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1 Background and Notation

Let K be a field complete with respect to a non-trivial discrete valuation vy, and let L be a finite

separable extension of K of degree n = [L : K|. Let Ax be the valuation ring of vy, i.e.
Ag = {a eK ‘ UK(Oz) > 0}.

Then the integral closure of Ag in L is a valuation ring A; C L, and the valuation vy, defined by
Ar? is the unique extension of vx to a discrete valuation on L. Furthermore, L is complete with

respect to vr. Recall that
PK:{QGAK‘UK(Q)>O}QAK, PL:{aeAL|vL(a)>0}§AL

are the maximal ideals (in fact, unique prime ideals) of Ax and Ar. Because a valuation ring is
a PID, we have that Px = (mx) and Py, = (nz) for some 7 € Ag and 7w, € Ar. The elements
nx and 7y are called uniformizing parameters, and are clearly determined up to multiplication
by a unit of Ax and Ap, respectively. We know that every fractional ideal of K is of the form
P}( = (ﬂ}() for some i € Z, and similarly for L. Therefore, because Px Ay, is a proper ideal of Ap,
we have that Pg Aj, = Py for some e = e(L/K) > 1, called the ramification index of L/K. Finally,
let K = Ax/Pk and L = Ay /Pp, be the residue fields of K and L. Then f = f(L/K) = [L : K]
is called the residue degree of L/K. They are related by the following result, which is Cor. 1 to
Prop. 3 in Chapter 2 of [3].

Proposition 1. For K, L, n, e, f as above, ef = n.

Proof. This immediately follows from the prime decomposition theorem (Prop. 10 in Chapter 1 of
[3]), a.k.a. the “> e; fi = n theorem”, and the fact that Az, has only one prime, Pr.. O

!The author was supported by a grant from his father.
2¢f. Prop. 2 in Chapter 1, §1 of [2]
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The reason we are interested in the above setup (besides plain-old curiosity) is because it occurs
when we have a Dedekind domain R, its fraction field F' = Frac(R), a finite separable extension
E/F, the integral closure S of R in F, a non-zero prime ideal Q C R and a prime Q C S lying above
it, and we set K = Fand L = E, where the tilde and hat denote completion with respect to the
discrete valuations vg and vg, respectively. We would then have that Py = QRg and P;, = QSg,
where Rg and Sg are the localizations of R and S at @) and Q, respectively.

For example, we might have R = Z, F' = Q, E a number field, S = Op its ring of integers,
q € Z a prime number and Q C S a prime ideal lying above it, in which case K = Q4 and L = Eg.

The following result, which is the Corollary to Prop. 2 in Chapter 1, §5 of [2], shows that the
ramification and residue information of the prime Q over the prime @ in the extension E/F is

transferred correctly to the completion L/K.

Proposition 2. For F', H, Q, Q, K, L as above, ¢(Q/Q) = e(L/K) and f(Q/Q) = f(L/K).
In fact, more is true; by Corollary 4 to Theorem 1 in Chapter 1 of [3],
Proposition 3. If E/F is Galois with I' = Gal(E/F), then L/K is Galois with

G =Gal(L/K) =~ D(Q/Q) CT,

where D(Q/Q) is the decomposition group of Q over ) in E/F, and the isomorphism is given by

taking an automorphism of E and extending it to Cauchy sequences in F, i.e. elements of L.

Proof. Recall that
D(Q/Q) ={y €T [+(Q) = Q}.

The only v € T" such that v : E — F induces an automorphism 7 of L = E, which is the completion
with respect to vg, are those with vo(y()) = vg(«) for all a € E, which is the case if and only if
v(Q) = Q. Thus, we get a (clearly injective) homomorphism D(Q/Q) — G. Because

1D(Q/Q) = e(Q/Q)f(Q/Q) = e(L/K) f(L/K) = [L : K] = |G,

the homomorphism is in fact an isomorphism. ]

Finally, recall the following important subgroup of I'.

Definition 1. The inertia group of Q over @ in E/F is

I(Q/Q) ={y €T |y(a) =amod Q for all « € S}

Note that v(a) = o mod Q if and only if y(a) — a € Q if and only if vo(y(a) — @) > 0. By the
definition of the isomorphism between D(Q/Q) and G, and by the fact that L is the completion of
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E with respect to vg, we have that the subgroup of G which is identified with 1(Q/Q) C D(Q/Q)

under our isomorphism is
Go={0€G|vg(o(a) —a)>0for all & € Sp}.
In general, we define the inertia group of L/K to be
Go={oeG|vr(o(a) —a)>0forall a € AL},

which does not require L and K to have come from some E and F. By the well-known fact that
Gal(L/K) = T/I(Q/Q), we also have that Gal(L/K) = G/G.

The higher ramification groups G;, which are the subject of this report, are obtained by gen-
eralizing the definition of the inertia group of L/K. Together, they form a filtration of G (i.e., a
decreasing series of normal subgroups of ), the properties of which allow us to draw strong con-
clusions about the structure of G. In particular, we will be interested in determining the structure

of the non-trivial factor groups.

2 Basic Properties

Let K and L, vk and vy, A and Aj, Pk and Py, 7 and 7, be as above. From here on, we will
require that L/K is Galois, with Galois group G' = Gal(L/K), and that L/K is separable.

Definition 2. For any ¢ > —1, the ¢th ramification group G; is defined to be

Gi={oceG|vr(o(a) —a)>iforall a e AL}

Note that for any o € G, we have that o(a) —a € A, for all « € L, and hence vy (o(a) —a) > 0
for all & € L. Because vy, is discrete, we therefore have that G_; = GG. As defined above, Gy is the
inertia group of L/K. Also note that vy (c(a) — a) > i if and only if o(a) — @ € P;™ if and only
if o(a) = amod Pj', so that

G;={0€G|o(a)=amod P for all a« € AL}.

The following result is Proposition 1 in Chapter 1, §9 of [2].

Proposition 4. A; = Ag/a] for some a € Aj.

The proof of this important proposition requires many other results which are somewhat techni-
cal and unnecessary for the rest of our discussion, so it will be omitted. Note that this proposition

is where the hypothesis that L/K be separable is necessary.
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Definition 3. For some a € Ay, such that A;, = Agl[a], define i =iy /x : G — Z U {oc} by

i(0) = ig/x(0) = vr(o(a) — a).

Among other things, the following proposition shows that this definition is independent of the

choice of generator a € Ay.

Proposition 5. For all i > —1, we have the following properties of G; and i : G — Z U {o0}:

1. G; is a normal subgroup of G. 4. For any 0,7 € G, i(tor™1) = i(0).
2. 0 € G;if and only if i(o) > i+ 1. 5. The G; are decreasing, i.e. G; C G for i > j.
3. For any 0,7 € G, i(o7) > inf(i(0),i(7)). 6. For sufficiently large i, G; = {id}.

Proof. For part 1, note that any ¢ € G naturally induces an automorphism of the ring Ay / PF’I
(because U(PzH) = P;™! for all i). Because G; is the kernel of the map G — Aut(A/P;t), we
have that G; is normal in G for all 7 > —1.

For part 2, note that o € G, if and only if vy (o(a) — a) > i for all @« € Ap, hence i(0) =
vr(o(a) —a) > i, hence i(0) > i+ 1. Conversely, if i(o) > i+ 1, then vy (o(a) —a) > i+ 1, hence
o(a) = a mod P;™. But because o € G = Gal(L/K), we have that o(a) = «a for o € Ak, so that
certainly o(a) = a mod Pzﬂ for all @ € Ak, and a generates Aj as an algebra over Ag, so we
must have that (o) = o mod P;™ for all « € Aj. Thus o € G;.

For part 3, note that if j = inf(i(0),i(7)) — 1 = inf(i(0) — 1,i(7) — 1), then i(c) > j+ 1 and
i(1) > j+ 1, which by part 2 implies 0 € G; and 7 € G}, hence o7 € G, hence i(o7) > j+ 1, and
thus i(o7) > inf(i(0),i(7)).

For part 4, note that by part 1, o € G; if and only if To7~! € G; for all T € G, so by part 2,
i(o) > i+ 1if and only if i(ror!) >4 + 1, for all 4. Thus i(ro7 ') =i(0).

Part 5 is obvious from the definition of the G;.

For part 6, note that i(idz) = v (0) = oo, but if we set m = sup,_q4, (i(c)), then no o € G,
o #1idr, has i(o) > m + 1, so that Gy, = {idp}. By part 5, we have G; = {id;} for all i > m. O

Part 2 of this proposition shows that, because the elements of each G; are what they are,
independent of our choice of generator a € Ay in the definition of i = iy, we must have that
for any choice, the function is the same. Furthermore, it shows that knowing the function iy x is

actually equivalent to knowing all the groups Gj;.

For a subgroup H C G = Gal(L/K), let K’ be the fixed field of H, so that L/K' is Galois with
H = Gal(L/K'). Because the residue field K’ is an intermediate field of the extension L/K, which

by assumption is separable, we also have that L/K’ is separable. Thus we can apply our results
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above, so that we get a filtration H; on H, and a function iy g : H — Z U {oc}. The following

(obvious) result shows that the H; are easy to compute:

Proposition 6. For any subgroup H C GG, we have H; = H N G;.

Proof. Because G; is the kernel of the map G' — Aut(A;/P;t!) and H; is the kernel of the map
H — Aut(Ar/P;th), we have that H; = HN G;. O

3 The Structure of G;/G;;;

Let Ur, = A, — Pr, be the unit group of Ar. We define the following subgroups:
Ui=1+P; CU;.
Note that Uy = Uy,
Proposition 7. The quotient map Ay — Ay /Pr, = L induces an isomorphism
Up/Uy = L™
For each n > 1, the map u +— u — 1 induces an isomorphism

Un/Un-H = PE/PEJrl'

Proof. Because Uy = Ay, — Pr, and Ay — A /Py is surjective, and Py, is its kernel, we have that
the image of Uy is " Forgetting about the additive structure, this is a surjective homomorphism
from the group Uy to the group L™. The kernel consists of those units which get sent to 1 + Pp,
which by definition is Uj.

For each n > 1, we have that the map f : U,/Unt1 — PP/Ppt! defined by f(u + Unpy1) =

(u—1) + P} is a homomorphism, because for any u,v € Uy,
(w—1)—(u—1)—(w-1)=uw—-u—v+1=(u—1)(v—1)€ P C ppt!

and therefore

FlutUnir) + f0+Ungr) = (w =)+ PP+ (v =D+ PP = (u- 1)+ (v=1) + P =

(uv — 1) + PEH = f(uv + Upy1),

Its inverse is similarly defined and seen to be a homomorphism. O
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Corollary 1. If L is of characteristic p, then forn > 1, UE C UfZH.

Proof. Because Uy, /Up41 = P}/ PZ'H, and P/ PEH is an Ay-module which is annihilated by Pp,
we have that U, /U,,1 is a one-dimensional L-vector space. Therefore, if L is of characteristic p,
then (u+ Upy1)? = uP + Upy1 = 1 + Uy for all uw € Uy, hence US, C Up41. O

Theorem 1. Let i > 0. Then o € G; if and only if @ e U; for all z € L*.

Proof. Because G; C Gy for all i > 1, we can assume o € (Gg. By Proposition 6, we can WLOG
replace K by K., the fixed field of Gy, because it will have the same ramification groups (again
because G; C Gy for all i > 1). The intermediate field K, is the largest subfield such that K, /K is
unramified, and furthermore has the property that L/K, is totally ramified. Thus, by Proposition
18 in Chapter 1, §6 of [3], we can now choose a generator a of A, over Ak, that is an element of
Pr. Suppose that @ € U; for all x € L*. Then in particular @ € U;, so that @ -1e P,

hence vL(@ — 1) >4, and hence

i(o) = v(0(a) — a) = v (a(Z2 — 1)) = vp(a) + v (2L — 1) > i+ 1.

a a

Conversely, if o € G;, then for any x € L™, we have that

op (29 1) = WD) _ ) (o(z) —2) > i 41

vr ()
so that @ —1€ Pfrl, so that @ cU;+1 CU;. ]

Theorem 2. Let ¢ > 0. Then the function defined by

mod Ui+1

is a homomorphism 0; : G; — U;/U; 41 which is independent of the choice of uniformizer wr,, and

whose kernel is Gi41.

Proof. Let ¢ € G;. By Theorem 1, o(rL) € Ui, so 0; is a well-defined map from G; to U;/Uj41.

L
Note that any other uniformizer II for L differs from n7, by a unit, say II = uny, for u € Uy, so that

o(l) _ o(mr) o(u)

11 T Uu

Because o € Gj;, we have o(u) = umod PEH and thus %u) = 1 mod U;4;1. Therefore, 6; is

independent of the choice of uniformizer. To see that #; is a homomorphism, note that for any

o, 7 € Gy,
(5)

or(mr) -

o
mod U; 1 = olrp) 7(mL)

L A A I )
L

91-(0'7') = mod U’i+1
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Because T(:LL) € Uy, we again have that U(T(:LL)) = T(:LL) mod U, 11, hence
) dU,
) o et
L

and thus 0;(o7) = USZFLL) ™"L) — ¢.(¢)0;(r). Finally, note that o is in the kernel of 6; if and only if

TL

%LL) € Uj41, which is the case precisely when
. - - olrr) .
i(o) —1=wr(o(my) —mp) —1=wv (5 —1) >2i+1,
i.e. i(0) > i+ 2, which by Proposition 5 is equivalent to o € Gj41. O

Lemma 1. The group Go/G1 is cyclic, of order relatively prime to the characteristic of L.

Proof. By Proposition 7, Uy/U; = L™, Because Gy is finite, we have by Theorem 2 that Go/G1 is
isomorphic to a finite subgroup of ™. Tt is well-known that any finite subgroup of the multiplicative
group of a field is cyclic, and it is clear that if the characateristic of L is p > 0, then the order of

any finite subgroup of " is relatively prime to p. O

Theorem 3. If the characteristic of L is p > 0, then for every i > 1, the factor group G;/Giy1 is
a finite abelian p-group, and in fact a direct sum of cyclic groups of order p; hence G1 is a p-group.

If the characteristic of L is 0, then Gy is trivial, and Gy is cyclic.

Proof. Theorem 2 shows that we have an injection from G;/G;41 into U;/U;41 for all i > 0. The
corollary to Proposition 7 shows that if the characteristic of K is p > 0, then for i > 1, U;/U;11
is an abelian group annihilated by p, hence a direct sum of cyclic groups of order p. Because
G = Gal(L/F) is finite and G; C G for all i, we have that for all ¢ > 1, G;/G;41 is a finite abelian
p-group, and indeed a finite direct sum of cyclic groups of order p. Thus |G| is a power of p, and

hence GG is a p-group.

On the other hand, if the characteristic of L is 0, then by Proposition 7, which tells us that
Ui/Uit1 = Pz/Pi'H = [ for i > 1, we know that U;/U;;1 will have no non-trivial finite subgroups
for i > 1 (because L is of characteristic 0). But every G is finite, hence G;/G;1 is finite, hence
the image of G;/G;y1 in U;/U;11 is finite, and therefore trivial. Thus, for ¢ > 1, we have that
G; = G441, and by Proposition 5 we know that eventually G; is trivial, so that every G; for ¢ > 1 is
trivial. Thus Gy is trivial. Finally, because G is trivial and Gy/G1 is cyclic by the above Lemma,

we have that Gy is cyclic. O
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4 An Application to Puiseux Series

The field of Puiseux series over a field k is a generalization of k£((T")), the field of Laurent series over
k, which allows for rational powers of the indeterminate T instead of just integers. Specifically, the
field of Puiseux series k{{T'}} over k is defined to be |J°, K,,, where K,, = k((T/™)) and the T/"
all live in some algebraic closure of k((7")). The following is Puiseux’s Theorem for an arbitrary
field k& (when k is complete with respect to a valuation, there is a separate theorem concerning the
subfield of convergent series in k{{T'}}).

Puiseux’s Theorem. Let k be an algebraically closed field of characteristic 0. Then the algebraic
closure of k((7)) is k{{T'}}.

Proof. We follow the proof in Proposition 8 in Chapter 4 of [3]. Let K = k((T)), and let K9 be
an algebraic closure of K. Let L/K be a finite Galois subextension of K%9/K, with Galois group
G = Gal(L/K). Clearly, the residue field of K = k((T')) relative to the prime ideal (7') in k[[T]] is
K = k, which is algebraically closed by hypothesis. Because L/K is finite, we must therefore have
that L = K. Because Gal(L/K) = G/Gy, we have that G = Gy. Because K is of characteristic 0,
then by Theorem 3, we have that G is cyclic. Let L'/K be another finite Galois subextension of
K9 /K such that [L : K] divides [’ : K]. Then LL'/K is also finite and Galois, and hence by the
same argument Gal(LL'/K) is cyclic. Because the subgroups of a cyclic group are totally ordered
by inclusion and

[LL': K] _ [LL': K]
[L': K] = [L:K]

we must have that Gal(LL'/L') C Gal(LL'/L) and hence L C L’. Thus, for any finite Galois
subextension L/K of degree n = [L : K], we have that L C K,, because [K, : K| = n, and hence
L CE{T}} =2, Kn. Because any element a € K% is an element of a finite Galois subextension
(e.g., the normal closure in K% of K(a)), we have that every element of K9 is in k{{T}}, and
hence K9 C k{{T}}. But

|Gal(LL'/L")| = =|Gal(LL'/L)|,

TN = U, K, = K(TV2,T'3, ) € Kols

by definition, so that K9 = k{T}}. O

5 The Upper Numbering

Many results about higher ramification groups depend on giving them a special renumbering, called
the upper numbering. This is calculated via the Herbrand function. For example, this is used to
establish Herbrand’s Theorem, which describes the ramification groups of a Galois subextension
F/K of L/K in terms of those of L/K itself.
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The proofs of the results in this section require many lemmas which are technical and unneces-

sary for the rest of our discussion, so they will be omitted.

First, we extend the usual (or lower) numbering of the ramification groups to real numbers, by
defining for any real u > —1
Gy, = Gy, where i = [u].

Definition 4. The Herbrand function ¢k : [~1,00) = [~1,00) is defined by

u 1
dt, if 0 <u
/0 [GO : Gt]

U if —1<u<0

br/K(u) =

From this definition, it’s clear that the function ¢,k is continuous and strictly increasing, and
therefore has an inverse ¢k : [~1,00) — [~1,00). We then define the upper numbering of the

ramification groups by, for any real v > —1,
GY = G¢L/K(U), or equivalently, G, = G ®L/x(®),

Recall that subgroups H C G correspond to extensions L/F for K C F C L, and that to compute
the higher ramification groups of L/F, we have the simple result of Proposition 6: H; = H N G;.
Now let H <G be a normal subgroup with fixed field F', so that F'/K is a Galois extension with
Galois group isomorphic to G/H. The upper numbering is necessary to state the natural analog

for the higher ramification groups of F'/K:

Theorem 4. For a normal subgroup H <G, we have (G/H)" = G'H/H for all real v > —1.

Indeed, as Serre states in [3], “the upper numbering is adapted to quotients, just as the lower

numbering is adapted to subgroups.” We also have the following results.
Herbrand’s Theorem. If v = ¢, /i (u), then G, H/H = (G/H),.

Hasse-Arf Theorem. If G is abelian and v is a jump in the filtration in the upper numbering,

i.e. GV # GV, then v is an integer. Equivalently, if G, # Gy1, then ¢k (u) is an integer.
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