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2.1.22. Let X = Uie] U; be an open cover of X. For each ¢ € I, let F; be a sheaf on U;, with p; being
the restriction maps for F;. For each i,j € I, let ¢;; : Fi|u,nu; — Fjlu,nu,; be an isomorphism such that
¢ = id, and ¢ = ijk o d)ij on U; N Uj NUg.

We want to create a sheaf F on X, with isomorphisms v¢; : F|y, — F; such that for each i,j € I,
Y = ¢ij 0 on U; NUj, and show that F is unique up to isomorphism.

Definition of F(U). For any open U C X, we define

. Unu; .
FU) = {(si)ier € [[FUNT) | ¢i5(UNT: N Uj)(piZQZ;mUj(si)) = PjUngmUj(sj) for all i,7 € I}
icl

Note that the definition of F(U) is consistent with our assumptions about the ¢;; - we are requiring each
(si)ier € F(U) to have the property that, for all i,5 € I,

unu; _unu;
¢i(UNUN Uj)(piUgUiﬂUj (s1)) = pjvnvinu, (57)

and therefore, after applying pjgggzggj A, to the above equation, requiring that each (s;);c; € F(U) have
the property that, for all 7,5 € I,

unu;NU; Unu; unu;NU; UnuU;
PijUmUj-mUk(@J(U nuin UJ)(PiURUmU]- (si))) = ¢;(UNUNT; N Uk‘)(piUﬂUmUj-mUk (piUgUmU]-(Si))) =

Unu; o unu; _UnUNU; Unu;
¢i;(UNU;NU; N Uk)(piUﬂU,ﬂUjﬂUk(si)) = ijﬂUZﬂUjﬂUk(sj) = PiUnUNU,NU (/’jUnUszj(sj))

Thus, for any open U C X, (s;)ier € F(U), and i, j, k € I, we have that

G (UNU;NU; NU) (63 (UNT;NU; N Uk)(piggg;wmk (s)) = ou(UNU;NU; N Uk)(ijQUgmUijk (s;)) =

Unv, Uny,
PrunUsnu;no, (k) = ¢ (U O U 0 U 0 Uk) (prynusnu, o, (S%))

which agrees with our assumption that ¢;; = ¢ji o ¢;; on U; N U; N Uy.

Definition of restriction maps. For any open V C U C X, we define pi/ : F(U) — F(V) by
PV ((si)ier) = (pigﬂ((ﬁ.(si))iez e F(V)

Note that we have (ngggz(sz))le[ € F(V) because for each i € I, we have that s; € F;(U NU;) and hence

pz‘[iggz(sz) € Fi(V NU;), and because the ¢;; are morphisms, we have that

Vv, unu; _ unu; _uny; o
ij (PingimUj (Pingi(Si))) = ¢ij(in2UmUj(3i)) = PjngmUj(ﬁbij(Si)) =

UnuU; VnU; Uunu;
Pivau,nu, (8i) = Pivav.nu, (Pivag, (55))



Checking that they form a presheaf. For any open U C X and (s;);er € F(U), we have that

PG ((si)ier) = (pigur (si))ier = (si)ier

Thus, pg = idF (. For any open W CV C U C X, we have that

piv (07 ((si)ien) = piv (v (s:))ier) = (Pt (v (si)ier = (i, (s))ier = piy((si)ier)

Thus, pI[/JV = p},/v o pg. Therefore F, together with the restriction maps p, form a presheaf.

Checking axiom (3) for sheaves. Let U C X be open, and let U = |J, 4 Va be an open cover. Suppose
that s = (s;)icr € F(U) has the property that, for all a € A,

Py, (s) = (pi\U/;mUUii(Si))iel = (0)ier =0 € F(Va)

Note that for each i € I, UNU; = [J,c4(Va NU;) is an open cover and ng;%z(sz) =0 for all a € A, so
because F; is a sheaf, we have that s; = 0 € F;(U NU;), and thus s = (s;)ier = (0)ier =0 € F(U).

Checking the gluing axiom for sheaves. Let U C X be open, and let U = | J,. 4 Va be an open cover.
Suppose that a collection of s* = (s¢);cr € F(V,), for a € A, have the property that

Va _ VaNU; o ViynU; b W b
pvamvb(sa) = (Pivamvmei(S?))iGI = (pivzmvmei(Sz‘))z’eI = pVZme(S ) for all a,b € A

For each i € I, we have that U NU; = |J,c4(Va NU;) is an open cover for U N U;. By the above equation,
we have that for each i € I the collection of s¢ € F;(V, N U;) have the property that

VaNU; VpNU; b
inZmVZmUi(S?) = PiVZmVimUi( i)

so because F; is a sheaf, there is a unique s; € F;(U NU;) such that ngﬂ%l(sl) = s? for all @ € A. Thus,
s = (si)ier will be a gluing of the s* if we can show that in fact s = (s;);er € F(U), i.e. for all 4,5 € I,
unu; Uunu;
6i;(U N U VU3 (pigadnw, (30) = pivediou, (57)
Because s* = (s¢)icr € F(Vg) for each a € A, we have that for all i,j € I,

V.NU; VaNU;
i (Va N U 0 U (pivt ot o, (59)) = pivinvinw, (55)

Thus, we have that for all 4,7 € I and a € A,
Unu;nU; f Uunu;nU; i
pivartnn, (05U N Ui N U (o o, (5)) = 655 (Va 0 Ui VU (piy,nirnd, (Pitng no, (50))) =
i (Va N Ui N U (piy e, (30)) = 063 (Ve 0 Us 0 UG ) (pirf 0w, (it (51))) =

VU VaU;
¢ij(Va N U; N Uj)(inaQUmUj (s§)) = p]’VamUZmUj (5?)

Now let t; ; = pjgggszj (sj). We have that
unu;NU; unu;NU; unu; unuU; VanU,; unu; VanU;
ijmUm(}j( ij) = pjvamUml}j (ijmUZnt (s;)) = pjvan(i-mUj (sj) = pjv:nUZmUj (pjvaml}j(Sj)) = IOJ'VZQUZOUJ- (s7)



Thus, for all 4,5 € I, we have that

UnU;nU; UnU;nU;
Piv,nUnU; (¢ (UNU:NU; )(nggg nU; (si))) = Piv,nu, U, (ti;) for alla € A

Note that for each 4, j € I, we have that UNU; NU; = U,c4(Va NU; NUj) is an open cover of UNU; NU;.
Because Fj is a sheaf, we have by the lemma below that for all 4,5 € I,

Unu;
¢ (UNU; N Uj)(ngﬂg nu; (si)) =tij = Pjunu, nU; (s5)

Thus, we have shown that s = (s;)ier € F(U), and thus s is a gluing of the s,.

Lemma. Let H be a sheaf on a topological space Y, with restriction maps p. Let £ C Y be open, and
let E = J,cp Er be an open cover. If ¢1,ty € H(E) have pf (t1) = p (t2) for all 7 € R, then because the
restriction maps are homomorphisms, we have

pp (t1 —t2) =0 € H(E,) for all 7 € R
and hence t; —ty =0 € H(E), i.e. t1 = to. O

Thus, we have shown that F together with the restriction maps p form a sheaf.

Defining the isomorphisms ;. Note that for any h € I and open V C Uy, we have that

Flu,(V) = F(V) = {(si)ier € [[ F(VOU) | 61 (VOUNU;) (piy i, (51)) = pjvmt/ s, (57) for all i, j € I}

i€l
For any h € I and open V' C Uy, define ¢, (V') : Fly, (V) = Fn(V) by
1/1}1(‘/)((51')161) = s € fh(V N Uh) = ]:}Z(V)

This defines a morphism )y, : F|y, — Fp, because, for any open W C V' C Uy, we have that

Un(W) (ol ((si)ier)) = bn(W) (payyos, (s0))ier) = priads, (sn) = priv(sn) = puy (V) ((si)ier))

Checking that the v, are isomorphisms. For any i € I and open V' C Uy, define 5, (V') : Fp (V) = Fly, (V) by
Br(V)(t) = (éni(V N U:)(prvw, (t)ier € Flu, (V) = F(V)
Note that we do in fact have that 8, (V)(t) € F(V), because

61 (VOUNU;) (piv i, (00 (VAU (prdw, (D)) = 6i5(VOUNU) (60 (VOUNU;) iy s, (ontew, () =

61 (VOUNUS) (pnd e, (8)) = 6 (VOUNU;) (o v, (Prvao, (1)) = Pivir, v, (@i (VOU;) (ony s, (1))

Furthermore, this defines a morphism g, : 7, — F|y, because, for any open W C V' C Uy, we have that
BuW) (pniy () = (6 (W N U (pnitew, (oniy (1)) )ier = (6ni(W N U (pniyew, () )ier =

(6 (W 0O (o, (rvow, (0))ier = (piyes, (0mi(V 0 Ui (pnvvws () )ier = piv (Br(V) (1))



Note that for any h,i,j € I, any open V' C Uy, and any (s;)ier € Flu, (V) = F(V), we have that

6i(V TN Uy oy e, (36)) = pivvinu, (5)
and thus in particular
Oni(V N U (prvow, (sn) = si
Thus, for any h € I and open V' C Uy, and any (s;)icr € Flu, (V) = F(V), we have that
BV (Wn(V)((si)ier)) = Bu(V)(sn) = (dn:(V OV U (prirew, (sn)ier = (si)iet
Furthermore, for any h € I, any open V C Uy, and any t € Fp,(V), we have that

Dn(V)(Br(V)(1) = ¥a(V) (61 (V OV U (prvru, (D))ier) = ¢ (V N UR) (prvw, (1) = idv (pay (1) =t

Thus we have shown that for any h € I, ¢y, : Fly, — Fp and By, : F, = Fly, are morphisms and are
inverse to each other. Thus, for any h € I, ¥y, is an isomorphism.

Checking that the 1, satisfy the relation. For any h,k € I and any open V C Uy N Uy, we have that
, VNU; o
Flo,nv, (V) = F(V) = {(si)ier € [[F(VUy) | qbij(VﬂUiﬂUj)(pi“;ggszj(si)) = pjvavinu, (sj) for all i, j € I}
el
In particular, for any h, k € I, any open V' C U, N Uy, and any (s;)i;er € F(V), we have that
Se(V U, N U (o no (1)) = 6nk(V) (51) = sk = piy ot no (S8
Thus, for any h,k € I, any open V C U, N Uy, and any (s;);c; € F(V), we have that
Ve(V)((si)ier) = sk = oni(V)(sn) = one(V) (¥n(V)((si)ier))
and therefore
Ve(V) = dni(V) 0 n (V)

Thus, for any h, k € I, we have that V|, v, = ¢k © Yrlu, U, -

Thus, F is a sheaf on X, with isomorphisms 1; : F|y, — F; for each ¢ € I such that ¢; = ¢;;0v; on U;NU;.

Uniqueness of F up to isomorphism. Suppose that G is a sheaf on X, with isomorphisms 7; : G|y, — F;
such that 7; = ¢ o 7 on U; N Uj. Let A#om(F,G) and Som(G,F) be the sheaves of local morphisms.

For each i € I, let f; € #om(F,G)(U;) be f; = 7, ' o4y : Flu, — Glu,, which is an isomorphism because
1; and 7; are isomorphisms. Note that for any 4,5 € I,

filvinu, = 77 oo, © Yilunu, = (95i © Tiluin,) ™' o i © Yslu,nu, =
—1 -1 -1
Tilv,nu, © @50 © Gii 0 Yilvinw; = Tily,au, © Yilvinu; = filvinu,
Recall that X = (J;c; U; is an open cover. The f; € Jom(F,G)(U;) have the property that filuy,nu, =

filvinu, for all 4,5 € I, so because sZom(F,G) is a sheaf (proven in Problem 2.1.15), there is a unique
f e Hom(F,G)(X) such that f|y, = f; for all ¢ € I.

For each i € I, let g; € Som(G,F)(U;) be g; = 77[,;1 o7 : G|y, = Flu,. By the same reasoning, there is a
unique g € #om(G, F)(X) such that g|y, = g; for all i € I.

Thus go f € Hom(F,F) and fog e Hom(G,G). For all i € I, we have
(go v, =gio fi = id]_-|Ui = idr |y, € Hom(F,F)(U;)

(foglv; = fiegi =idg),, = idg [v; € Hom(G,G)(Ui)

Because #om(F,F) and s#om(G,G) are sheaves, we therefore have that g o f = idr and fog = id|g.
Thus F and G are isomorphic.



