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The Variatonal Principle: There is an alternate characterization of Gibbs measures for mixing subshifts
of finite type: the Gibbs measure µϕ maximizes the free energy of the potential ϕ among all shift-invariant
probability measures. To formalize this, we need a few definitions.

Let X be a compact metric space, equipped with its Borel σ-algebra. Let T : X → X be a continuous map.
Denote by M1 (X) the space of Borel probability measures on X, endowed with the weak*-topology. We let
M1
T (X) be the set of T -invariant Borel probability measures on X. M1 (X) and M1

T (X) are each convex
sets which are compact in the weak* topology.

We claim that M1
T (X) 6= ∅, i.e., there is always a T -invariant probability measure on X. This follows

immediately from the fact that the induced map µ → T∗µ on M1(X) is continuous in the weak* topology
(since T is continuous) and thus has a fixed point in M1 (X) by the Schauder-Tychonoff theorem. This can
also be shown directly by taking the Dirac measure δx concentrated at the point x ∈ X and then averaging
this with respect to iterates of T .

Exercise: Show that the ergodic measures are the extreme points of M1
T (X) .

A few notes on this exercise: If M1
T (X) contains exactly one measure, we say that T is uniquely ergodic. This

single invariant measure for T must be ergodic. The standard example of a uniquely ergodic transformation
is an irrational rotation of the circle, for which Lebesgue measure is the unique invariant measure.

The exercise can be used to show that T always has an ergodic invariant probability measure. One appeals
to the Krein-Milman theorem to say that every point of M1

T (X) is a convex combination (in an appropriate
sense) of extreme points of this set; in particular the set has extreme points, which correspond to ergodic
T -invariant measures.

We would like to define a free energy A(ϕ, µ) for ϕ ∈ C(X) and µ ∈M1
T (X). In the case of a mixing subshift

of finite type, this should have the property that

sup
µ∈Mσ(Σ+

A

A(ϕ, µ) = A(ϕ, µϕ)

Thus the free energy should be maximized at the Gibbs state for the shift. The quantity A(ϕ, µϕ) is called
the pressure; it was denoted by a P in the previous lecture. We will define

A(ϕ, µ) = hµ(σ) +

∫
ϕdµ

where hµ(σ) is the measure-theoretic entropy of the shift σ, defined below.

Measure-Theoretic Entropy: For µ ∈M1
T (X) , we want to define a quantity that measures the informa-

tion generated by T with respect to µ. We begin by fixing a measure µ and taking Π to be a finite measurable

partition of X. This means that Π = {B1, . . . , Bk}, where µ(Bi∩Bj) = 0 for i 6= j and µ
(
X\
⋃k
j=1Bj

)
= 0.

So, up to µ-null sets, Π is a partition of X into disjoint sets.

1



We define the (static) entropy of Π with respect to T and µ to be

Hµ (Π) :=
∑
B∈

∏−µ (B) logµ (B) .

this measures the expected information obtained from knowing which element of Π you belong to. It’s an
easy exercise to check that the right side is maximized exactly when all of the measures of elements of Π
are equal, in which case one learns the most information on average, since a priori you have no way of
distinguishing the sets.

We now introduce dynamics. Let Π be a finite partition (the adjective ”measurable” will be implicit from
now on) and define

Πm :=
{
Y0 ∩ T−1Y1 ∩ ... ∩ T−m+1Y−m+1 : Yi ∈ Π

}
For example, if Π is the partition of Σ+

A into 0−cylinder sets, then Πm is the partition of Σ+
A into m-cylinder

sets.Finally, we define

Hµ (T,Π) := lim sup
m→∞

1

m
logH (Πm) ,

and
hµ (T ) := sup

Π
Hµ (T,Π)

Remark: The lim sup in the definition of Hµ (T,Π) can be replaced by a limit,

Hµ (T,Π) := lim
m→∞

1

m
logH (Πm) = inf

m≥1

1

m
logH (Πm) .

The reason is that the sequence bm := logH (Πm) is subadditive:

bm+n ≤ bm + bn,

for every m,n ≥ 0. Basic Lemma: If {bm} is a subadditive sequence,

lim
m→∞

bm
m

= inf
m≥1

bm
m
.

The quantity hµ (T ) is called the entropy of µ with respect to T (or the entropy of T with respect to µ,
depending on whether we want to emphasize the measure or the transformation). The definition of hµ(T )
makes it appear very difficult to compute. However, in practice there is a much easier way to calculate the
entropy by using the Kolmogorov-Sinai theorem.

We say that Π is a generating partition if the collection
⋃∞
m=1 Πm generates the Borel σ-algebra of X. The

Kolmogorov-Sinai theorem states that if Π is a T−generating partition then

hµ (T ) = Hµ (T,Π) .

Remark: The above formulation of the Kolmogorov-Sinai theorem really only applies to noninvertible
measure-preserving transformations T because if

⋃∞
m=1 Πm generates the Borel σ-algebra of X and T is

invertible, then hµ(T ) = 0. One can repair the theorem in this situation by letting m range over all integers,
not just positive ones.

A relevant example is the following: Let Σ+
A be a mixing subshift of finite type and consider the partition

Π = {C[0; i], i ∈ [1, n]}, where n is the number of letters in the alphabet of the shift. This is a generating
partition with respect to the shift σ. For example, if we consider the Bernoulli shift with probability measure
ν = (p1, . . . , pn)N, then

hν(σ) = −
n∑
i=1

pi log pi
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and if we consider a Markov measure µ corresponding to a stochastic matrix P and probability vector p,

hµ(σ) = −
∑

1≤i,j≤n

piPij logPij

The following is called the Shannon-McMillan-Breiman theorem: Let µ ∈M1
T (X) and let Π be a generating

partition, For x ∈ X, let

hµ (T,Π, x) := − lim sup
m→∞

1

m
logµ (Πm (x))

where Πm(x) denotes the partition element of Πm containing x. Then

hµ (T ) =

∫
hµ (T,Π, x) dµ (x)

The function hµ (T,Π, x) is T -invariant, hence is equal to hµ(T ) µ-a.e. if T is ergodic.

For µϕ a Gibbs measure, the Shannon-Mcmillan-Brieman theorem translates into

hµϕ(σ) = lim sup
m→∞

1

m
logµϕ (Cm (ω)) = P − 1

m

∫
ϕmdµ = P −

∫
ϕdµ

by a calculation done at the end of the previous lecture.

We recall the definition of the pressure of ϕ ∈ C
(
Σ+
A

)
. The m−partition function is given by

Zm (ϕ) := log

(∑
Cm

e‖ϕm|Cm‖

)

where the sum is taken over all m-cylinder sets Cm(ω). The sequence bm := logZm (ϕ) is subadditive, and
it thus makes sense to define the pressure of ϕ to be

P (ϕ) := lim
m→∞

1

m
logZm (ϕ)

This is the free energy per unit site associated to ϕ. We define the free energy of T with respect to µ to be

A(ϕ, µ) = hµ(σ) +

∫
ϕdµ

as before.

Theorem (Variational Principle): Let Σ+
A be a mixing subshift of finite type and ϕ : Σ+

A → R a Holder
continuous function. Then for every µ ∈M1

σ(Σ+
A),

hµ(σ) +

∫
ϕdµ ≤ P (ϕ)

with equality if and only if µ is the Gibbs state µϕ associated to ϕ.

An important example application of this theorem is given by taking ϕ ≡ 0, in which case the theorem shows
that the Gibbs state µ0 is the unique invariant probability measure of maximal entropy for the shift.

For the proof of the theorem, we use Jensen’s inequality, which we apply to the concave function x→ log x.
Define

gm =

(∑
Cm

µ(Cm)−11Cm

)
eϕm
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the sum being taken over all m-cylinder sets as usual. Here 1Cm denotes the indicator function of the set
Cm. We compute that ∫

log(gm)dµ =

∫
log

(∑
Cm

µ(Cm)−11Cm

)
dµ+

∫
ϕmdµ

= −
∑
Cm

µ(Cm) logµ(Cm) +m

∫
ϕdµ

On the other hand,

log

(∫
gmdµ

)
= log

(∫ (∑
Cm

µ(Cm)−11Cm

)
eϕmdµ

)

≤ log

(∫ ∑
Cm

µ(Cm)−11Cme
‖ϕm|Cm‖dµ

)

= log

(∑
Cm

e‖ϕm|Cm‖

)
= log(Zm(ϕ))

where from the second to the third line we used the fact that the integrand is constant on m-cylinder sets
Cm. Jensen’s inequality states that ∫

log(gm)dµ ≤ log

(∫
gmdµ

)
so applying this, and dividing through by m, we get

1

m
Hµ(Πm) +

∫
ϕdµ ≤ 1

m
log(Zm(ϕ))

where Π is the partition into 0-cylinder sets. But Π is generating, which implies that 1
mHµ(Πm) = hµ(σ) for

all m, by the Kolmogorov-Sinai theorem applied to σm (noting here that hµ(σm) = mhµ(σ). Hence letting
m→∞ in the above inequality, we get

hµ(σ) +

∫
ϕdµ ≤ P (ϕ)

as desired. The equality case will be handled later.
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