. This parallel world does not necesseraly

have to do with reality, but oftentimes some people are able to relate back those results

with applications. The same thing happened with the theory of Dynamical Systems.

The idea of Dynamical Systems is to study how a “system” evolves with “time”. The

idea of “system” and “time” may change, depending on what you are interested in. For

example, one may consider a diffeomorphism of a manifold into itself as the system and,

in this case, we are dealing with discrete time. Or the flow generated by a vector field on

a manifold and, in this case, we are dealing with continuous time. More general types of

“time” may also be considered, such as the dynamics of group actions.
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Like most things in mathematics, the study of Dynamical Systems started as peo-

ple tried to understand the behaviour of the flows generated by physical models, given

by Newton’s Laws. A lot of what is considered Dynamical Systems today started to

be developed by Henri Poincaré when he was studying the n-body problem in celestial

mechanics.

Just as we said before, the theory of Dynamical Systems “became alive” as the theory

started to grow. The idea, now, is to try to understand what happens with the orbits of a

system. This is a very difficult task, since this problem is too general. Indeed, without any

hypothesis on the system nothing can be said about the dynamics. Other more reasonable

questions came about. Is it possible to know what happens with “most” orbits of “most”

systems? What properties do the orbits of “most” systems hold? Are these properties

“robust”?

This text is dedicated to study consequences of one of those properties, called the

Star property for flows. In particular, we also observe a lot of the differences between

diffeomorphisms and flows. We study several difficulties that come up when one tries to

extend results for diffeomorphisms to flows, a lot of those difficulties come up from the

existence of singularities, others come up simply because we are dealing with different

objects. It is not clear yet what is the “real” difference.

In Chapter 2 we give the definitions and preliminares results that will be needed in

the rest of this work. In Chapter 3 we make a “tour” on the state of art of the theory. We

state two conjecures for diffeomorphism and what is known for each of them. Then we

go to the “equivalent” conjectures for flows and make a list of results that gives partial

results towards those conjectures. The idea is to try to give a global view of the theory

and give a little bit of the perspective of what is happening today.

Chapter 4 is the main chapter of this work. Morales-Pujals-Pacifico studied hyperbolic

like properties for robustly transitive sets in dimension 3 [45]. Then, in 2004, Li-Gan-Wen

were able to extended their result for any dimension. In particular using ideas from Liao

[38] they define the extended linear Poincaré flow, which since then has been used in most

of the main results of the theory, either this extended flow or some variation of it.
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In Chapter 4 we define this extended linear Poincaré flow and study its properties.

Then we prove the main theorem of this work:

Theorem A: For C1 vector fields every robustly transitive set with the star property

such that all its singularities have the same index and every periodic orbit has the same

index as well is partially hyperbolic.

The precise statement of this theorem will be found as theorem 4.0.1. The main

purpose of this chapter is to show the “power” of the extended linear Poincaré flow in the

study of flows with singularities.

Finally in Chapter 5 we show how to change the proof of a theorem given by Abdenur-

Bonatti-Crovisier [1] for nonsingular flows, proving the following theorem:

Theorem B: C1-generically in the set of nonsingular flows either there are infinitely

many sinks/sources or the nonwandering set admits a decomposition into a finite number

of compact, disjoint and invariant sets such that on each of them there is a dominated

splitting for the linear Poincaré flow.

This theorem with a precise statement will be found as theorem 5.1.1 in that chapter.

Then we study the relationship between the linear Poincaré flow and the actual flow.

In particular we show an example that says that theorem B is false if instead of domination

for the linear Poincaré flow we ask for a dominated splitting for the actual flow.

In that direction we prove a criteria of when can we get a dominated splitting for the

actual flow from a dominated splitting for the linear Poincaré flow.

Theorem C: For a C1 vector field a compact, invariant and nonsingular set has a

dominated splitting for the flow if, and only if, it has a partially hyperbolic splitting for

the linear Poincaré flow. In particular this dominated splitting is partially hyperbolic.

This result will be found as theorem 5.3.2. With that we will be able to see that even

for nonsingular flows there is a great difference between dynamics of diffeomorphism and

flows. We finish the chapter proposing a few questions in that direction.
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Chapter 2

Preliminaries

“The more you know, the less sure you are.”

—Voltaire

In this chapter we will give the definitions and basic results that will be necessary in

the rest of this work. For the first three sections we refer the reader to [6], [35], [53] and

[64] as references.

2.1 General Definitions and Hyperbolic Theory

Let (M, g) be a n-dimensional, compact, boundaryless Riemaniann manifold. The metric

g induces a distance on the manifold, called the geodesic distance (see for instance [22]),

that we will denote by d(·, ·), in such a way that the pair (M,d) is a complete metric

space. From now on we will denote this Riemaniann manifold only by M .

Let X 1(M) be the set of C1-vector fields of M . For X, Y ∈ X 1(M) we define the

C1-distance between X and Y by

d1(X, Y ) = max{sup
p∈M
‖X(p)− Y (p)‖p, sup

p∈M
‖DX(p)−DY (p)‖p}.

It is known that since M is compact, the set X 1(M) endowed with the metric d1(·, ·)

is a complete metric space, the topology generated by d1(·, ·) is called the C1-topology.
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In particular, Baire’s theorem holds, that is, the countable intersection of open and dense

subsets of X 1(M) is dense in X 1(M), see for instance [39] for the proof of Baire’s theorem.

We will talk more about the importance of this theorem for dynamical systems later.

Let X ∈ X 1(M) and let us denote by Xt(.) the flow generated by it. Since M is

compact this flow can be defined for every t ∈ R. The flow Xt has the following properties:

1. X0(.) = Id(.);

2. for every t, s ∈ R we have that Xt+s(.) = Xt ◦Xs(.);

3. for every p ∈M , we have that d
dt
|t=0Xt(x) = X(x);

4. (Xt)
−1(.) = X−t(.).

5. for every t ∈ R the application Xt(.) : M →M is a C2-diffeomorphism.

These properties tell us that the application

R×M → M

(t, p) → Xt(p)

defines an action of the group (R,+) on M . Just as in group actions, we define the orbit

of a point x ∈M as the set of points orb(x) = {Xt(x) : t ∈ R}.

Define ω(x) = {y ∈ M : ∃tn → ∞ with Xtn(x) → y} as the omega-limit set of x. In

a similar way we define the alpha-limit set of x, α(x), but taking tn → −∞. Also we

define the nonwandering set, Ω(X), as the set of points x ∈ M such that for every open

neighbourhood U of x and for every T > 0, there exists t > T with Xt(U) ∩ U 6= ∅.

For x and y we say that x a y if for ε > 0 and T > 0 we have that there exists a

sequence {xi}ni=0 and {ti}ni=1 with x0 = x, xn = y, ti > T , for i = 1, . . . , n, such that

d(Xti(xi−1), xi) ≤ ε.

For a fixed ε > 0 and T > 0 we call such a sequence a (ε, T )-pseudo orbit. We say

that x ` y if y a x, then we may define the relation `a. We say that x is chain-recurrent

if x `a x and we define the set R(X) to be the set of chain-recurrent points. One may
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Figure 2.1: Pseudo Orbit

easily check that `a is an equivalence relation. Consider the quotient R(X)/ `a and

denote by C(x) as the chain-recurrent class of x with this relation.

The sets α(x), ω(x), Ω(X) and R(X) are compact, invariant sets. The sets ω(x) and

α(x) are connected also.

We say that a set Λ is invariant if Xt(Λ) = Λ for every t ∈ R. We say that a compact,

invariant set Λ is isolated if there exists U neighbourhood of Λ such that Λ =
⋂
t∈R

Xt(U),

in other words Λ is the maximal invariant set of U .

An invariant, compact set Λ is transitive if there exists x ∈ Λ such that ω(x) = Λ. We

say that Λ is an attracting set if there exists U neighbourhood of Λ such that Xt(U) ⊂ U

for every t > 0 and

Λ =
⋂
t≥0

Xt(U).

If in addition Λ is transitive then we say that Λ is an attractor. Moreover we say that Λ

is a repeller if it is an attractor for −X.

Let Λ be an invariant, compact set. We say that Λ is a hyperbolic set if there exists

a continuous invariant splitting of the tangent bundle restricted to this set, that is

TΛM = Es ⊕ 〈X〉 ⊕ Eu,

where Ei is a continuous subbundle and DXt(E
i(x)) = Ei(Xt(x)), for i = s, u, and 〈X〉

is the subbundle generated by the direction X. This splitting has the property that there
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exist constants C ≥ 1, λ > 0 such that for every x ∈ Λ we have that

‖DXt|Es(x)‖ ≤ Ce−λt and ‖DX−t|Eu(Xt(x))‖ ≤ Ce−λt.

(Uniform Contraction) (Uniform expansion)
(2.1)

A singularity of X is a point σ ∈ M such that X(σ) = 0. In particular we have that

for every t ∈ R, σ is a fixed point of Xt, that is, Xt(σ) = σ. Denote by Sing(X) the set

of singularities of X. We say that a singularity is hyperbolic if σ is a hyperbolic set. This

is equivalent to say that for every eigenvalue of DX(σ) the real part does not vanishes.

Theorem 2.1.1 (Hartman-Grobman’s Theorem for singularities). Let σ be a hyperbolic

singularity for X. Let Y = DX(σ) be the linear field on TσM , that is Y (v) = DX(σ)v

for every v ∈ TσM . Then there exist a neighbourhood U of σ, a neighbourhood V of 0 in

TσM and a homeomorphism h : U → V such that

h ◦ (X|U)t(.) = (Y |V )t ◦ h,

where for each t you consider only the points in U whose orbit until time t is contained

in U , and we say that h conjugates X|U and Y |V .

We say that x ∈ M is a periodic point if X(x) 6= 0 and there exists T > 0 such that

XT (x) = x. We say that the number p(x) = min{t > 0 : Xt(x) = x} is the period of x.

Denote by Per(X) the set of periodic points of X. As a slight abuse of language we say

that the period of a singularity is 0.

Given x ∈ Per(X) we say that the periodic orbit orb(x) is hyperbolic if orb(x) is a

hyperbolic set. For a hyperbolic periodic orbit we may define the following flow

Ψt : orb(x)× (Es ⊕ Eu) → orb(x)× (Es ⊕ Eu)

(q, v) → (Xt(q), DXt(v))

Then we have the following theorem

Theorem 2.1.2 (Hartman-Grobman’s Theorem for periodic orbits). Let orb(x) be a

hyperbolic periodic orbit for X. Then there exist a neighbourhood U of orb(x) in M , V
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of orb(x)× {0} in orb(x)× (Es ⊕ Eu) and a homeomorphism h : U → V that conjugates

X|U and Ψ|V .

Define the set of critical elements Crit(X) = Sing(X) ∪ Per(X). For a hyperbolic

x ∈ Crit(X), we define ind(x) = dim(Es) as the index of x.

It is known from the hyperbolic theory that hyperbolic critical points are robust, that

is, if σ ∈ Sing(X) is hyperbolic, then for every ε > 0 there exists δ > 0 such that if Y is

δ-C1-close to X then there exists a hyperbolic singularity for Y , σY , which is ε-close to σ.

If x ∈ Per(X) is a hyperbolic periodic point, then for every ε > 0 there exists δ > 0 such

that for every Y δ-C1-close to X we have a hyperbolic periodic orbit orbY (xy) ε-close to

orb(x) with the Hausdorff distance, xY is ε-close to x and p(xY ) is ε-close to p(x).

For a hyperbolic critical element the sets

W ss
ρ (x) = {q ∈M : d(Xt(q), Xt(x)) ≤ ρ ∀t > 0}

W uu
ρ (x) = {q ∈M : d(Xt(q), Xt(x)) ≤ ρ ∀t < 0}

are called the local strong stable and local strong unstable manifolds, of size ρ > 0 of x.

We have the following key theorem

Theorem 2.1.3 (Stable Manifold Theorem). Let X be a C1-vector field and x ∈ Crit(X)

be a hyperbolic critical element of X. Then:

1. W ss
ρ (x) is a disk C1-embedded with dimension ind(x);

2. the set W ss(x) =
⋃
t≥0

X−t(W
ss
ρ (x)) is a C1-immersed submanifold of M ;

3. TxW
ss(x) = Es

x;

4. given ε > 0 there exists δ > 0 such that if Y is δ-C1-close to X and D ⊂ W ss(x)

is an embedded compact disk containing x, then there exists a disk DY ⊂ W ss(xY )

ε-C1-close to D, where xY is the continuation of x.

We have the same result for the set W uu(x) but for −X, since it will be the stable

manifold for the past. This theorem is valid for the Ck-vector fields with the Ck-topology

8



with k ≥ 1. We call the manifolds W j(x), for j = ss, uu, the strong stable and unstable

manifolds. We define the sets

W s(orb(x)) =
⋃
t∈R

W ss(Xt(x)),

similarly we defineW u(orb(x)) and we called them the weak stable and unstable manifolds.

The stable manifold theorem is also valid for hyperbolic sets, that is, if Λ is a hyperbolic

set, then for every x ∈ Λ we have that W j(x) are locally embedded and globally immersed

C1-manifolds, for j = ss, uu. In particular that implies that the set W s(Λ) = {y ∈ M :

d(Xt(y),Λ)→ 0 as t→∞} is given by

W s(Λ) =
⋃
x∈Λ

W ss(x).

Observe that if Λ is a hyperbolic set then all its singularities are isolated. Indeed,

consider the function dim(〈X(.)〉) : Λ→ N. It is easy to see that this function is continu-

ous, in particular it is locally constant. Suppose that σ ∈ Sing(Λ) is not isolated, that is,

there exists a sequence {yn} such that yn ∈ Λ/{σ} and yn → σ. By Hartman-Grobman’s

theorem we know that we can take this sequence to be a sequence of regular orbits. Then

we have that

1 = lim
n→∞

dim(〈X(yn)〉) = dim(〈X(σ)〉) = 0, a contradiction.

Then for a hyperbolic set all the singularities are isolated. Also by Hartman-Grobman’s

Theorem the number of singularities in a hyperbolic set is finite.

Theorem 2.1.4 (λ-Lemma for singularities). Let X ∈ X 1(M) and σ ∈ Sing(X) be a

hyperbolic singularity of X. Fix an embedded disk B on the local stable manifold of σ

and a neighbourhood V of this disk in M . Then let D be a disk transversal to the local

unstable manifold of σ at z with the same dimension as B and write Dt for the connected

component fo Xt(D) ∩ V that contains Xt(z), for every t ≤ 0. Given ε > 0 there exists

T > 0 such that for every t > T the disc D−t is C1-ε-close to B.

An analogous result is true for hyperbolic periodic orbits. Another key object in the

theory is the following:

9



Definition 2.1.5. [Homoclinic Class] Let x ∈ Per(X) be a hyperbolic periodic point. If

W s(orb(x)) ∩W u(orb(x)) 6= ∅, we say that y ∈ W s(orb(x)) ∩W u(orb(x)) is a point of

transversal homoclinic intersection of the orbit of x if TyW
s(orb(x)) + TyW

u(orb(x)) =

TyM . Define the homoclinic class associated with orb(x) as

H(orb(x)) = H(x) = {y ∈M : y is a point of transversal homoclinic intersection.},

where for a set A ⊂M we have that A is the closure of A.

Using the transversal intersection and λ-lemma one may easily prove that homoclinic

classes are compact, invariant and transitive sets.

Let us just say a few words on the global theory of hyperbolic dynamics. Let us start

defining an important type of flow for the theory.

Definition 2.1.6. [Axiom A] We say that a flow is Axiom A, or hyperbolic, if Crit(X) =

Ω(X) and Ω(X) is a hyperbolic set.

With this set we have the following theorem.

Theorem 2.1.7 (Spectral Decomposition Theorem). If X is Axiom A then

Ω(X) = Λ1 ∪ · · · ∪ Λk,

where the sets Λi are isolated, hyperbolic homoclinic classes. The sets Λi are called basic

sets.

This type of theorem gives a good global description of the dynamics, one knows that

for an Axiom A system the dynamics is concentrated on the sets Λi. Hyperbolic systems

are well understood in a topological and statistical level.

2.2 Dominated Splittings

A weaker form of hyperbolicity is the domination property. In this section we review some

basic results about domination which will be so important for us in the rest of the work.
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Definition 2.2.1. Let X ∈ X 1(M) and Λ be a compact invariant set. Given T > 0, we

say that a DXt-invariant splitting

TΛM = E ⊕ F

on Λ is T -dominated if

‖DXT |Ex‖.‖DX−T |FXT (x)
‖ ≤ 1

2

for every x ∈ Λ. We denote this by (E,Xt) ≺T (F,Xt), or simply by (E,Xt) ≺ (F,Xt).

This definition is equivalent to say that there exist C ≥ 1 and λ > 0 such that

‖DXt|Ex‖.‖DX−t|FXt(x)
‖ ≤ Ce−λt, for t ≥ 0.

Indeed, you only have to consider

λ =
1

T
log(2) and C = ( sup

t∈[0,T ]

‖DXt|E‖).( sup
t∈[0,T ]

‖DX−t|F‖).

Clearly, hyperbolic decompositions are dominated. We now define partial hyperbolic-

ity. We say that a set Λ is partially hyperbolic for a given flow X if Λ has a dominated

splitting

TΛM = E ⊕ F

and either E contracts uniformly, or F expands uniformly, that is, either E or F satisfy

the condition 2.1. For example consider the matrix

A =

2 1

1 1


this is a hyperbolic matrix that induces a diffeomorphism fA : T2 → T2, since it is a

diffeomorphism in R2 that preserves the lattice Z2. Also consider Id : S1 → S1 to be the

identity map on S1. Now consider their product acting on T3 given by

F = fA × Id : T2 × S1 → T2 × S1

(x, y) → (fA(x), y)

This is a partially hyperbolic diffeomorphism and this diffeomorphism on T3 induces

a flow, called the suspension flow. To define this flow first consider the product manifold

11



T3 × R and the vector field defined by X(x, t) = (0, 1). On this manifold consider the

equivalence relation ∼ given by (x, t) ∼ (x′, t′) if and only if t′−t = n ∈ Z and fnA(x) = x′.

Let M = T3 × R/ ∼ and let π : T3 × R → M be the projection. Define the vector

field X̃ = dπ(X) on M and consider the flow associated with this vector field. M is a

partially hyperbolic set for this flow, one can easily see that the derivative of DX̃1 is given

by A× Id.

Let us say a few words about domination. Suppose that you have a vector v = (vE, vF )

with both cordinates nonzero. By the domination we have that

‖DXkT (vF )‖ ≥ 2k‖DXkT (vE)‖

or
‖DXkT (vF )‖
‖DXkT (vE)‖

≥ 2k

In other words that means that the coordinate vF grows much faster than the coordinate

vE, which means that the vector DkT (v) is converging to the direction F . If we did the

same for the past we would obtain that the vector is converging to E. Thus dominated

splitting has this property to take any vector to F in the future and to E in the past.

If you suppose E and F to be of the same dimension, one could also see the domination

property to be the existence of an attractor and a repulsor for the projective space.

Another property that comes with domination is that the angles between the subbun-

dles E and F are uniformly bounded from zero, which is crucial for many applications.

Definition 2.2.2. Let X ∈ X 1(M), x ∈M , C ≥ 1 and λ > 0 be given. A splitting

TxM = Ex ⊕ Fx

at x is said to be pre-dominated if

‖DXt|Ex‖.‖DX−t|DXt(Fx)‖ ≤ Ce−λt, if t ≥ 0

‖DXt|Fx‖.‖DX−t|DXt(Ex)‖ ≤ Ceλt, if t ≤ 0

The predomination means some sort of domination only for the point. Of course a

dominated splitting is pre-dominated. It is a weaker form of domination, but still strong

enough for us to obtain important properties for the decomposition.

12



Lemma 2.2.3. Let X ∈ X 1(M) and TxM = E1
x ⊕ F 1

x = E2
x ⊕ F 2

x be two predominated

splittings at x such that dim(E1
x) = i1 and dim(E2

x) = i2. If i1 ≤ i2, then E1
x ⊂ E2

x and

F 1
x ⊃ F 2

x . In particular, if i1 = i2 then E1
x = E2

x and F 1
x = F 2

x . Moreover, for any s ∈ R if

TXs(x)M = EXs(x)⊕FXs(x) is pre-dominated with dim(EXs(x)) = i1 then DXs(E
1
x) = EXs(x)

and DXs(F
1
x ) = F 1

Xs(x).

Proof. Let us start proving that either E1
x ⊂ E2

x or E1
x ⊃ E2

x. Suppose not, then there

exist u ∈ E2
x − E1

x and v ∈ E1
x − E2

x, we can also suppose that |u| = |v| = 1. Using the

pre-domination of E2
x ⊕ F 2

x for u, and the pre-domination of E1
x ⊕ F 1

x for v, by a similar

calculation as we made before, one obtain that for t big enough, then

|DXt(u)| < |DXt(v)| and |DXt(v)| < |DXt(u)|,

which is a contradiction. Then either E1
x ⊂ E2

x or E1
x ⊃ E2

x. Since i1 ≤ i2 it follows that

E1
x ⊂ E2

x and F 1
x ⊃ F 2

x . If we had i1 ≥ i2 we would have the opposite inclusions. The

equality is immediate when i1 = i2.

It is a simple lemma, but quite powerful. As an easy consequence of this lemma we

obtain the following corollary.

Corolary 2.2.4. Let X ∈ X 1(M), σ ∈ Sing(X) and TσM = Eσ⊕Fσ be a pre-dominated

splitting. Then DXt(Eσ) = Eσ and DXt(Fσ) = Fσ for every t ∈ R.

Proof. Since the splitting is pre-dominated it follows that DXt(Eσ) ⊕DXt(Fσ) is also a

pre-dominated splitting with the same dimension as the original one. Then by the lemma

DXt(Eσ) = Eσ and DXt(Fσ) = Fσ.

Domination will be key for this work. In particular this last corollary will be quite

useful when we are studying the extended linear Poincaré flow on singularities.

2.3 The Linear Poincaré Flow

In this section we will construct and define the linear Poincaré flow. Let X ∈ X 1(M) and

consider the set M − Sing(X). With the Riemannian metric we may define on this set

13



the normal bundle

N =
⋃

x∈M−sing(X)

〈X(x)〉⊥,

which is the subbundle orthogonal to the verctor field’s direction. Observe that the

set M − Sing(X) usually is not compact, for example when we have a finite number

of singularities. Let πx : TxM → Nx to be the orthogonal projection on Nx, for x ∈

M −Sing(X). By abuse of notation we will write only π without making reference to the

point x, but to be understood that we are restricted to the set M − Sing(X).

Define the linear Poincaré flow (LPF), by

Pt : N → N

vx → π(DXt(vx))

Figure 2.2: Linear Poincaré Flow

In other words we have that Pt = π ◦DXt. The LPF can also be written as follows:

Pt(x, vx) =

(
Xt(x), DXt(vx)−

〈DXt(vx), X(Xt(x))〉
‖X(Xt(x))‖2

X(Xt(x))

)
,

which is just the expression of the orthogonal projection on N . It is immediate to see

that P0 = Id also observe that

Pt+s(v) = π(DXt+s(v))

= π(DXt(π((DXs(v))) + (DXs(v))X))

= π(DXt(π(DXs(v)))) = Pt ◦ Ps(v)

Where (DXs(v))X is the component of DXs(v) on the direction X. We also used that

the vector fields direction is invariant, that is, DXt(X(p)) = X(Xt(p)). With that one

can easily prove that P−t = (Pt)
−1. Since Pt satisfies this group property it is “like” a

flow, which justifies the name linear Poincaré flow.
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One may also define the Poincaré map. Let x ∈ M − Sing(X) and let y = Xt(x).

Consider now two small balls B1(0, δ) ⊂ Nx and B2(0, δ) ⊂ Ny and define two small

transversal sections Σx = expx(B1(0, δ)) and Σy = expy(B2(0, δ)), where exp∗ is the

exponential map at the point ∗, for definition and details see [22]. By the continuity of

the flow, if δ is small enough, every orbit of Σx hits the transversal section Σy in a time

close to t. Define the Poincaré map P : Σx → Σy to be the map that assign to each z ∈ Σx

that first point of intersection between the orbit of z and the transversal intersection Σy.

This map is a C1 local diffeomorphism and one can prove that

DP (x) = Pt|Nx .

Then we obtain that the LPF is the derivative, or in other words, the linear part of

the Poincaré map. For periodic orbits there is a good relationship between hyperbolicity

for the flow and hyperbolicity for the LPF.

We say that the linear Poincaré flow has a dominated splitting if

N = N s ⊕Nu,

where N s and Nu are continuous subbundles, invariants under the action of Pt such that

there exists T > 0 with

‖PT |Ns
x
‖.‖P−T |Nu

XT (x)
‖ ≤ 1

2
.

This is equivalent to say that there exits constants C ≥ 1 and λ > 0 such that

‖Pt|Ns
x
‖.‖P−t|Nu

Xt(x)
‖ ≤ Ce−λt for t ≥ 0.

If in addition we have that ‖PT |Ns‖ ≤ 1
2

and ‖P−T |Nu‖ ≤ 1
2

then we say that this

splitting is hyperbolic. Then we have the following theorem.

Theorem 2.3.1. Let X ∈ X 1(M) and Λ ⊂ M − Sing(X) be a compact, invariant set.

Then Λ is hyperbolic if and only if Λ is hyperbolic with respect to the LPF.

For the proof of this theorem we refer the reader to [10]. In particular this theorem

tells a lot about the close relationship between the actual flow and the LPF.
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2.4 Ergodic Theory

In this section we review some results on Ergodic Theory that will also be crucial for the

proof of the main theorem.

Let B be the Borel σ-algebra of M and X ∈ X 1(M). We say that a probability

measure µ on (M,B) is Xt-invariant if for every A ∈ B we have that µ(A) = µ(X−t(A))

for every t ∈ R and µ(M) = 1. Denote by M(X) be the set of all Xt-invariant borelian

probability measures. It is known from the theory that M(X) is compact, convex and

nonempty set for the weak∗-topology.

Let us denote by δx to be the Dirac measure associated with x, that is δx(A) = 1 if

x ∈ A, and if x /∈ A then δx(A) = 0. An easy consequence of the compactness of the

space of probability measures, not necessarily invariants, is the following theorem.

Theorem 2.4.1. For a point x ∈M then any accumulation point for the weak∗-topology

of the set of probability measures {
1

T

∫ T

0

δXs(x)ds

}
T>0

is a Xt-invariant probability measure. In particular that proves that M(X) is nonempty.

In a similar way for a continuous transformation f : M → M one may define a f -

invariant measure to be a measure µ such that µ(A) = µ(f−1(A)) and similar features

also are true for such transformation, that is, the set M(f) is a compact, nonempty and

convex set for the weak∗-topology.

Let µ be a probability Xt-invariant measure. We say that µ is ergodic if for every

A ∈ B such that Xt(A) = A then µ(A) = 0 or 1. Ergodic measures are key for the theory

because in a certain way they describe every invariant measure.

A key theorem in the theory is Birkhoff’s ergodic theorem. We will state this theorem

for the discrete case, because that is the case that we will use.

Theorem 2.4.2 (Birkhoff’s Ergodic Theorem). Let µ be a f -invariant measure. Then
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for µ-almost every point x ∈M and every ϕ ∈ C(M) we have that the limit

ϕ∗(x) = lim
n→∞

1

n

n−1∑
j=0

ϕ(f j(x))

exists. ϕ∗ ∈ L1(µ) and ∫
M

ϕ∗dµ =

∫
M

ϕdµ.

If µ is ergodic then ϕ∗(x) =
∫
M
ϕdµ for µ-almost every point.

Actually there is a “if” part of this theorem. That is, an invariant measure µ is ergodic

if and only if for µ almost every point and for every continuous function ϕ we have that

ϕ∗(x) exists and is constant. Since we are dealing with flows, in this work, we will use

the ergodic theorem when f = XT for some fixed T > 0.

A key tool in this work will be the Ergodic Closing Lemma of Mañé. This lemma

was proved by Mañé in [40] but in this work we will use the version for flows that can be

found in [68].

Definition 2.4.3. Let X ∈ X 1(M). Then x ∈ M − Sing(X) is strongly closable if for

any C1-neighbourhood U of X and any δ > 0, there are Y ∈ U , z ∈M , τ > 0 and T > 0

such that the following three conditions are satisfied:

1. Yτ (z) = z;

2. d(Xt(x), Yt(z)) < δ for any t ∈ [0, τ ];

3. X = Y on M −
⋃

t∈[−T,0]

B(Xt(x), δ).

Denote by Σ(X) the set of all strongly closable points for X. We then have the

following lemma.

Lemma 2.4.4 (Ergodic Closing Lemma for Flows [68]). Let X ∈ X 1(M) then for every

T > 0 and every probability measure µ which is XT -invariant we have that

µ(Sing(X) ∪ Σ(X)) = 1.

We finish this section stating a criteria due to Mañé (lemma I.5 [41]).

17



Lemma 2.4.5. Let Λ be a compact, invariant set for f : M → M a diffeomorphism of

class C1 and let E be a continuous, invariant subbundle of TΛM . If there exists m > 0

such that ∫
Λ

log(‖Dfm|E‖)dµ < 0

for every ergodic measure µ ∈M(fm) with supp(µ) ⊂ Λ then E is uniformly contracting.

2.5 Perturbative Lemmas and Generic Dynamics

One of the goals in dynamics is to try to obtain properties that are valid for most systems.

But what do we mean by most systems? Let On ⊂ X 1(M) be open and dense in the C1-

topology. Since (X 1(M), d1) is a complete metric space we have by Baire’s theorem that⋂
n∈N

On

is dense in X 1(M). We call such set a residual subset of X 1(M), or just residual. We

say that a property is generic if it is valid in a residual subset of X 1(M). The great

advantage of obtaining generic properties is that they add up, since the intersection of

residuals subsets is residual.

We say that X is Kupka-Smale if every critical element is hyperbolic and if for every

p1, p2 ∈ Crit(X) then W s(orb(p1)) is transversal to W u(orb(p2)).

Theorem 2.5.1. The family of Kupka-Smale systems is C1-generic in X 1(M).

The first key perturbative lemma we will present is Pugh’s closing lemma.

Lemma 2.5.2 (Pugh’s C1-Closing Lemma [60]). If f is a C1-diffeomorphism and z ∈

Ω(f) then arbitrarily C1-close to f there exists a diffeomorphism g such that z ∈ Per(g).

This lemma is also true for flows and as a consequence of this lemma we have the

following result.

Theorem 2.5.3 (General Density Theorem of Pugh [59]). C1-generically the critical

elements are dense in the nonwandering set, that is, there exists R ⊂ X 1(M) residual

such that if X ∈ R then

Crit(X) = Ω(X)
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Another very important perturbative lemma for the theory is Hayashi’s C1-Connecting

lemma [33]. There are several versions of the C1-Connecting lemma, see for instance [67]

and [69]. The version we state here is the version that can be found in [29].

Lemma 2.5.4 (C1-Connecting Lemma [29]). Let X ∈ X 1(M) and z ∈ M − Crit(X).

Then for any C1-neighbourhood U of X, there exists constants ρ > 1, T > 1 and δ0 > 0

such that for any δ ∈ (0, δ0] and any pair of points x, y that are outside the region

∆(δ) =
⋃

t∈[0,T ]

B(Xt(z), δ),

if both the positive orbit of x and the negative orbit of y intersect B(z, δ
ρ
), then there exists

Y ∈ U such that Y = X outside ∆(δ), and y is in the positive orbit of x for Y and the

positive orbit of x hits B(z, δ) before the orbit gets to x.

Figure 2.3: C1-Connecting Lemma

The C1-Connecting lemma will be important when we study singularities, it is a very

useful tool to create intersections between invariant manifolds for example, once it only

changes the dynamics inside a tubular region close to an arc orbit of z.

There is a lot more to generic dynamics, but the results mentioned here will be suffi-

cient for us, we refer the interested reader to read [47] to see a compilation of results in

generic dynamics.
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2.6 Sectional Hyperbolicity

We finish this chapter by defining sectional hyperbolicity.

Definition 2.6.1. [Sectional Hyperbolic Set 1] Let X ∈ X 1(M) and Λ be a compact

invariant set for X. We say that Λ is a sectional hyperbolic set for X if

TΛM = E ⊕ F

is a dominated splitting such that there exist C ≥ 1 and λ > 0 with

‖DXt|E‖ ≤ Ce−λt, for t ≥ 0,

and, moreover, for every L ⊂ F be a two dimensional subspace of F then

| det(DXt|L)| ≥ C−1eλt, for t ≥ 0.

and dim(F ) ≥ 2.

Actually the hypothesis of dominated splitting, in the definition, can be recovered by

an algebraic condition, see for instance Araújo-Arbieto-Salgado [4]. There is also another

characterization of sectional hyperbolic sets using lyapunov exponents and what is called

sectional lyapunov exponents, see Arbieto [7].

Now we state some properties of sectional hyperbolic sets. We refer the reader to [12].

Lemma 2.6.2. Let Λ be a sectional hyperbolic set for X with TΛM = E ⊕ F . Then

1. If x ∈ Λ, then X(x) ∈ Fx;

2. If σ ∈ Λ ∩ Sing(X), then Λ ∩W ss
σ = {σ};

3. If H ⊂ Λ compact, invariant such that H ∩ Sing(X) = ∅ then H is hyperbolic.

Item 3 in the lemma is called as the Hyperbolic lemma, and tell us that the difference

between sectional hyperbolicity and hyperbolicity is the presence of singularities, indeed

every nonsingular sectional hyperbolic set is hyperbolic.

1Some authors call it Singular hyperbolic sets.
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Item 2 is called the fundamental property, we will see in Chapter 4 that this property is

really important, it tell us how the regular orbits are allowed to approach the singularity.

We finish this chapter with the following definition:

Definition 2.6.3. [Sectional Axiom A] We say that a vector field X is Sectional Axiom

A if

Ω(X) = Λ1 ∪ · · · ∪ Λk

where the sets Λi are compact, invariant, transitive sets. And every Λi is sectional hyper-

bolic for X or −X.
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Chapter 3

State of the Art

“In mathematics the art of proposing a question must be held of higher value than

solving it.”

—Georg Cantor

In this chapter we will talk about the State of the Art on the theory of flows. What is

known today? We will start stating two important conjectures for diffeomorphisms. We

will make a path through the articles to see how is the theory for each of those conjectures.

Then we will go to the world of flows and see the “equivalent” of those conjectures for

flows and what is known today about these conjectures.

A key tool to study flows with singularities, that was defined by Li-Gan-Wen [36]

using ideas from Liao [38], is the extended linear Poincaré flow. This flow allows us to

better understand hyperbolic like properties near singularities. The idea of the extended

linear Poincaré flow is some sort of compactification of the regular linear Poincaré flow.

This compactification is done by considering all the possible directions where the regular

orbits of a given dynamical relevant set approach a singularity. With those directions we

can see how hyperbolic like properties of the regular orbits, such as domination or some

other type of hyperbolicity, behave near a singularity, in such a way that we may obtain

such properties for the singularity itself. We will give a precise definition of this flow and

its properties in the next chapter. But the important thing is that for both parts of this

chapter, this new flow, or some other variation of it, was a key tool in the proof of recent
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results.

3.1 The Stability Conjecture and the Star Property

3.1.1 Diffeomorphisms

Let us first spend some time discussing the Stability Conjecture and how is it related with

the Star-property. A Cr-diffeomorphism f : M → M is Cr-structurally stable if there

exists a Cr-neighborhood of f such that for every g in this neighborhood there exists a

homeomorphism h : M →M which conjugates f and g, that is

f ◦ h = h ◦ g.

In other words that means that in a neighborhood of f after a change of coordinates all

the dynamics are the same.

In the early 1960’s a lot of results in the direction of trying to understand the classes of

systems that are Cr-struturaly stable came about. Smale proved that very complicated,

or chaotic, systems can be structuraly stable. His horseshoe is an example of that. It

is an isolated, compact, invariant hyperbolic set which has non-trivial dynamics, that

is, it has infinitely many periodic orbits, positive topological entropy, expansiveness and

other properties, but at the same time this set is stable, that is, in a neighborhood of the

dynamics it persists and it is conjugated to the original set.

Dynamicists began to see that hyperbolicity somehow was the thing that would create

some stability, even in chaotic classes. After that several other results were obtained,

proving that certain classes of systems were structuraly stable. Then in 1968, Palis and

Smale conjectured in [54] that a necessary and sufficient condition for a diffeomorphism to

be Cr-structurally stable is to be Axiom A and satisfy the Strong Transversality condition.

A diffeomorphism f : M → M satisfies the Strong Transversality condition if for every

p, q ∈ Ω(f) we have that W u(p) intersects transversaly W s(q).

Robbin in 1971 [62], de Melo in 1973 [42] and Robinson in 1973 [63] proved that every

Cr-diffeomorphism that is Axiom A satisfying the Strong Transversality condition is Cr-
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structurally stable, Robbin proved for r ≥ 2, de Melo proved for surfaces and Robinson

for r = 1. The other direction of the conjecture remained open for the next 14 years and

it was known as the Stability conjecture. It was solved by a remarkable paper of Mañé

[41] for the C1-topology.

Theorem 3.1.1 (C1-Stability Conjecture (1987) [41]). Every C1-structurally stable dif-

feomorphism of a closed manifold is Axiom A and satisfies the Strong Transversality

condition.

Shortly after that Palis proved [52] that the same is true if you only restrict yourself to

the non-wandering set. So in other words hyperbolicity was equivalent to stability. Now

how much really is needed to obtain hyperbolicity, that is, what is really needed in order

to prove that a system is Axiom A?

We say that a diffeomorphism f satisfy the star property if there exists a C1-neighbourhood

U of f such that for every g ∈ U all the periodic orbits of g are hyperbolic. In other words,

all the periodic orbits of f are hyperbolic in a robust way. In particular, there are no

bifurcations through periodic points. Now we define the set

F1(M) = {f ∈ Diff 1(M) : f satisfies the star property}.

By Pugh’s closing lemma we know that generically periodic orbits are dense in the non-

wandering set. In other words periodic orbits should carry a lot of dynamical information

of the system. Observe now that an Axiom A system has dense periodic orbits robustly

and also all of those periodic orbits are hyperbolic in a robust way, that is, they satisfy the

star property. Mañé conjectured that the other direction should also be true, that is, that

the star condition implies global hyperbolicity. Motivated by this conjecture, Hayashi and

Aoki proved, independent of each other, that the conjecture was true.

Theorem 3.1.2 (Aoki (1992) [3], Hayashi (1992) [34] ). If f ∈ F1(M) then f is Axiom

A.

This can be seen as an extension of the C1-Stability conjecture.
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3.1.2 Flows

What happens if we study flows? The C1-Stability conjecture is also true in this case.

This was proved by Hayashi in a remarkable paper. He introduced a powerful tool known

as the Connecting Lemma and used that to prove the conjecture.

Observe first that a hyperbolic set for a flow cannot have a non-isolated singularity.

So using his Connecting Lemma Hayashi first proves the following

Theorem 3.1.3 (Hayashi (1997) [33]). If X ∈ X 1(M) is Ω-stable in the C1-topology then

Sing(X) ∩ Per(X) = ∅.

With that Hayashi then proved, using ideas from Mañé,

Theorem 3.1.4 (Hayashi (1997)[33]). Ω-stable vector fields for the C1-topology satisfy

Axiom A

So that solves the C1-Stability conjecture for flows. In the same way that we defined

the set of diffeomorphisms that satisfy the star condition F1(M), we can define the set

of vector fields that satisfy the star condition. We will denote such set by X ∗(M), an

element of this set is called a Star Flow.

What happens then with Star flows? The presence of singularities creates a lot of

difficulties to study such flows. For example, consider for instance the famous Geometric

Lorenz attractor. It is a robustly transitive attractor, it has the star property, i.e., all the

periodic orbits in it are robustly hyperbolic, but it has a non-isolated singularity, thus it

is not hyperbolic.

One question then would be if the presence of non-isolated singularities is the only

thing that prevents the hyperbolicity of a Star flow. Indeed it is true, it was proved by

Gan-Wen in 2006. The theorem is the following.

Theorem 3.1.5 (Gan-Wen (2006) [29]). Every nonsingular Star flow is Axiom A and

satisfies the no-cycle condition.

Let us define what is the no-cycle condition. Remember that by the Spectral Decom-

position theorem if X is Axiom A then Ω(X) = Λ1 ∪ · · · ∪ Λk, where the sets Λi are

25



isolated, hyperbolic homoclinic classes. A sequence Λi1 , . . . ,Λis is called a cycle if there

exist aj /∈ Ω(X) such that α(aj) ⊂ Λij and ω(aj) ⊂ Λij+1
, with j = 1, . . . s and s+ 1 = 1.

Then the no-cycle condition is that there are no cycles like that for X.

With this theorem and the existence of the geometric Lorenz attractor we can see that

there is a great difference between nonsingular Star flows and Star flows with singularities.

The difference is much bigger that just the existence of the Lorenz attractor, there are

examples of star flows with cycles and of star flow whose periodic orbits are not dense in

the nonwandering set, see for instance [10]. A different question is if it exists some type

of hyperbolicity that is the right one for Star flows.

Let us talk a little bit more about the Geometric Lorenz attractor, since this was our

counter-example. Morales-Paćıfico-Pujals proved in 2004 [45] in a remarkable paper that

a robustly transitive attractor with singularities in dimension 3 is a sectional hyperbolic

set 2.6.1, in particular the Geometric Lorenz attractor is a sectional hyperbolic set. That

is is not hyperbolic but it has some hyperbolicity. Two conjectures in this direction were

made.

Conjecture 1 (Gan-Wen-Zhu (2008) [30]). The chain recurrent set of every Star Flow

is sectional hyperbolic and consists of finitely many chain recurrent classes.

Conjecture 2 (Arbieto (2013) [8]). There exists a residual subset R ⊂ X ∗(M) such that

for every X ∈ R we have that X is Sectional Axiom A 1.

Let us now tell a little bit of what is known in the direction to answer that question.

Conjecture 2 for dimension 3 is a corollary of the following result from Morales-Paćıfico.

Theorem 3.1.6 (Morales-Paćıfico (2003) [44]). There exists a residual subsetR ⊂ X 1(M3)

such that if X ∈ R, then X satisfies only one of the following properties:

1. X has infinitely many sinks or sources;

2. X is Sectional Axiom A without cycles.

1For the definition see Definition 2.6.3
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Since X ∗(M) is an open subset, in the C1-topology, we have that R∗ = R ∩ X ∗(M)

is a residual subset of X ∗(M). Also since the star condition implies the finitude of sinks

and sources, proved by Pliss in 1972 [58], by the previous theorem we have that for every

X ∈ R∗ then X is Sectional Axiom A and that proves the conjecture in dimension 3.

In [9] Arbieto and the author were able to obtain the following theorem:

Theorem 3.1.7 (Arbieto -O. (2015) [9]). C1-generically a sectional Axiom A vector field

either is Anosov, or the Lebesgue measure of the nonwandering set is zero and the Lebesgue

measure of the union of the basins of its attractors is total.

The definition of sectional Axiom A in this last theorem the authors ask the basic

sets to either be hyperbolic saddles, or sectional hyperbolic attractors for X or −X. This

theorem together with theorem 3.1.6, Arbieto and the author were able to prove that

C1-generically a vector field either has infinitely many sinks/sources, or the Lebesgue

measure of the union of the basins of its attractors has full Lebesgue measure.

For the codimension one case Arbieto-Morales gave a partial answer as well.

Theorem 3.1.8 (Arbieto-Morales (2013) [8]). A C1-generic vector field X for which the

singularities are accumulated by periodics orbits having codimension one satisfies (only)

one of the following properties:

1. X has a point accumulated by hyperbolic periodic orbits of different indexes;

2. X is sectional-Axiom A

In particular that answers the conjecture for the codimension one case with the prop-

erty called superstar, that is, the periodic orbits of different indexes are separated.

In the robustly transitive scenario this conjecture was answered by Li-Gan-Wen [36],

where they defined the Extended Linear Poincaré Flow, since then this tool was used

in several other papers dealing with Star Flows. In the next chapter we shall prove the

following theorem, which will be stated precisely there.

Theorem 3.1.9 (Li-Gan-Wen (2005) [36]). A robustly transitive set of a star flow that
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is strongly homogeneous and such that all the singularities have the same index, is partial

hyperbolic.

A few years later Gan-Wen-Zhu proved that this partial hyperbolic splitting is actually

sectional hyperbolic, see also Metzger-Morales [43], solving the conjecture in the robustly

transitive scenario. For some reasons that will be more clear in the next chapter this

robustly transitive set cannot be the entire manifold.

Several years later Shi-Gan-Wen gave partial answers to the conjecture, using some

variation of the extended linear Poincaré flow.

Theorem 3.1.10 (Shi-Gan-Wen (2014) [66]). There exists a residual R ⊂ X ∗(M), if

every chain recurrent class C of X has homogeneous index then the chain recurrent set

is sectional hyperbolic.

Where homogeneous index means that every two singularities in the same chain re-

current set have the same index. In particular they were able to improve the previous

theorem for dimension 4.

Theorem 3.1.11 (Shi-Gan-Wen (2014)[66]). Let M be a 4-dimensional closed manifold.

There exists a residual subset R ⊂ X∗(M) such that for every X ∈ R, the chain recurrent

set is sectional hyperbolic.

The finitude of recurrent classes is still open for dimension 4. Recent results have

given a negative answer to Conjecture 1. Indeed in 2014 Bautista-Morales [13] gave

a counterexample in S3 and the counterexample can be constructed in any dimension

bigger that 3.

Theorem 3.1.12 (Bautista-Morales (2014) [13]). There is a Star Flow in S3 whose chain

recurrent set is not the disjoint union of a positive sectional hyperbolic set and a negative

sectional hyperbolic set.

Recently in a talk, presented in the 52nd Edai, Christian Bonatti announced in a

joint work with Adriana da Luz an example in dimension 5 of a Star Flow with a robust

chain recurrent class that is not sectional hyperbolic, which gives a counterexample for
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Conjecture 2. It is worth mentioning that in order to prove that this is a counter example

they also use the extended linear Poincaré flow to study this system. That tell us that

we still don’t know what would be the right type of hyperbolic-like property that comes

with Star Flows. Is there any?

3.2 The “Weak” and “Strong” Palis Conjecture

3.2.1 Diffeomorphisms

The right question now is what prevents hyperbolicity? What are the mechanisms that

breaks any hope of hyperbolicity? In 1962 Peixoto proved [57] that for compact ori-

entable surfaces Morse-Smale systems are dense in the space of vector fields with the

Cr-topology, see theorem 3.2.5. A Morse-Smale systems has very simple dynamics, since

all the assymptotic information is contained only in a finite number of critical orbits.

Then the question arose if the same is true for higher dimensional manifolds. The

answer is no. Indeed, in 1965 Smale showed his famous horseshoe, which gives a negative

answer to this question for diffeomorphisms in dimension 2 and vector fields in dimension

3. At that time only two types of dynamical behaviours were known: one of them had

the Morse-Smale systems which have very simple dynamics and robustly finitely many

periodic orbits and, on the other hand, there was the horseshoe, which has infinitely many

periodic orbits.

A horseshoe exists everytime you have an transverse homoclinic intersection for a

periodic point, even though the homoclinic class might not be hyperbolic, you always find

hyperbolic horseshoes inside these homoclinic classes. With this in mind Palis formulated

the following conjecture.

Conjecture 3 (“Weak” Palis Conjecture [48] [49] [51]). Every system can be approximated

either by Morse-Smale systems or by systems exhibiting transverse homoclinic intersection,

in particular, exhibiting a horseshoe.

Observe that Smale’s horseshoe is an isolated hyperbolic set, in particular, it is robust
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and stable, in the sense that every system close enough has a continuation of this set and

it is conjugated to the original. So the presence of horseshoes is not a mechanism that

prohibits hyperbolicity. It only says that the class of Axiom A diffeomorphisms is larger

than just the Morse-Smale ones.

Let us describe two mechanisms that prevent hyperbolicity.

Definition 3.2.1. Let X ∈ X 1(M). Given two hyperbolic periodic orbits O(p) and O(q)

with different indexes we say that they generate a heterodimensional cycle if W s(O(p))

intesects W u(O(q)) and W u(O(p)) intersects W s(O(q)). We may also suppose that one

of the intersections is transverse.

Observe that heterodimensional cycles can only exist for dimension at least 3. A

heterodimensional cycle is an obstruction to hyperbolicity because it is possible to create

for a small pertubation of the diffeomorphism a non-hyperbolic periodic orbit. We refer

the reader to [16] and [27].

Another mechanism that prevents hyperbolicty is the existence of homoclinic tan-

gencies. A homoclinic tangency is a non-transversal intersection between the stable and

unstable manifolds of a periodic point. A diffeomorphism displaying a tangency cannot

be Axiom A, since the point of tangency is in the nonwandering set but this intersection

is not transverse.

One could see then two mechanisms that created obstructions for hyperbolicity. In

the 1980’s Palis conjectured that those two mechanisms were the main obstructions for

hyperbolicity. This is nowadays known as Palis’ conjecture.

Conjecture 4 (“Strong” Palis Conjecture [50] [55]). Every dynamical system can be Cr-

approximated, for any r ≥ 1, either by an Axiom A system, or by a system having a

homoclinic tangency, or by a system exhibiting a heterodimensional cycle.

One may observe that this conjecture implies previous conjecture 3. Indeed if a system

has a heterodimensional cycle or a homoclinic tangency, after a small perturbation one

can guarantee the existence of a transversal intersection, then creating a horseshoe. On

the other hand, if the system is Axiom A and is not Morse-Smale, then there exists a

30



Figure 3.1: Heterodimensional Cycle

horseshoe, in particular a transverse homoclinic intersection. This conjecture has been

one of the main conjectures in differential dynamics and still open nowadays.

We now present some results that have been obtained until recently. Conjecture 4 has

been proved by Pujals-Sambarino [61] for surface diffeorphisms, in the C1-topology.

Theorem 3.2.2 (Pujals-Sambarino (2000) [61]). Every diffeomorphism of a compact sur-

face can be C1-approximated by either an Axiom A diffeomorphism or one exhibiting a

homoclinic tangency.

As we mentioned before, in dimension 2 there are no heterodimensional cycles, hence

the obstruction for proving the conjecture would be the homoclinic tangencies. In particu-

lar, Conjecture 3 is proved for surfaces. The following theorem was proved in dimension 3

by Bonatti-Gan-Wen, and then 4 years later it was proved in any dimension by Crovisier.
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Theorem 3.2.3 (Bonatti-Gan-Wen (2006) [19], Crovisier (2010) [23]). There exists an

open and dense set U ⊂ Diff 1(M) such that any f ∈ U is either Morse-Smale, or

presents a transverse homoclinic intersection.

And this concludes Conjecture 3 for diffeomorphisms in the C1-topology.

Now for diffeomorphisms the best result towards Conjecture 4 was given by Crovisier-

Pujals in 2010.

Theorem 3.2.4 (Crovisier-Pujals (2010) [25]). Any diffeomorphism of a compact mani-

fold can be C1-approximated by another diffeomorphism which:

1. either has a homoclinic tangency;

2. or has a heterodimensional cycle;

3. or is essentially hyperbolic.

A diffeomorphism is essentially hyperbolic if it has only a finite number of hyperbolic

attractors whose union of their basins of attraction is open and dense in the manifold.

Conjecture 4 is still is an open problem for dimension higher that 2. Let us now see what

happens for flows.

3.2.2 Flows

Let us formulate the conjecture for flows. Conjecture 3, or the “weak” Palis conjecture,

is the same for flows. There are two versions for the “strong” Palis conjecture for flows.

Conjecture 5 (“Strong” Palis Conjecture for flows, version 1 [49]). Every vector field

can be accumulated either by a hyperbolic vector fields or by ones displaying a homoclinic

tangency, or a heterodimensional cycle, or a singular cycle.

Here a singular cycle is a compact, invariant and chain recurrent set consisting of a

finite family of critical elements and orbits whose α and ω-limit set are critical elements

of the family and such that at least one of those critical elements is a singularity.

32



Observe that with the presence of the Lorenz attractor, there is a stronger conjecture,

slightly different.

Conjecture 6 (“Strong” Palis Conjecture for flows, version 2 [49]). Every vector field

can be accumulated either by sectional hyperbolic vector fields or by ones displaying a

homoclinic tangency, or a heterodimensional cycle.

For dimension 2 Peixoto proved the following theorem:

Theorem 3.2.5 (Peixoto (1962) [57]). Let M2 be a two-dimensional orientable manifold.

Then the set of Morse-Smale vector fields forms is open and dense in the set of vector

fields with the Cr-topology.

In particular this theorem gives a positive answer for conjecture 3 for flows.

For dimension 3 conjecture 3 was proved by Gan-Yang in 2013 [31] and also makes

use of the extended linear Poincaré flow and some variation of it.

Theorem 3.2.6 (Gan-Yang (2013) [31]). Every vector field on a three dimensional com-

pact manifold can be C1-approximated by Morse-Smale vector fields or by ones exhibiting

a transverse homoclinic intersection (and it has a horseshoe).

In 2015 Xiao-Zheng proved the C1-weak Palis conjecture for nonsingular flows in any

dimension.

Theorem 3.2.7 (Xiao-Zheng (2015) [70]). Morse-Smale and vector fields exhibiting horse-

shoes is dense among the nonsingular flows in the C1-topology.

What happens in higher dimensions? In 2003 Arroyo-Hertz proved conjecture 5 for

dimension 3 in the C1-topology as follows.

Theorem 3.2.8 (Arroyo-Hertz (2003) [11]). Any vector field X ∈ X 1(M) of a compact,

boundaryless, three dimensional manifold, can be C1-approximated by another Y ∈ X 1(M)

showing one of the following phenomena:

1. Uniform hyperbolicity with the no-cycle condition;
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2. A homoclinic tangency;

3. A singular cycle.

For conjecture 6 the proof was announced in 2014 by Crovisier-Yang in dimension 3.

Theorem 3.2.9 (Crovisier-Yang (2014) [26]). Every vector field X ∈ X 1(M) on a three

dimensional compact, boundaryless manifold can be C1-accumulated either by robustly

sectional hyperbolic vector fields, or by vector fields with homoclinic tangencies.

With this result we conclude this chapter on the state of the art about properties of

star systems related to hyperbolicity. As the reader may observe there is still a lot to be

done. A central point in all of this is to understand what is the real difference between

diffeomorphisms and flows. Many results that are true for diffeomorphisms are also true

for flows, but not all. What is the real mechanism that makes them so different?
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Chapter 4

The Extended Linear Poincaré Flow

“The mathematician does not study pure mathematics because it is useful; he

studies it because he delights in it and he delights in it because it is beautiful.”

—Henri Poincaré

The main difficulty to study flows is the existence of non-isolated singularities. How

can we get hyperbolic like properties for non-isolated invariant sets with singularities?

We know that a key tool to study hyperbolic like properties of nonsingular flows is

the Linear Poincaré Flow. But as we saw it is only defined on regular orbits. Using ideas

from Liao [38], Li-Gan-Wen (2004) [36] defined the extended linear Poincaré flow (ELPF),

which allowed them to better understand dynamical properties near singularities. This

flow was the main tool that allowed them to extend a remarkable result given by Morales-

Pujals-Pacifico [45] for higher dimensions. After that, several other people used the ELPF,

and created other flows that are similar to it, to study sets with non-isolated singularities.

Indeed most recent results for star flows use some form of ELPF. Our intention in this

chapter is not only to introduce, but to show the power of this tool in the study of flows.

Let X ∈ X 1(M) and Λ be a compact invariant set for Xt. We say that Λ is ro-

bustly transitive if Λ is transitive and there exist U neighbourhood of Λ and U a C1-

neighbourhood of X such that

Λ =
⋂
t∈R

Xt(U)
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and for every Y ∈ U we have that ΛY =
⋂
t∈R

Yt(U) is a non-trivial (i.e, it is not a periodic

orbit) transitive set.

We say that a robustly transitive set Λ is strongly homogeneous of index 0 ≤ i ≤ n−1

if, for every Y ∈ U , all the periodic orbits for Y contained in U are hyperbolic of index i.

If, in addition, every singularity in a robustly transitive, strongly homogeneous set,

is hyperbolic, then we obtain a property that is called locally star. That is, that the

dynamics restricted to U indeed is star-like.

In [36], Li-Gan-Wen defined the ELPF only for robustly transitive sets which are

strongly homogeneous. A robustly transitive set in dimension 3 is strongly homoge-

neous, since all the periodic orbits will have to be a saddle, otherwise it would create a

sink/source, thus breaking the transitivity. On the other hand, in higher dimension that

is not the case, robustly transitivity does not imply strong homogeneity.

In this chapter we will give two definitions for this flow in a general setting and then

restrict ourselves for the robustly transitive, strongly homogeneous setting. We will prove

that both definitions coincide in this last case.

This chapter will be devided as follows: First we will construct the good space to

define the flow and then define it. Then we will show some basic properties for this flow,

in particular we will explain how the ELPF can describe hyperbolic like properties of the

original flow. We will then show how Li-Gan-Wen used it as the main tool to prove the

following theorem.

Theorem 4.0.1. Let S ∈ X 1(M) and Λ ⊂ M be a compact, robustly transitive set such

that Sing(S) ∩ Λ 6= ∅. Also assume that Λ is strongly homogeneous of index i. If every

singularity σ is hyperbolic of index Ind(σ) > i, then Λ has a partially hyperbolic splitting

of the type TΛM = Es ⊕ Ecu where dim(Es) = i. Likewise, if Ind(σ) ≤ i, for ever

σ ∈ Sing(S) ∩ Λ, then Λ has a partially hyperbolic splitting of the type TΛM = Ecs ⊕ Eu

such that dim(Eu) = d− 1− i.
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4.1 The definition of the Extended Linear Poincaré

Flow (ELPF)

4.1.1 The general setting

Let us first define the space where we will be able to define the flow. Let

G1 = G1(M) = {Lx : x ∈M and Lx is an one dimensional subspace of TxM},

be the one dimensional Grassmannian manifold of M . Given X ∈ X 1(M), the flow

generated by X induces a flow φt : G1 → G1 in the following way: Let Lx ∈ G1 and define

φt(Lx) = DXt(Lx)

which is the image of the line Lx in the tangent space at the point Xt(x). There is a

natural projection β : G1 → M , that is β(Lx) = x. Let us denote by ρ : TM → M

the natural projection of the tangent bundle, which is ρ(vx) = x, for all vx ∈ TxM and

x ∈M .

Since the projection β is smooth, we may define the pullback of TM over G1. This

pullback bundle is

β∗(TM) = {(Lx, vx) ∈ G1 × TM : β(Lx) = ρ(vx) = x ∈M}, see figure 4.1 below.

Notice that this defines a n-dimensional vector bundle over G1, called the pullback

bundle, with the natural projection η : β∗(TM) → G1 defined by η((Lx, vx)) = Lx.

Observe that with this projection each fiber is η−1(Lx) = {Lx} × TxM .

The inner product on M also defines an inner product on β∗(TM). Let us denote by

〈., .〉x the inner product on TxM . Now define 〈(Lx, vx), (Lx, wx)〉Lx = 〈vx, wx〉x. In the

same spirit there is a natural way to define a flow on β∗(TM) which will be called the

extended tangent flow ΦX,t : β∗(TM)→ β∗(TM), defined by

ΦX,t((Lx, vx)) = (DXt(Lx), DXt(vx)), (4.1)

where DXt(Lx) = 〈DXt(ux)〉, is the one-dimensional subspace generated by DXt(ux),

where ux ∈ Lx ⊂ TxM is any non zero vector in the one dimensional subspace Lx.

Whenever it is clear which vector field we are using we will denote this flow only by Φt.
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Figure 4.1: Pullback bundle.

Recall that on the bundle TM we already have the tangent flow DXt : TM → TM ,

that can be described as

DXt(x, vx) = (Xt(x), DXt(vx))

In other words, we have a dynamics Xt that acts on the base space of this bundle and

we have the derivative DXt that acts on the fibers TxM . Now we are doing a similar thing

with this definition of the extended tangent flow. The difference is that we are using the

space G1 as the base for the dynamics, but the fibers are still the same. Now prove a

simple lemma that is very important for the applications of this flow.

Lemma 4.1.1. Let X ∈ X 1(M) and Lx ∈ G1 be given, then for every subspace E ⊂

Tβ(Lx)M , we have that

‖Φt|{Lx}×E‖ = ‖DXt(x)|E‖ for all t ∈ R.

Proof. The proof is simple and follows from the definition. By the definition of the metric
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induced on β∗(TM) we have that

〈(Φt(Lx, vx)),Φt((Lx, vx))〉Φt(Lx) = 〈DXt(x)(vx), DXt(x)(vx)〉x,

with this equality restricted to Φ to {Lx} × E we obtain the equality of the lemma.

This lemma is essential to relate the hyperbolic like properties of the ELPF with the

original flow.

Now let us define the one dimensional subbundle V = {(Lx, vx) ∈ β∗(TM) : vx ∈ Lx}

and, using the metric, the (n− 1)-dimensional normal subbundle over G1

N = V ⊥ = {(Lx, vx) ∈ β∗(TM) : vx ⊥ Lx}.

Let π : β∗(TM) → N be the orthogonal projection on N . Then the ELPF (here

we use the same notation as the linear Poincaré flow) PX,t : N → N can be defined by

PX,t((Lx, vx)) = π(ΦX,t(Lx, vx)). Of course this flow depends on X. When it is clear

which vector field we are refering to we will denote the flow only by Pt.

Observe that the flow ΦX,t depends continuously on X, and so PX,t depends continu-

ously on X as well. With this remark it is easy to see that the map

P : X 1(M)× R×N → N

P (S, t, (Lx, vx)) → π(ΦS,t(Lx, vx))

given by the ELPF is continuous. We will denote P (S, t, .) by PS,t(.).

At first this flow is defined on N , also the flow Φt is defined on β∗(TM), but the base

space G1 is too big for us. We want to consider the directions that are only dynamically

relevant. Since we will be interested in studying dynamical properties of a given set, let

us fix, for a vector field X, a compact, invariant set Λ. Now define the set of relevant

directions associated with this set as

B(Λ) = {Lx ∈ G1 : ∃{xn} ⊂ Λ− Sing(X) such that 〈X(xn)〉 → Lx}
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Now we are only going to consider the extended linear Poincaré flow and the extended

flow restricted to B(Λ). Observe that if x ∈ Λ−(Sing(X)∩Λ) then by the continuity of X

if {xn} ⊂ Λ− Sing(X) such that xn → x then X(xn)→ X(x) in particular we have that

〈X(xn)〉 → 〈X(x)〉. Thus we can see that there is only one direction in B(Λ) associated

with a regular point x, that is, if x ∈ Λ− Sing(X) then β−1(x) ∩B(Λ) = {〈X(x)〉}.

That might not be true for singularities. Indeed, consider the geometrical Lorenz

attractor, for all the directions Lσ ⊂ Es
σ⊕Eu

σ we have that Lx ∈ B(Λ). Then singularities

may have multiple directions associated with it.

Figure 4.2: Regular orbits approaching singularity (Lorenz Attractor).

Let us study what happens with singularities in general. Let σ ∈ Sing(X) be a

singularity for a given vector field X. Denote by

G1
σ = {Lσ ∈ G1 : β(Lσ) = σ}.

Observe that for every direction Lσ we have that the fiber over this point is given by

{Lσ}×TσM , in other words, for every direction on that singularity we have that the fiber

is TσM , it is independent of the direction Lσ that we consider.

On the other hand, if we had a subbundle F of β∗(TσM) over G1
σ, this subbundle

may not be independent of the direction Lσ. One question that arises then is when can

a splitting into subbundles of β∗(TσM) be independent of L? The next lemma will tell

us that if such a splitting is dominated then the domination forces the splitting to be

independent of L.

For any invariant subset B ⊂ G1
σ for the flow Φt and given E ⊂ TσM a linear subspace
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invariant under the action of DXt, let us denote

β∗(E)|B = {(Lσ, vσ) ∈ β∗(TM) : Lσ ∈ B and vσ ∈ E} = B × E.

Lemma 4.1.2. Let X ∈ X 1(M) and σ ∈ Sing(X). Let B ⊂ G1
σ be an invariant set for

Φt and let E ⊂ TσM be and invariant linear subspace under the action of DXt.

1. If E = E1 ⊕ E2 is a dominated splitting for DXt, then

β∗(E)|B = β∗(E1)|B ⊕ β∗(E2)|B

is a dominated splitting with respect to Φt.

2. If β∗(E)|B = F 1⊕F 2 is a dominated splitting for Φt, then F 1 and F 2 are independent

of Lσ ∈ B. In fact, there is a dominated splitting E = E1 ⊕ E2 for DXt such that

F j = β∗(Ej)|B for j = 1, 2.

Proof.

1-By the definition of domination there exists T > 0 such that ‖DXT |E1‖.‖DX−T |DXT (E2)‖ <
1
2

and the splitting is invariant under the action of DXt. Since B is invariant we also have

that the splitting β∗(E)|B = β∗(E1)|B ⊕ β∗(E2)|B is invariant under the action of Φt.

Now, we have that the metric in β∗(E)|B is an isometry with the original Riemannian

metric: We have that for every L ∈ B

‖ΦT |β∗(E1)L‖ = ‖DXT |E1‖ and ‖Φ−T |ΦT (β∗(E1)|L)‖ = ‖DX−T |DXT (E1)‖

then

‖ΦT |β∗(E1)L‖.‖Φ−T |ΦT (β∗(E1)|L)‖ <
1

2
.

2- First notice that for every L the splitting is F j
L = L×Ej

L, for j = 1, 2. Let L1 and

L2 be two different directions in B. Since the splitting F 1⊕F 2 is dominated we have that

Eσ = E1
L1
⊕ E2

L1
= E1

L2
⊕ E2

L2
are two pre-dominated splitting, not necessarily invariant,

but both satisfy the domination inequality. By lemma 2.2.3, we have that Ej
L1

= Ej
L2

for

j = 1, 2. Notice that this is true for any L1, L2 ∈ B, which implies that the splitting is

actually independent of L. Since this splitting is independent of L and B is invariant, we
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obtain that such a splitting indeed is invariant under the action of DXt. It is immediate

that F j = β∗(Ej)|B for j = 1, 2.

This lemma is fundamental, because it allows us to study the ELPF and then, using

this lemma, we can obtain a splitting for the actual flow.

4.1.2 The robustly transitive, strongly homogeneous setting

Systems with the star property have some uniformity in the strength of contraction and

expansion of its periodic orbits. The first to study this type of property was Pliss (1972)

[58], where he obtained what is known as the lemma of Pliss and he used that to prove

the finiteness of sinks/sources for Star Flows.

After that other people also studied this type of property for Star sytems. A key

theorem in our work will be a theorem by Liao (1979) [37]. Similar results were given for

diffeomorphism by Mañé (1982) [40].

For a given open set U we define the set X ∗(U) to be the set of C1 vector fields

that have the star property for the maximal invariant set in U , that is, in an open C1-

neighbourhood all the periodic orbits contained in U are hyperbolic.

Denote by N j
x = π(Ej

x) for j = s, u where x is a point in a hyperbolic periodic orbit.

For a given subspace A ⊂ Nx, where Nx = 〈X(x)〉⊥, define

η−(X,A, t) = sup
u∈A,‖u‖=1

{log ‖PX,t(u)‖}

η+(X,A, t) = inf
u∈A,‖u‖=1

{log ‖PX,t(u)‖}

We then have the following theorem.

Theorem 4.1.3 (Liao (1979) [37]). Let X ∈ X ∗(U). Then there is a neighbourhood U of

X, together with two uniform constants η > 0, T > 1, such that for every Y ∈ U we have:
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1. Whenever x is a point on a periodic orbit of Y in U and T ≤ t <∞, then

1

t
[η+(Y,Nu

x , t)− η−(Y,N s
x, t)] ≥ 2η;

2. Wherever P is a periodic orbit of Y with period T̃ , x ∈ P , and whenever an integer

m ≥ 1 and a partition 0 = t0 < · · · < tl = mT̃ of [0,mT̃ ] are given with

tk − tk−1 ≥ T̃ for k = 1, 2, . . . , l,

then
1

mT̃

l−1∑
k=0

η−(Y,N s
Xtk (x), tk+1 − tk) ≤ −η

and
1

mT̃

l−1∑
k=0

η+(Y,Nu
Xtk (x), tk+1 − tk) ≥ η.

Let us explain the inequalities of this theorem. Recall from section 2.3 that the LPF

is dominated if

‖Pt|Ns
x
‖.‖P−t|Nu

Xt(x)
‖ ≤ Ce−λt,

for some fixed C, λ > 0. Using the fact that Pt ◦ P−t = Id, then one can prove that

‖P−t|Nu‖ =
1

inf
v∈Nu,‖v‖=1

‖Pt(v)‖
=

1

m(Pt|Nu)
,

where m(·) is called the minimun norm, or conorm. Then from the domination inequality,

assuming that C = 1, we obtain

m(Pt|Nu).‖Pt|Ns‖−1 ≥ eλt.

Then taking the logarithm we have that

1

t
[log(m(Pt|Nu))− log(‖Pt|Ns‖)] =

1

t
[η+(X,Nu

x , t)− η−(X,N s
x, t)] ≥ λ.

By taking λ = 2η we obtain the first item of the theorem. Indeed, everything we did

can be done in the other direction, that is, from the first item of the theorem we can

obtain uniform domination for the LPF on periodic orbits of star flows. This is quite

amazing because it is uniform also in a neighbourhood of the system.
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Let us see the second inequality. Suppose that x is a periodic point satisfying the

inequalities of the second item. Then we have

l−1∑
k=0

η−(Y,N s
Ytk (x), tk+1 − tk) ≤ −ηmT̃ ,

then by taking the exponential we obtain

‖PY,(tk+1−tk)|Ns
Ytk

(x)
‖ . . . ‖Pt1|Ns

x
‖ ≤ e−ηmT̃ ,

but by the chain rule we have that

‖PmT̃ |Ns
x
‖ ≤ ‖PY,(tk+1−tk)|Ns

Ytk
(x)
‖ . . . ‖Pt1 |Ns

x
‖.

Thus we can see that the inequality of the second item of the theorem actually implies

that there is some uniform contraction for the LPF along the periodic orbits. In a similar

way one can see that there is uniform expansion for the LPF.

Now let Λ be a robustly transitive, strongly homogeneous set. For such set we give a

different definition of the “good” set of directions that we will consider on G1. Define

B̃(Λ) = {Lx ∈ G1 : ∃{Yn} ⊂ X 1(M) and {pn} ∈ Per(Yn) such that orbYn(pn) ⊂ U,

Yn → X and pn → x and 〈Y (pn)〉 → Lx}

Lemma 4.1.4. B̃(Λ) = B(Λ)

Proof. If x ∈ Λ − Sing(X), then from Pugh’s closing lemma 2.5.2, we have that there

exist Yn → X and xn → x such that xn is a point in a periodic orbit contained in U .

Since the vector fields are converging in the C1-topology, we have that Yn(xn) → X(x),

so every regular point can be approximated by periodic points. Then B(Λ) ⊂ B̃(Λ).

On the other hand, if Lx ∈ B̃(Λ), then there exist Yn → X and zn → x a point of a

periodic orbit for Yn. Since Λ is transitive, x is accumulated by regular orbits of Λ. Let

xn ∈ Λ− Sing(X) such that

d(xn, zn) ≤ 1

n
.
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Since Yn → X in the C1-topology we have that

lim
n→∞
〈X(xn)〉 = lim

n→∞
〈Yn(zn)〉 = Lx.

Thus we obtain that B(Λ) = B̃(Λ).

The advantage of considering the periodic orbits is that we can use theorem 4.1.3 to

obtain a hyperbolic decomposition for the ELPF. Indeed we have the following lemma.

Lemma 4.1.5. Let X ∈ X 1(M) and Λ be a strongly homogeneous, compact, robustly

transitive set of index i. Then there exists a dominated splitting

N |B(Λ) = N s ⊕Nu

of index i for the ELPF PX,t.

Proof. Let us first prove that there exists a dominated splitting for x ∈ Λ − Sing(X).

If x is a regular point, then we know that β−1|B(Λ)({x}) = Lx = 〈X(x)〉. Since Λ is

robustly transitive, by Pugh’s closing lemma 2.5.2, we have that there exist Xn → X and

xn → x such that xn is a point of a hyperbolic periodic orbit of Xn, with the periodic

orbit contained in U .

By theorem 4.1.3, we have that, for n large enough, there exist N s
n and Nu

n such that

Nn = 〈Xn(xn)〉⊥ = N s
n ⊕ Nu

n and T > 0 uniform in n, such that N s
n is T -dominated by

Nu
n for the LPF of Xn with index i. Since xn → x, by taking a subsequence if necessary,

we have that N s
n → N s

x and Nu
n → Nu

x . Since the vector field’s direction converges to

X(x) and the dominated splitting is uniform, then the angle between them is bounded

from below, we have that Nx = N s
x ⊕Nu

x .

Since the convergence Xn → X is in the C1-topology, we get

‖PXn,t|Nj
n
‖ → ‖PX,t|Nj

x
‖ for j = s, u for every fixed t > T .

It follows that N s
x⊕Nu

x is dominated. Then we have that N |β−1|B(Λ)(Λ−Sing(X)) = N s⊕Nu

satisfies the domination inequality for a uniform T > 0, that is, T does not depend on the
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point. Using lemma 2.2.3, we have that this splitting is invariant, then it is a dominated

splitting.

If Lσ ∈ β−1|B(Λ)({σ}) with σ ∈ Sing(X), we have that

Lσ = lim
n→∞

Lzn with Lzn ∈ β−1|B(Λ)(Λ− Sing(X)),

then by a similar argument as before, and using the fact that the metric that we defined on

β∗(TM) is induced by Riemaniann metric, we have that the dominated splitting extends

to β∗(TM)|B(Λ), with the same uniform time of domination T .

Thus we obtain that in the robust transitive, strongly homogeneous setting, there is a

dominated splitting for the ELPF. This property is important by itself, because it allows

us to investigate what do we need in order to get a dominated splitting for the flow.

4.2 The philosophy behind the Extended Linear

Poincaré Flow

Let us explain why people try to obtain properties for the LPF. Suppose that you have

a vector field X ∈ X 1(M) and let K ⊂ M − Sing(X) be a compact, invariant set such

that there exists a splitting TKM = E ⊕ F , not necessarily dominated. If we look at

the projection on the normal subbundle, we obtain a splitting NK = EN ⊕ FN , where

EN = π(E) and FN = π(F ) and π is the ortogonal projection in the normal direction.

What does it mean if EN ⊕FN is a dominated splitting for PX,t (the LPF)? One of the

information that domintion gives is that the angle between the subbundles EN and FN

is bounded below away from zero, that means that both directions do not get arbitrarily

close to each other. Since both directions were obtained by the orthogonal projection

onto the normal subbundle, we know that E ⊂ EN ⊕ 〈X〉 and F ⊂ FN ⊕ 〈X〉. So if we

obtain a dominated splitting for the LPF, we know that the angle between EN ⊕〈X〉 and

FN ⊕ 〈X〉 is bounded away from zero.

Another information that a dominated splitting for the LPF gives us is that any vector
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Figure 4.3: Domination for the LPF.

that has components in both subspaces, that is v = (vEN , vFN ), with vEN 6= 0 and vFN 6= 0,

must converge to the direction FN in the future.

With that information, E ⊕ F would not be a dominated splitting if the directions E

and F got arbitrarily close to the vector field direction. If we are able to show that it

doesn’t happen, then we should be able to obtain the domination for the actual flow.

Figure 4.4: Lack of Domination.

The strategy that we will use for the extended tangent flow 4.1 will be the same.

We will study the ELPF for the set β∗(TM)|B(Λ). As we saw in lemma 4.1.5 there is a

dominated splitting for that flow. We will then study what happens near singularities in

such a way that we will be able to recover a dominated splitting for the extended tangent

flow.

In order to prove that such a splitting exists we will have to prove (probably the main

part of the proof of the theorem) some sort of mixed domination, a domination type

inequality that involves the extended linear Poincaré flow and the extended tangent flow.

Such inequality will be essential for the rest of the proof. This inequality will tell us that

whatever the decomposition for the extended tangent flow is, it cannot get arbitrarily
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close to the directions in B(Λ). Once we obtain that, we use lemma 4.1.2 and we obtain

a domination for the regular flow.

The next section will be dedicated just to study singularities. We will prove the mixed

domination mentioned above and then finish the proof of the theorem.

4.3 Studying singularities

In [45] Morales-Pujals-Pacifico studied how the orbits of a robustly transitive set in di-

mension 3 are approaching the singularities. They proved that there is a certain order in

how the regular orbits are allowed to approach the singularities. With this “order” they

are able to get the hyperbolic like properties, such as domination, of the periodic orbits

and extend them to the singularities.

For example this can be seen in the famous geometric Lorenz attractor. Let

TσM = Ess
σ ⊕ Ec

σ ⊕ Eu
σ

where Ec
σ is the direction of weak contraction. Morales-Pujals-Pacifico observed that

the orbits inside the maximal invariant set are only allowed to approach the singularity

through the (Ec
σ ⊕ Eu

σ) = Ecu
σ direction. This means that B(Λ) ∩ G1

σ ⊂ Ecu
σ . Indeed, as

we mentioned before, it is possible to prove that B(Λ) ∩G1
σ = Ecu

σ .

This feature is what allowed the authors to obtain the partially hyperbolic decompo-

sition for robustly transitive attractors in dimension 3. In this section we will prove the

same property in any dimension.

Let us fix the scenario for this section. Let X ∈ X 1(M) and Λ ⊂ M be a compact,

invariant, robustly transitive and strongly homogeneous set of index i, such that for every

σ ∈ Sing(X) ∩ Λ we have that ind(σ) > i. Let us define

Bσ(Λ) = {L ∈ B(Λ) : β(L) = σ}

Let σ ∈ Sing(X) be a hyperbolic singularity of index ind(σ) > i. We have that TσM =

Es
σ ⊕ Eu

σ and also define Bu
σ(Λ) = {L ∈ B(Λ) : β(L) = σ, L ⊂ Eu}.
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Lemma 4.3.1. Under the hypothesis above, we have that for every σ ∈ Sing(X)∩Λ, the

subspace Es
σ splits into a dominated splitting Es

σ = Ess
σ ⊕Ec

σ for DXt, where dim(Ess
σ ) = i.

Proof. Since there are only a finite number of singularities in Λ, we may change the

Riemannian metric and assume that Eu
σ ⊥ Es

σ for every singularity inside Λ. Note also

that since σ is non-isolated and Λ is transitive, for every small neighbourhood U of σ, there

exist xn regular points such that xn → x and there exist tn > 0 such that Xtn(xn) /∈ U .

Then by Hartman-Grobman’s theorem, we have that Bu
σ(Λ) is non-empty, since those

regular orbits will have to escape through the unstable direction. Also it is easy to see

that Bu
σ(Λ) is closed and invariant under the action of Φt : G1 → G1.

We know by lemma 4.1.5, that there exists a dominated splitting on

NBuσ (Λ) = N s
Buσ (Λ) ⊕Nu

Buσ (Λ)

with respect to Pt. Since the splitting TσM = Es
σ ⊕ Eu

σ is hyperbolic, by lemma 4.1.2

we have that

β∗(TM)|Buσ (Λ) = β∗(Es
σ)|Buσ (Λ) ⊕ β∗(Eu

σ)|Buσ (Λ)

is a dominated splitting for Φt. Since we are considering the directions in Bu
σ(Λ)

and Es
σ ⊥ Eu

σ , we have that β∗(Es
σ)|Buσ (Λ) ∩ NBuσ (Λ) = β∗(Es

σ)|Buσ (Λ). Then we obtain the

following splitting

NBuσ (Λ) = β∗(Es
σ)|Buσ (Λ) ⊕ (β∗(Eu

σ)|Buσ (Λ) ∩NBuσ (Λ)).

It is easy to see that this splitting is continuous and invariant under the action of Pt.

Now we are going to prove that this splitting is dominated for PX,t.

Using the hyperbolicity of σ we have that there exists T > 0 such that

‖DXT |Esσ‖.‖DX−T |Euσ‖ ≤
1

2
.

And for any L ∈ Bu
σ(Λ), using the orthogonality, we obtain that

Pt|{L}×Esσ = Φt|{L}×Esσ ,
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then, since the metric on β∗(TM) is an isometry with the metric in M , we obtain

‖PT |{L}×Esσ‖ = ‖ΦT |{L}×Esσ‖ = ‖DXT |Esσ‖.

Since L ⊂ Eu
σ we have that

‖P−T |{DXT (L)}×(Euσ∩NDXT (L))‖ ≤ ‖Φ−T |{DXT (L)}×Euσ‖ = ‖DX−T |Eu
σ‖.

Thus we obtain that it is a dominated splitting for Pt.

Since ind(σ) > i, this implies that dim(β∗(Es
σ)|Buσ (Λ)) > dim(N s

Buσ (Λ)). Then we have

two dominated splittings for the same point. Using the domination we obtain

N s
Buσ (Λ) ⊂ β∗(Es

σ)|Buσ (Λ) and β∗(Eu
σ)|Buσ (Λ) ∩NBuσ (Λ) ⊂ Nu

Buσ (Λ)

Due to this domination we have that

β∗(Es
σ)|Buσ (Λ) = N s

Buσ (Λ) ⊕ (Nu
Buσ (Λ) ∩ β∗(Es

σ)|Buσ (Λ)),

is a dominated splitting with respect to Pt. As we observed before Pt|{L}×Esσ = Φt|{L}×Esσ
for every direction L ∈ Bu

σ(Λ), then we obtain that this splitting is dominated for Φt.

Then by lemma 4.1.2 we obtain that there exists a splitting

Es
σ = Ess

σ ⊕ Ec
σ,

dominated for the flow DXt such that

N s
Buσ (Λ) = β∗(Ess

σ )|Buσ (Λ) and (Nu
Buσ (Λ) ∩ β∗(Es

σ)|Buσ (Λ)) = β∗(Ec
σ)|Buσ (Λ)

And this concludes the proof.

Observe that with the proof of the previous lemma we obtain more information. In-

deed, we obtain that for every L ∈ Bu
σ(Λ) we have that N s

L = {L} × Ess
σ .

It is also worth mentioning what is the big picture in the proof of the previous lemma.

We first obtained a decomposition for the direction N s
Buσ (Λ) that is dominated for the

ELPF. Since we changed the metric, this flow is related with the extended tangent flow

in the stable direction, by orthogonality. Then we obtained a dominated splitting for the
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extended tangent flow. Now using lemma 4.1.2, we obtain a decomposition for the actual

flow. This type of idea will be repeated a few times, in different ways, during this section.

Once we obtain this weak stable direction, denoted by Ec
σ, we may define the set

Bcu
σ (Λ) = {L ∈ Bσ(Λ) : β(L) = σ, L ⊂ Ecu

σ = Ec
σ ⊕ Eu

σ}

Essentially the same proof provides the following lemma.

Lemma 4.3.2. Under the hypothesis above we have that for every σ ∈ Sing(X) ∩ Λ:

1. If L ∈ Bcu
σ (Λ), then N s

L = {L} × Ess
σ . In particular ‖P(X,t)|Ns

L
‖ = ‖DXt|Essσ ‖;

2. If L ∈ Bσ(Λ) and L ⊂ Ess
σ , then {L} × Eu

σ ⊂ Nu
L.

If you repeat the same proof but for the larger space Ecu
σ , you would obtain the same

result as in item 1 of this lemma and if you repeat the proof changing the directions Ess
σ

and Ecu
σ you obtain item 2.

The next step now is to understand how the orbits approach the singularities. The

next lemma, also known as the fundamental lemma, will be essential to conclude that

Bσ(Λ) = Bcu
σ (Λ). For instance, this can be seen in the geometric Lorenz attractor. This

will be essential to obtain what is the partially hyperbolic splitting for Λ.

Lemma 4.3.3 (Fundamental Property). Under the hypothesis above for σ ∈ Sing(X)∩Λ

we have that W ss
σ ∩ Λ = {σ}, where W ss

σ is the strong stable manifold associated to the

direction Ess
σ .

Proof. The proof goes by contradiction. Suppose that W ss
σ ∩ Λ 6= {σ}. By the C1-

connecting lemma 2.5.4 there is Z ∈ U , where U is the neighbourhood given by the

definition of robust transitivity, there is a homoclinic connection Γ ⊂ W ss
Z,σZ
∩W u

Z,σZ
and

Γ ⊂ U , where U is the isolating neighbourhood.

Now make another C1-small perturbation and obtain Y ∈ U such that σY is C1-

linearizable in a small neighbourhood (see for instance [5]), that is the local conjugation

given by Hartman-Grobman’s theorem can be made C1.
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That might happen that for σY there is no homoclinic connection. But since Y is C1-

close to Z and Γ is compact, in particular it is contained in a compact part of the strong

stable and unstable manifolds of Z, by the stable manifold theorem 2.1.3, we have that

a compact part of W ss
σY

is close to a compact part of W u
σY

. Then, after another C1-small

perturbation of Y , we obtain Ỹ ∈ U with a homoclinic connection Γ ⊂ W ss
Ỹ ,σỸ
∩W u

Ỹ ,σỸ
and

since the conditions for a singularity to be C1-linearizable is open we may assume that

Ỹ is C1-linearizable. For simplicity let us just assume that X itself has this homoclinic

connection and is C1-linearizable in a small neighbourhood U(σ) of σ.

Choose two points x ∈ W ss
σ ∩Γ∩U(σ) and y ∈ W u

σ ∩Γ∩U(σ). Since we assume that

X is linearizable in U(σ), we have that in a local chart W ss
σ = Ess

σ and W u
σ = Eu

σ . It is

easy then to obtain two sequences xn → x and yn → y such that there exist tn > 0 with

Xtn(xn) = yn and {Xt(xn) : t ∈ [0, tn]} ⊂ (W ss
σ ⊕W u

σ ) ∩ U(σ).

For each n large enough we can make small pertubations of X obtaining vector fields

Xn such that xn ∈ Per(Xn): This can be done by small pushings using bump func-

tions supported in small neighbourhoods around x and y. By construction we have that

orbXn(xn) ⊂ U , then orb(xn) ⊂ ΛXn . We also have that Xn → X.

Now for every pn ∈ {Xn,t(xn) : t ∈ [0, tn]} such that pn → σ, we have that 〈Xn(pn)〉 ↪→

Bσ(Λ), where ↪→ denotes all the limit points of 〈Xn(pn)〉. Observe that by construction

we have 〈Xn(pn)〉 ↪→ Ess
σ ⊕ Eu

σ .

By the C1-linearization we may choose pn carefully such that 〈Xn(pn)〉 → L ⊂ Ess
σ ⊕
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Eu
σ − (Ess

σ ∪ Eu
σ). Since L is 1-dimensional we have that L = 〈v〉 where ‖v‖ = 1 and

v = vss + vu. Recall that we have changed the metric on σ in such a way that Es
σ ⊥ Eu

σ .

That implies that the vector w = vss − vu is perpendicular to v. So (L,w) ∈ NL, the

normal bundle. Let us see how is the action of the extended linear Poincaré flow

Pt(L,w) =

(
DXt(L), DXt(w)− 〈DXt(w), DXt(v)〉

‖DXt(v)‖2
DXt(v)

)
= (Lt, wt).

Opening the expression on the right side we obtain(
DXt(L),

2‖DXt(v
u)‖2

‖DXt(vss)‖2 + ‖DXt(vu)‖2
DXt(v

ss)− 2‖DXt(v
ss)‖2

‖DXt(vss)‖2 + ‖DXt(vu)‖2
DXt(v

u)

)
.

Let us denote by At = 2‖DXt(vu)‖2
‖DXt(vss)‖2+‖DXt(vu)‖2 and Bt = 2‖DXt(vss)‖2

‖DXt(vss)‖2+‖DXt(vu)‖2 .

Now observe that since Ess
σ is uniformly contracted and Eu

σ is uniformly expanded we

have that Lt ↪→ Eu
σ and 〈wt〉 ↪→ Ess

σ as t → ∞, since Bt → 0. Similarly, Lt ↪→ Ess
σ and

〈wt〉 ↪→ Eu
σ as t→ −∞, since At → 0.

Now we get a contradiction. Suppose first that (L,w) ∈ N s
L. Take a sequence tn →

−∞ such that Ltn → V . Then, by the domination, V ⊂ Ess
σ and V ∈ Bσ(Λ), since Bσ(Λ)

is invariant and closed. By the continuity of the dominated splitting for the ELPF, we

obtain that N s
Ltn
→ N s

V . On the other hand, by the observation above, we have that

〈wtn〉 ↪→ Eu
σ and by lemma 4.3.2, since this scenario fits item 2 of the lemma, we have

that (V,Eu
σ) ⊂ Nu

V , which is a contradiction.

Now suppose that (L,w) /∈ N s
L. Take a sequence tn →∞ such that Ltn → V ⊂ Eu

σ . By

the domination of the splitting N s ⊕Nu for the ELPF, we obtain that (Ltn , wtn) ↪→ Nu
V .

On the other hand, by the observation above, we have that 〈wtn〉 ↪→ Ess
σ and once again

by lemma 4.3.2, and since this scenario fits item 1 of the lemma 4.3.2, we have that

N s
V = {V } ×Ess

σ , which is a contradiction. That concludes the proof of the fundamental

lemma.

Observe that lemma 4.3.2 together with the expression of the ELPF is what allowed

us to prove the lemma. Indeed, this lemma is an adaptation to higher dimensions of
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Theorem B of [45]. Like we said before, this lemma is indeed fundamental, because it

will tell us how the orbits are allowed to approach the singularities.

Lemma 4.3.4. Under the hypothesis above we have that for σ ∈ Sing(X) ∩ Λ and for

any L ∈ Bσ(Λ), we have that L ⊂ Ec
σ ⊕ Eu

σ = Ecu
σ . In particular, by lemma 4.3.2, we

have that

N s
L = {L} × Ess

σ for every L ∈ Bσ(Λ)

Proof. Let us first give an idea of why this lemma is true. Suppose that there are directions

in Bσ(Λ) that are not contained in Ecu
σ . Using the domination for the past, we obtain

directions that are accumulating on the strong stable direction. But, by lemma 4.3.3, we

have that the strong stable manifold only intersects the set Λ on the singularity, which

would prevent such directions to accumulate on Ess
σ . That would lead to a contradiction.

Let us be more precise. Suppose that there is L ∈ Bσ(Λ) such that L 6⊂ Ecu
σ . Using

the compactness of G1
σ and the backward domination, there exist tn → −∞ such that

DXtn(L) → L̃ ⊂ Ess
σ . Since Bσ(Λ) is compact, in particular it is closed, we have that

L̃ ∈ Bσ(Λ). This shows that to prove that there are no lines outside Ecu
σ is equivalent to

prove that there are no lines inside Ess
σ . So we may suppose that L ⊂ Ess

σ .

Let us define the center-unstable cone over σ. For any r ∈ (0, 1] we define

Ccu
r (σ) = {v = vss + vcu ∈ TσM : |vss| < r|vcu|, vss ∈ Ess

σ , v
cu ∈ Ecu

σ }.

Since Ess
σ ⊕ Ecu

σ is a dominated splitting there exist T > 0 and r1 ∈ (0, 1) such that

for any t ≥ T we have that

DXt(C
cu
1 (σ)) ⊂ Ccu

r1
(σ).

Let us extend this cone to a conefield in a small neighbourhood U(σ). We can do

that using the continuity of the derivative. Let r2 ∈ (r1, 1) be such that, if t ≥ T and

X[0,t](x) ∈ U(σ), then

DXt(C
cu
1 (x)) ⊂ Ccu

r2
(Xt(x)).

Once we have this small local conefield, it persists for a small C1-neighbourhood U ′ of

X such that for any Y ∈ U ′ and t ≥ T , if Y[0,t](x) ⊂ U(σ) then
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DYt(C
cu
1 (y)) ⊂ Ccu

1 (Yt(x)).

The uniform size of the conefield follows from the fact that every r2 taken above is

smaller than 1. Indeed, the size of the conefield can be made smaller if we shrink the

neighbourhood U ′.

Let pn → σ be such that pn ∈ Per(Xn) with Xn ∈ U ′, Xn → X, orbXn(pn) ⊂ U

and 〈Xn(pn)〉 → L. Let tn = sup{t > 0 : Xn,[−t,0](pn) ⊂ U(σ)}. Since these orbits are

accumulating on a singularity it is easy to see that tn →∞. Define qn = Xn,−tn(pn). By

taking a converging subsequence if necessary, we can assume that qn → q.

Figure 4.5: The choice of the point q.

By construction, we have that for any t > 0, Xt(q) ⊂ U(σ). Since we can take this

U(σ) to be arbritrarily small, by the definition of stable manifold we have that q ∈ W s
σ .

Also since orbXn(qn) = orbXn(pn) ⊂ U then orb(q) ⊂ U . Thus q ∈ Λ.

By lemma 4.3.3, we have that q /∈ W ss
σ . Then q ∈ W s

σ −W ss
σ , and by the domination

〈X(Xt(q))〉 ↪→ Ec
σ, as t→∞,

where ”↪→” is the same as used in the proof of lemma 4.3.3, i.e, it denotes all the limit

points of 〈X(Xt(q))〉 as t → ∞. Then there exists T1 > 0 such that X(XT1(q)) ∈

Ccu
1 (XT1(q)). By continuity, and since qn → q, if n is large enough we have that

Xn(Xn,T1(qn)) ∈ Ccu
1 (Xn,T1(qn)).
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Observe now that since tn →∞ we may assume that tn−T1 > T , this will allow us to

use the estimatives made above for the cone field. Since Xn,[T1,tn](qn) ⊂ U(σ) we obtain

Xn(pn) = Xn(Xn,tn(qn))

= DXn,tn−T1(Xn(Xn,T1(qn)))

∈ DXn,tn−T1(Ccu
1 (Xn,T1(qn)))

⊂ Ccu
1 (Xn,tn(qn)) = Ccu

1 (pn)

But, by hypothesis, 〈Xn(pn)〉 → L ⊂ Ess
σ . This leads to a contradiction.

In the next section we will start to prove the main theorem of this chapter.

A key lemma in this section is lemma 4.3.3, known as the fundamental property. As a

consequence we are able to know how the orbits are allowed to approach the singularity.

This information is obtained in lemma 4.3.4. In a certain way, this fundamental property

says that, even in a chaotic setting, such as the Lorenz attractor for example, we have

some order in the way the regular orbits are allowed to accumulate on the singularity.

4.4 Proof of Theorem 4.0.1

Let us recall the setting we are in. We have X ∈ X 1(M) and Λ a robustly transitive,

strongly homogeneous, compact and invariant set of index i. We denote by U the isolating

neighbourhood of Λ. Suppose also that, if σ ∈ Sing(X) ∩ Λ, then σ is hyperbolic and

ind(σ) > i.

Since all singularities are hyperbolic, there are only a finite number of singularities

in Λ. Then after changing the Riemannian metric around those singularities we may,

assume that Ess
σ , Ec

σ and Eu
σ are orthogonal. We must prove then that Λ admits a

partially hyperbolic splitting. In other words, we want to prove that

TΛM = E ⊕ F
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is a dominated splitting with respect to DXt such that E is uniformly contracting and

dim(E) = i.

Let us explain the approach. We first prove that

β∗(TM)|B(Λ) = F ss ⊕ F cu

where this is a dominated splitting with respect to Φt. Once we obtain this domination,

by lemma 4.1.2, there exist a dominated splitting for the actual flow.

Observe that the bundle may be decomposed in its normal part plus the “line” part,

that is

β∗(TM)|B(Λ) = NB(Λ) ⊕ VB(Λ),

recalling that VB(Λ) = {(Lx, vx) ∈ β∗(TM)|B(Λ) : vx ∈ Lx}. But NB(Λ) = N s
B(Λ) ⊕ Nu

B(Λ),

then

β∗(TM)|B(Λ) = N s
B(Λ) ⊕ VB(Λ) ⊕Nu

B(Λ).

From now on we will omit the reference to B(Λ) in those subbundles and write F cu =

V ⊕ Nu. Observe that, since for the ELPF the subbundle Nu is invariant and since the

difference between this flow and the extended tangent flow is the orthogonal projection on

the normal bundle, in other words, the only coordinate which vanishes is in the direction

V , we have that this subbundle F cu is invariant for the flow Φt.

Since we have a dominated splitting for the ELPF, the only thing that could ruin

our hope for a dominated splitting for the flow Φ is if the candidates for the splitting

accumulated on the vector field direction. The next couple lemmas will tell us that this

does not happen.

Definition 4.4.1. Assume that β∗(TM)|B(Λ) = E ⊕ F with E being Pt invariant and

F being Φt invariant. We say that F dominates E in a mixed way and we denote it by

(E,Pt) ≺ (F,Φt) if there exist T > 0 such that

‖PT |EL‖.‖Φ−T |FDXT (L)
‖ ≤ 1

2
,

for any L ∈ B(Λ).
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This type of inequality is really essential to recover a splitting for Φt. Indeed this type

of inequality appears in several other works and usually is quite hard to prove. One may

say that it is one of the main ingredients to prove hyperbolic like properties for flows with

non-isolated singularities.

Lemma 4.4.2. Let X ∈ X 1(M), and Λ be a robustly transitive singular set that is strongly

homogeneous of index i. Assume that for every σ ∈ Sing(X)∩Λ we have that ind(σ) > i.

Then (N s, Pt) ≺ (V,Φt).

The proof of this theorem uses ideas from Mañé and is quite beautiful. We will assume

this lemma for now and dedicate an entire section for the proof of this lemma. Indeed, it

is the hardest part of the proof of the main theorem. With this lemma we can prove the

complete mixed domination.

Lemma 4.4.3. Let X ∈ X 1(M), and Λ is a robustly transitive singular set that is strongly

homogeneous of index i. Assume that for every σ ∈ Sing(X)∩Λ we have that ind(σ) > i.

Then (N s, Pt) ≺ (F cu,Φt).

Proof. By the domination for the ELPF and by lemma 4.4.2 we have that

(N s, Pt) ≺ (Nu, Pt) and (N s, Pt) ≺ (V,Φt) (4.2)

In particular, there exist T0 > 0 such that for the same time we have

(N s, Pt) ≺T0 (Nu, Pt) and (N s, Pt) ≺T0 (V,Φt) (4.3)

For the splitting β∗(TM)|B(Λ) = N s ⊕ V ⊕Nu we have that

ΦT0 : N s ⊕ V ⊕Nu → N s ⊕ V ⊕Nu

(vs, v, vu) → (PT0(vs), C(vs) + ΦT0(v) +B(vu), PT0(vu))

where C and B are the projection on the direction V of ΦT0|Ns and ΦT0|Nu , respectively.

In that decomposition we obtain

58



ΦT0 =


PT0|Ns 0 0

C ΦT0|V B

0 0 PT0|Nu


Denote by As(L) = PT0 |Ns

L
, Ac(L) = ΦT0|VL and Au(L) = PT0|Nu

L
. Let us denote by

LkT0 = DXkT0(L). Then by the semigroup property of those flows we have that

An∗ (L) = A∗(L(n−1)T0) ◦ A∗(L(n−2)T0) ◦ · · · ◦ A∗(L), for ∗ = s, c, u and n ≥ 1.

Since A∗(L) ◦ A−1
∗ (LT0) = Id we have that

A−n∗ (LnT0) = A∗(LT0)−1 ◦ · · · ◦ A∗(LnT0)−1, for ∗ = s, c, u and n ≥ 1.

Writing

D(L) =

Ac(L) B(L)

0 Au(L)


We have that

ΦT0 =

As 0

C̃ D

 : N s ⊕ F cu → N s ⊕ F cu (4.4)

Since B(Λ) is compact we have that ‖ΦT0‖, ‖D‖ and ‖A−1
c ‖ are bounded by some

constant K > 0. Since T0 is fixed and B(Λ) is compact we have that ‖Φ|T0|Nu‖ is bounded

above. Since Nu and V are orthogonal, we have that the projection πcu : Nu⊕V → V has

bounded norm. Observe now that B = πcu ◦ΦT0|Nu , then B has bounded norm. Assume

that the norm is bounded by the same K.

Moreover for any L ∈ B(Λ) we have that

D−1(LT0) =

A−1
c (LT0) −A−1

c (LT0) ◦B(LT0) ◦ A−1
u (LT0)

0 A−1
u (LT0)

 .

Indeed, it is not hard to see that D(L) ◦ D−1(LT0) = Id. Observe that this equality

holds for any L ∈ B(Λ), in particular we have that

D−1(L2T0) =

A−1
c (L2T0) −A−1

c (L2T0) ◦B(LT0) ◦ A−1
u (L2T0)

0 A−1
u (L2T0)

 .
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Then

D−2(L2T0) =

A−2
c (L2T0) −

∑1
j=0 A

−j−1
c (L(j+1)T0) ◦B(LjT0) ◦ Aj−2

u (L2T0)

0 A−2
u (L2T0)

 .

Then, by induction on n, it is not hard to prove that

D−n(LnT0) =

A−nc (LnT0) −
∑n−1

j=0 A
−j−1
c (L(j+1)T0) ◦B(LjT0) ◦ Aj−nu (LnT0)

0 A−nu (LnT0)

 ,

for all n ≥ 1. Now, by (4.3) we have that

‖As(L)‖.‖A−1
c (LT0)‖ ≤ 1

2
and ‖As(L)‖.‖A−1

u (LT0)‖ ≤ 1

2

for any L ∈ B(Λ). Notice also that for all j ≥ 1

‖Ajs(L)‖.‖A−jc (LjT0)‖ ≤ 1

2j
and ‖Ajs(L)‖.‖A−ju (LjT0)‖ ≤ 1

2j
;

‖A−jc (LjT0)‖ ≤ 1

2j‖Ajs(L)‖
and ‖A−ju (LjT0)‖ ≤ 1

2j‖Ajs(L)‖

Since this is true for every L ∈ B(Λ), we have that

sup{‖A−jc (LjT0)‖, ‖A−ju (LjT0)‖} ≤ 1

2j‖Ajs(L)‖
.

Observe now that for a matrix with square submatrices X, Y and Z, it is always true

that ∥∥∥∥∥∥
X Y

0 Z

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
X 0

0 Z

∥∥∥∥∥∥+

∥∥∥∥∥∥
0 Y

0 0

∥∥∥∥∥∥ .
But since the subbundles Nu and V are orthogonal, we have that∥∥∥∥∥∥

X 0

0 Z

∥∥∥∥∥∥ ≤ sup{‖X‖, ‖Z‖}
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Then applying this inequality we obtain

‖D−n(LnT0)‖

≤ sup{‖A−nc (LnT0)‖, ‖A−nu (LnT0)‖}+ ‖
∑n−1

j=0 A
−j−1
c (L(j+1)T0) ◦B(LjT0) ◦ Aj−nu (LnT0)‖

≤ 1
2n‖Ans (L)‖ +

∑n−1
j=0 ‖A−j−1

c (L(j+1)T0)‖‖B(LjT0)‖‖Aj−nu (LnT0)‖

≤ 1
2n‖Ans (L)‖ +

∑n−1
j=0

1

2j‖Ajs(L)‖
.K2. 1

2n−j‖An−js (L)‖

≤ (1+nK2)
2n‖Ans (L)‖ .

With that we obtain that

‖Ans (L)‖.‖D−n(LnT0)‖ ≤ (1 + nK2)

2n

Since (1+nK2)
2n

→ 0 as n→∞, by taking n large enough we obtain

‖PnT0|Ns
L
‖.‖Φ−nT0|F cuLnT0

‖ ≤ ‖Ans (L)‖.‖D−n(LnT0)‖ ≤ 1

2

Since this estimate is uniform, independent of L, we obtain the mixed domination and

conclude the proof.

Let us recall the classical Banach Fixed-Point Theorem.

Theorem 4.4.4 (Banach fixed-point theorem). Let (M,d) be a complete metric space and

T : M → M be a contraction, that is, there exists 0 < λ < 1 such that d(T (x), T (y)) <

λd(x, y) for every x, y ∈ M . Then there exists a unique point z ∈ M such that T (z) = z

and for every x ∈M we have that lim
n→∞

T n(x) = z.

We now prove a general lemma that will apply to our scenario. This lemma is what

will allow us to find the good candidate for the dominated splitting.

Lemma 4.4.5. Let N be a compact metric space, and E be a vector bundle over N with

projection p : E → N and a metric on E. Let h : N → N be a homeomorphism and

H : E → E be a bundle isomorphism of E that covers h, i.e, p ◦H = h ◦ p. Assume that

there is a continuous splitting E = E1 ⊕ E2 such that, for this splitting we have

H =

A 0

C D

 : E1 ⊕ E2 → E1 ⊕ E2

If ‖A(x)‖.‖D−1(h(x))‖ ≤ 1
2

for any x ∈ N , then there exists T ∈ L(E1, E2) such that the

subbundle F 1 = (Id, T )E1 is H-invariant, where L(E1, E2) is the set of bundle homomor-

phisms from E1 to E2 which covers the identity.
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Before we prove this, let us mention that this lemma tells us that with good enough

domination, given by ‖A(x)‖.‖D−1(h(x))‖ ≤ 1
2
, one can obtain a direction F 1, which is

a graph, that is H-invariant. A similar argument for embeddings is known as the graph

transform argument and is used to prove the existence of invariant manifolds. In fact, it

is one of the ways to prove the stable manifold theorem.

Proof. If T ∈ L(E1, E2), then for any v ∈ E1(x) and x ∈ N , we have thatA(x) 0

C(x) D(x)

 v

T (x)v

 =

 A(x)v

C(x)v +D(x)T (x)v

 .

Observe that since F 1 = (Id, T )E1, we have that

 v

T (x)v

 ∈ F 1(x). Then for F 1 to

be H invariant we need to have H(F 1) ⊂ F 1. In other words, for us to have Hx(F
1(x)) ⊂

F 1(h(x)), we need

T (h(x))A(x)v = C(x)v +D(x)T (x)v, for any x ∈ N and v ∈ E1(x).

This means that we need

C +DT = TA

DT = TA− C

T = D−1(TA− C)

That leads us to define the following operator

τ : L(E1, E2) → L(E1, E2)

T → D−1(TA− C)
.

We endow the space L(E1, E2) with the norm

‖T‖ = sup
x∈N
‖T (x)‖.

Since N is compact, this norm is well defined and the pair (L(E1, E2), ‖.‖) is a Banach

space. Let us prove that τ is a contraction. Indeed, given T,Q ∈ L(E1, E2)

τ(T )− τ(Q) = D−1(TA− C)−D−1(QA− C) = D−1(T −Q)A.
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Then, by the domination hypothesis, we have that for any x ∈ N

‖τ(T )− τ(Q)‖ ≤ ‖D−1(h(x))‖.‖T (h(x))−Q(h(x))‖.‖A(x)‖

≤ 1
2
‖T (h(x))−Q(h(x))‖.

By taking the supremum over x ∈ N , we obtain that ‖τ(T )− τ(Q)‖ ≤ 1
2
‖T −Q‖. Then

τ is a contraction and by the Banach fixed-point theorem (theorem 4.4.4) there exists

a unique T such that τ(T ) = T . In particular, that implies that (Id, T )E1 = F 1 is

H-invariant.

Now we take N = B(Λ), h = φT0 : B(Λ) → B(Λ) and H = ΦT0 : β∗(TM)|B(Λ) →

β∗(TM)|B(Λ). As we saw previously H has the following form

H =

As 0

C D

 : N s ⊕ F cu → N s ⊕ F cu.

Applying lemma 4.4.5, we have that there exists T ∈ L(N s, F cu) such that F ss =

(Id, T )N s is H-invariant and

β∗(TM)|B(Λ) = F ss ⊕ F cu.

This is the candidate for the partial hyperbolic splitting. All we have to do now is to

show that this is the splitting we were looking for.

We need to define angles. Let V = V1 ⊕ V2 be a finitely dimensional vector space

endowed with a inner product. Let us assume that dim(V1) ≤ dim(V2) and let Q : V ⊥2 →

V2 to be the unique linear transformation such that graph(Q) = V1. The angle ](V1, V2)

between the subspaces V1 and V2 is defined to be ‖Q‖−1. We must prove the following

lemma.

Lemma 4.4.6. For any α > 0, there exists R(α) > 0 such that, for any finitely dimen-

sional vector space V = V1 ⊕ V2 endowed with an inner product and a subspace V0 ⊂ V

such that V = V0 ⊕ V2, if ](V0, V2) ≥ α, then for any non zero vector v = v1 + v2 ∈ V0

and vi ∈ Vi with i = 1, 2, we have |v1|
|v| ≥ R(α).
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Proof. Let π2 and π⊥2 be the orthogonal projections on V2 and V ⊥2 , respectevely. Then

v = π2(v) + π⊥2 (v). Let Q : V ⊥2 → V2 be the linear transformation such that graph(Q) =

V0. Observe that Q(π⊥2 (v)) = π2 then by the definition of angle we have

|π⊥2 (v)|
|π2(v)|

≥ α.

We also observe that π⊥2 (v) = π⊥2 (v1 + v2) = π⊥2 (v1). Then

|v1|/|v| ≥ |π⊥2 (v1)|/|v| =

|π⊥2 (v)|/|v| =
|π⊥2 (v1)|

(|π2(v)|2+|π⊥2 (v)|)1/2

=
|π⊥2 (v1)|
|π2(v)|

1
(1+(|π⊥2 (v)|/|π2(v)|)2)1/2

≥ α
(1+α2)1/2 = R(α) > 0.

The rest of the proof will be divided in two steps. First we prove that this splitting

F ss ⊕ F cu is dominated by ΦT0 , that is for the time T0. The second step is to prove that

this domination is carried for every time, i.e, F ss ⊕ F cu is dominated for Φt.

Lemma 4.4.7. (F ss,ΦT0) ≺ (F cu,ΦT0).

Proof. For every L ∈ B(Λ) let Q1(L), Q2(L) : (F cu
L )⊥ → F cu

L be the linear transfor-

mations such that graph(Q1(L)) = F ss and graph(Q2(L)) = N s
L. Since the splittings

β∗(TM)|B(Λ) = F ss ⊕ F cu and β∗(TM)|B(Λ) = N s ⊕ F cu are continuous and since B(Λ)

is compact, we have that

α = inf
L∈B(Λ)

](F ss
L , F

cu
L ) = inf

L∈B(Λ)
‖Q1(L)‖−1 > 0,

and

γ = inf
L∈B(Λ)

](N s
L, F

cu
L ) = inf

L∈B(Λ)
‖Q2(L)‖−1 > 0.

Now for L ∈ B(Λ) and v ∈ F ss
L a non-zero vector, we have that v = vs + vcu where

vs ∈ N s
L and vcu ∈ F cu

L . In particular using that vs = v − vcu and using lemma 4.4.6 we

have that
|v|
|vs|
≥ R(γ).
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Observe also that

ΦT0(v) =

As 0

C D

 vs

vcu

 =

 Asv
s

Cvs +Dvcu

 .

Now since v ∈ F ss and F ss is ΦT0-invariant, then ΦT0(v) ∈ F ss
LT0

, Asv
s ∈ N s

LT0
and

Cvs +Dvcu ∈ F cu
LT0

. Using once more lemma 4.4.6, we have that

|Asvs|
|ΦT0|

=
|PTo(vs)|
|ΦT0(v)|

≥ R(α).

Thus
|ΦT0(v)|
|v|

≤ (R(α)R(γ))−1 |PT0(vs)|
|vs|

.

By taking the supremum we obtain

‖ΦT0|F ssL ‖ ≤ (R(α)R(γ))−1‖PT0|Ns
L
‖

In a similar way we prove that for any n ≥ 1 we have

‖ΦnT0|F ssL ‖ ≤ (R(α)R(γ))−1‖PnT0|Ns
L
‖.

Observe that this is true for every L. Let us prove the domination. Since by lemma

4.4.3 (N s, PT0) ≺ (F cu,ΦT0), we have that there exists n ≥ 1 such that

‖PnT0|Ns
L
‖.‖Φ−nT0|F cuLnT0

‖ ≤ 1

2
.

Then if we take n large enough to compensate the constant (R(α)R(γ))−1, then we have

that

‖ΦnT0|F ss‖.‖Φ−nT0 |F cu‖ ≤ (R(α)R(γ))−1‖PnT0|Ns
L
‖.‖Φ−nT0|F cu‖ ≤

1

2
.

Then (F ss,ΦT0) ≺ (F cu,ΦT0), and this concludes the proof of this lemma.

The proof of the lemma also tell us that F ss is uniformly contracting. That follows

from the fact that N s is uniformly contracting for the ELPF. To finish the proof of the

theorem we must prove that this splitting is dominated for all t ∈ R.

Lemma 4.4.8. β∗(TM)|B(Λ) = F ss ⊕ F cu is an invariant splitting for Φt.
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Proof. For L ∈ B(Λ) we denote by Lt = DXt(L). The idea of the proof is to use the

domination in blocks to show that no other splitting is allowed. Observe that since we

already have domination after a time T0 then we only need to prove this for t ∈ [0, T0].

Given such t consider the splitting

β∗(TM)|L = Φ−t(F
ss
Lt)⊕ Φ−t(F

cu
Lt ), L ∈ B(Λ)

Let

K1 = sup
t∈[−T0,T0],L∈B(Λ)

‖Φt|β∗(TM)|L‖ < +∞

Since Φt is a flow, we have that for any n ≥ 1

‖ΦnT0|Φ−t(F ssLt )‖ = ‖Φ−t|F ssLnT0+t
◦ ΦnT0|F ssLt ◦ Φt|Φ−t(F ssLt )‖

≤ ‖Φ−t|F ssLnT0+t
‖.‖ΦnT0|F ssLt‖.‖Φt|Φ−t(F ssLt )‖

≤ K2
1‖ΦnT0|F ssLt‖.

In a similar way we can prove that

‖Φ−nT0|ΦnT0
(Φ−t(F cuLt

))‖ ≤ K2
1‖Φ−nT0|F cuLnT0+t

‖.

Thus

‖ΦnT0|Φ−t(F ssLt )‖.‖Φ−nT0|ΦnT0
(Φ−t(F cuLt

))‖ ≤ K4
1‖ΦnT0|F ssLt‖.‖Φ−nT0|F cuLnT0+t

‖.

By lemma 4.4.7 for n large enough we have that

‖ΦnT0|Φ−t(F ssLt )‖.‖Φ−nT0|ΦnT0
(Φ−t(F cuLt

))‖ ≤
1

2
.

Then we obtain that Φ−t(F
ss
Lt

)⊕Φ−t(F
cu
Lt

) is a dominated splitting for ΦT0 . This implies

that

F ss
L = Φ−t(F

ss
Lt) and F cu

L = Φ−t(F
cu
Lt ).

That tell us that F ss⊕F cu is an invariant splitting for Φt. Then by lemma 4.4.7, it is

a dominated splitting for Φt, and this concludes the proof of the lemma 4.4.8.

Since F ss is uniformly contracting we have that β∗(TM)|B(Λ) = F ss⊕F cu is a partially

hyperbolic splitting and by lemma 4.1.2 there exists two subbundles E and F such that

TΛM = E⊕F , which is dominated for Xt and E is uniformly contracting. Then we have

a partially hyperbolic splitting for the flow over Λ.
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4.5 The proof of lemma 4.4.2

In this section we prove the first mixed inequality that was so essential for the proof of

the theorem. The idea is to prove by contradiction. If there is no domination we obtain a

periodic orbit, using the Ergodic Closing Lemma 2.4.4, such that it has weak estimatives

on the domination, and with more work we obtain a contradiction, since any periodic

orbit in Λ should be uniformly hyperbolic.

The proof will be devided in three parts. First, we will obtain a good ergodic measure

and prove that this measure is not supported on singularities. Second, we will use the

Ergodic Closing Lemma to obtain a periodic point with bad domination. Third, we will

show some robustness in that lack of domination which will lead to a contradiction.

Step 1:

Since B(Λ) is compact it is enough to prove that there exists a constant T > 0 such

that for every L ∈ B(Λ) we have that

‖PT |Ns
L
‖.‖Φ−T |VΦT (L)

‖ < 1

Observe that ‖Φ−T |VΦT (L)
‖ = ‖ΦT |VL‖−1 since V is a 1-dimensional subbundle over

B(Λ). Then by taking the logarithm we obtain

log(‖PT |Ns
L
‖)− log(‖ΦT |VL‖) < 0.

Suppose by contradiction that this is not the case, then by a small adaptation of lemma

2.4.5 we have that there exist T1 > 0 and an ergodic ΦT1-invariant measure µ ∈ M(G1)

with supp(µ) ⊂ B(Λ) such that∫
G1

(log(‖PT1|Ns
L
‖)− log(‖ΦT1|VL‖))dµ(L) ≥ 0

We must prove that this ergodic measure is not supported in any direction of a

singularity. Suppose then that there exists a singularity σ ∈ Sing(X) ∩ Λ such that

µ(Bσ(Λ)) > 0 since this measure is ergodic and the set Bσ(Λ) is invariant then we would

have µ(Bσ(Λ)) = 1. We proved that for every L ∈ Bσ(Λ) we have that L ⊂ Ec
σ ⊕ Eu

σ ,
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we have also proved that in this scenario ‖Pt|Ns
L
‖ = ‖Φt|Essσ ‖. By the domination of the

splitting Ess
σ ⊕ Ecu

σ we have that∫
G1

(log(‖PT1|Ns
L
‖)−log(‖ΦT1|VL‖))dµ(L) =

∫
Bσ(Λ)

(log(‖PT1|Ns
L
‖)−log(‖ΦT1|VL‖))dµ(L) < 0,

which is a contradiction. Then we may assume that for every singularity σ ∈ Sing(X)∩

Λ, we have µ(Bσ) = 0.

Let µ̃ = β∗µ be the pushforward measure defined by µ̃(A) = µ(β−1(A)). Observe

that since µ is ΦT1-invariant and ergodic, it is immediate that µ̃ is XT1-invariant and

ergodic probability measure. Since supp(µ) ⊂ B(Λ) we also have that supp(µ̃) ⊂ Λ.

Then µ̃(Sing(X) ∩ Λ) = 0. With that we finish the first step of the proof.

Step 2:

We are going to make a few considerations to be able to use the Ergodic Closing

Lemma. By the last paragraph we have that supp(µ̃) ⊂ Λ − Sing(X). Observe that for

each x ∈ Λ−Sing(X) we have that there is only one direction in Bx(Λ) = β−1(x)∩B(Λ)

and this direction is 〈X(x)〉. Then we have that N |Bx(Λ) = (〈X(x)〉×N s
x)⊕(〈X(x)〉×Nu

x ),

thus we have that TxM = N s
x ⊕ Nu

x is the unique splitting of TxM related to N |Bx(Λ).

Using this fact and the fact that the metric defined on β∗(TM) is an isometry with TM

we obtain ∫
Λ−Sing(X)

(log(‖PT1|Ns
x
‖)− log(‖ΦT1|〈X(x)〉‖)dµ̃(x) ≥ 0,

Let Σ(X) be the set of strongly closable points of X, definition 2.4.3. By the Ergodic

Closing Lemma we have that∫
Λ∩Σ(X)

(log(‖PT1|Ns
x
‖)− log(‖ΦT1|〈X(x)〉‖)dµ̃(x) ≥ 0.

Using Birkhoff’s Ergodic Theorem we have that there exists a point z ∈ Λ ∩ Σ(X)

such that

lim
m→∞

1

mT1

m−1∑
j=0

(log ‖PT1|Ns
XjT1

(z)
‖)− log(‖ΦjT1|〈X(XjT1

(z))〉‖) ≥ 0 (4.5)

Recall that

‖ΦT1|〈X(z)〉‖ =
|X(XT1(z))|
|X(z)|

.
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Then

m−1∑
j=0

log(‖ΦjT1|〈X(XjT1
(z))〉‖ =

m−1∑
j=0

log(
|X(X(j+1)T1(z))|
|X(XjT1(z))|

) = log(|X(XmT1(z))| − log(|X(z)|).

Observe first that by condition (4.5), z cannot be a periodic point, since for a periodic

orbit the subbundle N s is uniformly contracted and the vector field direction is limited

by a constant, then the inequality would have to be negative.

Using the Ergodic Closing Lemma we obtain for every n ≥ 1 a vector field Xn such

that d1(X,Xn) ≤ 1/n and a point xn such that there exist τn > 0 with Xn,τn(xn) = xn

and τn being the period of xn and that for every t ∈ [0, τn]

d(Xt(z), Xn,t(xn)) ≤ 1/n.

With the remark made in the previous paragraph, since z is not a periodic point then we

would have τn → ∞. Now we finish this step proving some sort of continuity for those

periodic points in the following lemma

Lemma 4.5.1. For any ε > 0, there exists δ > 0 and a neighborhood U ′ of X, such that

for any x, y ∈M satisfying:

1. x ∈ Λ− Sing(X)

2. there exists Y ∈ U ′ such that y ∈ Per(Y ) and orbY (y) ⊂ U

3. d(x, y) < δ

then we have

| log ‖Pt|Ns
x
‖ − log ‖PY,t|Ns,Y

y
‖| < ε for any t ∈ [0, 2T1]

The interesting thing about this lemma is that we obtain some uniform continuity

even though the set Λ − Sing(X) is not compact. This would be possible since we have

uniform strength on the direction N s. Let us make it more precise now.

Proof. Suppose on the contrary, that there exists ε0 > 0 such that for any n > 0, there

exist tn ∈ [0, 2T1], Xn → X and two sequences {xn} and {yn} such that
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1. xn ∈ Λ− Sing(X)

2. yn ∈ Per(Xn) and orbXn(yn) ⊂ U

3. d(xn, yn) < 1/n

and

| log ‖Ptn|Ns
xn
‖ − log ‖PXn,tn|Ns,Yn

yn
‖| ≥ ε0 > 0,

since [0, 2T1] is compact by taking a subsequence, if necessary, we may suppose that

tn → t0, xn → x0 and this implies that yn → x0.

Suppose first that x0 /∈ Sing(X). In this case by taking the limit, since there is only

one direction on regular points in B(Λ) we have that

0 < ε0 ≤ | log ‖Pt0|Ns
x0
‖ − log ‖Pt0|Ns

x0
‖| = 0,

which is a contradiction.

On the other hand if x0 ∈ Sing(X), by taking a subsequence if necessary, we may

assume that 〈X(xn)〉 → L and 〈Xn(yn)〉 → L′, then by taking the limit we obtain

0 < ε0 ≤ | log ‖Pt0 |Ns
L
‖ − log ‖Pt0|Ns

L′
‖|,

but as we proved before, since L,L′ ⊂ Ecu
σ we have that ‖Pt0|Ns

L′
‖ = ‖Pt0|Ns

L
‖ =

‖DXt0|Essσ ‖, which is a contradiction too and this finishes the proof of the lemma.

Step 3:

Let us denote by η > 0 be the uniform constant given by theorem 4.1.3, take ε =

T1η/3 > 0, using this ε in the previous lemma we obtain n0 > 0, such that for any n ≥ n0,

t ∈ [0, 2T1] and t0 ∈ [0, τn] we have

| log ‖Pt|Ns
Xt0

(z)
‖ − log ‖PXn,t|Ns,Xn

Xn,t0
(xn)
‖| < ε = T1η/3. (4.6)

By the famous algorithm of Euclides we have that τn = mnT1 + sn with sn ∈ [0, T1) and

mn ∈ N. Define the partition

0 = t0 < t1 = T1 < · · · < tmn−1 = (mn − 1)T1 < tmn = τn.
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Applying theorem 4.1.3 we have

mn−2∑
j=0

log ‖PXn,T1 |Ns,Xn
Xn,jT1

(xn)
‖+ log ‖PXn,T1|Ns,Xn

Xn,(mn−1)T1+sn
(xn)
‖ ≤ −τnη (4.7)

Putting together 4.6 and 4.7 we obtain

mn−2∑
j=0

log ‖PXn,T1|Ns,Xn
Xn,jT1

(z)
‖+ log ‖PXn,T1 |Ns,Xn

Xn,(mn−1)T1+sn
(z)
‖ (4.8)

≤ mnT1η/3− τnη = −2mnT1η/3− snT1η ≤ −2mnT1η/3 (4.9)

Now we want to obtain a lower bound. For that let us take a small closed neighborhood

U(z) of X[−2T1,0](z), disjoint from the singularities, that is, U(z) ∩ Sing(X) = ∅. Let

K = sup
x∈U(z)

| log |X(x)||+ sup
x∈U(z),t∈[0,2T1]

| log ‖Pt|Ns
x
‖| < +∞

Let us make a few observations. First observe that by the way the points xn were

chosen we have d(z, xn) < 1/n and d(Xτn(z), Xn,τn(xn) = xn) < 1/n, with then have

d(Xτn(z), z) ≤ d(Xτn(z), xn) + d(z, xn) < 2/n.

By the continuity of the flow, there exists n1 > 0 large enough such that if n ≥ n1 and for

any t ∈ [0, 2T1], we have that Xτn−t(z) ∈ U(z). Observe that τn− (mn− 1)T1 = T1 + sn <

2T1 then we can get the following estimative

| log |X(X(mn−1)T1(z))||+ | log ‖PT1+sn|Ns
X(mn−1)T1

(z)
‖| ≤ K (4.10)

But remember that we chose the point z in such a way that 4.5 holds, since the limit

must go to something not negative, in particular there exists n2 > n1 such that if n ≥ n2

we have
mn−2∑
j=0

log ‖PT1|Ns
XjT1

(z)
‖+ log |X(z)| − log |X(X(mn−1)T1(z)| ≥ −(mn − 1)T1η/3.

Using inequalities 4.8 and 4.10 we obtain

−(mn − 1)T1η/3 ≤
mn−2∑
j=0

log ‖PT1 |Ns
XjT1

(z)
‖+ log |X(z)| − log |X(X(mn−1)T1(z))| =

=
mn−2∑
j=0

log ‖PT1|Ns
XjT1

(z)
‖+ log |X(z)| − log |X(X(mn−1)T1(z))| ± log ‖PT1+sn|Ns

X(mn−1)T1
(z)
‖

≤ −2mnT1η/3 +K + log |X(z)|
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Thus we get that

0 ≤ −(mn + 1)T1η/3 +K + log |(X(z)|,

but since mn → ∞ then the right side goes to −∞ as n → ∞, which is a contradiction

and with this we finish the proof.

4.6 Obtaining Sectional Hyperbolicity

We conclude this chapter by sketching the proof that the splitting obtained in theorem

4.0.1 is indeed sectional hyperbolic. We follow the proof given by Metzger-Morales (2008)

[43].

First let us define a generalization to higher dimension of a Lorenz-like singularity.

Remember that for dimension 3 a singularity σ is Lorenz like if all its eigenvalues are real

and satisfy λ2 < λ3 < 0 < −λ3 < λ1, where λi are the eigenvalues of σ.

Definition 4.6.1. A generalized Lorenz-like singulariry of a C1 vector field X is a singu-

larity σ with the following property. σ has a real negative eigenvalue λ0, at leat one other

eigenvalue different of λ0 with negative real part, at least one eigenvalue with positive

real part, such that if we define

1. λ−(σ) = max{Re(λ) : λ 6= λ0 is an eigenvalue with negative real part};

2. λ+(σ) = max{Re(λ) : λ is an eigenvalue with positive real part }.

then

λ−(σ) < λ0 < 0 < −λ0 < λ+(σ).

One can see a generalized Lorenz-like singularity as a singularity that satisfies the

Lorenz-like inequality for the three eigenvalues closest to 0.

The first step of the proof is to obtain that every singularity in Λ is a generalized

Lorenz-like singularity. To do that they must prove that the direction Ec
σ we obtained

has dimension 1.
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Theorem 4.6.2 (Metzger-Morales (2008) [43]). Every singularity in Λ is generalized

Lorenz-like.

In particular for generalized Lorenz-like singularities we have that λ0 + λ+(σ) > 0.

Then by Liouville’s theorem we have that for every two plane L contained in F cu
σ the

determinant of DXt restricted to L expands exponentially fast. In this part it is crucial

that Ec
σ has dimension 1, otherwise one could take a plane contained in eigenspace of λ0

obtaining then a contractiion.

Theorem 4.6.3 (Metzger-Morales (2008) [43]). Λ is a sectional-hyperbolic set.

This result was also proved by Gan-Wen-Zhu [30]. With this we finish this chapter.

Like we said in the previous chapter, several other great results followed this result. Most

of them makes use of some variation of the ELPF.
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Chapter 5

A few remarks on the Theory

“Mathematics is one of the surest ways for a man to feel the power of thought and

the magic of the spirit. Mathematics is one of the eternal truths and, as such,

raises the spirit to the same level on which we feel the presence of God.”

—Malba Tahan, The Man Who Counted

In this chapter we shall talk more about the difference between diffeomorphisms and

flows. As we saw in the previous chapters, the presence of singularities creates many

difficulties in the study of flows. One could think that the real difference between the

results for diffeomorphisms and flows is the presence of singularities. We will see here

that this is not the case. There is more than just the presence of singularities.

Let us start stating a result due to Abdenur-Bonatti-Crovisier (2006) [1]. Then we will

restate the result for nonsingular flows and how to adapt their proof for flows. The result

gives properties for the LPF. The same result is not true if we ask the same property

for the actual flow: in the second section we give an example. Then we will study the

relation between hyperbolic like properties for the LPF and for the actual flow. And we

finally end the chapter proposing a few questions in the direction of extending Abdenur-

Bonatti-Crovisier’s result for the actual flow.

In [1] Abdenur-Bonatti-Crovisier reformulated a question made by Bonatti-Diaz-Pujals

[17]. The question is: is it true that generic diffeomorphisms either admit some sort of

spectral decomposition or else it exhibits infinitely many sinks/sources? Answering this
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question they proved the following theorem:

Theorem 5.0.1 (Abdenur-Bonatti-Crovisier (2006) [1]). There exists a residual subset

R ⊂ Diff 1(M) such that if f ∈ R then one of the following properties hold:

1. we have that

Ω(f) = Λ1 ∪ · · · ∪ Λkf

where the sets Λi are pairwise disjoint compact f -invariant sets, each of which is

the union of chain-recurrence classes and admits some dominated splitting;

2. there are infinitely many sinks/sources of f .

We observe that the dominated splitting obtained in this theorem it is not necessar-

ily unique. In the next section we explain how to extend this result for the LPF of a

nonsingular flow.

5.1 The Theorem for Nonsingular Flows

Let us define the set X 1
NS(M) to be the set of C1 vector fields of M without singularities.

Observe that depending on the manifold M , this set may be empty, for example when M

is the two dimensional sphere. But let us suppose that we are working with a manifold

such that this set is not empty.

The set X 1
NS(M) is an open subset of X 1(M) with the C1-topology. Indeed, since M

is compact for each X ∈ X 1
NS(M) there exists α > 0 such that inf{‖X(x)‖ : x ∈M} ≥ α,

thus the set X 1
NS(M) is open.

In this section we want to describe how to adapt the proof of theorem 5.0.1 for non-

singular flows. The version for nonsingular flows is the following.

Theorem 5.1.1. There exists a residual subset R ⊂ X 1
NS(M) such that if X ∈ R then

1. either

Ω(X) = Λ1 ∪ · · · ∪ ΛkX
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where the sets Λi are pairwise disjoint compact Xt-invariant sets, each of which is

the union of chain-recurrence classes and admits some dominated splitting for the

LPF;

2. there are infinitely many sinks/sources of X.

In 2004 Bonatti-Crovisier [14] proved the C1-pseudo connecting lemma, where they

are able to make small perturbations and connect pseudo orbits. With this tool they are

able to prove that C1-generically we have that

Ω(X) = R(X).

They prove for diffeomorphisms, but as a folklore result, the same is true for flows.

Let us recall a few results from Conley’s theory for flows [2].

Definition 5.1.2. We say that a open set U is a filtrating neighbourhood of a compact

invariant set K if U = W ∩ V , where W and V are open neighbourhoods of K with

Xt(W ) ⊂ W and X−t(V ) ⊂ V for t > 0.

Lemma 5.1.3. Let C(x) be a chain-recurrence class of X. Then there are arbitrarily

small filtrating neighbourhoods of C(x).

Proof. We follow the proof found in [1]. Given ε > 0 and T > 0, let

Uε(x) = {y ∈M : there exists an (ε, T )-pseudo orbit connecting x to y.},

Vε(x) = {y ∈M : there exists an (ε, T )-pseudo orbit connecting y to x.}.

Define Cε(x) = Uε(x) ∩ Vε(x). Both Uε(x) and Vε(x) are open neighbourhoods of

C(x) thus Cε(x) is also open. From the definition of ε-pseudo orbit one may prove that

Xt(Uε(x)) ⊂ Uε(x), for t > 0. Thus Cε(x) is a filtrating neighbourhood. If one considers

C 1
n
(x) they are arbitrarily small open neighbourhoods.

Now we just state the main ingredients for the proof. The following two lemmas can

be found in [17] and [18] for diffeomorphism, but similar statements also hold for flows.
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Lemma 5.1.4. Let K be an Xt-invariant compact set, for X ∈ X 1
NS(M). Assume that

there is a sequence of compact Xt-invariant sets Kj ⊂ K such that:

1. Kj ⊂ Kj+1 for every j ∈ N;

2. for every j ∈ N, Kj admits a T -dominated splitting NKj = Ej ⊕ Fj for the LPF

with dim(Ej) = i;

3.
⋃
j∈N

Kj = K.

Then K admits a T -dominated splitting for the LPF, NK = E ⊕ F with dim(E) = i.

Lemma 5.1.5. Let X ∈ X 1
NS(M) and Λ be a compact Xt-invariant set with a T -dominated

splitting NΛ = E⊕F for the LPF. Then there is an open neighbourhood U of Λ such that

every Xt-invariant compact set K ⊂ U admits a T -dominated splitting NK = E ′ ⊕ F ′ for

the LPF with dim(E) = dim(E ′).

Crovisier in 2006 [24] has obtained the following generic result for diffeomorphisms:

Theorem 5.1.6 (Crovisier (Corollary 1) [24]). There is a C1-residual subset of diffeo-

morphism such that for any chain-recurrent class there exists a sequence of periodic orbits

that converge to this class in the Hausdorff topology.

The same result is true for flows. The last ingredient is:

Theorem 5.1.7 (Bonatti-Gourmelon-Vivier (Corollary 2.22) [20]). Let X ∈ X 1(M) and

let U be a η- neighbourhood of X in the C1-topology. Then for any ε > 0 there are two

integers T and n such that, for any Y ∈ U , for any periodic point x with period p(x) ≥ n:

1. either the LPF admits a T -dominated splitting along the periodic orbit of x;

2. or, for any neighbourhood U of the orbit of x, there exists an ε-C1-perturbation Z

of Y , coinciding with Y outside U and along the orbit x, and , the LPF Pp(x)(x) has

only real eigenvalues and with the same modulus. Furthermore this modulus can be

chosen different from 1, so that the orbit x is a source or a sink for Z.
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This theorem extends a remarkable result given by Bonatti-Diaz-Pujal [17], where they

prove that C1-robustly transitive diffeomorphisms admits a dominated splitting.

Now we follow the proof exactly how it is in [1]. First they prove that C1-generically

in X 1
NS(M) any chain-recurrent class either has a dominated splitting or is contained in

the Hausdorff limit of a sequence of periodic sinks/sources. This is Theorem 2.1 of [1].

The proof will go exactly as it is in there, but using Theorem 5.1.7, instead of the version

for diffeomorphism of this theorem that they use, for the diffeomorphism version see [20].

Then we take X as an element of the residual subset just obtained. Assume that X

only have a finite number of sinks/sources. Then for any x ∈ R(X) one would have that

C(x) has a dominated splitting for the LPF, by the previous paragraph. By lemma 5.1.3,

there are arbitrarily small filtrating neighbourhood, U of C(x). Since U is a filtraring

neighbourhood the intersection U ∩ R(X) is closed and contains all the chain recurrent

classes that it intersects.

By lemma 5.1.5 by taking U small enough we may guarantee the existence of a dom-

inated splitting for any invariant compact set inside of U . Now take a finite collection

U1, . . . , Un of such sets that coversR(X) (here we use thatR(X) is a compact set). Define

Λ1 = U1 ∩R(X), Λ2 = (U2 − U1) ∩R(X), . . . ,Λi =

(
Ui − (

i−1⋃
j=1

Uj)

)
∩R(X).

By construction, the sets Λi are pairwise disjoint and, since each set Ui ∩ R(X) is

compact and contains all the chain-recurrent classes that it intersects, then the sets Λi

are compacts. Since in each of these neighbourhoods there is a dominated splitting, then

the Λi also have a dominated splitting.

Thus we obtain that generically, for nonsingular flows, either there are infinitely many

sinks/sources or there is a dominated splitting for the LPF.

5.2 Counter-examples

In this section we will give an example of a nonsingular flow with domination for the LPF

but for which there is no dominated splitting for the flow. In particular, this will give a
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concrete example that, even in the nonsingular case, there is a great difference between

diffeomorphisms and flows, since this dominated splitting for the LPF will not pass to the

actual flow.

In 2000, Bonatti-Viana [21] gave an example of a class of robustly transitive diffeo-

morphism with a dominated splitting which not have any partially hyperbolic splitting.

Let us describe briefly how to construct this class of diffeomorphism. For more details we

refer the reader to [21].

Let T4 be the 4-torus and let f0 ∈ Diff 1(M) be a linear Anosov diffeomorphism,

i.e, a diffeomorphism on T4 induced by a linear map A ∈ SL(4,Z) in R4, such that

every eigenvalue does not intersect S1 ⊂ C. We also ask that the eigenvalues of A are

all different from each other, real and positive with two contracting eigenvalues and two

expanding eigenvalues. Then TT4 = Ess ⊕ Es ⊕ Eu ⊕ Euu where all the subbundles are

one dimensional. After replacing f by some iterate of it, one may suppose that there are

two fixed points p and q.

Let us do a derived from an Anosov type of example, that is, through an isotopy we

will change this diffeomorphism. We will describe such deformation. Fix two small balls

Bp and Bq, centered in p and q respectively. The deformation will be done in two steps

for each point. Let us describe this for the point p and in a similar way can be done for q.

First take the point p and in the direction Es
p make a Hopf bifurcation supported in

the ball Bp, obtaining a diffeomorphism f1, such that there are three fixed points p1, p2

and p3 inside the ball B1 with ind(p1) = ind(p3) = 2 and ind(p2) = 1, and we call the

“new” unstable direction of p2 by Eũ
p2

(see the picture below).

The second step is to take the point p3 and, through an isotopy, obtain a diffeomor-

phism f that has a complex eigenvalue mixing the directions Ess
p3

and Es
p3

(see picture

below).

With the same bifurcation process for q, but doing the first bifurcation in the direction

Eu
q , obtaining three fixed points q1, q2 and q3, with ind(q1) = ind(q3) = 2 and ind(q2) = 3,

and we call the “new” stable direction of q2 by E s̃
q2

. Then creating a complex eigenvalue

mixing the directions Eu
q3

and Euu
q3

, we obtain a diffeomorphism, which we will denote by
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Figure 5.1: Step 1

f , that has a dominated splitting

TM = Ecs ⊕ Ecu.

This is the finest decomposition for this dominated splitting, i.e, the subbundles Ecs and

Ecu cannot be decomposed into smaller subbundles with dominated splitting. In [21] it

is shown that this example is robustly transitive.

Consider now M = T4 × [0, 1]/ ∼ be the suspension manifold, with respect to f ,

introduced in chapter 2 and let π : T4 × [0, 1] → M be the projection. Let Xt be the

suspension flow of f on M . We may also endow M with the metric that comes from the

product metric in T4 × [0, 1].

Let Σ = π(T4×{0}), which is diffeomorphic to T4×{0}. This is a normal transversal

section of the flow, that is, every orbit cuts through Σ and with the metric we are using on

M we have that Σ is indeed orthogonal to the vector field. Also observe that X1(Σ) = Σ

with the property that

π−1|T4×{0} ◦X1|Σ = (f × Id)|π|−1

T4×{0}
(Σ),

in other words, X1 induces the diffeomorphism f on T4.

Observe also that N =
⋃
t∈[0,1]

DXt(TΣ) is the normal bundle where the LPF is defined.
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Figure 5.2: Step 2

But we have that TΣ = dπ(T4 × {0}) = dπ((Ecs ⊕ Ecu) × {0}). By abuse of notation

denote by Ecs = dπ((Ecs ⊕ {0})× {0}) and Ecu = dπ(({0} ⊕ Ecu)× {0}).

Let N i =
⋃
t∈[0,1]

DXt(E
i) be the subbundle generated by Ei, for i = cs, cu. Observe

that N = N cs ⊕N cu. Furthermore, since X1 induces f on T4 we have that this splitting

is dominated for the LPF.

We claim that this dominated splitting does not pass to a dominated splitting for

the actual flow. Indeed, since the directions N cs and N cu are invariant for the actual

flow, if there was a dominated splitting it would have to be either N cs ⊕ (〈X〉 ⊕N cu) or

(N cs ⊕ 〈X〉)⊕N cu. Suppose that N cs ⊕ (〈X〉 ⊕N cu) is a dominated splitting.

We have by construction that π(p2, 0) ∈ Σ is a periodic point for X with period 1, also

observe that ‖DXn|dπ(Eũp2 )‖ = ‖Dfn|Eũp2‖ which is uniformly expanding by some constant

λ̃ > 1. On the other hand by the domination inequality we should have

(λ̃)n = ‖Dfn|Eũp2‖ ≤ Ce−λn.‖DXn|〈X(p2)〉‖ = Ce−λn,

since the vector field is unitary. But the left side goes to infinity, while the right side

goes to zero, a contradiction. A similar contradiction is obtained if we take the splitting

(N cs ⊕ 〈X〉)⊕N cu, but using the point q2 instead of q1. Thus we have proved that there
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cannot be a dominated splitting for the flow.

It is also possible to prove that this flow is robustly transitive. Here we just give an

idea of how to do it. First prove that Σ is a global transversal section for all the vector

fields C1-close to X.

Let Y be C1-close to X and let τ : Σ→ R+ to be the return time to the section Σ, that

is τ(x) = inf{t > 0 : Yt(x) ∈ Σ}. It is possible to prove that τ is differentiable. Define

the transformation Yτ : Σ → Σ such that Yτ (x) = Yτ(x)(x). It is possible to prove that

this transformation induces a diffeomorphism fY : T4 → T4 that is C1-close to f . Since

f is robustly transitive we have that fY is transitive and, since Σ is a global transversal

section, that implies that Y is also transitive.

Once we obtain that X is robustly transitive, we have that in a neighbourhood of X

there are no sinks/sources. Just as we saw that X has a dominated splitting for the LPF,

is far from sinks/sources, but does not have a dominated splitting for the actual flow.

This would give a counter-example for theorem 5.1.1 if we stated in item 1 domination

for the flow instead of domination for the LPF.

This shows that there are more problems than just the singularities, when one tries

to extend results from diffeomorphisms to flows. In the next section we will make a few

remarks and propose a few questions in this direction.

5.3 Dominated Splitting for Nonsingular Flows

In the last section we saw that even for nonsingular flows there may happen that a

dominated splitting for the LPF does not pass to a dominated splitting for the actual

flow. In 2004, Salgado studied the relation between decompositions for the LPF and the

actual flow [65].

Theorem 5.3.1. Let X ∈ X 1(M) and Λ ⊂ M − Sing(X) be a compact and invariant

set for X. Then a splitting TΛM = E ⊕ F is dominated for the flow if, and only if, the

splitting is partially hyperbolic.
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Proof. Of course if the splitting TΛM = E⊕F is partially hyperbolic then it is dominated.

Suppose now that the splitting is dominated. Suppose also that 〈X〉 ⊂ F . Then since Λ

is compact and the flow is nonsingular there are two constants 0 < A < B such that for

every x ∈ Λ we have

A ≤ ‖X(x)‖ ≤ B.

Then by the domination inequality, and since the vector field is contained in F , we have

that there are constants C ≥ 1 and λ > 0 such that

‖DXt|Ex‖.‖DX−t|〈X(Xt(x))〉‖ ≤ Ce−λt.

Using the estimate on the vector fields direction we have that

‖DXt|Ex‖ ≤
C

A
e−λt.

In particular the direction E contracts uniformly. Then the splitting is partially hyper-

bolic. If 〈X〉 ⊂ E the argument is the same but you obtain that F is uniformly expanding.

This theorem says that every dominated splitting on a nonsingular set is, in fact,

partially hyperbolic, in particular the LPF also has a partially hyperbolic splitting. Thus

we have the following theorem.

Theorem 5.3.2. Let X ∈ X 1(M) and Λ ⊂ M − Sing(X) be a compact and invariant

set for X. Then Λ has a partially hyperbolic splitting for the flow if, and only if, it has a

partially hyperbolic splitting for the LPF.

Before proving this theorem we remark that essentially the proof of this theorem can

be found in [65]. Here we give a different proof using the techniques obtained in this work.

Proof. Of course if there is a partially hyperbolic splitting for the flow, the projection on

the normal bundle, gives a partially hyperbolic splitting for the LPF.

Suppose now that there is a partially hyperbolic splitting N = N s ⊕Nu for the LPF.

Suppose, for example, that N s is uniformly contracted. Since the flow is nonsingular, it is
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immediate that 〈X〉 dominates N s, which for the singular case was given by lemma 4.4.2

and that was the main ingredient in the proof of theorem 4.0.1.

Now define F cu = 〈X〉 ⊕Nu and repeat the proof of lemma 4.4.3 to obtain that this

subbundle dominates in a mixed way the subbundle N s. In the notation of the previous

chapter we have that (N s, Pt) ≺ (F cu, DXt).

Once we obtain this mixed domination, we can use the graph transform argument,

given by lemma 4.4.5, to obtain a subbundle Es that is invariant under the action of

DXt. Then by a similar calculation as the ones made in lemma 4.4.8, we prove that Es

is uniformly contracting. Observe that now this is easier since the set Λ is nonsingular.

Thus, we obtain

TΛM = Es ⊕ F cu,

which is a partially hyperbolic splitting.

We see that there is some stronger rigidity for flows, since domination for nonsingu-

lar sets is equivalent to partial hyperbolicity. Also for nonsingular sets there is a more

complete characterization between properties for the LPF and properties for the actual

flow.

5.4 Few remarks and some questions

We now state a few theoretical questions. First, as we mentioned in chapter 3, Christian

Bonatti announced in a joint work with Adriana da Luz an example in dimension 5 of a

Star flow with a robust chain recurrent class that is not sectional hyperbolic. So what is

the right type of “hyperbolicity” for Star Flows?

In dimension 4 it is possible to prove for generic Star flows that the singularities of

different indexes are in different chain recurrent sets. Note that the example constructed

in section 5.2 is also in dimension 5. Such example coming from a suspension process

cannot be obtained in dimension 4, since in [28] Diaz-Pujals-Ures proved that robustly

transitive sets in dimension 3 are partially hyperbolic, thus the suspension would also be
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partially hyperbolic.

Question 1: Is it possible to prove a similar generic dichotomy as in theorem 5.1.1

for flows in dimension 4, but with domination for the actual flow instead of domination

for the LPF?

One idea would be to try to adapt the techniques in [28] for flows, trying to substitute

the hypothesis of robustly transitiveness by “far from infinitely many sinks/sources”.

Question 2: Are the counter-examples for theorem 5.1.1 in dimension higher than

5, but with domination for the actual flow instead of domination for the LPF, always

suspension flows?

That would be an interesting classification for nonsingular flows: either they would

have infinitely many sinks/sources, or have domination for the flow, or be a suspension

flow. We do not know of any nonsingular counter example for that in dimension higher

than 5 that is not a suspension.

There is a lot to be done in the theory of flows. As we said in the previous chapters, it

is not clear yet what is the real difference between diffeomorphism and flows. It seems to

be much more than just the presence of singularities. The nature of the dynamics itself

is different, once we have the presence of the vector field’s direction in the tangent space.

There is a “whole world” to be explored.
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cional de Matemática Pura e Aplicada (IMPA), Rio de Janeiro, 2011. x+172 pp.

ISBN: 978-85-244-0320-0

[11] Arroyo, A and Rodriguez Hertz, F. Homoclinic bifurcations and uniform hyperbol-

icity for threedimensional flows, Ann. Inst. H. Poincaré-Anal. NonLinéaire, 20(2003),
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