CONVOLUTION ALGEBRAS AND APPLICATIONS TO REPRESENTATION THEORY

DANIELE ROSSO
DISCUSSED WITH VICTOR GINZBURG

1. INTRODUCTION

This exposition is mainly based on [CG] and [Gi]; we use general results about convolution algebras on
Borel-Moore homology and other related constructions to study the representations of U(sl,) and other
interesting objects like the group algebra of a Weyl group and affine Hecke algebras.

2. CONVOLUTION IN BOREL-MOORE HOMOLOGY

We start by briefly giving two equivalent definitions of Borel-Moore homology (details can be found in
[BM], [Br]); all the spaces that we are going to deal with will be complex algebraic varieties and we are always
going to consider all homology and cohomology to be taken with complex coefficients.

Definition 2.1. (1) Let X = XU{oc} be the one-point compactification of X. Define HEM (X) = H, (X, 00)
where H, is the ordinary relative homology for the pair (X ,00).

(2)Poincaré duality: if M is smooth, dimg M = m, let X C M be closed with a closed neighborhood
U C M, such that X is a proper deformation retract of U. Then there is a canonical isomorphism HPM (X) ~
H™ (M, M\ X).

From now on we will denote HEZM just by H,.
Properties.
Proper Pushforward. If f: X — Y is proper, then we have the direct image map
fe: Ho(X) — H.(Y).
Restriction. If U C X is open, then there is a natural restriction morphism H,(X) — H,(U).

Fundamental Class. If X is smooth (not necessarily compact), dimg X = m, then there is a well-defined
fundamental class, [X] € Hy,(X). If X is irreducible but not smooth, the restriction to the Zariski open dense
subset of regular points is an isomorphism. H,,(X) = H,,(X"®9) so we can define [X] to be the preimage
of [X79]. If X is any variety with irreducible components X1, Xs,..., X, then we set [X] = Y .[X;] a
non-homogenous class.

Proposition 2.2. Let X be a complex variety of complex dimension n and let Xq,...,X,, be the n-
dimensional irreducible components of X. Then the classes [X1],...,[Xm] form a basis for the vector space
Hiop(X) = Hop(X).

Intersection Pairing. Let M be smooth, dimgr M = m and let Z, Z C M, closed with the same condition as
in definition 2.1 (4). Then we have the cup product on relative cohomology:
U: H™ (M, M\ Z) x H" (M, M\ Z) — H*™ 7 "=/(M,(M \ Z)U (M \ Z))
which by Poincaré duality becomes the intersection product
(1) N:Hi(Z)x Hi(Z) — Hiyj_m(Z N Z).
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2.1. Convolution. Let M, My, M3 be smooth complex varieties and let Z15 C My X Ms, Zag C My X Mgy
be closed subsets. Define the set-theoretic composition

Zh9 0 Za3 := {(m1,m3) € My x M3| 3Imsy € My such that (my,ma) € Z12 and (me, ms3) € Zas}.
Let p;; : My x My x Mg — M; x M; be the projection and let us assume from now on that
(2) P13 o (Z12) N pag (Zaz) — My x Mz is proper.
Remark that Z15 0 Zo3 equals the image of the map in (2), so in particular it is a closed subset of M; x Ms.
Definition 2.3. Let d = dimg My, we define a convolution in Borel-Moore homology in this way

(3) Hi(Z12) x Hj(Z23) — Hiyj—a(Z12 0 Za3)

(€12, c23) = c12 * €23 1= (P13)+((c12 B [M3]) N ([M7] X c23))

where ¢12 W [Ms], [M;] X co3 are given by the Kiinneth formula and N is the intersection defined in (1).

Associativity of Convolution. If we are given a fourth smooth variety My and a closed subset Z34 C M3 x My
we have

(4) (C12 * Ca3) * 34 = C12 * (Cag * C34)

where ¢;; € H.(Z;j).

Let us now give a result that allows us to perform computations of convolution. Retaining the previous
notations, assume that Zi5 and Zs3 are smooth and let Z13 = Z150 Zs3. Also let pr;; ¢ T*(M;y x My x M3z) —
T*(M; x Mj;) the map induced on cotangent bundles by p;;. We relate the convolution product of Z;; to the
convolution of the conormal bundles X;; := 17 (M; x Mj).

Theorem 2.4. Suppose that the intersection of pis (Z12) and p2_31(223) is transverse and that the map p13 in
(2) is a smooth locally trivial oriented fibration with smooth base Z13 and smooth and compact fiber F. Then

(i) We have a set-theoretic equality X12 0 Xo3 = X13;
(ii) pryz: prig (X12) Nprog (Xaz) — Xi3 is a smooth locally trivial oriented fibration with fiber F;
(iil) In H.(X13) we have the equation [X12] % [Xas] = x(F)[X13] where x(F') is the Euler characteristic.

2.2. Convolution in Equivariant K-theory. Given a complex linear algebraic group G and an algebraic
G-variety X, we can consider the abelian category Cth(X ) of G-equivariant coherent sheaves on X. We
let KS(X) be the Grothendieck group of Coh®(X), which has a natural R(G)-module structure, where
R(G) = K%(pt) is the representation ring of G. Remember that there are proper direct image morphisms
and restriction morphisms for equivariant K-theory, as in Borel-Moore homology. Now, in the convolution
setup, let M7, My, M3 be smooth G varieties. We have the induced G-action on the cartesian product that
makes the projections G-equivariant. So, if Z15 C M; x My and Zy3 C My x M3 are G-stable closed
subvarieties and py3 is proper, we have a convolution map

(5) K% (Z19) x K9 (Zy3) — K (Z19 0 Z33)

[Fra] # [Fas) i= (p1s)s (PalFra] & pisy|Fs))

L
where ® is defined by taking finite locally free G-equivariant resolutions on the ambient smooth space
M1 X M2 X Mg.
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2.3. The Convolution Algebra. Let M be a smooth complex variety, let N be a (possibly singular)
variety and let p : M — N be a proper map. In the convolution setup, put M7 = My = M3 = M and
Z = Z19 = Zs3 = M x n M. Explicitly we have

Z ={(m1,m2) € M x M|pu(m1) = p(msz)}.
Clearly Z o Z = Z, therefore we have the convolution maps as in (3) and (5)
H.(Z)x H.(Z) — H.(Z) and K¢(Z) x K¢(Z) — K¢(Z).
From (4) we get immediately

Corollary 2.5. H,.(Z) has a natural structure of an associative algebra with unit and K% (Z) has a natural
structure of an associative R(G)-algebra with unit. The unit is given respectively by the fundamental class of
Ma C Z and by the stucture sheaf of Ma .

Now choose # € N, set M, = p~'(x). Apply the convolution construction to My = My = M, M3 a point,
Z =Z1o=M xny M and Zy3 = M, C M x pt. Then Z o M,, = M,,.

Corollary 2.6. H,.(M,) has a natural structure of a left H,(Z)-module under the convolution map.

The Dimension Property. In the convolution setup, let My, Ms, M3 be smooth with dimg M; = m; and let
p="dme g = Mmedms apd p = "M then it is obvious from (3) that convolution induces a map

(6) Hy,(Z12) x Hy(Z23) — Hy(Z12 0 Za3).

3. CONSTRUCTIBLE COMPLEXES, PERVERSE SHEAVES AND THE DECOMPOSITION THEOREM

Let X be a complex algebraic variety and let Sh(X) be the abelian category of sheaves of C-vector spaces
over X. We consider the bounded derived category D?(Sh(X)), where we can represent objects by bounded
complexes of sheaves. A sheaf F on X is said to be constructible if there is a finite algebraic stratification
X = U,X,, such that for all «, each stratum X, is a locally closed smooth connected algebraic subvariety
of X and the restriction of F to X, is a local system (a locally constant sheaf of finite dimensional vector
spaces). An object A € DY(Sh(X)) is a constructible compler if all the cohomology sheaves H'(A) are
constructible. Let D’(X) be the full subcategory of D®(Sh(X)) formed by constructible complexes.

Yoneda Product. Let X be a variety, Ay, Ay, A3 € D®(X). For any p,q € Z the composition of morphisms
gives a bilinear product

HOHIDb(X)(Al, Ag[p]) X HOI’HDb(X)(AQ[p], Ag[p + q]) — Home(X) (Al, Ag[p + q])
Using that Hompy(xy(Az[p], As[p + q]) = Hompex)(A2, A3[q]) = Ext‘ll)b(x)(Ag,Ag), we can rewrite the
composition above as a bilinear product on Ext groups called the Yoneda product

(7) EtiDb(X) (Al, AQ) ® EthDb(X) (AQ, Ag) — EtiDt((]X) (Al, Ag)

Perverse Sheaves. We will just give some terminology in order to state the Decomposition Theorem; for a
detailed treatment of perverse sheaves see [BBD).

Objects in D®(X) that satisfy a certain condition are called perverse sheaves, for example, for X a smooth
variety with irreducible components X;, the complex Cx on X, defined by the equality

CX X; = (CXi [dim(c Xl]

is called the constant perverse sheaf on X.
Another very important example are intersection cohomology complexes IC(Y, L) (or sometimes just 1C)
which are defined uniquely by Y C X a smooth locally closed subvariety and a local system £ on Y.

Theorem 3.1. [BBD]|(i) The full subcategory of D®(X) whose objects are perverse sheaves on X is an abelian
category which we will denote by Perv(X). (ii) The simple objects of Perv(X) are the intersection complexes
IC(Y, L) as L runs through the irreducible local systems on various smooth locally closed subvarieties Y C X.
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Corollary 3.2. There are no negative degree Ext-groups between perverse sheaves, in particular
Ext}x)(ICy, ICy) =0 for all k < 0,
Also, if @, are irreducible local systems, we have
Exti xy (ICs, ICy) = Hom pu(x)(IC,, ICy) = Hompery(x)(ICy, ICy) = C - 8, 4.

Recall that a morphism p: M — N is called projective if it can be factored as a composition of a closed
embedding M < P" x N and the projection P x N — N. Any proper algebraic map between quasi-projective
varieties is known to be projective.

Theorem 3.3 (Decomposition Theorem). [BBD] Let pn : M — N a projective morphism and X C M a
smooth locally closed subvariety. Then we have a finite direct sum decomposition in D®(N)

pIC(X,Cx) = @ Ly (i) @ IC(Y, X)),
(1,Y,x)

where Y are locally closed subvarieties of N, x is an irreducible local system on'Y, i € Z and Ly, (i) are
some finite dimensional vector spaces.

Remark 3.4. Now suppose that, in the setting of the theorem, M is smooth and N = UN, an algebraic
stratification such that, for every a, u : u='(N,) — N, is a locally trivial topological fibration (such a
stratification always exists). Applying the Decomposition Theorem to p.Cps we see that all complexes on
the RHS have locally constant cohomology sheaves along each stratum N, thus the decomposition becomes

(8) pCas = b Ly (k) ® IC,[k],
k€Z,p=(NaXa)

where IC, = IC(Nq, Xa)-

4. SHEAF-THEORETIC ANALYSIS OF THE CONVOLUTION ALGEBRA AND SEMI-SMALL MAPS

In this section, we see how we can use the Decomposition Theorem to get information about the convolution
algebra. Let us consider the setting of the convolution algebra, M is a smooth variety, IV is any variety and
w: M — N is proper map, then we have Z = M Xy M.

Proposition 4.1. There exists a (not necessarily grading preserving) algebra isomorphism
9) He(Z) ~ EXtZ)b(N) (1+Ca s psCr ),
where the product on the RHS is the Yoneda product as in (7).

Now suppose that the conditions in Remark 3.4 are satisfied, then we can apply (8) to (9) to get
Ho(Z)~ @ BExthun(uCor,psCor)
kEZ

P Home(Ly (i), Ly(h)) @ Extipil () (IC,, ICy)
4,J,kE€EL,p,0p

now let Ly, := @®,czL, (i) and use Corollary 3.2 to simplify the terms to get

Hu(Z) ~ @D (Home(Ly, Ly) ® Homps(ny (10, 1C4)) €D (Hom(ng, Ly) ® Exthy, iy (IC,, ch,))
©,9 k>0,0,7

- <@EndC(L¢)> @ | @ Hom(L,, Ly)® Exthy n,(IC,, ICy)
%}

k>0,0,9
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The first sum in this expression is a semisimple subalgebra, while the second sum is concentrated in degrees
k > 0, hence is a nilpotent ideal Ho(Z)y C Ho(Z). Now consider

Hy(Z) - Ho(Z)/Hu(Z) ~ @ End(L,) — Ly;

this tells us that He(Z)4 is the radical of He(Z) and we have that for every ¢ the projection map on the
y-summand gives us an irreducible representation of He(Z) and every simple H,(Z)-module is of this form.
This gives us the following result.

Theorem 4.2. The non-zero members of the collection {L,} arising from (8) form a complete set of iso-
morphism classes of simple He(Z)-modules.

4.1. Semi-small Maps. As before, we have M smooth variety, N a variety pu: M — N a proper (hence
projective) map. Let Mi,..., M, be the connected components of M and let N = U,N, be an algebraic
stratification. Given x € N, let M, = u~!(z).

The following notion is introduced in [GM].

Definition 4.3. The morphism p is semi-small with respect to the stratification N = UN, if, for every
component My, we have

(10) dim¢ N, + 2dime (M, N My) < dime My, for all a such that N, C u(My).
If we always have equality in (10), then we say that u is stricly semi-small.

In the case of semi-small maps we get nicer results from the Decomposition Theorem. Let Z;; := M; X y M;
and set
H(Z) = @in»,,”_;'_mj (Zz ) where m; = dlm(c Mi7
then by (6) H(Z) is a subalgebra of He(Z). Now, for x € Ny, let
H(M,;) = ©rHs dime (M, 001,) (Mg 0 My).

Theorem 4.4. (i)If p is semi-small, then p.Cpr is perverse and we have a decomposition without shifts

(11) wlu= @ L,oIC,.

Furthermore, we have an algebra isomorphism

H(Z) ~ Hom(pu«Car, 1+Car) = @5 Ende Ly,.
©

(ii)For any stratum No, the family of spaces {H(My),x € N} forms a local system on No. If L, is the
multiplicity space in (11) such that x € Ny, and X, is the representation of w1 (N, x) associated with ¢, then

L,=H(M,;), = Homm(Nwz)(H(Mm), Xo)-

Here we used the fact that, for a connected, locally simply connected space N and a point x € N, there
is an equivalence of categories between local systems on N and representations of 71 (N, x), sending a local
system to its fiber at x, which is naturally a 71 (N, z)-module by means of the monodromy action.

5. SPRINGER THEORY FOR U(sl,)

Our goal in this section is to apply the general machinery we have seen so far, to the special case of
constructing representations of sl,,. We fix the corresponding n > 1 and an other integer d > 1 with no
relation to n. An n-step partial flag F in C? is a sequence of subspaces 0 = Fy C F} C --- C F,, = C?% where
the inclusions are not necessarily proper. The set F of all partial flags is a smooth compact manifold with
connected components corresponding to partitions d = (di + dz + - - - + d;, = d) where d; € Z>o, so

F=UqFa where Fag={F=0=FC---CF,=C%¢cF|dim(F;/F;_,) = d;}.
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Now, let us define N := {z € Endc(C%)|z™ =0}, and let M := {(x,F) € N x Flz(F;) C F;_1,i=1,...,n}.
The first and second projections give rise to a natural diagram

N&E M-I F

The natural action of GL4(C) on C? gives rise to GL4(C)-actions on F, N and M by conjugation and these
actions clearly commute with the projections.

Proposition 5.1. There is a natural GL4(C)-equivariant vector bundle isomorphism M ~ T*F making the
map T into the canonical projection T*F — F.

The decomposition of F into connected components gives a decomposition of M = UgMg with Mg =
T*Fa. The variety N is naturally stratified by GLg(C)-conjugacy classes N = Uy N,. For a point z € N we
have u=!(z) = {(z, F)|z(F;) C F;_1} which can be identified with a subvariety F, of F.

Lemma 5.2. [Sp|For any x € N and a n-step partition d, F, N Mg is a connected variety of pure dimension
and

(12) dim O, + 2 dim(F, N M) = 2dim Fy
where Q, denotes the GLg(C)-orbit of x.

As before, set Z = M xny M and consider the convolution algebra H.(Z). By (12), p is strictly semi-
small therefore, by Theorem 4.4, the subspace H(Z) C H.(Z) spanned by the fundamental classes of the
irreducible components of Z is a semisimple subalgebra. We know that H.(F,) is a H.(Z)-module via
convolution, using (6) we get that the subspace H(F,) C H.(F,), spanned by the fundamental classes of the
irreducible components of F, is stable under H(Z)-action. Following Theorem 4.4 (ii) we should decompose
H(F,) into isotypical components with respect to the monodromy action and the multiplicity spaces will be
the irreducible modules over H(Z).

Lemma 5.3. The monodromy action on H(F,) is trivial for any x € N.

Corollary 5.4. Ifz,y € N are GLq(C)-conjugate, then H(F,) and H(F,) are isomorphic as H(Z)-modules.
The spaces { H(F,)} where x runs over the representatives of GL4(C)-conjugacy classes in N, form a complete
collection of irreducible H(Z)-modules.

Theorem 5.5 (Geometric Construction of U(sl,)). There is a natural surjective algebra morphism
U(sly,) — H(Z).

Sketch of the proof. First of all remark that Z = M xy M C M x M = T*F x T*F ~T*(F x F), and it
can be shown that Z is the union of the conormal bundles to all GL4(C)-orbits in F x F. Now, to define
a map O : U(sl,) — H(Z), we will show where to send the Chevalley generators {eq, fo,haja = 1,...,n}.
Given a partition d = (dy + -+ + d,, = d) we can consider (when it makes sense) the partitions

df =di+ - +da1+ (da + 1) + (das1 — 1) + -+ +do,
d, =di+- +da-1+(da — 1)+ (day1 + 1) + - + dy.

Now we can define, for d such that df makes sense (respectively when d;, makes sense) the subvarieties

Yyi a = {(F F') € Fyi x Fa|F,, C Fy(codim = 1); F; = F for i # a}
Yy a = {(F F') € Fy- x Fa|Fo C F,(codim = 1); F; = F] for i # a}.
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Also, for every partition d we have the diagonal subvariety A — Fq x Fq and we define

G(ha) = Z(da - da-&-l)[Tz(}—d X fd)]v

d

Olea) = D _[TY,, (Faz x Fa)l;
d

Ofa) =Y _IT¥_  (Faz x Fa)l-
d

Using Theorem 2.4 we can show that {O(ha),O(eq), O(fo)la = 1,...,n} satisfy Serre’s relations, therefore
we just need to show that © is surjective. In order to do this, first we parametrize the GL4(C)-orbits on
F x F by the matrices

FENF!
(13) a;;(F,F") = dim ( J )

Fiy ﬂFJ’»JrFiﬁFJ{

then we define a partial order on these matrices by a = b if

Z Ars < Z forall1<i<j<n

r<i,s>j r<i,s>j
Y oan< Y, foralll<j<i<n
r>i,8<j r>i,8<j
By inducting on this partial order we can show that all orbits are in the image of ©. d

Now, the finite dimensional irreducible representations of sl, are parametrized by the set of dominant
weights of sl,,, which we can see as n-tuples of integers dy > ... > d,, modulo the Z-action by simultaneous
translation. Now, we want to establish a correspondance between dominant weight and GL4(C)-conjugacy
classes on N which parametrize irreducible representations of H(Z), by Lemma 5.4. Let x € N and let
20 = Id; there are two flags associated to z:

Fm?(z) = (0 = Ker(z") C Ker(z) C --- C Ker(z") = C?%),

Observe that F™e%(x), F™" (1) € F,.

Lemma 5.6. The partition d(z) = (dy + - - - + dy, = d), associated to F™**(x), is a dominant weight.

Theorem 5.7 (Springer Theorem for U(sl,,)). For any x € N the simple sl,,-module H(F,) has the highest
weight d(x). In particular, every finite-dimensional irreducible representation of the Lie algebra sl, is of
the form H(F.). The flags F™*(x), F™"(z) are isolated points of the fiber F,. The fundamental classes
[Fmaz(z)], [F™"(z)] € H(F,) are a highest weight and a lowest weight vector in H(F,), respectively.

6. OTHER APPLICATIONS

The same general methods can be applied to study other objects that arise in Representation Theory, for
example the group algebra of a Weyl group or affine Hecke algebras.

6.1. Group Algebra of a Weyl Group. Let us quickly sketch the setting, see [CG, chap.3] for more details:
G is a complex semisimple connected Lie group, B a Borel subgroup (i.e. maximal solvable subgroup) of G,
g and b the respective Lie algebras. Let T be a maximal torus contained in B, and Ng(T') the normalizer of
T in G. The quotient W := Ng(T)/T is called the Weyl group of G. Let B be the set of all Borel subalgebras
in g. Then there is a G-equivariant isomorphism of algebraic varieties G/B ~ B.

Now, let AV be the set of nilpotent elements in g and N := {(z,b) € N x Blz € b}. As in the case of
U(sl,), we have a diagram

N EN DB,
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and a G-equivariant isomorphism N =~ T*B. Then it can be shown that the map f: N — N, which is called
the Springer resolution is proper and semi-small. Then we consider the Steinberg variety Z = N xn N,
which is the union of the conormal bundles to the G-orbits on B x B (which are parametrized by W).

For z € N we can identify p~!(z) with B, C B, let G(z) be the centralizer of  in G and G(x)° its identity
component. Then we have that the monodromy action corresponds to the C(x) := G(z)/G(z)°-action on
H(B;). So, in conclusion we have.

2

Theorem 6.1 (Geometric Construction of W). There is an algebra isomorphism H(Z) ~ C[W]. The
collection {H(By),}, where (z,¢) runs over G-conjugacy classes of pairs x € N,p € C(x)Y is a complete
set of irreducible representation of W.

6.2. Affine Hecke Algebras. In the same setting as the previous section, let X*(7T') = Hom(7T, C*) be the
weight lattice for the roots of G.

Definition 6.2. The affine Hecke algebra H of G is the Z[q, q ']-algebra with generators {T,,|w € W},
{YA|)\ € X*(T)} and relations

(Tw +1)(T —q) =0 for all w e W;

TwTy = Ty if l(wy) = l(w) + I(y), where [ is the lenght function;

YAYH = Yaus

T Y — Yo, Ts, = (1 — q)M.

1-Y_

Now, there is an A := G x C*-action on N defined by (g,2) - (x,b) = (2 'gzg~',gbg™"), and the
corresponding action on A such that the Springer resolution u : NV — A is A-equivariant. Therefore we can
apply the convolution construction of (5) to the K-theory of the Steinberg variety Z.

Theorem 6.3. There is a natural algebra isomorphism K*(Z) ~ H.

We want to study the irreducible representations of H. It is known that there is an isomorphism R(A) ~
Z(H); now for a semisimple element a = (s,q) € A and for a character z € R(A), we have C, which is C
viewed as an R(A)-module with the action z - x = z(a)z.

We define H, := C, ®z@) H the Hecke algebra specialized at a. The center of H acts by scalars on
any irreducible representation and we can see that map as the evaluation morphism of characters at some a,
therefore the action of H factors through an action of H,.

Let us fix a € A from now on; a acts on N, A" and Z and we have the a-fixed point subvarieties N, N
and Z%. In fact, Z* = N* Xy« N® hence we have the convolution algebra as in (3).

Theorem 6.4. If a = (s,q) € A is a semisimple element, there is an algebra isomorphism H, ~ H,(Z%).

Now, as in the previous section, for z € N identify p~!(x) with BS and let G(s,x) be the simultaneous
centralizer of s and z in G, and G(s,z)° its identity component. Let C(s,z) := G(s,z)/G(s,z)°, and let
Lqg 2, be the multiplicity space for x € C(s,z)" acting on H,(B%).

Theorem 6.5. Let ¢ € C* not a root of unity. Lo g and Lq g o are isomorphic if and only if (z,x) and

(2, x') are G(s)-conjugate to each other. The collection {LQJ,X}(a’w,X)eM is a complete set of irreducible
H-modules such that q acts by q.

7. OTHER RELATED CONSTRUCTIONS

Going back to the definition of the convolution product on Borel-Moore homology, remark that if My, M,
and Ms are discrete spaces, the group H.(Z;;) is just the vector space C(Z;;) of C-valued functions on Z;;,
therefore, we can replace the ‘proper’ in (2) by ‘has finite fibers’ and we see that the convolution product (3)
just becomes, for f;; € C(Z;;),

frzx fas(may,mg) = > fia(ma, my) fas(ma, ms).

ma€Ma



CONVOLUTION ALGEBRAS AND APPLICATIONS TO REPRESENTATION THEORY 9

In this spirit, we can consider the space X (resp. X') of n-step partial (resp. complete) flags on a d-
dimensional vector space V' over the field with ¢ elements Fj,. In the same way as in (13), we can parametrize
GL(V)-orbits in X x X, X' x X’ or X x X’ respectively with the set My of n X n matrices with non-negative
integer entries with sum of entries equal to d; with d X d permutation matrices, that we identify with the
symmetric group Sg; the set II of n X d matrices with exactly one entry 1 in each column and zeros elsewhere.

Now, we have the vector spaces C(My), C(Sy) and C(IT), which we can look at as the subspaces of
the C-valued functions on X x X, X’ x X’ and X x X’ consisting on the ones which are constant along
GL(V)-orbits.

Definition 7.1. We define a convolution product on C(My), for F,G € X,
(14) prY(F.G) =) @(F.L)(L,G)

LeX
where it is clear that if ¢,1 € C(X x X) are constant on the orbits, so is ¢ * 1.

With the exact same formula, if ¢, 9 € C(X’ x X’) and the sum is taken over L € X’ we have a product
on C(Sy). Further, if ¢ € C(My) and ¢ € C(II), we can see that (14) gives a left C(My)-action on C(IT) and
analogously we can define a right C(S4)-action on C(II).

Notice that, when we compute the products in C(My) using (14) we will get coefficients in Z[q], so if we
take g to be a formal parameter q we can see that those become the structure constants of a semisimple
C(q)-algebra A with M, as a C(q)-basis. In the same way we get a semisimple C(q)-algebra H with Sy as
a C(q)-basis and a (A, H)-bimodule structure on the C(q) vector space T spanned by II.

Remark 7.2. The algebra H is the Iwahori-Hecke algebra corresponding to S; and A is the algebra defined
in [BLM, 1.2], which is a quotient of the quantized enveloping algebra U.

This tells us that in the limit q = 1 these algebras reduce to the group algebra of S; and to the quotient
of U(sl,,) that we constructed in section 5, hence giving us another construction of those. Now, let us
consider the sl,-action on C™ and the induced U(sl,,)-action on (C")®<. Let I; C U(sl,) be the annihilator
of (C™)®4  which is a two sided ideal of finite codimension; we can improve the statement of Theorem 5.5
to H(Z) ~U(sl,)/Is. We also have the right Sg-action on (C™)®? by permutations of the coordinates. The
following is a classical result of H. Weyl which is at the origin of Schur-Weyl duality.

Proposition 7.3. The images of U(sl,) and C[Sy] in End((C™)®?) commute and we have an algebra iso-
morphism
Endsg, ((C™)®%) = U(sl,)/La-

We can state a g-deformation analogue of that.

Proposition 7.4. The quotient map U — A defines a U-action on T and there is a Schur-Weyl duality
between the actions of U and H, that is their respective images in End(T) are the full centralizers of each
other.
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