CHAPTER 1

BASIC DEFINITIONS AND PROPERTIES

1. Introduction

This chapter contains the basic definitions and properties of the higher chow
groups. The focus will be entirely on cycles; any mention of K-theory will be purely
(co)incidental. We fix a ground field, usually denoted k, and scheme will usually
mean quasi-projective algebraic k-scheme. A wariety is a reduced, irreducible
algebraic k-scheme. Occasionally, we may work with schemes like Spec(R), where
R is the local ring at a point on an algebraic k-scheme.

1.1. An algebraic cycle on a scheme X is a finite, formal linear combination
> ny[V] of subvarieties V' C X with integer coefficients. When X is an equidi-
mension algebraic k-scheme, we write Z7(X) for the group of all codimension r
algebraic cycles on X. Our reference for foundational questions involving cycles
is [FULTON]. Let D : f = 0 be a principal divisor on X, and let V. C X be an
irreducible subvariety. Assume V ¢ D. We can then define an intersection cycle
D -V as in [FULTON, 1.3].We extend by linearity to define D - (3 ny[V]). More
generally, if W C X is a complete intersection, W : f; = ... = f, = 0, one says
that W and V' meet properly if WNV has codimension > n in V. When W and V
meet properly, the above procedure can be iterated to define a cycle W - V. Again,
W - (Y nv[V]) is defined by linearity. Because it is done one divisor at a time, this
intersection is clearly associative. It is commutative, i.e. W1Wa:V = Wy-W1-V by
[FULTON, 2.4].

1.2. We write A™ for an affine simplex of the form
A™ = Spec (k[to, . . - ,tn]/(z t; — 1))
Let A" be the cosimplicial variety associated to the A™. In other words, given
p:4{0,...,m} = {0,...,n} a (weakly) increasing map, define p: A™ — A" by

o 0 if p~1 (i) =0
pr(ti) = {Zp(j):i t;  otherwise

If p is injective, p is called a face map and p(A™) is a face. Maps p for p surjective
are degeneracies. Face maps are closed immersions, and degeneracies are flat. The
notions of faces, face maps, and degeneracies extend in an obvious way to schemes
X x A",

1.3. Let X be an equidimension algebraic k-scheme, n,r > 0 integers.
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2 I. BASIC DEFINITIONS AND PROPERTIES

DEFINITION 1.3.1. Z"(X,n) C Z"(X x A™) is the free abelian group on irre-
ducible subvarieties V. C X x A™ of codimension r such that V meets all faces of
X x A" properly.

PROPOSITION 1.3.2. Z7(X,*) is a simplicial abelian group.

PRrOOF. The assertion is that one can functorially associate to a weakly increas-
ing map p : {0,...,m} — {0,...,n} a pullback map

p* i Z7(X,n) = Z"(X,m).

Suppose first that p is surjective. Then g : X x A™ — X x A" is flat, so by
[FULTON, 1.7], one has defined a pullback p* : Z"(X x A") —» Z"(X x A™).
Note that p*(V') has support in g=1(V). For p injective, 5(X x A™) C X x A"
is a face, and, for V meeting faces properly, we define p*(V) = p(X x A™):V. A
general p can be written uniquely as p = p10p2 with p; injective and po surjective.
We define p*(V) = p3opi(V). Another way to understand this is to notice that,
given T' C X x A™ a closed subvariety of codimension r and V' C X x A" a closed
subvariety of codimension r meeting faces properly, the multiplicity of T in p*(V)
coincides with the length of s~1(V) at the generic point of T.. This description
of multiplicities also makes functoriality of pullback clear, providing that at each
stage the cycle meets faces properly.

Finally, for V C X x A™ meeting faces properly, we must show that p*(V) meets
faces properly in X x A™. We argue by induction on m. The assertion is immediate
for p injective. In general, one sees easily that 5~1(V') has pure codimension 7 in
X x A™, ie. p*(V) meets the codimension 0 face properly. Let o C A™ be a
proper face. Then p|o corresponds to a map 7 : {0,...,p} = {0,...,n} for some
p < m. By induction, 7*(V) meets faces properly on X x 7. We must check
that 7*(V) = p*(V)«(X x o), but this follows from the above description of the
multiplicities of components of 7*(V').

We will write
0;: Z"(X,n) =» Z"(X,n—1)

for the pullback map on cycles associated to the inclusion A"~! C A" defined by
t; = 0.

1.4 Higher Chow groups.

DEFINITION 1.4.1. Let X be an equidimensional algebraic k-scheme as above.
The higher Chow groups are defined to be the homotopy groups of the simplicial
abelian group Z*(X,+):

CH™(X,n) := 1, (27(X,")).

Let § = > (-1)%9; : Z"(X,n) — Z7(X,n — 1). One checks easily that §o§ = 0,
o) (Z"(X "), 6) is a chain complex. On the other hand, one defines the normalized

complex
i=n—1

Z"(X,n)norm = ﬂ ker(9;) C Z27(X,n)
i=0
with boundary maps 9, : Z"(X, 1) norm = Z7(X,n — D) porm.-
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PROPOSITION 1.4.2. We have

CHT(X,TL) = WH(ZT(XJ ')) = H"(ZT(Xa ')76) = H"(ZT(X, ')norm)'

Proor. This is standard from the structure of simplicial abelian groups, cf.
[MAY, §22].

PropoSITION 1.4.3. CH"(X,0) =2 CH"(X), the usual Chow group of algebraic
cycles on X modulo rational equivalence.

PROOF. By definition, the Chow group coincides with the cokernel of Z(X,1)=Z(X,0).
QED

2. Functoriality

PROPOSITION 2.1. The complex Z(X,.) is covariant functorial for proper maps
and contravariant functorial for flat maps.

PrOOF. Recall Z(X,n) C Z(X x A™) is generated by subvarieties meeting
all the faces X x A™ C X x A"™ properly. Let f : X — Y be proper. Then

fx1:XxA™ - Y x A" is also proper, so there is a map on cycles f, :
Z(X x A™) = Z(Y x A™). For Z C X x A™ and A™ C A" one has

fFZ)N Y x A™) = f(ZN (X x A™))
dim(f(Z)NY x A™) < dim(Z N (X x A™)).

It follows that the arrows in the square

Z(X, n) pullback Z(X, m)

| |-
Z(Y,n) pullback Z(Y,m)

are defined. The fact that the square commutes is e.g. ([**], Th. 6.2(a)). Actually,
in the reference, Fulton works with cycles mod rational equivalence, but we can
replace X x A™ YV x A" X x A™ Y x A™ with Z, f(Z), ZN(X x A™), f(ZN
(X x A™)) and assume we are working with cycles of codimension 0 where rational
equivalence changes nothing.

The assertion of contravariant functoriality for flat maps is ([**], 1.7). QED

COROLLARY 2.1.1. Let 7 : Spec(k’) — Spec(k) be a finite extension of fields.
Then one has

Z(Xp,s) = Z2(Xpr,) =5 Z(Xp, ).

If m has degree n, the composition

mem = multiplication by n.

ProoOF. Immediate. QED
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2.2. The following lemma is the prototype for an argument which will be used
repeatedly in the sequel.

LemMMA 2.2.1. Let k C K be a purely transcendental extension. Then the pull-
back ©* : Z(Xg,.) = Z(Xk,.) is injective on homology.

PROOF. Let Z € Z(Xy,n) with 0Z =0in Z(Xy,n—1). Let W € Z(Xk,n+1)
satisfy OW = n*Z. Clearly, W is defined over a finitely generated purely tran-
scendental extension k(t1,...,tp) C K. Standard “spreading out” results in alge-
braic geometry imply there exists U an open subvariety of AP and a cycle W in
Z(X %3, U,n+ 1) such that

(2.2.1.1) OW = Z x;, U.

Again by standard results in algebraic geometry, there exists a closed subvariety
\% ; U such that if w € U —V is a k-point, then the intersection W,, = W- X x {u}
is defined and OW,, = Z x {u}. If k is infinite, then such a k-point u exists, and
the class of Z in H,(Z(Xk,.)) is zero.

If k is a finite field, for any prime £ there exists an infinite pro-¢ extension k;
of k. By (2.1.1), the kernel of the map CH(Xy,n) - CH(X,,n) is £-torsion. By
the above argument, since ky is infinite, the kernel of CH (X}, n) - CH(Xk,n) is
£-torsion. Since £ is arbitrary, this map is injective. QED

Here is a variant on (2.2.1) needed in the next section. Let Y be a smooth
k-variety, W C Y a closed algebraic subset. Let

(2.2.2) Zw(Y,.) C Z(Y,.)
be generated by irreducible subvarieties of X x A™ meeting W x A™ properly
for all faces A™ C A™. More generally, if W = {Wy,... ,W,} is a collection of
closed algebraic subsets of Y, we define Zyy,(Y,.) C Z(Y,.) to be generated by
irreducible cycles meeting all W; x A™ properly. Returning to the case of a single
closed set, write C. for the quotient complex Z(Y,.)/Zw(Y,.). Let K D k be a
purely transcendental extension, and write Ck . for the corresponding quotient for
Wk C Yk.

LEMMA 2.2.3. The pullback map ¢ : C, — Ck « induces an injection on homol-
09y.

ProOF. The proof is precisely analogous to (2.2.1) and is left for the reader.

The interest in the complex Zy (Y,.) arises from the following lemma:

LEMMA 2.2.4. With notation as above, assume either that Y is smooth or
W C Y is a local complete intersection. Then pullback of cycles induces a map
of complezes

Zw(Y,.) = Z(W,.).
More generally, if W = {Wi,... , Wy} with W = W1 CY as above and W; C Wy
for i > 2 then pullback induces a map of complexes

Zw(Y, .) — Z{W%___ ,Wq}(Wl y .).

Proor. This follows from commutativity of the intersection product [FULTON,
6.4]. QED
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2.3 Cones. The purpose of this section and the next is to prove what we are
tempted to call the “easy” moving lemma:

PROPOSITION 2.3.1. LetY be a smooth k-variety, W = {Wy,... ,W,} a collec-
tion of closed algebraic subsets of Y. AssumeY is either affine or projective. Then
with notation as in (2.2.2), the inclusion 2y (Y,.) C Z(Y,.) is a quasi-isomorphism.

PrOOF. In this section, we will assume (2.3.1) for Y = A” and ¥ = P” and
prove the general result. The result for A" and P will be proved in the following
section by a different method.

To fix ideas, suppose Y is projective. Let K be a large, purely transcendental
extension of k as above, and define C. and Cx « as in (2.2). By (2.2.3) it will suffice
to prove

LEMMA 2.3.1.1. The map ¢ : C. — Ck . tnduces the zero map on homology.

Proor oF 2.3.1.1. Using (2.2.3), we may enlarge K if we want. Let dim(Y) =
d. Fix an embedding Y < PV for N >> 0. Let L C PV be a linear space of
codimension d + 1 which is k-generic and defined over K. We have an inclusion
j:Y < PN — L. Projecting from L defines a map

(2.3.1.2) ar PN — L — P2

The composition p = mo j : Y — P? is finite so there is a map of complexes
ps : ZX(Y,.) = Z*(P4,.).

Let Q be the blowup of PV along L. There is an evident diagram

Q
v N g

P PN
with f flat and g proper. We define the cone map
(2.3.1.3) coney, : Z"(Y,.) = Z"(PX,.)
to be the composition coney, = g o f* o p,. In fact, the cones in question meet faces
on Y properly. More generally, for W C Y closed, if a cycle Z in Z7(Y,n) meets
W x A™ properly for a face A™ C A™ it is easy to check that coner (Z) does as

well. We get maps of complexes

coney, : Z*(Y,.) = Z5(PY,.)
coner, : Zy,(Y,.) — Zy Wi, W, (PX,.)

Using (2.2.4), we have a composed map

C. 2%y ZE (BN, )/ 25w (PR ) 5 Cic
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We will prove in the next section that the quotient complex in the middle here is
acyclic, so j* o coney, is zero on homology. On the other hand, given z € H,(C4),
the standard construction for moving cycles ([**]) implies that for N,p >> 0 (de-
pending on n), there exists a chain of purely transcendental extensions k¥ C K1 C
K, ... C K, and a chain of codimension d + 1 linear spaces L; defined over K; and
independent generic over K;_; such that the composition (with obvious notation)

(tp —j* oconer )o...o (1 — j* oconer,)

is zero on z. (We remark that the usual moving lemma is for cycles on Y, while our
application is to cycles on Y x A™. To deal with this we must apply the classical
argument separately to Y x Spec(k(t)) as ¢ runs through the generic points of all
faces of A™. This explains the possible dependence of N and p on n.)

It follows that ¢ is zero on homology. This completes the proof of (2.3.1.1)
and (2.3.1) for Y projective, modulo the proof of the corresponding assertions for
Y =PN. QED

For the case Y affine, we consider AY C P and we fix a linear space L of
codimension d in the hyperplane at co, PV — AY. Let G be the Euclidean group
(semi-direct product of AV and GL(N).) We take a k-embedding Y < A" which
we compose with g € G, where we think of K as containing the function field k(G)
and take g to be the k-generic K-point of G. In this way we obtain a K-embedding
of Y in AY. Projection from L preserves cycles “at co” and so induces a coning
map Z*(Y,.) = Z*(AX,.). The rest of the argument parallels the projective case.
QED

2.4 Contravariant Functoriality for Projective and Affine Space.
In this section, we verify (2.3.1) for the cases Y = AN and Y = PV,

LEMMA 2.4.1. Let X be an algebraic k-scheme and G a connected algebraic k-
group acting on X. Let A, B C X be closed subsets, and assume the fibres of the
map

GxA—-X (g,0) = g-a

all have the same dimension, and that this map is dominant. (Note both conditions
hold when G acts transitively on X.) Then there exists a non-empty open set U C G
such that for g € U the intersection g(A) N B 1is proper.

ProoF. Consider the diagram

G +« GxA —- X
N U O u
C — B

where C is the fibre product. Our hypotheses imply
dim G + dim A + dim B — dim X = dim C.

We may take for U the open set in G where the fibres of C' — G have smallest
dimension. QED
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LEMMA 2.4.2. Let hypotheses be as in (2.4.1). Assume, moreover, we are given
an overfield K D k and a K-morphism ¢ : Xg — Gg. Let V C X be non-empty
open such that for every x € Vi a scheme point, we have

tr. degy, k(p 0 $(x), 7(x)) > dim G,

wherew : Xk — Xy and ¢ : Gx — Gy. (In other words, we assume that the subfield
of K(x) generated over k by the residue fields at x and v (x) has transcendence
degree over k at least equal to the dimension of G.) Define

¢: Xk > Xk o(z) = ¢Y(x) - .

Assume ¢ is an isomorphism. Then the intersection ¢(ANV) N B is proper.

PROOF. the map Axg — Ai. We have the diagram

VnAdx % x4 o X
U U U
(VNnA)gNC — C — B

Asin (2.4.1), dim C = dim G +dim A+dim B—dim X. Also (VNA)x NC coincides
under ¢ with ¢(VNA)NB. It therefore suffices to show the intersection CN(V NA)
is proper on G x A. We can replace A by V' N A and ignore V.

We regard this as an intersection problem on G x A for C arbitrary. Replacing
C by a hyperplane section, we may assume C N A is zero-dimensional. For the
intersection to be improper we must have then dimC < dimG. Let a € A be a
scheme point such that (¢¥(a), 7w(a)) € C. We must have tr. deg,, k(1(a),a) < dim G,
contradicting the hypotheses. QED

REMARK 2.4.2.1. In the application, X =Y x Al , with G acting trivially on A!.
We are given 1o : A' - Gk and an open Uy C A}, such that for all scheme points
w € Uk, tr.degy, ¢o(w) > dimG — 1 and tr.degy o(w) = dim G if w is algebraic
over k. Then the map b = 1o o projection : X — G satisfies the hypotheses of
(2.4.2). Indeed, the map ¢: X =Y x Al — X is ¢(z,a) = (¢o(a)z,a) and is thus
an isomorphism.

For the case Y = AN (resp. Y = PV) we take G = AN acting by translation
(resp. G = SL(N + 1) acting in the usual way). In both cases, k(G) C K with K
purely transcendental over k, and we can find a map o : Aky — G with 1 (0) =
identity and 1o(1) k-generic in G. (Use the fact that SL(N + 1) is generated by
transvections.)

PrROPOSITION 2.4.3. With notation as above, let W be a finite collection of
closed sets in' Y. Then C. = Z(Y,.)/2Zw(Y,.) is acyclic.

PrOOF. We begin by fixing triangulations for A™ x A! for n = 0,1,2,....
Vertices in A™ x Al will be pairs (v, w) with v a vertex of A™ and w a vertex of
A'. For S = ((vo,wp), ..., (vr,w,)) a collection of r + 1 vertices, we define

GS:AT—)AHXAI (to,- .- ,tr)HZti(’l}i,wi)
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. We can consider formal linear combinations of maps between products of sim-
plices. There is an obvious notion of composition of such linear combinations. For
example

Opr =Y (~1)id;: AT71 5 AT

A triangulation T is a collection Sp,—q1,..., where each S, is itself a collection of
sets S of n + 1 vertices in A" ! x Al together with signs o(S) such that writing

To= Y 0(S)fs: A" — A" x A
SESn

we have as formal linear combinations of maps A” — A" x Al
Tri1 00pnt1 — ((Opn-1) x ida1) 0 Ty = idan xt1 —id x19 : A™ = A" x AL,
We fix such a triangulation T' = T},. For example, T7 might look like
fig. 1

with signs arranged so the diagonal faces on Tj o 0 cancel. We would like to
think that pulling back along 7. would define a homotopy

T*: Z(Y x Al))) = Z(Y,.+ 1).

Unfortunately, for example, with reference to fig. 1 above, taking ¢ # 0, 1 the cycle
Y x {t} x {t} € Z(Y x Al,1) does not meet the diagonal faces properly.

LEMMA 2.4.3.1. Consider the composition
Y x Ak &Y x A 25 Ve 5 Y
The mapping
(2.4.3.2) p* =T*o¢* oprlon® : Z(Yi,.) = Z(Vk,. + 1)

is well defined. This same map carries Zyw (Yi,.) = 2w, (Yi, o+ 1).

ProoF oF 2.4.3.1. We prove the last assertion. Let Z represent a cycle in
Zw(Yk,n) and let F C A™ x Al be a face of some A" entering into the triangu-
larization. We must show the intersection

¢"prim(Z)N(W x F)

is proper for W € W. Replacing v by its image under composition with the inverse
map in Gk, we might as well consider

prim*(Z)N¢* (W x F).
If F C A™ x {0} this intersection is proper since ¥0(0) = id and Z € Zy (Y, n).

Otherwise, we apply (2.4.2) with B=W x F, A = pr;i(Z) N (Y x F). (Note the
intersection in the definition of A is proper.) This proves (2.4.3.1). QED
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END OF PROOF OF 2.4.3. Note the homotopy p* in (2.4.3.2) satisfies
0o py, = pp1°0=10(1)" =10 (0)" : Z(Y,n) = Z(Yk, ).

Next we claim
¢0(1)* : Z(Yk,') — ZW(Yk7')‘

We apply (2.4.2) with ¢ the constant map with image 19(1). For ambiant space we
take Y x A™ for some face A™ C A™. We take A = W x A™, and B = zN(Y xA™)
with z € Z(Yy,n).

In conclusion, we see the map C. — Ck « induces 0 on homology. Again by the
argument in (2.2.3), C, is acyclic, and (2.4.3) follows. QED

REMARK 2.4.3.3. Let Y and W = {Wh,... ,Wy} be as in (2.4.3) and let X be
a k-scheme. Write X x W = {X x Wy,...,X x Wp}. The same argument as in
the proof of (2.4.3) shows that the inclusion Zxxw (X x Yi,.) C Z2(X x Yg,.) is a
quasi-isomorphism.

2.5 Contravariant Functoriality; Applications.

PROPOSITION 2.5.1. Let f : X — Y be a morphism of algebraic k-schemes.
AssumeY is smooth and either affine or projective. Then there is defined a pullback
map

(2.5.1.1) £ CH*(Y,n) » CH*(X,n).

Given a composition W Iy X 5 Y with X and Y smooth and either affine or
projective, we have

(9o )" = f*og" : CH*(Y,n) - CH*(W,n).

PrOOF. There exists a collection 7 = {T1,...,T,} of closed subsets of ¥ such
that for any n and any cycle Z € Z7(Y,n), the pullback f~!(Z) is defined in
Z(X,n). Indeed, the diagonal Ay CY x; Y is a local complete intersection since
Y is smooth. Hence, the graph 'y = (f x 1y)™'Ay C X x Y is also a local
complete intersection. Let T; be the set over which the fibres of f have dimension
> dim X —dim Y +i. If Z meets T; x A™ properly for all i, then X X Z C X xY x A"
meets 'y x A™ properly, so the intersection is defined. Under the identification
'y = X, this is the pullback. Since H,(Z7(Y,.)) = H.(Z(Y,.)), the pullback
(2.5.1.1) is defined. The remaining argument is similar and is left for the reader.
QED

The hypothesis that Y be either projective or affine in (2.3.1) and (2.5.1) can be
removed using the “strong” moving lemma to be proved in (*¥*).

PROPOSITION 2.5.2. LetY be smooth quasi-projective, and let W = {Wh,... ,Wp}
be closed subsets of Y. Assume the strong moving lemma (**) holds. Then the in-
clusion Zyw(Y,.) C Z(Y,.) is a quasi-isomorphism.

PrOOF. Induction on d = dimY. For d < 1, Y is affine or projective and the
assertion is (2.3.1). In general, let Y be a projective closure of Y with Z =Y - Y.
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Let X be a hypersurface section of large degree on Y which contains Z but which is
otherwise generic. Let X = X —Z. Then X is smooth quasi-projective of dimension
d—-1,and Y — X is affine. Write WNX = {W1nX,... ,W,NX}. We have a
diagram

Zme(X, .) E— Zw(Y, .) E— Zw(Y — X, .)

| | |
Z(X,) —— Z(,) — Z(Y -X,.)

By induction, the outside vertical arrows are quasi-isomorphisms. The strong mov-
ing lemma (**) and (**) implies the two horizontal sequences give distinguished
triangles in the derived category. It follows from the five-lemma that the middle
vertical arrow is a quasi-isomorphism. QED

3. The Homotopy Theorem

THEOREM 3.1. Let X be a quasi-projective k-variety. The pullback map p* :
Z(X,.) = Z(X x A",.) is a quasi-isomorphism.

PRrROOF. One reduces by induction to the case n = 1. Let K = k(A!) be the
function field of A!. Let

(1x x p)*: Z2(X x AL, = Z((X xp A g,.+ 1)
be defined as in (2.4.3.2). The first point is that this map is defined, and that
(1x x p)*(ZXx{O,l}(X Xk Alv')) C ZXX{O,I}((X Xk Al)Kv' +1).

The arguments here are the same as in (2.4) (with ¥ = Al), and are left to the
reader. In particular, the inclusion Zx 0,13(X X Al,.)) C Z(X x Al,.) is a quasi-
isomorphism, and, writing 8* for the pullback on cycles along the map translation
by the k-generic point ¢, we have that 6* is homotopic to the natural pullback 7*
mapping Z(X x A;,.) & Z(X x A,.) with K = k(t). Also,

0" (Z2(X x Ay,4)) C Zxxq01} (X x A, ).
Writing T for a triangulation, the composition

1x x0*

Zxwiony(X x AL 225 201y (X x Al ) T Z(Xk, . + 1)
is defined. Since T is a triangulation, we have
0eT* 0" —T" 0% 0 = (0oT* —T:0)e0" = (1] — 13)-6".

If we view these as maps Zx (0,1} (X X AL,.) = Z(Xk,.) and consider the effect
on homology we have

0=H,((t] —15)°0") = Hi((¢] — ¢5)om™) = Ho(m*o (¢ — t3))-
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Since 7* is injective on homology, we conclude
HL(3) = H(1) : Hy(Zxxqo1y (X x AL,2) = Ha(2(X,.)).

Let
7: Al x A — Al 7(a,b) = ab.

The map 7 is flat, so we have a pullback (2.1) 1x x 7* : Z(X x Al,.) - Z(X x
Al x Al).). For Z C X x Al x A™ one has

(1x x7)"HZ)N (X x A' x {0} x A™) C (1x x 7)"H(Z N (X x {0} x A™)).
It follows easily, again using flatness, that
Ix X T*(2xxq0p(X X A',1)) C Zxyemt xqo,13 (X x A x A',L).
The compositions
o™t Zxyqop(X x A, = Z(X x A,

are defined for j = 0,1 and agree on homology. But ¢j.7* = identity while tf.7* =
(To10)* = (19op)*. It follows that

p* H*(Z(Xa')) — H*(Z(X X Al:'))

is surjective. Since p*(Z(X,.)) C Zxx{o}(X x Al.), we have identity = 180 p*
defined so p* is injective. this completes the proof of (3.1). QED

4. Cubical Chow Groups

In this section we show how the higher Chow groups can be computed using
cubes rather than simplices. The use of cubes simplifies both the product structure
(**) and the proof of the strong moving lemma (**).

4.1. Let O™ = A% . (The variety X will be fixed throughout the discussion and
will frequently be omitted from the notation.)

(4.1.1) 8 . O" — Ontt
6{(;1:1,... 3 Zn) = (T1y- v o, Tim1,Jy iy - s Tn) 1<i<n, j=0,1
and
(4.1.2) p 0" 0Ot
p,-(a:l,... ,SEn) = (513'1,... ,.f}z',... ,.CL'n)

Codimension 1 faces of (0" are defined by setting a coordinate = 0,1. Codimension
r faces are intersections of r codimension 1 faces. Let

(413) Zc(n) = ZC(Xa n)



12 I. BASIC DEFINITIONS AND PROPERTIES

be the free abelian group on irreducible subvarieties of 00" meeting all faces properly
(**). We have pullback maps

(4.1.4) d = (69)* : Z.(n) = Z.(n—1)
(4.1.5) m =p; : Z.(n—1) = Z.(n)
These satisfy the following identities for v < y and j, k = 0,1

(4.1.5) i jod], = dj-df

(4.1.6) TyoTy_1 = WyoTy

(4.1.7) Tyods,_y = dlom,

(4.1.8) Ty—1od), =dlom,

Finally, we define

(4.1.8) d=> (=1)'(d? = d}) : Ze(n) = Z.(n - 1).

It follows from 4.1.5 that d*> = 0, so Z.(x) is a complex.
4.2. Define the degenerate cubical cycles

(4.2.1) D(n) :=»_mi(Ze(n —1)) C Ze(n).
=1

It follows from 4.1.7 and 4.1.8 that D(x) is a subcomplex of Z.(x).
The reduced cubical cycles are given by

(4.2.2) Zo(n)o := ] ker(d?) C Z.(n).
=1
It follows from 4.1.5 that Z.(x)o is a subcomplex of Z.(x). The differential is
d=> (=1)""'dj : Z.(n)o = Zc(n — 1)o.
LEMMA 4.2.3. Z.(n) =D(n) P Z.(n)o.

PROOF. Let z € Z.(n) and assume d?,(z) = ... = d2(z) = 0. It follows from
4.1.5 that 2z’ = 2 — m..d%(2) satisfies d2(z') = ... = d2(2') = 0. By induction we
conclude that Z.(n) = D(n) + Z.(n)o. To see the sum is direct, let » be minimal
such that there exists 0 # z € Z.(n)o with z = 37| mw;. Using 4.1.7 and 4.1.8
togher with d0z = 0, we get

r—1 r—1
Wy = — E d(r)m-wi = — E wid(r)_lwz-
i=1 =1
so by 4.1.6
r—1
2= mi(w; — mp_1dd_ywy),
i=1

contradicting the minimality of ». QED
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DEFINITION 4.2.4. The cubical cycle groups, CH*(X,p) := Hp(Z.(%)o).

REMARK 4.2.5. Note the full cubical complex Z.(x) does not give the correct
groups. For example, one checks easily that CH? (X, p) = 7Z for all p > 0.

THEOREM 4.3. CH}(X,p) = CH*(X,p)

LEMMA 4.3.1. Let W = {W1,... ,W,} be closed subsets of A". Then the inclu-
sion Ze xxw(X x A", x)g C Z.(X x A", %) is a quasi-isomorphism.

ProOOF OF 4.3.1. The proof is analogous to the proof of 2.4.3 and 2.4.3.3 and
is left for the reader. QED

LEMMA 4.3.2. CH}(X,p) = CH!(X x Al,p)

PROOF OF LEMMA 4.3.2. The proof is analogous to, but easier than, the proof
of (**). One simply notes that the identification X x Al x O" = X x O"*! gives
a homotopy T* : Z. xxf0,1}(X x Al,n)o = Z.(X,n + 1)o. Indeed, for Z on
X x Al x 0", write Z for the corresponding cycle on X x 0"*! under the obvious
identification. Define T*Z = Z — m1013(Z), where i} : Ze x x{0,13(X x Al %) —
Z.(X,«) is the pullback, i = 0,1.. One has dT™* — T*d = ¢} — 1. The rest of the
proof is just as in (**), using 4.3.1 in place of 2.4.3.3. QED

ProoOF OF THEOREM 4.3. Define Z.(p, ¢)o to be cycles on X x A? x 09 meeting
all (intersections of simplicial and cubical) faces properly and trivial on faces defined
by setting cubical coordinates = 0. One has boundary maps d' : Z.(p,q)0 —
Z:(p—1, q)o (simplicial) and d" : Z.(p,q)o = Z.(p,q—1)o (cubical). It is immediate
from 4.3.1 and 4.3.2 that

IIHQ(Zc(pa*)O) = CHC(X X Ap,q) = CHC(Xa Q)'

In particular the boundary map "Hy(Z.(p, *)o) = "Hy(Z.(p — 1, %)) is zero for p
odd and an isomorphism for p even. We have

0, p>0

E2 :IH IIH Zc , —
o= HHE ) = { o P

s0 Hy(Zc(x,%)o) = CH(X, p).

On the other hand, if we drop the condition that cycles be trivial on faces defined
by setting cubical coordinates = 0, we get a double complex Z.(x,%) D Z.(x,*)o,
and by the homotopy theorem 3.1 for the simplicial groups:

"Hy(Ze(*,q)) 2 CH(X x 0%,p) 2 CH(X x 0% p) = "Hy(Z.(x,0)).

It follows that the map restriction to the point with cubical coordinates (0, ... ,0)
induces a quasi-isomorphism Z.(*,q) — Z.(x,0). Since Z.(x,q)o C Z.(*,q) is a
direct summand (mapping to 0 in Z.(*,0) if ¢ > 0) we conclude

0, q>0

(2o, 0)o) = { CH(X,p), q=0.

The spectral sequence E> . = " H, (' H,(Z.(*,%)o)) therefore degenerates, so H,(Z.(*, *)o) =
CH(X,p). We conclude CH (X,p) 2 CH.(X,p). QED
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4.4. Finally, for the hard moving lemma, it will be useful to work with a complex
of cubical cycles which are trivial on all but one face.

DEFINITION 4.4.1. Z.(x)o; = {7 € Z.(x)o | djz =0 for j > i +2.}.
For example, d} is the only non-trivial face map on Z.(x)go. It follows from 4.1.5
that Z.(x)o; C Z.(x)o is a subcomplex.
THEOREM 4.4.2. The inclusion Z.(x¥)oo C Z.(x)o s a homotopy equivalence.
PROOF. Given integers £ < n — 1 define At : O™t — O" by
he(ml, ooy Tnt1) = (X1 B 1, Tl T b1y T2y -+ - 5 Tpp1)-
For Z a cycle on 0", define H*(Z) = (=1)"¢(h*)~1(Z) on O"*!. For £ > n define

HYZ) = 0. Tt is easy to check that H® : Z.(x)g — Z.(x + 1)o. Consider the
composition of endomorphisms of Z.(x)o:

@ i=-(id—(do H* + H*d))o (id — (do H* = + H* " 'od))o - - - o (id —(do H® + HO. d)).

Although this is an infinite composition, it stabilizes in any degree and so defines
an endomorphsim ¢ : Z.(x)g — Z.(*)o which is homotopic to the identity.

It will be convenient to write an element z € Z.(n)o as z(z1,... ,Z,). We have,
for example, d}z(z1,... ,2n) = 2(®1,... ,Zi1,1,Tiy... ,Tn_1). Thus,
dH'z = (—1)"“22(1, Tlyevr s T2, Tp—f—1 " Ly—fyTn—ftr1y-- sTn)
— et 2(Z1, s T2, 1, B 1 By Tty - -+ 5 T
- 2(331, e 3 p—f—1,Tn—f * Tpn—f+1, 1, Tp—0+25--- ,wn)
+...+ (—l)lz(arl, ey T 01, T T b1, T b2 - - 5T, 1).
Also
Hdz = (—l)n_e_lz(l, Tlyev s T2, Tp—f—1* Ly Tn—ftrly--- 5Tn)
— o (D 221, B2y T t1 - Tty Tt 1y - - - 3 Ty 1)

It follows that

dH 'z + H'dz = — 2(21, .. ,Tnt—1,Tn—t " Tp—t41, 1, Tn—tgs--- »Tn)
+o (=D 21, Bt 1s Tt - Tt 1y Tt 2y - - 3Ty 1)
+2(Z1y o T2, T 1 T, L, T g1, 5 Tn)
e (D) 2@, T2, Tt Tty Tt g1y - - - > T, 1)

Suppose now z € Z.(n)g; for some i <n—1. If £ < n—i—2, we see from the above
that dH'z + H%z = 0. Thus the first few factors of ¢ may act as the identity on
z, but eventually we get to £ =n — ¢ — 1. At this point,

2 =z — (dH'2 + H'd2)
= 2(21,-+ . ,%n) — 2(T1y e 3 B2, Tn—t—1 " Tty L, Ty 1y - - 5 Tp)-
Note that d}z’ =0for j >i+1,ie 2' € Z.(n),i 1. The next factor of ¢ is
{=n—i=n-(i—1)—1,so 2 is mapped to some 2" € Z.(n)o,i—2, etc. Once
z € Z.(n)oo, it follows again from the above that dH*z + H'dz = 0 so factors of ¢

are the identity. Thus, ¢ : Z.(x)g = Z.(x)oo, ¢ is the identity on Z.(x)go, and ¢
composed with the inclusion is homotopic to the identity on Z.(x)o. QED



