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2.1.22. Let X =
⋃

i∈I Ui be an open cover of X. For each i ∈ I, let Fi be a sheaf on Ui, with ρi being
the restriction maps for Fi. For each i, j ∈ I, let φij : Fi|Ui∩Uj → Fj |Ui∩Uj be an isomorphism such that
φii = id, and φik = φjk ◦ φij on Ui ∩ Uj ∩ Uk.

We want to create a sheaf F on X, with isomorphisms ψi : F|Ui → Fi such that for each i, j ∈ I,
ψj = φij ◦ ψi on Ui ∩ Uj , and show that F is unique up to isomorphism.

Definition of F(U). For any open U ⊆ X, we define

F(U) = {(si)i∈I ∈
∏
i∈I
Fi(U ∩ Ui) | φij(U ∩ Ui ∩ Uj)(ρi

U∩Ui
U∩Ui∩Uj

(si)) = ρj
U∩Uj

U∩Ui∩Uj
(sj) for all i, j ∈ I}

Note that the definition of F(U) is consistent with our assumptions about the φij - we are requiring each
(si)i∈I ∈ F(U) to have the property that, for all i, j ∈ I,

φij(U ∩ Ui ∩ Uj)(ρi
U∩Ui
U∩Ui∩Uj

(si)) = ρj
U∩Uj

U∩Ui∩Uj
(sj)

and therefore, after applying ρj
U∩Ui∩Uj

U∩Ui∩Uj∩Uk
to the above equation, requiring that each (si)i∈I ∈ F(U) have

the property that, for all i, j ∈ I,

ρj
U∩Ui∩Uj

U∩Ui∩Uj∩Uk
(φij(U ∩ Ui ∩ Uj)(ρi

U∩Ui
U∩Ui∩Uj

(si))) = φij(U ∩ Ui ∩ Uj ∩ Uk)(ρi
U∩Ui∩Uj

U∩Ui∩Uj∩Uk
(ρi

U∩Ui
U∩Ui∩Uj

(si))) =

φij(U ∩ Ui ∩ Uj ∩ Uk)(ρi
U∩Ui
U∩Ui∩Uj∩Uk

(si)) = ρj
U∩Uj

U∩Ui∩Uj∩Uk
(sj) = ρj

U∩Ui∩Uj

U∩Ui∩Uj∩Uk
(ρj

U∩Uj

U∩Ui∩Uj
(sj))

Thus, for any open U ⊆ X, (si)i∈I ∈ F(U), and i, j, k ∈ I, we have that

φjk(U ∩Ui∩Uj ∩Uk)(φij(U ∩Ui∩Uj ∩Uk)(ρi
U∩Ui
U∩Ui∩Uj∩Uk

(si))) = φjk(U ∩Ui∩Uj ∩Uk)(ρj
U∩Uj

U∩Ui∩Uj∩Uk
(sj)) =

ρk
U∩Uk
U∩Ui∩Uj∩Uk

(sk) = φik(U ∩ Ui ∩ Uj ∩ Uk)(ρk
U∩Uk
U∩Ui∩Uj∩Uk

(sk))

which agrees with our assumption that φik = φjk ◦ φij on Ui ∩ Uj ∩ Uk.

Definition of restriction maps. For any open V ⊆ U ⊆ X, we define ρUV : F(U)→ F(V ) by

ρUV ((si)i∈I) = (ρi
U∩Ui
V ∩Ui

(si))i∈I ∈ F(V )

Note that we have (ρi
U∩Ui
V ∩Ui

(si))i∈I ∈ F(V ) because for each i ∈ I, we have that si ∈ Fi(U ∩ Ui) and hence

ρi
U∩Ui
V ∩Ui

(si) ∈ Fi(V ∩ Ui), and because the φij are morphisms, we have that

φij(ρi
V ∩Ui
V ∩Ui∩Uj

(ρi
U∩Ui
V ∩Ui

(si))) = φij(ρi
U∩Ui
V ∩Ui∩Uj

(si)) = ρj
U∩Ui
V ∩Ui∩Uj

(φij(si)) =

ρj
U∩Ui
V ∩Ui∩Uj

(sj) = ρj
V ∩Uj

V ∩Ui∩Uj
(ρj

U∩Uj

V ∩Uj
(sj))



Checking that they form a presheaf. For any open U ⊆ X and (si)i∈I ∈ F(U), we have that

ρUU ((si)i∈I) = (ρi
U∩Ui
U∩Ui

(si))i∈I = (si)i∈I

Thus, ρUU = idF(U). For any open W ⊆ V ⊆ U ⊆ X, we have that

ρVW (ρUV ((si)i∈I)) = ρVW ((ρi
U∩Ui
V ∩Ui

(si))i∈I) = (ρi
V ∩Ui
W∩Ui

(ρi
U∩Ui
V ∩Ui

(si)))i∈I = (ρi
U∩Ui
W∩Ui

(si))i∈I = ρUW ((si)i∈I)

Thus, ρUW = ρVW ◦ ρUV . Therefore F , together with the restriction maps ρ, form a presheaf.

Checking axiom (3) for sheaves. Let U ⊆ X be open, and let U =
⋃

a∈A Va be an open cover. Suppose
that s = (si)i∈I ∈ F(U) has the property that, for all a ∈ A,

ρUVa
(s) = (ρi

U∩Ui
Va∩Ui

(si))i∈I = (0)i∈I = 0 ∈ F(Va)

Note that for each i ∈ I, U ∩ Ui =
⋃

a∈A(Va ∩ Ui) is an open cover and ρi
U∩Ui
Va∩Ui

(si) = 0 for all a ∈ A, so
because Fi is a sheaf, we have that si = 0 ∈ Fi(U ∩ Ui), and thus s = (si)i∈I = (0)i∈I = 0 ∈ F(U).

Checking the gluing axiom for sheaves. Let U ⊆ X be open, and let U =
⋃

a∈A Va be an open cover.
Suppose that a collection of sa = (sai )i∈I ∈ F(Va), for a ∈ A, have the property that

ρVa
Va∩Vb

(sa) = (ρi
Va∩Ui
Va∩Vb∩Ui

(sai ))i∈I = (ρi
Vb∩Ui
Va∩Vb∩Ui

(sbi))i∈I = ρVb
Va∩Vb

(sb) for all a, b ∈ A

For each i ∈ I, we have that U ∩ Ui =
⋃

a∈A(Va ∩ Ui) is an open cover for U ∩ Ui. By the above equation,
we have that for each i ∈ I the collection of sai ∈ Fi(Va ∩ Ui) have the property that

ρi
Va∩Ui
Va∩Vb∩Ui

(sai ) = ρi
Vb∩Ui
Va∩Vb∩Ui

(sbi)

so because Fi is a sheaf, there is a unique si ∈ Fi(U ∩ Ui) such that ρi
U∩Ui
Va∩Ui

(si) = sai for all a ∈ A. Thus,
s = (si)i∈I will be a gluing of the sa if we can show that in fact s = (si)i∈I ∈ F(U), i.e. for all i, j ∈ I,

φij(U ∩ Ui ∩ Uj)(ρi
U∩Ui
U∩Ui∩Uj

(si)) = ρj
U∩Uj

U∩Ui∩Uj
(sj)

Because sa = (sai )i∈I ∈ F(Va) for each a ∈ A, we have that for all i, j ∈ I,

φij(Va ∩ Ui ∩ Uj)(ρi
Va∩Ui
Va∩Ui∩Uj

(sai )) = ρj
Va∩Uj

Va∩Ui∩Uj
(saj )

Thus, we have that for all i, j ∈ I and a ∈ A,

ρj
U∩Ui∩Uj

Va∩Ui∩Uj
(φij(U ∩ Ui ∩ Uj)(ρi

U∩Ui
U∩Ui∩Uj

(si))) = φij(Va ∩ Ui ∩ Uj)(ρi
U∩Ui∩Uj

Va∩Ui∩Uj
(ρi

U∩Ui
U∩Ui∩Uj

(si))) =

φij(Va ∩ Ui ∩ Uj)(ρi
U∩Ui
Va∩Ui∩Uj

(si)) = φij(Va ∩ Ui ∩ Uj)(ρi
Va∩Ui
Va∩Ui∩Uj

(ρi
U∩Ui
Va∩Ui

(si))) =

φij(Va ∩ Ui ∩ Uj)(ρi
Va∩Ui
Va∩Ui∩Uj

(sai )) = ρj
Va∩Uj

Va∩Ui∩Uj
(saj )

Now let ti,j = ρj
U∩Uj

U∩Ui∩Uj
(sj). We have that

ρj
U∩Ui∩Uj

Va∩Ui∩Uj
(ti,j) = ρj

U∩Ui∩Uj

Va∩Ui∩Uj
(ρj

U∩Uj

U∩Ui∩Uj
(sj)) = ρj

U∩Uj

Va∩Ui∩Uj
(sj) = ρj

Va∩Uj

Va∩Ui∩Uj
(ρj

U∩Uj

Va∩Uj
(sj)) = ρj

Va∩Uj

Va∩Ui∩Uj
(saj )



Thus, for all i, j ∈ I, we have that

ρj
U∩Ui∩Uj

Va∩Ui∩Uj
(φij(U ∩ Ui ∩ Uj)(ρi

U∩Ui
U∩Ui∩Uj

(si))) = ρj
U∩Ui∩Uj

Va∩Ui∩Uj
(ti,j) for all a ∈ A

Note that for each i, j ∈ I, we have that U ∩Ui ∩Uj =
⋃

a∈A(Va ∩Ui ∩Uj) is an open cover of U ∩Ui ∩Uj .
Because Fj is a sheaf, we have by the lemma below that for all i, j ∈ I,

φij(U ∩ Ui ∩ Uj)(ρi
U∩Ui
U∩Ui∩Uj

(si)) = ti,j = ρj
U∩Uj

U∩Ui∩Uj
(sj)

Thus, we have shown that s = (si)i∈I ∈ F(U), and thus s is a gluing of the sa.

Lemma. Let H be a sheaf on a topological space Y , with restriction maps ρ̂. Let E ⊆ Y be open, and
let E =

⋃
r∈REr be an open cover. If t1, t2 ∈ H(E) have ρ̂EEr

(t1) = ρ̂EEr
(t2) for all r ∈ R, then because the

restriction maps are homomorphisms, we have

ρ̂EEr
(t1 − t2) = 0 ∈ H(Er) for all r ∈ R

and hence t1 − t2 = 0 ∈ H(E), i.e. t1 = t2.

Thus, we have shown that F together with the restriction maps ρ form a sheaf.

Defining the isomorphisms ψh. Note that for any h ∈ I and open V ⊆ Uh, we have that

F|Uh
(V ) = F(V ) = {(si)i∈I ∈

∏
i∈I
Fi(V ∩Ui) | φij(V ∩Ui∩Uj)(ρi

V ∩Ui
V ∩Ui∩Uj

(si)) = ρj
V ∩Uj

V ∩Ui∩Uj
(sj) for all i, j ∈ I}

For any h ∈ I and open V ⊆ Uh, define ψh(V ) : F|Uh
(V )→ Fh(V ) by

ψh(V )((si)i∈I) = sh ∈ Fh(V ∩ Uh) = Fh(V )

This defines a morphism ψh : F|Uh
→ Fh because, for any open W ⊆ V ⊆ Uh, we have that

ψh(W )(ρVW ((si)i∈I)) = ψh(W )((ρi
V ∩Ui
W∩Ui

(si))i∈I) = ρh
V ∩Uh
W∩Uh

(sh) = ρh
V
W (sh) = ρh

V
W (ψh(V )((si)i∈I))

Checking that the ψh are isomorphisms. For any h ∈ I and open V ⊆ Uh, define βh(V ) : Fh(V )→ F|Uh
(V ) by

βh(V )(t) = (φhi(V ∩ Ui)(ρh
V
V ∩Ui

(t)))i∈I ∈ F|Uh
(V ) = F(V )

Note that we do in fact have that βh(V )(t) ∈ F(V ), because

φij(V ∩Ui∩Uj)(ρi
V ∩Ui
V ∩Ui∩Uj

(φhi(V ∩Ui)(ρh
V
V ∩Ui

(t)))) = φij(V ∩Ui∩Uj)(φhi(V ∩Ui∩Uj)(ρh
V ∩Ui
V ∩Ui∩Uj

(ρh
V
V ∩Ui

(t)))) =

φhj(V ∩Ui∩Uj)(ρh
V
V ∩Ui∩Uj

(t)) = φhj(V ∩Ui∩Uj)(ρh
V ∩Uj

V ∩Ui∩Uj
(ρh

V
V ∩Uj

(t))) = ρj
V ∩Uj

V ∩Ui∩Uj
(φhj(V ∩Uj)(ρh

V
V ∩Uj

(t)))

Furthermore, this defines a morphism βh : Fh → F|Uh
because, for any open W ⊆ V ⊆ Uh, we have that

βh(W )(ρh
V
W (t)) = (φhi(W ∩ Ui)(ρh

W
W∩Ui

(ρh
V
W (t))))i∈I = (φhi(W ∩ Ui)(ρh

V
W∩Ui

(t)))i∈I =

(φhi(W ∩ Ui)(ρh
V ∩Ui
W∩Ui

(ρh
V
V ∩Ui

(t))))i∈I = (ρi
V ∩Ui
W∩Ui

(φhi(V ∩ Ui)(ρh
V
V ∩Ui

(t))))i∈I = ρVW (βh(V )(t))



Note that for any h, i, j ∈ I, any open V ⊆ Uh, and any (si)i∈I ∈ F|Uh
(V ) = F(V ), we have that

φij(V ∩ Ui ∩ Uj)(ρi
V ∩Ui
V ∩Ui∩Uj

(si)) = ρj
V ∩Uj

V ∩Ui∩Uj
(sj)

and thus in particular
φhi(V ∩ Ui)(ρh

V
V ∩Ui

(sh)) = si

Thus, for any h ∈ I and open V ⊆ Uh, and any (si)i∈I ∈ F|Uh
(V ) = F(V ), we have that

βh(V )(ψh(V )((si)i∈I)) = βh(V )(sh) = (φhi(V ∩ Ui)(ρh
V
V ∩Ui

(sh)))i∈I = (si)i∈I

Furthermore, for any h ∈ I, any open V ⊆ Uh, and any t ∈ Fh(V ), we have that

ψh(V )(βh(V )(t)) = ψh(V )((φhi(V ∩ Ui)(ρh
V
V ∩Ui

(t)))i∈I) = φhh(V ∩ Uh)(ρh
V
V ∩Uh

(t)) = idV (ρh
V
V (t)) = t

Thus we have shown that for any h ∈ I, ψh : F|Uh
→ Fh and βh : Fh → F|Uh

are morphisms and are
inverse to each other. Thus, for any h ∈ I, ψh is an isomorphism.

Checking that the ψh satisfy the relation. For any h, k ∈ I and any open V ⊆ Uh ∩Uk, we have that

F|Uh∩Uk
(V ) = F(V ) = {(si)i∈I ∈

∏
i∈I
Fi(V ∩Ui) | φij(V ∩Ui∩Uj)(ρi

V ∩Ui
V ∩Ui∩Uj

(si)) = ρj
V ∩Uj

V ∩Ui∩Uj
(sj) for all i, j ∈ I}

In particular, for any h, k ∈ I, any open V ⊆ Uh ∩ Uk, and any (si)i∈I ∈ F(V ), we have that

φhk(V ∩ Uh ∩ Uk)(ρh
V ∩Uh
V ∩Uh∩Uk

(sh)) = φhk(V )(sh) = sk = ρk
V ∩Uk
V ∩Uh∩Uk

(sk)

Thus, for any h, k ∈ I, any open V ⊆ Uh ∩ Uk, and any (si)i∈I ∈ F(V ), we have that

ψk(V )((si)i∈I) = sk = φhk(V )(sh) = φhk(V )(ψh(V )((si)i∈I))

and therefore
ψk(V ) = φhk(V ) ◦ ψh(V )

Thus, for any h, k ∈ I, we have that ψk|Uh∩Uk
= φhk ◦ ψh|Uh∩Uk

.

Thus, F is a sheaf on X, with isomorphisms ψi : F|Ui → Fi for each i ∈ I such that ψj = φij ◦ψi on Ui∩Uj .

Uniqueness of F up to isomorphism. Suppose that G is a sheaf on X, with isomorphisms τi : G|Ui → Fi

such that τj = φij ◦ τi on Ui ∩ Uj . Let Hom(F ,G) and Hom(G,F) be the sheaves of local morphisms.

For each i ∈ I, let fi ∈ Hom(F ,G)(Ui) be fi = τ−1i ◦ ψi : F|Ui → G|Ui , which is an isomorphism because
ψi and τi are isomorphisms. Note that for any i, j ∈ I,

fi|Ui∩Uj = τ−1i |Ui∩Uj ◦ ψi|Ui∩Uj = (φji ◦ τj |Ui∩Uj )
−1 ◦ φji ◦ ψj |Ui∩Uj =

τj |−1Ui∩Uj
◦ φ−1ji ◦ φji ◦ ψj |Ui∩Uj = τj |−1Ui∩Uj

◦ ψj |Ui∩Uj = fj |Ui∩Uj

Recall that X =
⋃

i∈I Ui is an open cover. The fi ∈ Hom(F ,G)(Ui) have the property that fi|Ui∩Uj =
fj |Ui∩Uj for all i, j ∈ I, so because Hom(F ,G) is a sheaf (proven in Problem 2.1.15), there is a unique
f ∈Hom(F ,G)(X) such that f |Ui = fi for all i ∈ I.

For each i ∈ I, let gi ∈ Hom(G,F)(Ui) be gi = ψ−1i ◦ τi : G|Ui → F|Ui . By the same reasoning, there is a
unique g ∈Hom(G,F)(X) such that g|Ui = gi for all i ∈ I.

Thus g ◦ f ∈Hom(F ,F) and f ◦ g ∈Hom(G,G). For all i ∈ I, we have

(g ◦ f)|Ui = gi ◦ fi = idF|Ui
= idF |Ui ∈Hom(F ,F)(Ui)

(f ◦ g)|Ui = fi ◦ gi = idG|Ui
= idG |Ui ∈Hom(G,G)(Ui)

Because Hom(F ,F) and Hom(G,G) are sheaves, we therefore have that g ◦ f = idF and f ◦ g = id |G .
Thus F and G are isomorphic.


