GLOBAL WELL-POSEDNESS, SCATTERING AND BLOW UP FOR
THE ENERGY-CRITICAL, FOCUSING, NON-LINEAR
SCHRODINGER AND WAVE EQUATIONS

by

Carlos E. Kenig

Lecture 1

In these lectures I will discuss recent joint works with F. Merle. In them we have devel-
oped an approach to the study of non-linear critical problems of dispersive type. The issues
studied are global well-posedness and scattering. The approach works for both focusing and
defocusing problems, but in these lectures I will concentrate on two focusing problems. The
approach proceeds in steps, some of which are general and hence apply to “all problems” and
some which are specific to each particular problem. The concrete problems to be discussed
here are the energy critical, focusing non-linear Schrédinger equation and wave equation. |
will try to separate both kinds of arguments in the exposition. I will start out by discussing
(NLS).

Consider thus the Cauchy problem for the H? critical non-linear Schrodinger equation

10w+ Au £ ]u\4/N_2u =0,z € RNt eR,
(CP) u| _ 71

t=0 = Up € H-.
The problem is called “critical” because if u is a solution and A > 0, uy(x,t) = ﬁ u(%, %)
is also a solution and [|ux(—,0)||;1 = ||uol|g1, YA > 0. Here the — sign corresponds to the
defocusing problem and the + sign to the focusing problem. The theory of the local Cauchy

problem (Cazenave-Weissler 90, [4]) shows that if ||ug||; < 6, 0 = dx > 0 is small (and
2(N+2)/N—2

N < 5) then 3! solution to (CP) with v € C(R; H'), ||u||£t < o0 (i.e. the solution
scatters). As we will see later this is equivalent to Juf € H' s.t. |[u(—,t)—e® uT| | i1 Py
—+o0

0. Also, the energy identity holds, i.e.

E(u(t)) = ;/|Vu(x,t)|2 de + 2i / lu(z, )| de = B(uo) .

Here + corresponds to the defocusing, focusing cases, 2% = % — £ is the “Sobolev conjugate”

exponent. Here we see the difference between the defocusing and focusing cases. In the
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defocusing case, Bourgain ([3], 1998) proved that for N = 3,4, ug radial, the above result
holds for ||ug||;1 < oo. Bourgain’s result was extended to wg radial, N > 5 by Tao ([30],
2004). For N = 3, general uy the same result was proved by Colliander-Keel-Staffilani-
Takaoka-Tao ([5], 2004). This was extended to N = 4 by Ryckman-Visan ([25], 2005) and
to N > 5 by Visan ([33], 2007). In the focusing case, these last results do not hold. In
fact, a classical argument, based on the “virial identity” (Zakharov, Glassey) shows that if
[ |z]? Juo(x)|? < 0o and E(ug) < 0, then the solution must break-down in finite time (Glassey
77, [11]). Also,
|z|? -(N=2)/2 .
Wia,t) = W) = (1+ m) cH
and solves the elliptic equation
AW + |[WHFN=2Ww =0, zeRV,

and hence (NLS), but scattering does not occur, even though the solution is global in time.
Our main result in this case is:

Theorem A (K-Merle [16], 2006). — For the energy critical, focusing (NLS), N = 3,4,5,
ug radial with E(up) < E(W),

i) if ||ug|| ;1 < ||[W]|;1 the solution exists for all times and scatters.
i) if ||uo|| g > ||W]|g1 (and ||uo||r2 < o) then the solution breaks down in finite time.

Remark. — The conditions E(uy) < E(W) and ||Vug| = ||VW]|| are incompatible (from
now on, || || is the L? norm).

I will now turn to the proof of Theorem A. We start with a quick review of the local (CP)
theory.

Theorem (Cazenave-Weissler [4], 1990). — Let ug € H'(RV), l|luo|| g1 < A. Then, (for

3< N <5)30 =0(A) s.t. if ||eitAu0||5(I) < 8, 0 € I, there exists a unique solution to (CP)

in RN x I s.t. uwe C(I; HY), sup||u(t)||; + [IVullw )y < C(A) and ||ul|gy < 25. (Here
tel

2(N+2)/N—-2 ;2(N+2)/N-2
1l = AE 22 L2250 iy = 11 ovmm- awiovsanasa). Moreover,
uyg — u € C(I; H') is Lipschitz.

Sketch of the Proof. — The key ingredients are the Strichartz estimates (Strichartz 77, [28],
Keel-Tao 98, [15]) (N > 3)

D) IV €2 uollw (oo, 00y < C luo]] g1
.. t G(+—t
i) |V [y et (= 1)) dt|lw (o0, 400) < C IVall 2 2o

() t
iii) sup||V / A g(— ¢ dr|| < ClIVall 2 pansna
t 0 /
and the Sobolev embedding:

(Sob) |\U||L§(N+2>/N—2 v+2yn—2 < CIVollw -

L
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We then have (with f(u) = %|u[*N=2u) to solve the integral equation (Duhamel’s principle)

¢
u(t) = e ug + / A () di.
0
Let By = {v € RN x I :[|v]|sr) < a, IVl () < b}, Pug(v) = eith u0+fg =R £ () dt.
We will show that we can choose 6, a, b s.t.

Pug : Bap — Bay
and is a contraction. From this, also using (S) iii), the theorem follows. But, by (S) i), ii)

HVQ)UO(U)H([) <CA+C HVf(U)HL% [2N/N+2 -
But [V f(v)] < C|Vo| [N, so Holder gives that this is < C A+ C|[vl|g ) > [IVollw) <
C A+ Ca*N-2b. By (Sob), || @uo(v)||s(ry < 0+ C a*N=2b. We then choose b = 2AC, a
so that Ca*/N=2 < 3, so that IV ®@ug(v)|lw ) < b. If we now set 6 = §, Ca*/N=2-1p < 3
(which is possible if N < 6). We obtain |[®ug(v)|[s(;) < a. The contraction property is
similar and the Theorem follows. O

Remark. — Because of (S), (Sob), 36 s.t. if l[uol g1 < 0, the hypothesis of the Theorem
holds for I = (—oc0, +00). Moreover, givenug € H', 31 s.t. |[e®® u||s(ry < 9, so the Theorem
applies on I. Note also that if ™, u(?) are solutions of (CP) on I (u € C(I; H'), Vu € W(I),
the integral equation holds with u(M)(tg) = u®(tg), to € 1), then V) = u® on I. This is
because we can partition I into I;’s s.t. Hu(i)HS(I].) <a, HVu(i)HW(Ij) < b ; choosing tg € I},
using the uniqueness of the fixed point in I, and then induction on j, our claim follows.
Thus, there exists a maximal interval I = I(ug) = (=T-(ug),T+(ug)) where the solution
we C(I', HYN{Vue W(I")},VI' €I, I' # I, is defined. We call I the maximal interval of
existence. Fort € I we have E(u(t)) = E(up).

Standard blow-up criterion. — If T, (ug) < 400, we must have |[u||sj 1, (u)) = +00. If

v(e,M)
not, M = ||ullsp,r, (ue)) < 00. For € > 0, to be chosen, partition [0, T} (ug)) = .Ul I;, so
=

that [|ul|s(r;) <e. If Ij = [t;,¢;11), using the integral equation and the proof of the Theorem
above, we have
4/N—2
Sup w2 + [ Vullw ) < Cllulty)llg +C HUHS/(I].) IVullw (-

j

If Ce*/N-2 < % we can show inductively that
sup |[u(®)|l g + [Vullw (o1, (o)) < C(M).
t€[0,7 (uo))
Choose now (t,) T T4(up) and show, again using the integral equation, that for n large,
Hez(t—tn)A u(tn)||5(tn,T+(u0)) < g (on [tn,T+(U0)), u(t) — cilt=tn)A u(tn) "'fttn eit—tHA f(u) dt’).
But then, for same €9 > 0 we have
||eit=tn) W(tn) || S (tn, T (uo)4e0) < 0

which, by the Theorem contradicts the definition of T (ug).
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Scattering. — If T (ug) = +00 and M = |[|u[|g(g,400) < 00 then u scatters at +oo. In fact,
by the integral equation, as before we show that —sup [[u(t)|| g + [|Vullw(o,100) < C(M).
te[0,+00)

But then, since
¢
u(t) = e ug + / A £ () dt!
0

and if we set uf = ug + [;° e~ WA f(u)dt', so that by (S), uf € H' and u(t) — e uf =
eith I e A f(u)dt’' — 0 in H' as t — +oo from iii), so that we get scattering.

We now turn to a perturbation theorem which is an important step in what follows. The
proof sketched in our original paper is incorrect. We are indebted to M. Visan and X. Zhang
for pointing this out and suggesting the use of fractional derivatives to give a correct proof.

Perturbation Theorem. — Let I = [0,L), L < 400, let @ be defined on RY x I be such
that

Sup @)l <A, allsqy <M, [[Vallway < oo
verify in the sense of the integral equation
10+ Au+ f(a) =e
and let ug € H! be s.t. [lup — @(0)|| 1 < A’. Then Jeg = eg(M, A, A) s.t. if 0 < e < gg and
Vel anmer < e, 1672 [uo — @(0)]|l5(r) < ¢,
then 3! solution v on RN x I, s.t.
lullsy < C(A', A, M) and Sup [lu(t) = a@(®)][n < C(A, A", M)(A' + e +¢€)
where ¢/ = ¢” for some 3 > 0.

In the proof it suffices to give a priori estimates for u, assuming that it exists. The (CP)
theory gives the rest. We will need 2 new ingredients:

(F) H /0 " i) h(t') dt’

(Foschi [6], 2003, Vilela [32], 2007) holds, provided

LiLr = CHh”L‘Z( LY

1 1 N 1 1 1 1 1

Lyl Lo gty dy,

q g 2 r T q 2 r

1 1 1 1 1 N -2 N N-2 N
j<N<*—j),*+j<1, < —=, — < —
q 2 7 q r T T T

q
2(N+2) 2(N+2)
N-2 '~ (N-2)
1 N -2 o

0<a<1,anear1,let;:m+ﬁSothat

ANl 2vszr/v-2) < ClID*fl| Ly,

Notice that (¢,7) = (

2N
), (¢, 7) = (Q,H) verify the conditions. For
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2(N +2)

h
N g e have

and with ¢ =
sy < ClID fllzs 1y < CHV fllw

and, by interpolation,

HDafHLqU <C|’f\|51) IV F1IS -
1 N?-2(a-1)N —4da 11 2
Set —2*— that — = — 4+ ————. Note then that, f
et q ~ IN(N +2) , SO tha 7 r+(‘N—|—2) ote then that, for «
close to 1, (F) is verified. By interpolation we have || D% [ug — w(O)l|papy < C(A) e

¢’ = (1= Moreover, by Holder,

4/N—2

/N2 De < lullg(ry = 11D%ullLg py-

|| ul|

e Ly
The second ingredient is the chain rule and Leibniz rule for fractional derivatives ([19], 93]):
in this case,

1D [f (@ +w)=f@]ll g o < CUIIE™ ™ + [l [T ID% el g,

N)/N—

2+H H6 N/N— 2][

+ Clfwlls [HUIIS D% g + [1D"wl] g 1]

To carryout the proof, we write ©v = @ + w, so that the equation for w is i0yw + Aw =
f(a+w)— f(a) —e, w|t=o = up —(0). Note that by the integral equation for @, splitting into
sub-intervals we obtain |[Va|[y () < M = M (M, A), so that, by interpolation, ||D0‘ﬂ||L§ L <

J

M, = M;(M,A). We then split I = ,ullj, J = J(M,A,n) so that on each I; we have
]:

HDC%HL«}]_ £z <1, 1 >0 to be chosen. Let I; = [a;,a;+1], ap = 0, aj+1 = L. By the integral

equation on I;

w(t) = e'792 w(a;) + / it [f (@ +w) — f(@)] dt' + / =08 (1) ay
By (F') (and (Sob) and (5)) we hjave J
107wy 1y < 10" % w1y 1y + O +CUID(F+ ) = Sl
< (HDa elltma A w(aj)HLq Lyt 050) +C N2 HDawHngLg

+CHDa HN+2/N 2

L Ly
Thus, if Cn*/N-2 < %, we get
3 (N+2)/(N—2
10wl ,, < 57+ ClDwl (/)
where
7= (1D =8 w(ay| g 1y + Ceo)-

Note that 1 depends only on N. From this a standard continuity argument shows that there
exists Cy = Cy(C) s.t. if ; < Cp, we have

(N+2)/N:
@) ID%wllzy py <3y b) ClD gy ™ < 3,
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Hence, ||D°‘w||L§jL; < 3[|| D™ eilt—a)A w(a;)||zs Ly + C€o]. To continue in the iteration, put

t = a;j4+1 in the integral formula, apply eit=a;+1)A 6 obtain:
) ) aj4+1 , aj+1 ’
ez(t—aj+1)Aw(aj+1) _ ez(t—aj)A +/ ez(t—t )A[f(ﬂ+w) —f(ﬁ)] dt,—l—/ ez(t—t )A €(t/) dt'.
aj aj
By the same argument we get:
|| D et a w(aj1)|[ps oy <||D* eltma)a w(a;)|pa oy
T+ Ceo+ N2 D%l g 4y + ClID™ w1y g
J J
Again, taking 1 small we see that ;11 < 107v; provided v; < Cp. Recall that by assumption
we have 7o < gf + Ceo. Iterating, v; < 107(e} + Ceq), if v; < Cp. If we have 107!
(ep + Ceo) < Cp, this always holds. Repeating the argument we obtain
[1D%w||gs p, <3(J +1)107HD (' + Ce),
for g9 small. Hence, by Sobolev |[w||g) < C(¢' +¢). The rest of the argument follows
similarly.
Some useful corollaries:

Corollary 1. — Let K C H' bes.t. K is compact. Then 3T, T s.t. Yug € K, T (ug) >
T, T (ug) > T

Choose M =1, A= sup l|wol| g1, A = C(A) as in (CP), g9 = €0(1, 4, 1) as in Perturbation

ug€EK
Theorem, 1 < min(ep,1). Cover K by balls B(ugj,e1), 1 < j < J (compactness of K).
. ~+ T . 5 B + . -+ - . — .
Consider T}, T} s.t. H“J”S[ij*,T]ﬂ <1land TT = IISnjlélJI} , T~ = 1%1;]1} . Then, if

up € B(ug j,€1) for some j, the solution exists in [-7~, 7] by Perturbation Theorem.

Corollary 2. — Let iy € H*, ||| < A, @ solution in (=T (i), T (@io)). Ifugn — i in
H!, then T_ (o) > liminf T (uo) ; Ty (Go) < liminf Ty (uo) and Vt € (=T (i), T4 (7))
we have u,(t) — u(t).

In fact, if I' CC I = (=T_(to),T(uo)), sup|a(t)||;n < C(A,I'), |lallsry < M. Apply
tel’
the Perturbation Theorem with u = u,, uy = up, on I'. If ¢g = go(M,C(A,I'),1) and n
is so large that [|ugn — dol|;n < 1, ||€®[uo, — Toll|ls < €0, we have u, exists on I’ and
sup||un (t) — u(t)|| gy < C(A, M){||uon — ﬂol\gl}, B > 0, so the claim follows.
tel’
From now on we concentrate on the focusing case,
i Opu + Au + [u*N"2u =0,
’LL|t:0 = Uy € Hl.
We start out with a review of Glassey’s blow-up result: assume that [ |z|? |ug(z)|? dz < oo,
up € H', E(up) < 0, I = (—=T—(ug),T+(uo)). Let y(t) = [ |z|*|u(z,t)[*dz. A calculation
shows that 3" (t) = 8 [ |Vu(z,t)|*> — Ju(z,t)|?" dz (the same calculation also gives y(t) < oo,

vVt € I). Since E(u(t)) = E(uo) <0, 5 [ |Vu(®)]? = [u®) = B(u(t)) + (3 — 3) [ [u()]*" <
E(u(t)) = E(up) < 0, y"(t) < 16 E(up) < 0. But, since y > 0, I cannot be infinite. The next
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step is to establish some variational estimates. Recall that W (z) = (1 + N(‘]f,l;) )~ (N=2)/2 jg

a stationary solution of (CP), € H' and solves the elliptic equation
AW + |[WYN=2w =0,

W > 0 and is radially decreasing. By the invariances of the equation, Wy, x,z,(z) =

etfo )\év - 2W()\0(:U — 1)) is still a solution. Aubin and Talenti (76) gave the following varia-
tional characterization of W: let C'y be the best constant in the Sobolev embedding ||ul| 2+ <
Cn|[Vul[g2. Then |[ul|p2r = Cn|[|[Vullp2, u # 0 & u = Wy, rgz) for some (6o, Ao, 70).
Note that by the elliptic equation, [|[VW|? = [|W|*. Also Cy||[VW|| = |[W||2+ so that
C%||IVW |2 = (f|VW|2)(N_2)/N. Hence, [ |[VW|? = %V Moreover

R o

Lemma. — Assume that ||Vv|| < ||[VW]|| and that E(v) < (1 — do) E(W), 6o > 0. Then
EI323(507 )
i) [[Voll* < (1—5)||VW||2
i) [[Vol* = v = 3[|Vol?
iii) E(v) > 0.

Proof. — Let f(y) = %y — C;: v’ 2 = ||[Vv||?. Note that f(0) =0, f(y) > 0 for y near 0,
y > 0 and that f/(y) = %— CT’%:yQ*/Q_l, so that f'(y) = 0iff y = yo = % = |[[VW]|]%
Also, f(yo) = N—é,% = E(W). Since 0 < 7 < y., f(7) < (1 —do) f( C) and f is non
negative and strictly increasing between 0 and yc, and f'(y.) # 0, we obtain 0 < f(7),
7<(1—=68)y.=(1-20)||[VW]||?. This shows (i ), iii). For (ii), note that

z/uv—z)
/|W|2 2 > /|w2 oz /\w? /yw 1-c% /|W\2 ]
/|w [1-cka -9y /\VW\ /\vu\ _5)2/(v-2)

which gives (iii). O
Remark. — If ||Vugl|| < |[|[VW]||, E(up) > 0.
From this static Lemma, we obtain dynamic consequences.

Corollary (Energy trapping). — Let u be a solution of (CP) with maximal interval I,
[[Vugl|? < |[VW]%, E(up) < E(W). Choose & > 0 s.t. E(ug) < (1 — do)E(W). Then, for
each t € I, we have for § = 6(d),
) |[Vu(®)|* < (1= 8)[[VWIP, E(u(t)) > 0
i) [IVu)]? = Ju®)" =8 [ [Vu(t)]?
iii) (Coercivity and uniform bound)
E(u(t)) = [|[Vu(t)|]* = [|Vuo||?,

with comparability constants which depend only on dg.
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Proof. — From the continuity of the flow, conservation of energy and the previous Lemma.
O

Remark. — Let ug € H', E(ug) < E(W) but ||[Vug|[> > |[VW|[2. If & is chosen so that
E(ug) < (1—260) E(W), we can conclude, in the same way that [ |[Vu(t)|? > (149) [ |[VW|?,
tel.

But then, notice that:
* 2
2 25 _ox _ 2
[ IV = O =2 Bw) ~ 5 [ 1900

2 1 20 1 —25
<P*EW)—- ——  — == <.
= (W) (N-2)Cc¥ (N-2)Ck (N-2)C}¥<

Hence, if [ |z|? Jug(z)|* dz < oo, Glassey’s proof shows that I cannot be finite. If u is radial,
up € L?, using “local virial identities” one can see that the some holds. We now turn to the
next step in the proof:

Concentration - Compactness Procedure. — We now turn to the proof of the positive
result in Theorem A. Recall that by the coercitivity-uniform bound estimate, if E(ug) <
E(W), ||[Vug||? < [|[VW]|?,if 6g is s.t. E(ug) < (1—80) E(W), E(u(t)) =~ ||[Vu(®)|]* = ||[Vuol|?,
t € I, and that if ||[Vuo||? < |[|[VW||?, we have E(ug) > 0. It now follows from (CP) that if
[[Vugl|? < |[VW]? and E(ug) < no, no small, then I = (—o0,+00) and u scatters. Hence
by considering G = {E : 0 < E < E(W): if ||[Vuo||*> < |[VW||? and E(up) < E, then
|ulls(r) < oo} and E. = sup G, we find E. with 7y < E. < E(W) s.t. if |[Vugl]* < |[[VW|?
and E(ug) < E., then I = (—o00,+00) and u scatters, and E. is optimal with this property.
Theorem A is the assertion E. = E(W). Assume then E. < E(W) and we will reach a
contradiction. Note that if 0 < E < E,, |[Vugl|* < [[VW|[? and E(ug) < E, then |[u||g) <
oo, while if E, < E < E(W), Jug s.t. [|Vul|* < |[[VW]|?, E. < E(u) < E < E(W)
and ||ul|g(;y = +o00. We will use a concentration-compactness argument to deduce some
consequences of this that will eventually lead to a contradiction.

Proposition 1. — There exists ug. € H', |[Vuoc||?> < [|[VW|]?, with E(ug.) = Eu(<
E(W)) s.t. if uc is the corresponding solution then |[uc||g) = +oo.

Proposition 2. — For any u. as in Proposition 1, with (say) ||uc||s,) = +oo (I+ = 1N
[0, 4+00)), there exist x(t) € RN, \(t) € RT, t € I, such that

K = {v(x,t) : /\(t)(if—@/? uc(a7 ;(f)(t) ,t) te I*}

has compact closure in H'.

The proof of Propositions 1 and 2 uses the coercitivity and uniform bound estimates, in
conjunction with the “profile decomposition” of Keraani ([20], 2001), which describes the
defect of compactness in the estimate

1€ uolls < C luol| 1,
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which combines Strichartz (S) (i) with Sobolev (Sob). This is based on the “improved in-
equality” (N = 3)
1/3 2/3
Allzs@s) < ClIVAIIstgs) [IVAIR,
where Bg,oo is the standard Besov space (see [7]).

Theorem (Profile decomposition, Keraani 2001). — Let {vo,} € H', ||vonll;n < A,
[€®®vonl| > & > 0. Then, there exists a subsequence of {vo,} and Vo521 in H' and
triples (Ajn;j,;tin) € RY x RN x R, with

N | Airn | i —tial | 1% — Tjrnl

00, j #j'
Aj/fn‘ Ajﬂn A]2,n A]vn n—oo

(the triple is orthogonal), s.t.

D) Vol = ao(4) > 0.
ii) If Vf = ¢itA V.5, then we have, for each J

J 1 Tr—T t
_ 1 —Agn Yin J
Uov”_z/\N—wQVj( N 2 >+wn7
i=1 Yjn o m

where lim inf,, o ||e™® w;!||s . 0, and for each J > 1 we have:
—00

J )
(iii &) [[Vvon|* = z IVVolI? + [[Vwhl[* +o(1), as n — oo
]:

and
J )
(iii b) B(von) = £ E(V/(=32)) + B(w;) +o(1)
as n — oQ. ’

Lecture 2

In order to apply Keraani’s Theorem to our non-linear problem, we need the notion of a
“non-linear profile” : let vg € H', v = e®®vy, {t,} a sequence with lim t, = € [—o0, +00].
n—oo
We say that u(x,t) is a non linear profile associated with (v, {t,}) if 3 an interval I with ¢ € I
(if £ = oo, I = [a,+0), (—o0, a] respectively) such that u is a solution of (CP) on I and
lim |[u(—,t,) — v(—,tn)|| 51 = 0. There always exists a non-linear profile: if £ € (—o0, +00)
n—oo

we solve (CP) with data at t = v(xz,t). If £ = 400 (say), we solve integral equation

u(t) = e vy + / =1 fu) dt’,
t

in RY x [t,, +00), where ng is so large that [|e?*4 V0|8 (tng+o00) < 6. Then, u(tyn) — v(tn) =

I e =8 f(u)dt', which — 0 in H', since Vf(u) € L%t>tn0) L2NNF2 1t s easy to see

that if u"), 4 are non-linear profiles associated to (vg, {t,}) in I 37, then u() = u® on I.
Hence, there exists a maximal interval of existence I for the non-linear profile. Clearly, near
finite end points of I, the S norm is infinite. These concepts are used in the following:
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Proposition 8. — Let {z0,} € H', ||[Vaoul> < |[VW]]? and E(20,) — E(< E(W)),
||ettA 20,n/ls(—00400) = 0 > 0. Let (VOJ) °, be as in the profile decomposition. Assume that

one of
i
a) liminf E(V{(— 2 ")) < E,
n—00 )\
or
b) liminf E(V{(— 2 ")) =E.
n— 00 )\1
and for s, = — ;\2 , after passing to a subsequence so that s, — § € [—o0, +00] and
1

E(V{(=sn)) — E., and if Uy is the non-linear profile associated to (Vo1,{sn}) then
I = (—00,+00), ||U1||S(—co,+oo) < 0.

Then, (after passing to a subsequence) if z, solves (CP) for (zon), ||2nl|s(—c0,400) < 00, for
n large. (In fact it is uniformly bounded in n.)

We will first assume Proposition 3, use it to prove Propositions 1, 2, then prove Proposi-
tion 3.

Proof of Proposition 1. — Find wp, € H', [|Vuon*> < [|IVW|?, E(up,) — E.,
||eftA = +00, I, a maximal interval. Since E, < E(W), for n
large E(ug,) < (1 — dg) E(W). By energy trapping, 36 s.t. ||[Vu,(t)[]2 < (1 —6)||[VW]|?,
t € I,,. Fix J > 1 and apply the profile decomposition to {ug,}. We have
J

(f) | = D _IVVosl[* +[[Veg] 2 + o(1),

j=1

J .
(t) B(uon) = Y B(Vf (= 35*)) + Blw)) +o(1).
j=1 i

For n large, we have, from (1) that ||Vw;![|? < (1 5)||VW]|2 and ||[VVp,|? < (1 g)HVT/VH2

1 < j < J. Hence, for n large E(w;) > 0, E(V/(- tw))) > 0. Thus, E(V{(— ;12”)) <

E(uon) + o(1) by (1), so that lim E(V{ (—4m)) < E.. Assume first that we have strict in-

n—oo )\%1
equality. Then Proposition 3 a) gives a contradiction for large n. Thus, lim inf,, ... E(V{(s,)) =
E.. Let Uy be the non-linear profile associated to (Vo 1,{sn}). The first observation is that
Voj = 0, j > 1. Indeed, by (f) and the facts that E(ugn) — Ee, E(V{(sy)) — E. (after
passing to a subsequence), we see that FE(w/) — 0, E(VZ(—tJ—")) — 0,5 =2,...,J, But

then, by coercitivity, we see that

J
> |7 (-
j=2

t 2
28| 1w = 0.
n
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But, HVVf(—;Q—’")HQ = ||VVo,||?, establishing the claim, and in addition showing that
J,n
|[Vw]|| — 0, so that

1 (T — T1p 7
Uy = Vi ( ~,8 >+w .
n AV=2/2 1 Mo n n

1n

. . N-2/2
Renormalize, setting von = Ay,

Uo,n, and so that

uo,n(An(z + 21,,)), which has the same properties as

von = Vi (s) + @5, [Vl — 0.

Let I; = maxint of U;. By definition of non-linear profile, E(Ui(s,)) = E(V{(sn)) + o(1) =
Eeto(1), VU (5|12 = [IVV(s0)| +0(1) = [IVVi0l2+0(1) = ||Vl +0(1) < [[VW]?
for n large. Now fix 5§ € Iy, so that E(Ui(5)) = E(Ui(sn)) — E., so that E(Ui(s)) = E..
Also, ||[VU1(s,)||? < |[[VW]|? for n large, so that, by energy trapping, ||VU1(3)||? < |[VW||2.
If ||U1]|s(r,) < oo, Proposition 3 b) gives a contradiction. Hence ||U1|g(;,) = 400, we take
u. = Uj. ]

Proof of Proposition 2. — (by contradiction) Let u(z,t) = uc(x,t). If not, Ing > 0, {t,}02,
tn > 0s.t. Vo € RT, 29 € RV we have (after rescaling)

1 T — To /
- >
(*) H )\E)N,Q)/Q u( 2o vtn) u($atn) m= N, 1N 7£ n.
After passing to a subsequence, t,, — t € [0, T (ug)], so that ¢ = T' (ug) by continuity of the
flow. We can also assume, by (CP) that ||e"4 u(tn)||s(0,400) = 0. We now apply the profile
decomposition to vy, = u(t,). We have E(u(t)) = E(ug) = E. < E(W), [|Vu||?> < |[VW|[?,
so that ||[Vu(t)]|2 < (1—13). ||[VW|[?, t € I. But then liminf, .o E(V{(—%2)) < E,.. If we

Ry
have strict inequality, Proposition 3 a) gives a contradiction. Hence we have equality and as
before Vp j, j = 2,...,J, are all 0 and ||[Vw;|| — 0. Thus, we have

1 r— t
Vf( 1,n Ln) +w]

u(tn) = ,—
( n) Ai\j;Q/Q )‘1,n )‘%,n n
|w;|| 1 — 0. We next claim that s, = —;1%" must be bounded. In fact, if f\%" < —Cph, Cya
large positive constant, for n large we have ||eimw;{||5(_oo,+oo) < g and
1 T—Tin t—1tin ¢ 0
S ) < Wi <
HAJlVf/Z w2, s IVills(coto0)) < 5
for Cy large, a contradiction.
If, on the other hand ;\1%—" > Cy, Cy large positive, for n large, we have
1 T—Tin t—tip Y )
T T s S M lsmmcn < 5

Thus, for n large, ||e® u(tn)|ls(—o0,0) < 9, so that (CP) gives [|ul|g(—ocy,) < 20. But t, 1

- t1n . tin
T (uo), a contradiction. Hence |{z™| < Co, so that, after passing to a subsequence {3 —
1,n 1,n
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to € (—00,4+00). But then by (), w; — 0 gives for n # n/, both large
H 1 1 Vé(x—xo)\o—xm _tl,n)
(Mo)N=2/2 (Mg ) N-22 71 Aln T AL,
1 =21 liw 70
S AT
ooy ST w2

for all Mg, xg. After changing variables this gives, for all Ay, Zg that

)\l,n’ (N-2/2) / Al,n’y ~ tl,n ) g( 7fln )H 770
H(AOAW) Vl(AOALn,”"’”’ 0T )2 Vily a2 mZ D

. ~ . .. .. . ty pt t
Choosing now g, Zg suitably this is a contradiction since ;Q—”I — 1o, )\1%—" — 1. O
n

Proof of Proposition 3. — Assume first that liminf E(V (=% %3 )) = E.. Fix J > 1 and note

that as in the proof of Proposition 1, we have Vy; =0, j > 1, and ||[Vw]|| — 0. Moreover,

if v = A 2200 (At (@ + 210))s @ = ALy 7w (A (@ + 21,0)), we have ||V, || — 0,

von = VY (sn) + Wy, with ||[Vog,|> < |[VW|?, E(von) — E. < E(W). By definition of the

non-linear profile, ||V(V{(s,) —Ui(sn))|| — 0, so that vo, = U1(sy) + Wn, ||Vii,|| — 0. From

this we see that F(U;) = E. < E(W) and so, by energy-trapping sup||VU(t)||> < |[VW]|%.
tel

Since ||Vaby,|| — 0 the Perturbation Theorem gives this case, under assertion b). Assume next

that liminf E(V{(— f\lg" )) < E. and passing to a subsequence that lim F(V{ (—x 28, )) < E.. We
1,n

2 +

J
[Vw;||? + o(1) and since E(zp,) — E. < E(W), for n large FE(z0,,) < (1 — do)E(W). Since
< |[VW][?, energy trapping gives that ||[Vzo,||? < (1 —6)|[VW]|[>. Thus, for all n
large E(Ve( t”)) > 0, E(w]) > 0. Coercitivity shows that E(V{(—s,)) > Cag = ap >

next show that lim inf E(V’(— i—)) < Ee j=2,---,J. Infact, |Vzp.|> = E INAZY;
j=1

0, for n large. Then, E(z0,) > ao + E E(VJZ( 2z ")) + 0o(1), so our claim follows from

E(z0,) — E.. Next, note that if U; is the non- hnear profile associated to (Vo j, {— /\2" 19
(after passing to a subsequence in n) then U; exists for all time and ||Uj]|s(—s0,00) < 00,
1 < j < J. In fact, for n large, E(VK( tj n )) < E., so E(U;) < E. by definition of non-linear
profile. Moreover, ||VV5( 4 )||2 < ||VZOnH2 +0(1) < (1 —0)||[VW||2 + o(1), so by energy
trapping we have ||VU;(?)|| < HVWH Vt € I;. But then, by definition of E., I; = (—o0, 4+00),
1U;]|5(~00400) < 00. Next, note that 3jg s.t. for j > jo we have

1Uj1[§(—s0400) < ClIVVa,4I17

In fact, J fixed, choosing n large we have
J
PBINALY
j=1

Hence, for j > jo, |[VVo,|| < &, 0 so small that [|e®® Vo ||s(—0ot+00) < 0, which shows

that [|Uj||s(—oc,400) < 26, sup, |[[U;(@)|[ g + [IVUjllw(—co+00) < ClIVollgn- But then,

| < [[Vz0.0ll* + 0(1) < 2[[VWI2.
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Ujl$(=00,400) < ClIVojll i1 as desired. Next, for ¢9 > 0, to be chosen, define

J(eo)

1 T—Xin t—1in
I{1175 — U( Js , Js )
0 ]Z: A 22N A A

Then ||Hp g0l 5(~o00,400) < Co uniformly in g, for n > n(ep):

J(eo
(N+2)/(N-2) _ r—xjn t—1tjn\12N+2)/(N-2)
I B2 = ] Z)\NZ/ZU( o L) |
]777/

j= 1 jvn

J(e0)

T—Tip t—1t; 2(N+2)/(N-2)
< jn Jn ‘
Z // < )‘j,n 7 )‘gn )
C U T —Tjn t— tjﬂ
*+ Cj(eo) Z ’ (N—2)/2 j( N 2 )‘
2" 7 A o i

)

1 T — Ty t—tj/n>’(N+6)/(N—2)
/ : : =IT+1II.
( N A *

U

’ (N-2)/2 7Y
Ajrn

For n large, Il — 0 by orthogonahty of ()\] nsTjn,tjn). Thus, for n large I < I. But

N2 (N-2 2(N+2)/(N-2

oo+oo ( 00,+00)
Jj= J0+1
(N+2)/(N-2) o)
<Z|IUHS VAT o Y ([l PR/
Jj=jo+1
(N+2)/(N-2) g (V42) o I(e0) Co
<ZHU [ +CSupHVV0]H( 2 -2) S 9Vl <

J>Jjo

J(eo) - -
Define now R, ¢, = |Hn750]4/(N_2) Hy ey — 'Ej \Ujm]‘l/(N_Q) Ujn, where
]:

- 1 rT—Ti, t—tin,
Ujn(z,t) = - Uj( jn 3, ) '
We then have ||V R,, .| \LQL
00, |IVUjlw(=s0400) < 00. Let now @ = Hy, ¢y, € = Ry ¢, Choose now J(gp) so large that for
itA, J(e0)
Wn,

2N/(N—2) — 0 asn — +00. This uses orthogonality, ||Uj]|s(—c0,400) <

n large ||e ||$(—o0,+00) < - Note that by the profile decomposition and the definition

of non-linear profile, we have, for n large
20,0 = Hp,z0(0) + ;) €0)
where Heimw}{(so)HS < gp. Also, arguments as above show also that sup |IVH,, ()] < Co

uniformly in gg, for n large and ||V, 7] (€0) || < 2||[VW]|. Now choose g < 0(Cp, Co, 2||[VW||)
as in Perturbation Theorem, and n so large that ||V Ry |12 2n/n—2 < €. Then the Pertur-
bation Theorem gives us Proposition 3 a). O
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An important Corollary of the above arguments is (Keraani [20], 2001, Bahouri-Gérard
[1],1999).

Lemma. — There exists a function g : (0, E,] — [0,400), g | s.t. Yug with ||[Vugl||> <
IVW||? and E(ug) < Ec —n, then |[ul|s(—co,+00) < 9(n).

Proof. — If not, 31y > 0 and a sequence ugp, s.t. ||Vugn|* < [[VW]?, E(uon) < E. —no

and ||un||g(—c0,400) — +00. For n large we must have He“AuQnHS(,OO,JrOO) > §. But if we
now apply the proof of Proposition 3, case a), we reach a contradiction. O
Remark. — In the profile decomposition, if all the vy, are radial the Vj; can be chosen

radial and x,; = 0. We can then repeat our procedure restricted to radial function and
conclude the analogs of Propositions 1, 2 with u. radial, z(t) = 0.

Remark. — Because of the continuity of u(t), t € I in H*, in Proposition 2 we can construct
A(t), z(t) continuous in [0, T (ug)), with A(t) > 0 for eacht € [0,T4 (uo)). To see this, first one
can construct piecewise constant (with small jump) A\ (t), z1(t) so that the corresponding set
K, is contained in Ky = {w(t) solution of (CP) with initial data in K,t € [0,to],to small}.
It is clear that Ky is compact. We can then construct continuous \o(t), x2(t) s.t. Ko is
contained in the precompact set {)\a(Nfz)/zw((a: —z0)A\ 1), w € K, 3 <X <2, |zl <11

We now turn to further properties of critical elements.

Lemma. — Let u, be as in Proposition 2, with T (ug) < oo. (After scaling we can assume
Co(K 1/2
T, (ug) =1). Then 3Cy = Co(K) > 0 s.t. A(t) > (g<_ t){ =y

Proof. — Consider t, T 1, up, = /\(tn)]l\,_Q/g u(x;é%l),tn) We know that 3Cy = Cp(K) s.t.

Ty (uon) > Co. Note that u(z,t,) = Mtn)N 22 ug(A(tn)z + 2(t,)), hence by uniqueness in
(CP), for t, +t < Ty (ug) = 1, we have u(x,t + t,,) = Mtn) V22 un(A(tn) © + 2(tn), A2 (tn)1).

Hence, t, +t < 1 for all 0 < A2(t,)t < Cp. With t = %, we get t, + % < 1lor

N2 (t,) > (197%1) as desired. O

Lemma. — Let u. be a critical element as in Proposition 2, with Ty (ug) = +o0o. Then,
there is a (possibly different) critical element v., with a corresponding A, and Ay > 0, with

A(t) > A >0, for t € [0, T4 (vo,c))-

Proof. — Recall that E(u.) = E. > ng. By a previous remark, 3¢,, t, T 400 s.t. A(t,) — 0,
or the result holds for u.. After possibly redefining {t,};° ;, we can assume that \(¢,) <
[('1)25] A(t). By compactness of K, won,(x) = ,\(tn)flvf2/2uc($;8%)vtn) — wp in H'. Hence,
E(wg) = E. > n9 > 0. Moreover, ||[Vup||> < |[VIW||? by the corresponding property of
u. and energy trapping (E. < E(W)). Let w(z,7), 7 € (—=T—(wp),0] be the corresponding
solution of (CP). If T_(wg) < oo, we let v.(x,t) = w(x,—t) and Proposition 2, and the
previous lemma, give the result. If T_(wg) = +o0, let wy,(x,7) be the solution of (CP) with
data won, 7 € (=T-(wo,),0]. By semicontinuity we have liminf 7" (wg,) = +oo and for

every 7 € (—00,0], wy(z,7) — w(z,7) in H'. By uniqueness in (CP), for 0 < t, + SYONEL
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we have wy,(z,7) = A(tn)le—2/2uc(m)ft()) tn + )2) Define now 7, = —A(t,)?t,. Note
that liminf, (—7,) = liminf, (\(¢,)%t,) = +oco. In fact, if —7, — —70 < 00, wy(z, —7) =
)\(tn)}\’72/2 ue (5 g”t(t;),O) would converge to wo(x, —79) in H', with A(t,) — 0, a contradiction
to E(wg) # 0, so wy # 0. Hence, for all 7 € (—o0, 0], for n large we have 0 < t,, + )\( 2 < tn.
Note also that we must have ||w||g(—s0,0) = +00. Otherwise, by The Perturbation Theorem we
would have, for n large, T (wp ) = +00, ||wn\|5 0,00) < M, which contradicts |[uc|s(0,4o00) =

+o0. Fix 7 € (—00,0], n so large that ¢, + /\(t vz > 0 and Aty + NG )2) is defined. Then,

x(tn + m)

1 1 x — Tp(T
Nt 5 D2 (- At + 527) ’t"+/\2(tn)> NEEE on ;(T)( )’T) €K,
with .
5\n(7) _ )\(tn;;ti()tn)z’) >1, Tp(r) =2(ty + AQZ-%)) — ?\EZ:; )
Since /\5/2 () — o in L? with either A, — 0 or oo or |z,| — oo implies that
o = 0, we can assume, after passing to a subsequence that A\,(7) — A(7), 1 < A7) < o0
Zn(T) — (1) € RY. But then, 5\(7)1},_2/2 w(xg(i(;)ﬁ) € K as desired. O

We now conclude the proof of Theorem A, by establishing:

Theorem (Rigidity Theorem). — Let ug € H', E(ug) < E(W), ||[Vuol|®> < |[VW]%.
Let u be the corresponding solution of (CP) with maximal interval I = (—T_(uop), T} (uo))-
Assume I \(t) > 0, defined for t € [0,T(up)) s.t.

K= {v(:r,t) = )\(t);,_g/g U<)\Z)at>7t € [0,T+(U0))}

has compact closure in H'. Assume that if Ty (ug) < 0o, A(t) > % and if Ty (ug) = 400,
A(t) > Ap > 0. Then we must have T (ug) = 400, ug = 0.

Proof. — Case 1: T (ug) < +oo so that A\(t) — 400 ast — Ty (ug). Fix ¢ radial, ¢ € C§°,
p=1on |z| < 1 suppy C {|z| < 2} set pr(x) =

e(R)-
Define ygr(t) = [ |u(z,t)]* pr(z)dz, t € [0,T4). A c

lassical computation shows that

yr(t) = QIm/uVquoR.

Note that Vior = % V(%) is supported in R < |z| < 2R. Then,

~ 1/2 u2 1/2 -
ol < En( [19up) ([ 125)" < on( [1vuR) < eniiow

where we have used Hardy’s inequality and energy trapping. Next, we will show that, for all
R >0,

lim lu(z,t)|*dz = 0.
t1T (vo) J|z|<R
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In fact, u(z,t) = A(t)N~2/20(\(t)x,t), where v is compact. Then,

2 o -2 v 2
/|x|<R'“(x’“' dx =A(t) / oy, 1) 2 dy

[y|<RA()

(1) / oy, D)2 dy + A(t) 2 / oy, D)2 dy
ly|<eTA(t) eRA(t)<|y|<RA(t)

=A+ B,
where € > 0 is at our disposal. By Hélder, we have
A SN RN PN [u(®)]]7- < C® R |VWI?
which, for fixed R is small with e

B < A0 (RN 2N (o072 1y e mam) o 0

by the compactness of v, since A(t) T +o0.
Now, using that |y (¢)| < C and the fundamental theorem of calculus, we have

yr(0) < Jim Yr(t) + C Ty (uo) = CT4(uo) -
+

Letting R — oo, we conclude that ug € L?. Fix now ¢ > 0 and choose a so small that

T4 (uo) e

T4 (uo)—a

for all R > 0. By invariance of the L? norm (and this is a fundamental point here), we have:
[luollZ2 = [[u(T+ (uo) — a)lI7: -
For « fixed as above, choose R so large that
€
(T (0) — )22 < [[u(T (w0) — )3y + o -

We then have
9 . 9
luollis < yr(Telun) o)+ 5 <lm— [ yh+ s <e.

Since this is true for each € > 0, ||ug||z2 = 0, which contradicts T < co. This ends the proof
in Case 1. O

Lecture 3
To conclude the proof of Theorem A, we need to treat the

Proof. — Case 2 : T\ (ug) = +00, A(t) > Ag > 0.
Note first that the compactness of K, together with A(t) > Ag > 0 gives that Ve > 0,
JR(e) > 0s.t. Vt € [0,00), we have
Juf?

|Vaul? 4 |[u|* + =5 <.
|z

|z|>R(¢g)
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In fact, since u(z,t) = A(t)N~2/2v(\(t)x,t) a change of variables shows that the integral
equals

2 > P
|Voul® + |v +W§ <e
ly[>R()A(t) ly|>AoR(e)
for R(e) large by the compactness of K.
To continue with the proof, pick dg s.t. E(ug) < (1 — d9)E(W). Then, 3Ry > 0 s.t. for
R > Ro, t € [0,00) we have (if ||Vugpl|| # 0)
Vul? = [u*" > Cs,|[Vuol[*.
|z|<R

In fact, by our coercitivity estimate we have, for all ¢ € [0,00), [ |Vu[? — |u|*" > Cs,||Vuo||?,

but, by the first claim, we can make the tails smaller than —% C o ||Vug|[%. Next, choose ¢ € C5°,
radial, with ¢(x) = |x]2 for |z| <1, ¢(x) =0 for |z| > 2. Deﬁne

/|ua:t\2R2 ( )

The computations that we used in Glassey’s blow-up proof to yield the “virial identity” now
give:

(1) = 2R Im/uVuVlb(x),
_4ZRe/aWJ ) Oru 0y, - /A2 )l |2—/A¢ Yiul?

From these formulas, we deduce:
2 1/2
i <cr [ vor( [ ([
lz|<2R |lz|<2R
g0R2/|vu|2 < Cs, R?||[VW 2.
On the other hand,
(1) > 8 / Vuf? — fuf?"] - Oy / Vul® + : :2 + ],
|z|<R R<|z|<2R

which, for R large is bounded below by Cs, v||Vuo|[?. Integrating in ¢, we obtain

2r(t) = 2(0) = Cio v ][ Vol P,

2R (t) = 2R(0)] < 2Cs, R? [[Vuol[*,
which is a contradiction for large t. O

Remark. — In the defocusing case, for N = 3,4,5, this approach (in a simplifed form
since the variational estimates are not needed) provides an alternative proof of the result of
Bourgain, Tao for radial functions in the defocusing case.
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Corollary (focusing case). — ug € H', radial, E(ug) < E(W), ||[Vu|[? < [|[VW|]?, N =
3,4,5. Then I = (—00,+00), ||u|]g(—o0,100) < 00, JuF € H' s.t. [Ju(t) — e u|| s P 0.
— =00

Also, if E(ug) < (1 80)E(W), [[ulls(—o0,+00) < 9(60)-

Remark. — The result admits the following strengthening: ifug € H' iss.t. Yt € (=T_(ug), Ty (uo))
we have ||Vu(t)||* < |[VW |2 — &9, for some 6y > 0, then I = (—00,400) and |[ul|g(—oo +o0) <
oo. For a detailed proof, see the arguments in [18].

This remark and our Theorem A have consequences for the concentration of finite time
blow-up solutions (see [17] for the details of the proof):

Corollary. — Let ug € H' be radial (no size restriction). Assume T’y (ug) < co and

sup  ||Vu(t)|| < oo (type II blow-up). Then, for all R > 0 we have:
t€[0,T (uo))

limsup/ |Vu(t)]? > /|VW|2,
1T (uo) J|z|<R

N = 3,4,5.

Remark. — For N > 4, ug radial, T4 (ug) < oo, u not a finite blow-up solution of type II,

one can show that if [ |Vu(t,)|*> — +oo, then VR >0, [ |Vu(t,)|> — +o0. For N =3
|z|<R
this is likely false, in light of examples like those of P. Raphael [24] for N = 2, which should

give a radial solution, blowing-up on a sphere.

We now turn our attention to the non-linear wave equation (NLW).
O*u— Au==+u|N2u, zeRN, teR
u|t:g =ug € H 1
8tu]t:0 =u € L?.
Here the — sign corresponds to the defocusing case, the + sign to the focusing case. The
problem is energy critical because if u(x,t) is a solution, A > 0, then uy(x,t) = ﬁ u($, %)
is also a solution and the norm in H! x L? of the initial data remains unchanged.

The defocusing case has been studied for many years, going back to work of Struwe
(radial)[29], Grillakis (general)[12], Shatah-Struwe [27, 26], Bahouri-Shatah [2], Kapitan-
sky [14], Bahouri-Gérard [1], Ginibre-Velo [10], Ginibre-Soffer-Velo [9], etc. (mid to late
80’s, mid 90’s). The energy here is

1 1 1 .
B((uo,m)) = 5 [ 19w + 5 [ 57 [ Juol

which is constant in time, with — in the focusing case, and + in the defocusing case, 2% =
% — % In the defocusing case, Shatah-Struwe and Bahouri-Shatah showed that for any data
(ug,up) € H' x L? we have global well-posedness and scattering in the energy space. In the
focusing case, this does not hold. In 1974, H. Levine [22] showed (by obstruction) that if
(ug,u1) € H' x L2, ug € L?, E((ug,u1)) < 0, there is always break-down in finite time. Very
recently (2007) Krieger-Schlag-Tataru [21] have constructed explicit radial examples which

break-down in finite time. Also, W(x) = (1 + N(‘]f,l;)

)~(N=2)/2 solves the elliptic equation
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AW + [W¥N=2W =0, W € H', is radial and so W (z,t) = W(z) solves (CP) with data
(W,0), globally iin time, but does not scatter. We now turn to our study in the focusing case.

Theorem B. — Assume that E((ug,u1)) < E((W,0)).

i) If [|Vuo|?> < [|VW|?, we have g.w.p., scattering.
ii) If [ |Vuo|? > [[VW?, there is break-down in finite time.

The condition [ |[Vug|? = [|[VW|? is not compatible with E((ug,u1)) < E((W,0)). Note
that no radial assumption is made in the Theorem, which has been proved for 3 < N < 5.

The general scheme of the proof follows the approach we described for (NLS). To describe
the proof, I will start out by a review of the local Cauchy problem. Consider first the linear
wave equation

02w —Aw =h in RV xR
w]t:() = wg € Hl(RN)
6tw|t:0 = w1 € L2(RN)

whose solution is given by
Esin((t —t')v/—A)
vV=A

Let S(t)(wg,w;) = cos(tyv/—A)wg + (—A)~1/2 sin(ty/—=A) w;. The relevant Strichartz esti-
mates for us are:

w(z,t) = cos(tvV—A)wy + (—A) 2 sin(tv/—Aw, —l—/ h(t')dt .
0

sup [|(w(t), 0w (®))l| g1 2
+ ||D1/2w’|L§(N+1>/N—1L§(N+1>/N—1
+ |0y D™V w| |L§(N+1>/N—1L3<N+1>/N71 + [|w] |L§<N+1)/N—2L§<N+1>/N—2
+ Hw"LiN”)/N*QL?c(N*Z)/N*?
< C{11w, w0l 12 + 1DY2RI| e e 2ovnwe |
We then define
1 sy = 11l aovenm—z paoven -
and
I Hhwey = 11 1] poven/wr zoven v

We also need the Leibniz and chain rules for fractional derivatives ([19], 1993) in the following
form: if F(0) = F’(0) =0, F € C? and for all a,b we have |F'(a +b)| < C{|F'(a)| + |F'(b)|}
and |[F"(a+b)| < C{|F"(a)| + |F"(b)|}, we have, for 0 < a < 1:

1 1 1

DYF(w)||;p < C|F' (W)]||;p1 ||DY|;p2, == —+ —,
|IDF(uw)||e < CI[F"(u)l] e || D[ 12 il e
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ID*(F () =F @)z < CIIF @Iz + 1)l ] I1D (e = o)l 2

+ CIF @l +1IF" @)z ] - [Pl + 11Dl 2] -l = wll 2,
1 1 1 1 1 1 1

pomora mp pop
Using these estimates and the argument in the study of (CP) for (NLS), one obtains (see
also [26]):

Theorem. — If (ug,u1) € H' x L2, ||(ug,u1)|| g1, 2 < A, 0 € I, I5(A) > 0 s.t. if

1S5 () (uo, u1)llsry < 6, 3! solution of (CP) on RN x I, with (u,du) € C(I; H' x L?),
HDI/QUHW(I) + ||0 Dl/QUHW(I) < o0, HUHS(I) < 294, ‘|u"LN+2/N—2L§(N+2)/N—2 < o0, and we
have Lipschitz continuity dependence on the data (3 < N §I 5).

Corollary. — 36 > 0 s.t. if | (w0, wr)|| 12 < 6, the hypothesis is verified for I =
(—00,400). Moreover, given (ug,u;) € H' x L2, 31 5 0 s.t. the hypothesis is verified
on I.

We say that u solves (CP) for (ug,u1) on I 3 0 if (uy,du) € C(I; H' x L?), D'/?u ¢
W(I), uw € S(I), (u,0u)|t=0 = (ug,u1) and u solves the appropriate integral equation. It
is easy to obtain uniqueness and one can then define a maximal interval of existence I =
(=T_(up,u1), T4 (up,u1)). One also has the standard blow-up criterion: if T} (ug,u1) < oo,
then |[|ul| 50,7, (uour)) = +00- Also, if T4 (ug,u1) = 400 and [[ul|g040) < 00, u scatters
at oo, i.e. Juf,uf € H' x L? st. ||(u(t), 8 (u)) — S(t)(ug,u)|lg1yp2 — 0. Note that
for t € I, we have E((u(t),du(t))) = E((ug,u1)). It turns out that there is another very
important conservation law in the energy space. This will be crucial for us, in order to be
able to treat non-radial data. It says that, for ¢t € I, we have

/Vu(:c,t) cOwu(z,t)de = /Vuo “uq

(conservation of momentum).

Finally, we mention that Foschi’s estimates [6] also hold for the wave equation. One
can then prove the analogue of the Perturbation Theorem for (NLS), for (NLW) and all its
corollaries.

We conclude these remarks on (CP) by mentioning the finite speed of propagation property.
Recall that if R(t) is the forward fundamental solution for the linear wave equation, we can
write the solution of the linear Cauchy problem (for T > 0) as

w(t) = 0y R(t) * wo + R(t) * wy — /OtR(t —s)xh(s)ds.

The finite speed of propagation states that supp R(—,t) C B(0,t), suppd; R(t) C B(0,t).

Thus, if suppwy C “B(xg,a), suppw; C *B(xg,a), supph C C[O<Lij< B(xg,a —t) x t], w=0
Stsa
on 0<LtJ< [B(z0,t) x t)]. This has consequences for solutions of (NLW). If (ug,u1), (ug,u})
Stsa

are data s.t. (ug,u1) = (u(,u}) on B(zg,a), then, the corresponding solutions agree on
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0<LtJ< [B(zo,t) x (t)] "RN x (I NI'). This is because, for each u, if we define w1 (z,t) =

S(t)(ug,ur) + ft sin((t— SF f(u(”)( ) ds, u®(z,t) = S(t)(uo, u1), we have u™ — u, u'™ — o/
and they agree on the requ1red set, by induction. Typical applications of this are: suppug C
B(0,b), suppu; C B(0,b), then u(x,t) = 0 on {(x,t) : |z > b+t,t > 0,¢t € I}. Similar
statements hold for ¢ < 0. Thus, one can approximate solutions by regular, compactly sup-
ported solutions. The next step is to obtain energy trapping, coercivity and uniform bounds,
by variational arguments, as in the case of (NLS). Recall that Wy, x, .z, (z) = €' )\(N 2/2
W (Ao(z — x0)) and that Aubin-Talenti showed that if Cy is the best constant in the Sobolev
embedding (||u|| 2+ < C’N||Vu\|) then ||ul|;2« = Cn||Vul|, u ;7é 0 <:> u= Woo Moo - Moreover
we showed that ||[VIW||? = CN’ and if E(W) = 1||[VW|> — & | EW) = NC’” . Using

our t—independent Varlatlonal estimates we obtain:

Energy trapping. — If u is a solution of (NLW), with max int I, (u, yu)|i=0 = (ug,u1) €
H' x L? and for 6p > 0, E((ug,u1)) < (1 —3d0) E(W,0)), ||Vuol||> < ||[VW]||?, then ¥Vt € I we
have: 3 = §(dp) s.t.

) I[Va)]|? < (1-5)

i) [ [Vu()? - [u() > 8 [ [Vu(t)?

iii) E(u(t)) > 0 (and hence E((uy), atu)) 0)

) B(0),000) = llw(t), D)y, s ~ [, )l . with comparability con-
stants depending on dg.

Also, as in the case of (NLS) we have: if E((ug,u1)) < (1 -39 E(W,0)); [|[Vuol|?> > |[VW||?,
then, for t € I we have ||Vu(t)||? > (1 + 9)||[VW||2.

We next turn to the proof of ii) in Theorem B. We will show it in the case when ||ug|| 2 < 0.
The general case follows by using, in addition, localization and finite speed of propagation.
We know that, in the situation of ii),

/|Vu()|2 (1+5)/\VW|2, tel

iv

E((W,0)) > E((u(t), du(t))) + bo -

Then,
/! /@u /\Vu E((W,0)) + &
/u(t)|2* > (Dpu(®) /\vu _ 9" B((W,0)) + 2" 5.
Let y(t) = [ |u(t)]?, so that y/(t) = 2 [ u( 8tu =2 [{(0u)? — |Vu®) > + |u* (1)}
Then,
v =2 [+ NLNQ @)~ 2" BW.0) +30+ 225 [ IV —2 [ 19u(o)?

_Zl((*z‘y__;))/(atu N 2) /| )/|VW’2+50 ((N_;)/(atuy—i—go.
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If IN[0,400) =[0,+00), Itp > 0 s.t. ¥'(to) > 0 and y/(t) > 0, Vt > to. For t >ty we have:

v = 5 [em? [w = (T=5)ver

or
y'@ (N— 1) y' ()
y'(t) — \N =2/ y(t)
or
Y (t) > Coy(t)N=V/N=2 45 ¢y,
But since % > 1 this leads to finite time blow-up, a contradiction.

We now turn to the proof of i) in Theorem B. We repeat the “concentration-compactness”
procedure, replacing Keraani’s work with the work of Bahouri-Gérard ([1], 1999) on high
frequency approximation to solutions of the linear wave equation. We then obtain E., with
0 <n < E. < E(W,0)) with the property that if E((ug,u1)) < E., |[Vuo||* < |[VW]?,
we have [ = (—o0, +00), |[ul|g(—cc,400) < 00 and E. is optimal with this property. i) is the
assertion E. = E((W,0)). If not, E. < E((W,0)), which will lead to a contradiction. Exactly
as in the (NLS) case we have:

Proposition 1. — 3 (uge,u1.) € H' x L?, with ||[Vuo.||? < [[VW|?, E((uoe,u1e)) = Ee
and s.t. for the solution u. of (CP), with max int I, we have ||uc||g(r) = +oo.

Proposition 2. — For any u. as in Proposition 1, s.t. (say) |Juc||s(1,) = +oo, Jz(t) € RY,
At) eRT, t eI s.t.

K ={o(et) = ()\(t)J}f_2/2 e (* ;(f)(t) ) /\(t)lN/2 0o~ ;(f)(t) )}

has compact closure in H' x L?.

Remark. — x(t), A(t) can be taken continuous. Moreover, if T} < oo, A(t) > gffi))

proof as (NLS)). Also, if Ty = +o0, by possibly changing u., we can find one for which
)\(t) > Ay > 0.

(same

One can also show:

Lemma. — 3g: (0,E.] — [0,00), g | s.t. Y(ug,u1) with E((ug,u1)) < E. —n, ||[Vugl||> <
IVWI[?, we have [Julls(-oo,+00) < 9(11)-

To proceed further, we need specific features of the problem. We now will develop some
further properties of critical elements, specific to (NLW). We start out with some further
consequences of the finite speed of propagation.

Lemma. — Let (ug,u;) € H' x L2, | (uo,w1)||friy 2 < A, If for some M > 0, ¢ > 0,
0 <e<eg=c¢ep(A), we have:

|uo|?

/ Vuol? + w1 |* + —5 <e,
|z|>M |z]
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then for 0 < t < T (up,u1) we have

2
/ V() + ()P + > + MO < o
|z|>2 M+t ||

P’)”OOf. — Choose vy =1, |$| > %Mv Yy =0, |3§'| < M, |V¢M| < % Let uo,M = Yaruo,
uy, v = Yarur. Because of our assumption, |[(ugar, ui,am)|| gy 2 < Ce. If gg is so small that
Cep < 4, then uys solves (CP) in I = (—oo,+00) and  sup  ||[(unar(t), Qpuns ()] g1y 2 <

te(—o00,400)
2Ce. But by finite speed, uys = u for |z| > %M +t,t>0,tel. O
Lemma. — Let u, be a critical element as in Proposition 2, with T4 ((ug,u1)) < oo. (Assume

without loss of generality that Ty ((uo,u1)) = 1). Then, 3z € RV s.t.
supp ue(—,t), Qpuc(—,t) C B(z,1—t), 0<t<l1.

Proof. — We first show, for each t, 0 < t < 1, that there is a ball By_¢, of radius (1 —¢) s.t.
supp Vu, supp dyu C Bi_¢. If not, for a fixed ¢, Jeg > 0, 79 > 0 s.t. Vo € RY we have

/ V()2 + (Bru(t))? > 20 > 0.
fe—zol2(1n0)(1-1)

Co(K)

Choose a sequence t,, 1 1. Recall that A(¢,) > 104% . We claim that, given Rg > 0, M > 0,

for n large we have

t)l* _ €0
L It ) 4 P < S8

z(tn)
A(tn) |>Ro

Indeed, let ¥(z,t) = W(Vu(m;égﬂ, t), Opu(* (()t) t)) which is compact in L*(RY)NF1,
Then

/ V(e ) + By, ) = / 5y 1)

|z +§§i")\>Ro [y|=A(tn) Ro

and the claim follows from the compactness of K, A(t,) T +o0o. (The proof for the term

|u(z,tn)|?
|2
backward in time, we conclude that V¢ € [0,,] we have

follows from a similar argument). From this claim and the previous Lemma, used

Vu(z, t)]* + [dpu(z, )|* < co.

o+ %t 1> 3 Ro+ (tn 1)

But if Ry is so small that (14 n9)(1 —t) > 3 Ro+ (¢, — t), we reach a contradiction, proving
the claim.
The next step is to show that ]%\ <M,0<t<1 Ifnot, 3t, T1s.t. m(t" | 1 4+o0o. Fix

NG
a ball B(zg, 1) s.t. supp Vug,u; C B(z,1). For a fixed Ry > 0, g9 > 0 glven the previous

argument shows that, for n large,

/ [Vuo|? + u1]* < g

o+ 5624124 Ro+(tn)
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But, if ‘ig:“ — +400, B(xg,1) C {|z + f\g:;| > 3 Ry + t,}, for n large, so that Vug, u; are
—z(tn)

identically 0, contradicting T’y = 1. Let now ¢, T 1 and choose a subsequence s.t. ) T

The same argument shows that for 0 < t < t,,, n large we have

[ u@nP st <z

o+ S5 > 5 Ro+(tn—1)

Letting n — oo we obtain

/ Ve, )2 + Bz, )2 < e,

|lz—2|>3 Ro+(1—t)

so that supp Vu(—,t),yu(—,t) C B(z,1 —1t). If —ztn) _, T, _/\aégt’;s) — ', v # 2’ and we

Altn)
choose 1 — ¢ so small that (1 —t) < |z — 2’|, we must have Vu(—,t),u(—,t) = 0, which
contradicts coercivity, T = 1. O
Remark. — After translation we can take T = 0.
Lecture 4

We next turn to a fundamental result that is crucial in the treatment of non-radial solutions.

Theorem (Orthogonality for critical elements). — Let (uq ., u1,) be as in Propositions
1,2, X(t), z(t) continuous, A\(t) > 0. Assume that either T ((uo ¢, u1,)) < +00 or T ((uo,c, U1,c)) =
+o0, A\(t) > Ag > 0. Then

/VUO,C . Ul,c =0.

Note that in the radial case this is automatic. We first sketch the proof in the case T’y < oo.
We need a further linear estimate.

Lemma (Trace Theorem). — Let
O?w— Aw="he L} L2
w‘t:() =wg € Hl,
Gtw|t:0 =wi € L2

Then, for || < 1, we have:

a o

r1—at t—a$1)‘

T —at ,t—am)’
T
Vi—a?2 V1 -a?

7'%.7
V1—a? V1—a?
< C{llwoll i + [lwillz2 +IAllLy 12 }

+ sup H@,gw(
t

L2(dz,dz’) L2(dx,dx’)

Proof. — 1t suffices to consider v(z,t) = U(t) f, where 9(¢,t) = €€l £(£) and prove

peitnamy < Ol

H (ml—atl , t—ax >‘
sup ||v x
t Vi—aZ V1 - a2

Note that
o, 1) = / & ¢ GVEHER fey ¢') de de,
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so that
v(xl—at o t—am)
/em(&—alﬁl)/m piaté/V1=a? —iaté1/V1-a? it|é|/v1-a? €ix/$/f(§) dg,de’

- / el (EaleD/VI=a? ic"¢' g, (e) ge, dg’,

where §(&) = e ™t61/V1=a® £(&) 5o that ||g||z2 = ||f]lz2. If we now let 7 = SII_O‘LE‘,
n' = ¢ and compute |‘é—’§7] = (1—?7\/%25\) ~ 1 for |a| < 7, we see that the estimate follows from
Plancherel. O

If u is a solution of (CP) with maximal interval I, I’ € I, recall that u € LgI,VH)/N_Q L?;(NH)/N_Z,

s+ 1l= %, so that |u[*N=%v € L}, L2. Hence, the conclusion of the previous lemma

: : : : xr1—at / t—ax N !
holds, provided the integrations are restricted to ( \/11_a2 RN 1_a12) e RY x I'.
Idea of the proof of Theorem 5 when Ty ((ug,u1)) = 1. — Assume that [0z1(uoe) - ur,e =
~v > 0. Recall that suppu., 9 u. C B(0,1 —1t), 0 < 0 < 1. For convenience, set u(z,t) =

uc(z,1+1t), =1 <t < 0, supported in B(0,[t|). For 0 < a < 3 we consider the Lorentz

transformation

_ r1—at , t—an
Za(ﬂjl,iv,t):u \/1_a2)x7 \/1—0[2
1

and fix our attention on —5 < ¢t < 0. In that region, the Lemma above and the remark
following it, together with the support property of u, show that z, is in the energy space and
solves our equation. An easy calculation shows that supp zo(—,t) C B(0, [t]), zo # 0, so that
T} = 0 is the final time of existence for z,. A long calculation shows that

- B(za(—3): 0 za(~3)) = E((uo,e ur,c))

lim = _

al0 (%
and that, for some tg € [—3,—1], [ |Vza(to)|* < [ |[VW|?, for a small. But, since E((ugc, u1,c)) =
E,., for « small this contradicts the definition of E., since the final time of existence is fi-
nite. 0

Comments on the proof of Theorem 5 when T}y = 400 (A(t) > Ap > 0)

The finiteness of the energy of z, is now unclear, because of the lack of the support property.
We then do a renormalization. We first rescale u. and consider ug(x,t) = RW=2)/2 uc(Rzx, Rt)
for R large, and for o small

ZQR(xl T t) :uR<$1_at T t—am )
’ Y Vi—a?'V1i=a?
We assume, as before, that famUO,c ~uje = v > 0. We then prove (by integration in
to € (1,2)) that if h(tg) = 0(z) za,r(x1, Z, o), With 6 a cut-off function, for some «; small and
all R sufficiently large, we have, for some tg € (1,2) that

B((h(=1t0), Oth(~t0)) < B — 3700
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/yVh to)| /|VW]2

We then let v be the solution of (CP), with data h(—,ty) at t = to. By our properties
of critical elements, we know that |[[v||g(—sc,400) < g(3va), for all R large. But, since

and

|tells(0,400) = +00, we have that [[ug|| 20vr1)/v-2 % by rescaling. But, by finite
(0,1] — o0
speed of propagation, we have that v = z, r on a large set, and after a change of variables to
undo a, we reach a contradiction. The details of the argument are lengthy. O
To finish the proof of Theorem B, we are reduced to:
Theorem (Rigidity Theorem). — Assume that E((ug,u1)) < E(W,0)), [ |[Vuo? < [ |[VW|?,
u the solution of (CP) with I = [0,T). Assume that

a) [Vugus =0.
b) Jx(t),\(t) > 0,t € [0,t4) s.t.

K = {o(et) = (A(t)ziz/z u(* ;(f)(t) t). )\(t)lN/Q o~ ;(f)(t) )}

has compact closure in H* x L2.
c) z(t),A(t) are continuous, if Ty = 1 (scaling) A\(t) > Ci)(_lt(), suppu, dyu C B(0,1 —t),
when Ty = +o0, 2(0) =0, A(0) =1, A(t) > Ap > 0.

Then, T =1 cannot happen and if Ty = +o00, (ug,u1) = (0,0).

Clearly the rigidity theorem gives us the contradiction with establishes Theorem B, i).

Proof of the Rigidity Theorem. — Case 1 : T} = +oo, A(t) > Ag > 0, z(0) = 0,
A(0) = 1, z(t), A(t) continuous. Assume (up,u1) # (0,0). By our variational estimates we
have

sup ||(Vu, Owu)(t)|| 2 < CE,

>0

where E((ug,u1)) = E > 0. We also have
/Vu — |u(®)|* >C5/|Vu t>0

/8tu /|Vu )’2* >C§

where § (50 , E((uo,u1)) < (1 —4d0) E((W,0)). A change of variables, the compactness of
K and )\(t) > Ap < 0 now give: given ¢ > 0, EIRO( ) s.t. for all 0 <t < oo, we have

/ Ol + [Vul? + : I +uf? <eB.
|2+ 54> Ro(e)
We next need some algebraic identities:

Lemma. — Let r(R) = r(t,R) = [ {|Vul® + |0l + [ul*" + 45} dz. We have, if ¢ €
|2|>R

C§°(Ba), p=1on |z| <1, ¢r(z) = ¢(%), Yr(z) = 2 P(F):
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3 at(/vau o) = —/ ()2 [/\wy? uf’] +0r(m)
ii) &t(/qﬁRuatu) :/ (Opu) —/\Vu]z /]u\z* + O(r(R))

1 2 1 2 _ i 2" - _

i) 8t(/1/13{2|Vu] b o@u? — L)) = /vuatu+0(r(3)).
The proof of the case T = +00 is based on 2 Lemmas.

Lemma 1. — Je1 > 0, C > 0 s.t. if0<5<51,E|R0()st if R > 2Ry(e), tg = to(R,€)
with 0 < to < C' R s.t. Y0 < t <t we have |51| < R — Ro(c) and |52} = R — Ro(e).

Remark. — In the radial case, x(t) = 0, so a contradiction follows directly from Lemma 10.
This is the analogue of the virial identity proof for NLS. In the non-radial case we also need:

Lemma 2. — Je9 > 0, Ri(e) > 0, Cyp > 0 s.t. if R > Ry(e), for 0 < & < &9, we have
to(R, ) > uft.

From Lemma 1 and Lemma 2 we have: for 0 < € < €1, R > 2Rq(¢), to(R,¢) < C R, while
for 0 < e <e9, R> Ry(e), to(R,e) > @. This is a contradiction for € small.

Proof of Lemma 1. — If not, since x(0) = 0, A(0) = 1, both z(¢), A(t) continuous, we have
V0 <t < CR(C large) that \%\ < R—Ry(e). Let 2p(t) = [¢Yr V- -Ou+ (5 —a) [ prudu.
Then, 2/ (t) = —a [(9u)? — (1 — a)[[ |[Vul?> — [u|?* ]+ 0(r(R)). But, for |z| > R,0<t < CR

we have \a?—i— m(t | > Ro(e), so that |r(R)| < C'e E and so, for € small, o = 3. 2R(t) < — C2E

Also, |zr(t)| < C’lRE. Integrating in ¢, we obtain: % < 2Ci RE, a contradiction for C

large. O
Proof of Lemma 2. — For 0 <t < ty, set
1 1 1 -
_ /¢R{2 (@) + 5 [Vul? = o [l }.

We have for |z| > R, |z + %\ > Ry(e) so that, since [ Vugur = 0, yi(t) = O(r(R)) and
hence

lyr(to) — yr(0)] < CeEty.
But,
lyr(0)] < C Ro(e) E + O(Rr(Ry())) < CE{Ro() + ¢ R}

Y I B Y

o+ 5HSI<Ro(e)  le+ 53> Ro(e)

In the first integral, |x| < R, so that ¢¥g(z) = x. The second integral is bounded by M ReE

so that
1 s 1 o
nttol 2| |, a5 00 5 IVl = o Jul?]
T+ o(e

Alto)

and

— MReEFE.
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The integral equals

T im0

o+ 523 | <Ro(e) o+ FH03 < Ro e)
0 0

e [ oot [, O

(to)
! /|x+§§ig§<Ro<s) (9; i i(tg)){ }

The absolute value of the first term equals (R — Ry(¢)) E. The last two are bounded by
C(R— Ry(¢))e E+ C Ro(e) E. Thus,

y(to] > (R— Ro(e) EA — C'e) — MRe E — C Ro(e) E > ¥
for € small, R large. Thus,
CeEty> % —~ CE(Ry(e) +R)
which yields the lemma for € small, R large. 0

We next turn to:
Case 2: Ty =1, A(t) > Cg(ff), suppu, Oyu C B(0,1 —t). In this case we cannot use the
conservation of the L? norm as in the case of (NLS) and a new approach is needed.

The first step is:

Ci(K) |
1-t

Lemma 3. — \(t) <

Proof. — If not, 3t, T 1 s.t. A(tn)(1 —tn) 1 +o0. Let 2(t) = [2- Vu- O+ (% — ) [udu,
0 < a < 1. This is defined for 0 <t < 1 and

2(t) = —a/(&:u)2 —(1—-«w) / Vul? — |ul¥-
By our variational estimates E((ug,u1)) = E > 0 and sup ||(Vu,dwu)(t)|| < C E. Also,
o<t<1
Z'(t) < =CuE, 0 <t < 1. From the support properties, we easily see that ltlTHll z(t) = 0, so
that, integrating in ¢, 2(t) > Co E(1—t). We will show that i(%?n) — 0, yielding a contradiction.
We know that [ Vudu =0, 0 <t < 1. Hence,
tn
atn) S fEtJWU - Opu (N ) / u dyu
= — —«
(1 - tn) (1 - tn) 2 (1 - 7571,)
Note that, for € > 0 given, we have
z(tn)
T+
/ ‘ A(tn)
o+ S 1<e(1—tn)

\Vu(tn)| |0wu(ty)] < CeE(1 —ty)
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and similarly for 1l [u(ty)]|0u(ts)|. Next we show that |z + §g3| <2(1 —ty).
o+ S |<e(1—tn)
If not, B(57), (1= t,)) N B(0, 1~ t,) = 0, so that [ IVu(ty)[2 = 0, while
B(558) (1-t,))
y— x(ty 2 dy
/ \Vu(z, t,|* do = / ‘Vu(A(t?E)) ,tn> M) — 0
o+ S > (1—tn) ly[ZA(tn) (1—tn)

by A(tn)(1 —t,) — 400, compactness of K. Arguing similarly for dyu(t,), we obtain that
E((u(tn), dwu(ty,))) — 0, a contradiction. But,

1 / )x N x(tn)
(1 =tn) Jior 2t 1>e(1-1,) A(tn)

SS/ |Vu(z, t,)| |0z, t,)]
|zt 203 | > (1-t,)

Atn)

_)\(ti)N / vu(” ;(::Sn) o)

ly|>e(1—tn)A(tn)

IVu(x,t,)||0u(zx,t,)]|

dy—>07

n—oo

’(%u <W tn)

u-Opu

by compactness of K, (A(t,)(1 —t,)) — 0. Arguing similarly (using Hardy) for [ ety we
conclude the proof.

Proposition. — In this case we have (Ty = 1) suppu,du C B(0,1 —t) and K = ((1 —
ON2(Vu((1 — t)z, t), du((1 — t)x,t)) is compact in L?(RN)N+1,

Proof. — {¥(z,t) = (1 - HON2(Vu((1 —t)(z — x(t), 1), Ou((1 — t)(z — x(t)), t)} has compact
closure since Co(K) < (1 —t) A(t) < C1(K) and if K is compact, K1 = {\N?5(\z) : ¥ €
K, Cy < A < C1} has K| compact. Let now o(z,t) = (1 — t)N/2(Vu((1 — t) z,t), du((1 —
t)x,t)), so that v(x,t) = v(x + z(t),t). Since supp¥(—,t) C {z : |z —z(t)| < 1} and E > 0,
the fact that {t(—,¢)} is compact = |z(t)| < C. But, if Ky = {¥(z + zo,t) : |zo| < C}, then
K, is compact, giving the Proposition. ]

At this point, because of the lack of the L? conservation law, we cannot go further and a
new idea is needed. Following Giga-Kohn [8] in the parabolic case and Merle-Zaag [23] in
the hyperbolic case ((97 — A)u — [u[P"'u = 0,1 < p < 527 + 1), we introduce self-similar

variables. We set: y = s = log ﬁ, 0 <t <1 and define

X
1—¢°
w(y,s;0) = (1 —t)N 220z, t) = eV D2y(e™0y, 1 — ™),
which is defined for 0 < s < oo, suppw(—,s;0) C {|Jy| < 1}. We also consider, for 6 > 0,

us(x,t) = u(x,t+0) and the corresponding w. In other words, we set y = T S = log ﬁ
and

w(y,s;6) = (140 —t)N"22u(x,t) = e SN2 y(e ™5y, 146 — )
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S

which is defined for 0 < s < —logd, with suppw(—,s,d) C {|ly| < e;_z‘;
The w solve, in their domain,

N(N —2)

1 w+ [w|N 2w — 2y - V dsw — (N — 1) Bsw

2w = ll)div(p Vw —p(y-Vw)y) —
where p(y) = (1 — [y[?)1/2.
The elliptic part of this operator degenerates. In fact, % div(p Vw—p(y-Vw)y) = % div(p(I—
y)Vw), which is elliptic for |y| < 1 and degenerates when |y| = 1. This new equation
gives us a new set of formulas. The reason for introducing § > 0 is that, on supp w(—, s, ),
(1 — |y|?) > §, so we stay away from the degeneracy. Bounds on w (obvious): fBl lw|* +

[Vw|? + [0sw|?* < C, w € H}(B1) and hence fBl % < C. All these bounds are uniform

in 6, s.
We introduce an energy, which will provide a Liapunov function for v :

_dy
(1—[y]?)1/2

2*} _dy
(1—|y?)1/2

which is finite for 6 > 0. Our new formulas are (0 < s1 < s2 < log1/4)

i) Blw(sy)) - // 1_H pdvds (B

s1 By
ii)

Bw() = [ {5 @+ IVl - (s Vu)’}
+/,91{N(N_2)w2_ (N —2) w

8 2N

52

2 Jy B =5 [l

|w]*
E
/ ds—l—N// 1=y 1/2

asw : w’y‘z dy
+ Isw)? + dsw - y - Vw + .
/ / {uw) y W T

s1 B

iiii) lim  E(w(s)) = E = E(ug, u1), so that E(w(s)) < E, for 0 < s < log 1

s—log %

Our first improvement is (6 > 0) :

Lemma. —
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Proof. — We notice that
w 2 _
-2 [ 20 = [ 3w + 3 (vul - wy + EE 22
fwf?] (~ log(1 — [yf?) dy}

(V-2
+/ [log(1 — |y[*) +2] y - Vw dsw — /10g(1 — |y*) (sw)? — 2/(0310)2.

2N
We integrate between 0 and 1 and drop the next to last term by sign. One finishes by (C-S),

support of w(—, s, 9). O

Corollary. —

Proof. — The first estimate follows from ii), iii) above, C-S and the Lemma. Note that (CS)

1 ~
give the 3 power. The second estimate follows from i) and the fact that [ E(w(s))ds >
0

—C( log %)1/ 2, which follows from the definition of E and the first bound. O
Our second improvement is:

Lemma. —
log )3/4

/ / 1_|y| 3/2_C(log5)1/2.

Proof. — Use i), iii) and the second bound in Corollary. Note that the upper limit of inte-
gration is not important in the bound. It is chosen for the subsequent applications. O

Corollary. — 355 € (1, (log%)3/4) s.t.

/Sa+(logé>”8 / (Bsw)? C
<
55 B (1—[y[2)32 = (log 5)1/8°

og%)?’/ 1) into disjoint intervals of length (log ) Their number is
%. Note the length — +o00, the bound — 0. O

Proof. — Split (1, (1 178,

(
(log 1)*/® and P-i=

(1- t5
+0— t5)

1]1<C 61/% — 0, which is the point of our choice of (log 3)3/4. From this and the compactness

Now it is not hard to see that, since 55 € (1, (log 5)3/4) if 55 = —log(1+6 —ts), |(1

of K, one can find w*(y,s) which solves our self-similar equation in s € [0,5], which is a
limit of w(y, 85, + s,6;) as §; — 0, in C([O,S];H& x L?). The estimate in the corollary
shows that w™* is independent of s. Moreover, the coercivity of u shows that w* # 0. Thus,
w* € H}(By), solves the (degenerate) elliptic equation: (p(y) = (1—|y|?)~/2), % div(p Vw* —
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ply - Vw*)y) — W w* + |w*[*N=2w* = 0. We next show that w* satisfies the additional

(crucial) estimates:
w* 2% Vw* 2 . vw* 2
[ [T
B, (1= y?) (1 —=1yl)

1

Indeed, for the first estimate, it is enough to show that

S5+S ‘wysé
’ dds<Cfor | large .
L i dvs <C o o

But this follows from 11) above once more, together with the choice of 55, (Corollary) and
(C-S). The proof of the second estimate is similar, using the first one, iii) and the formula for
E.

The conclusion of the proof is obtained by showing that a w* in H}(Bi), solving the
degenerate elliptic equation, with the additional bounds, must be 0. To do this, we will use
unique continuation. Recall that for |y| < 1 — g, no > 0, the linear operator is uniformly
elliptic, with smooth coefficient and the non-linearity is critical. An argument going back to
Trudinger [31] shows that w* is bounded on |y| < 1 — 7o, for each ny > 0. Hence, if we show
that w* = 0 near |y| = 1, the standard unique continuation principle [13] will show that
w* = 0. Near |y| = 1, our equation is modelled by (in variables z € R¥N=!, r € R, » > 0 near
r=0)

r20,(r 2 8,0") + Ay w* + Jw* YN 2w = 0.

In these variables, our information is w* € HJ((0,1] x (|2] < 1)) and the additional estimates

//||<1]w T, Z) ﬁdz<oo

dr
V., w*(r, z gy < o0
/O/M\ 2 o

We now take advantage of the degeneracy of the equation. We “desingularize” the prob-
lem by writting r = a2, setting v(a,z) = w*(a?, z), so that d,v(a,z) = 2ad,w*(r,z) =
2r1/2 9,w*(r, z). Our equation becomes 92v 4+ Av + [v|*N=2v =0,0 < a < 1, |2| < 1 and

our bounds are:

|Vvaz|dadz— |V w*(r, 2) d—dz<oo
2]<1 r1/2

0 |z|<1

// |8vaz|2dz—// |0y w* (1, 2)|? dr dz < o0,
|z|<1 |z|<1

and v € H$((0,1] x By). But, from the additional bound we see that “d,v(a, 2)|a=o = 0”.
One then extends v by 0 to a < 0 and checks that the extension is an H' solution to the
same equation. By Trudinger’s argument, it is bounded. But, since it vanishes for a < 0, by

are:

and

unique continuation [13], v = 0. Hence w* = 0, reaching our contradiction.



1]

THE ENERGY-CRITICAL, FOCUSING, NON-LINEAR SCHRODINGER AND WAVE EQUATIONS 33

References

H. BAHOURI & P. GERARD — “High frequency approximation of solutions to critical nonlinear
wave equations”, American Journal of Mathematics 121 (1999), p. 131-175.

H. BAHOURI & J. SHATAH — “Decay estimates for the critical semilinear wave equation”, Ann.
Inst. H. Poincaré Anal. Non Linéaire 15 (1998), no. 6, p. 783-789.

J. BOURGAIN — “Global wellposedness of defocusing critical nonlinear Schrédinger equations in
the radial case”, J. Amer. Math. Soc. 12 (1999), p. 145-171.

T. CAZENAVE & F. WEISSLER — “The Cauchy problem for the critical nonlinear Schréodinger
equation in H*®”, Nonlinear Analysis, Theory, Methods and Applications (1990), p. 807-836.

J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA & T. TAao — “Global well-posedness
and scattering for the energy-critical nonlinear Schrédinger equation in R®”, Ann. of Math. (2)
167 (2008), no. 3, p. 767-865.

D. FoscHI — “Inhomogeneous Strichartz estimates”, J. Hyperbolic Differ. Equ. 2 (2005), no. 1,
p- 1-24.

P. GERARD, Y. MEYER & F. ORU — “Inégalités de Sobolev précisées”, Séminaire sur les
Equations aux Dérivées Partielles, 1996-1997, Ecole Polytech., Palaiseau, 1997, p. Exp. No.
v, 11.

Y. Gica & R. V. KoHN — “Nondegeneracy of blowup for semilinear heat equations”, Comm.
Pure Appl. Math. 42 (1989), no. 6, p. 845-884.

J. GINIBRE, A. SOFFER & G. VELO — “The global Cauchy problem for the critical nonlinear
wave equation”, J. Funct. Anal. 110 (1992), no. 1, p. 96-130.

J. GINIBRE & G. VELO — “Generalized Strichartz inequalities for the wave equation”, Journal
of Functional Analysis 1 (1995), p. 50-68.

R. T. GLASSEY — “On the blowing up of solutions to the Cauchy problem for nonlinear
Schrodinger equations”, J. Math. Phys. 18 (1977), no. 9, p. 1794-1797.

M. G. GRILLAKIS — “Regularity and asymptotic behaviour of the wave equation with a critical
nonlinearity”, Ann. of Math. (2) 132 (1990), no. 3, p. 485-509.

L. HORMANDER — The analysis of linear partial differential operators iii, Grundlehren der math-
ematischen Wissenschaften, vol. 274, Springer Verlag, 1985.

L. KAPITANSKI — “Global and unique weak solutions of nonlinear wave equations”, Math. Res.
Lett. 1 (1994), no. 2, p. 211-223.

M. KeeL & T. TAao — “Endpoint Strichartz estimates”, Amer. Jour. of Math. (1998), p. 955-980.
C. E. KEnig & F. MERLE — “Global well-posedness, scattering and blow-up for the energy-
critical, focusing, non-linear Schrédinger equation in the radial case”, Invent. Math. 166 (2006),
no. 3, p. 645-675.

, “Global well-posedness, scattering and blow-up for the energy-critical, focusing, non-
linear wave equation”, To appear, Acta Math. (2008).

, “Scattering for the H'/2 bounded solutions to the cubic defocusing NLS in 3 dimensions”
To appear, Trans. A.M.S. (2008).

C. E. KeENIG, G. PONCE & L. VEGA — “Well-posedness and scattering results for the generalized
Korteweg-de Vries equation via the contraction principle”, Comm. Pure Appl. Math. 46 (1993),
no. 4, p. 527-620.

S. KERAANI — “On the defect of compactness for the Strichartz estimates of the Schrodinger
equations”, J. Differential Equations 175 (2001), no. 2, p. 353-392.

J. KRIEGER, W. SCHLAG & D. TATARU — “Slow blow-up solutions for the H!(R®) critical
focusing semi-linear wave equation in R3”, arziv:math.AP/0711.1818 (2007).

H. A. LEVINE — “Instability and nonexistence of global solutions to nonlinear wave equations of
the form Puy = —Au+ F(u)”, Trans. Amer. Math. Soc. 192 (1974), p. 1-21.




34

23]
24]
[25]

[26]

27]
(28]
29]
(30]
31]
32]

[33]

CARLOS E. KENIG

F. MERLE & H. Zaac — “Determination of the blow-up rate for a critical semilinear wave
equation”, Math. Ann. 331 (2005), no. 2, p. 395-416.

P. RAPHAEL — “Existence and stability of a solution blowing up on a sphere for an L2-supercritical
nonlinear Schrédinger equation”, Duke Math. J. 134 (2006), no. 2, p. 199-258.

E. RyckMAN & M. VISAN — “Global well-posedness and scattering for the defocusing energy-
critical nonlinear Schrodinger equation in R'*4” Amer. J. Math. 129 (2007), no. 1, p. 1-60.

J. SHATAH & M. STRUWE — “Well-posedness in the energy space for semilinear wave equa-
tions with critical growth”, Internat. Math. Res. Notices (1994), no. 7, p. 303ff., approx. 7 pp.
(electronic).

, Geometric wave equations, Courant Lecture Notes in Mathematics, vol. 2, New York
University Courant Institute of Mathematical Sciences, New York, 1998.

R. S. STRICHARTZ — “Restrictions of Fourier transforms to quadratic surfaces and decay of
solutions of wave equations”, Duke Math. J. 44 (1977), no. 3, p. 705-714.

M. STRUWE — “Globally regular solutions to the u® Klein-Gordon equation”, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 15 (1988), no. 3, p. 495-513 (1989).

T. TAo — “Global well-posedness and scattering for the higher-dimensional energy-critical non-
linear Schrodinger equation for radial data”, New York J. Math. 11 (2005), p. 57-80 (electronic).
N. S. TRUDINGER — “Remarks concerning the conformal deformation of Riemannian structures
on compact manifolds”, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), p. 265-274.

M. C. VILELA — “Inhomogeneous Strichartz estimates for the Schrodinger equation”, Trans.
Amer. Math. Soc. 359 (2007), no. 5, p. 2123-2136 (electronic).

M. VisaN — “The defocusing energy-critical nonlinear Schrodinger equation in higher dimen-
sions”, Duke Math. J. 138 (2007), no. 2, p. 281-374.

CARrLOS E. KENIG, Department of Mathematics, University of Chicago, 5734 University Avenue, Chicago, IL

60637-1514, USA e E-mail : cek@math.uchicago.edu



