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1. I NTRODUCTION
My primary research area is smooth dynamical systems, particularly dynamical systems with some degree
of hyperbolicity. In discrete time, a dynamical system is a generated by a self-diffeomorphism
f : M →M

of a manifold M . One then studies properties of f under iteration. Some general aims of the field are
to understand the asymptotic and statistical properties of the orbits of f , identify and classify invariant
geometric structures, and understand changes in dynamical behavior under small perturbations.
Iteration of a diffeomorphism f : M → M generates an action of the 1-parameter group Z. Given an
infinite, finitely-generated discrete group Γ, we may similarly consider actions of Γ by diffeomorphisms on
a manifold M ; that is, we may consider homomorphisms
α : Γ → Diff r (M )

from Γ to the group of C r diffeomorphisms of M . Typically one only considers actions α : Γ → Diff r (M )
with infinite image α(Γ).
My recent research focuses primarily on actions of large discrete groups Γ. A common approach in my
research is to study actions of large groups by restricting to a 1-parameter subgroup of Γ and using techniques
and tools developed to study classical 1-parameter dynamical systems. For instance, two key tools used in
my work on Zimmer’s conjecture are Lyapunov exponents and metric entropy—objects from classical
dynamical systems used to measure asymptotic exponential divergence and exponential complexity of a
diffeomorphism.
I am particularly interested in rigidity phenomena for group actions; many questions in this research
program are summarized by the following problems. In full generality, such problems are intractable. My
research focuses on such problems under additional dynamical hypotheses on the action or geometric hypotheses on the acting group.
Problems. Consider an infinite, finitely-generated group Γ and a compact manifold M .
(1) (Existence) Determine if there exist actions α : Γ → Diff r (M ) with infinite image α(Γ).
(2) (Local rigidity/structural stability) Show that two sufficiently close actions α, α′ : Γ → Diff r (M )
coincide up to a small change of coordinates.
(3) (Global rigidity) Classify all actions α : Γ → Diff r (M ) up to a change of coordinates.
(4) (Existence and classification of invariant structures) Given an action α : Γ → Diff r (M ), find and
classify invariant geometric structures (probability measures, Riemannian metrics, foliations, etc.).
In Section 2, I give some standard examples of actions by lattices in SL(n, R)—an important family
of discrete groups in my research. Motivated by Problem (1), I then discuss my recent work related to
Zimmer’s conjecture. In Section 3, I discuss a version of Problem (3) and my recent work on rigidity of
Anosov actions. In Section 4, I outline a common philosophy used in the proofs of Theorem A and B. In
Section 5, I discuss some work related to Problem (4) studying all invariant and stationary measures for a
group action under certain dynamical hypotheses.
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Z IMMER ’ S

CONJECTURE

Let G = SL(n, R) be the group of n × n matrices with determinant 1. The rank of G = SL(n, R) is n − 1;
typically, I consider the case n ≥ 3 to ensure that G is higher-rank. A lattice in G is a discrete subgroup
Γ ⊂ G such that the quotient G/Γ has a finite G -invariant measure. A lattice Γ ⊂ G is cocompact if the
quotient G/Γ is a compact manifold; otherwise Γ is said to be nonuniform.
As an example, Γ = SL(n, Z)—the group of integer valued n×n matrices with determinant 1—is a nonuniform lattice in G = SL(n, R). While SL(n, Z) is not cocompact, SL(n, R) does possess cocompact lattices.

Examples. Given a lattice Γ ⊂ SL(n, R) consider the following standard actions.
(1) (Trivial actions.) Given a homomorphism
α0 : Γ → Diff r (M ),

if the image α0 (Γ) is a finite subgroup of Diff r (M ), the action α0 is said to be trivial.
(2) (Projective actions.) Consider M = S n−1 as the set of unit vectors in Rn . Given a lattice Γ ⊂ SL(n, R),
let
α1 : Γ → Diff ∞ (S n−1 )

be the action induced by the action on rays: given a matrix γ ∈ Γ and a unit vector x ∈ S n−1 , let
α1 (γ)(x) =

γx
.
kγxk

(3) (Linear actions.) Let Γ = SL(n, Z) and take M to be the n -torus M = Tn = Rn /Zn . Let α2 : Γ →
Aut(Tn ) be the induced action by toral automorphisms:
α2 (γ)(x + Zn ) = γx + Zn .

More generally, given a homomorphism ρ : Γ → SL(d , Z) we have ρ̃ : Γ → Aut(Td ) given by
ρ̃(γ)(x + Zd ) = ρ(γ)x + Zd .

2.1. Zimmer’s conjecture. Given the prototype actions in Examples (2) and (3) above, Zimmer’s conjecture asserts the following.
Conjecture 1 (Zimmer’s conjecture for Γ ⊂ SL(n, R)). For n ≥ 3, let Γ be a lattice in SL(n, R). Let M be a
compact manifold.
(1) If dim(M ) < n − 1 then every action α : Γ → Diff ∞ (M ) is trivial; that is, the image α(Γ) is finite.
(2) If dim(M ) < n then every volume-preserving action α : Γ → Diff ∞
(M ) is trivial.
vol
Here, Diff ∞
vol (M ) denotes the group of diffeomorphisms of M preserving the volume form vol on M . The
volume-preserving case (2) of the conjecture is due to Zimmer and appears in [Zim2, Zim3] for actions by
C ∞ diffeomorphisms. The non-volume-preserving case in (1) is first stated by Farb and Shalen in their work
on analytic actions [FS]. Most previous work on Zimmer’s conjecture concerns actions in extremely low
dimensions. See [Wit, BM, Ghy] for results on actions on the circle and [FH, Pol] for results on volumepreserving actions on surfaces. Above dimension 2, very few results were known before Theorem A below.
Recently, D. Fisher, S. Hurtado, and I verified Conjecture 1 for C 2 -actions when Γ is assumed cocompact.1
Theorem A ([BFH, Theorem 1.1]). For n ≥ 3, let Γ ⊂ SL(n, R) be a cocompact lattice. Let M be a compact
manifold.
(1) If dim(M ) < n − 1 then any action α : Γ → Diff 2 (M ) is trivial.
(2) If dim(M ) = n − 1 then any action α : Γ → Diff 2vol (M ) is trivial.
The proof uses a number of well-known results, particularly Zimmer’s cocycle superrigidity theorem
[Zim1] and Ratner’s measure classification theorem [Rat]. Two new ingredients in the proof are Strong
property (T) due to V. Lafforgue [Laf, dLdlS] and work of myself, F. Rodriguez Hertz, and Z. Wang on
smooth ergodic theory of Zd -actions appearing [BRH2, Bro, BRHW3] as applied to actions of higher-rank
lattices in [BRHW2]. A key idea used in the proof of Theorem A and in [BRHW2] is outlined in Section 4.
2.2. Future work on Zimmer’s conjecture. Theorem A is a significant breakthrough in a conjecture dating to the early 1980s. However, Theorem A and the more general results in [BFH] fall short of solving the
most general version of Zimmer’s conjecture. In the near future, I hope to improve the techniques in [BFH]
to show that Theorem A holds for actions of Γ = SL(n, Z) and other nonuniform lattices in SL(n, R).
1More generally, analogous results to those in Theorem A(1) holds for cocompact lattices in all higher-rank, split simple Lie
groups G with finite center. The analog of Theorem A(2) holds for symplectic groups but misses the conjectured dimension by 1 for
actions by lattices in the split orthogonal groups SO(n,n) and SO(n,n + 1). We also obtain partial results for non-split Lie groups.
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A more challenging project involves solving the analogous version of Conjecture 1 for actions of lattices
in SL(n, C), SO(p, q), q ≥ p + 2, and other higher-rank, non-split Lie groups. For instance, from [BFH] we
obtain for n ≥ 3 and any cocompact lattice Γ in SL(n, C) that every homomorphism α : Γ → Diff 2 (M ) is finite
when dim(M ) ≤ n −2. It is conjectured that this should hold when dim(M ) ≤ 2n −3. A planned project is to
strengthen the main arguments from [BRHW2]—particularly the invariance principle described in Section
4—in order to obtain the conjectured critical dimension in the most general version of Zimmer’s conjecture.

3. R IGIDITY

OF

A NOSOV

ACTIONS BY HIGHER - RANK LATTICES

Zimmer’s conjecture fits into a larger research program known as the Zimmer program. For n ≥ 3,
lattices Γ in SL(n, R) have many rigidity properties relative to linear representations ρ : Γ → GL(d , R), particularly local rigidity [Sel, Wei], global rigidity [Mar1, Mos, Pra], and superrigidity and arithmeticity [Mar2].
The Zimmer program roughly aims to answer to what extent rigidity phenomena for linear representations
ρ : Γ → GL(d , R) extend to non-linear (possibly volume-preserving) representations α : Γ → Diff r (M ). When
Γ is a higher-rank lattice, Problems (1)–(3) above summarize a number of conjectures in the Zimmer program.
Within the Zimmer program are a number of global rigidity conjectures which suggest that all actions
α : Γ → Diff ∞ (M ) are constructed from algebraic examples using standard modifications. In a recent work
[BRHW1], F. Rodriguez Hertz, Z. Wang, and I established such a global rigidity result for actions satisfying
certain dynamical properties—namely, Anosov actions on tori and nilmanifolds.
3.1. Background. Consider a matrix A ∈ GL(d , Z). Since A has integer entries and det A = ±1, A preserves
the subgroup Zd and induces an automorphism of the quotient torus Td = Rd /Zd . Let L A : Td → Td be the
induced action:
L A (x + Zd ) := Ax + Zd .

If no eigenvalue of A has modulus 1, then L A : Td → Td is an example of an Anosov or uniformly hyperbolic diffeomorphism. More generally, a diffeomorphism f : M → M if Anosov if the tangent space splits
as
T x M = E s (x) ⊕ E u (x)

and vectors in E s (x) (resp. E u (x)) are contracted exponentially under forwards (resp. backwards) iteration.
It is conjectured that the only manifolds admitting Anosov diffeomorphisms are tori and (infra)nilmanifolds.
The following classical global rigidity theorem gives a complete classification of all Anosov diffeomorphisms on tori (and nilmanifolds) up to a continuous change of coordinates.
Theorem 1 (Franks–Manning [Fra, Man]). Let f : Td → Td be an Anosov diffeomorphism. Then there exist
A ∈ GL(d , Z) and a homeomorphism h : Td → Td such that
h ◦ f ◦ h −1 = L A .

(1)

The map h satisfying (1) is always Hölder continuous but in general need not by C .
1

3.2. Global rigidity of Anosov actions. Given a discrete group Γ, an action α : Γ → Diff r (M ) is Anosov
if α(γ0 ) is Anosov for some γ0 ∈ Γ. One may ask to what extent Theorem 1 generalizes to actions of larger
discrete groups: if α : Γ → Diff r (Td ) is an Anosov action, is there a linear action ρ̃ : Γ → Aut(Td ) as in
Example (3) above and a change of coordinates h : Td → Td with
h ◦ α(γ) ◦ h −1 = ρ̃(γ)

for all γ in a finite index subgroup of Γ?

(2)

While a linear map L A and a map h satisfying (1) may exist for individual elements α(γ) of the action,
for an arbitrary discrete group Γ, a single homeomorphism h : Td → Td intertwining the non-linear action α
with a linear action ρ̃ need not hold. For instance, when Γ is a free group with at least 2 generators, there
exist Anosov actions α : Γ → Diff ∞ (Td ) for which no such ρ̃ and h as in (2) exists. On the other hand,
in [BRHW1] we established the existence of such ρ̃ and h when Γ is a lattice in a higher-rank simple Lie
group.
3

Theorem B ([BRHW1, Theorem 1.7]). For n ≥ 3, let Γ ⊂ SL(n, R) be a lattice and let α : Γ → Diff ∞ (Td )
be an Anosov action. Assume that Γ is cocompact or, if Γ is nonuniform, that the action α : Γ → Diff ∞ (Td )
lifts2 to an action α̃ : Γ → Diff ∞ (Rd ).
Then there exist a linear representation ρ : Γ → GL(d , Z) inducing a linear action ρ̃ : Γ → Aut(Td ) and a
∞
C diffeomorphism h : Td → Td such that
h ◦ α(γ) ◦ h −1 = ρ̃(γ)

for all γ in a finite index subgroup Γ′ ⊂ Γ.

Note that in addition to finding a change of coordinates h satisfying (2), we also obtain that h is C ∞ .
3.3. Future work on Anosov actions. A key innovation in [BRHW1] over earlier approaches to studying
rigidity of Anosov actions is the construction of a topological conjugacy between a non-linear Anosov
action and a linear Anosov action without the assumption that the non-linear action preserves a measure. Our
technique should have a number of other applications which I plan to explore in future projects. For instance,
local rigidity for affine Anosov actions of lattices Γ ⊂ SL(n, R) for n ≥ 3 was established in [KS, Theorem
15]. The method of proof heavily uses that Γ satisfies Property (T) of Kazhdan and that Zimmer’s cocycle
superrigidity theorem holds. On the other hand, the approach in [BRHW1] together with [FKS, RHW]
recovers the local rigidity result in [KS, Theorem 15] without using Property (T) or cocycle superrigidity.
Using the approach in [BRHW1], I expect to establish new local and global rigidity results for Anosov
actions by lattices that fail to have Property (T), particularly irreducible lattices in SL(2, R) × SL(2, R).

4. A N

INVARIANCE PRINCIPLE AND NEW IDEAS IN THE PROOFS OF

T HEOREMS A

AND

B

Theorems A and B concern an action of a lattice Γ ⊂ G = SL(n, R) on a manifold M . The first step to
prove either theorem is to induce a G -action on an auxiliary manifold—denoted by M α —from the Γ-action
α. The manifold M α has the structure of a fiber bundle with fibers diffeomorphic to M and base G/Γ.
Consider the subgroup A of G = SL(n, R) of diagonal matrices with positive entries:
©
ª
A = diag(e s1 , . . . , e sn ) : s i ∈ R .

Since we require the determinant to be 1, we have s 1 +· · ·+s n = 0 and the map (s 1 , . . . , s n ) 7→ diag(e s1 , . . . , e sn )
identifies A with Rn−1 .
For the group G = SL(n, R), the roots of G are the linear functionals βi , j : A → R for i 6= j where, given
s = diag(e s1 , . . . , e sn ) ∈ A ,
βi , j (s) = s i − s j .

Each root βi , j corresponds to the 1-dimensional root group U βi , j in G with ones on the diagonal, real entries
in the (i , j )-entry, and zeros elsewhere. For instance, in SL(3, R) we have

 1
β2,3
U
=  0

0



0 0

1 t :t ∈R .

0 1

To prove either Theorem A or Theorem B, we study the dynamics of the higher-rank abelian group
A ≃ Rn−1 on the auxiliary space M α . A common philosophy is employed in both [BFH] and [BRHW1]: nonresonance implies invariance. Roughly, the philosophy is as follows: Given an A -invariant (or equivariant)
object O , we associate to O a class of linear functionals O on A . A root βi , j of G is non-resonant with O
if it is not positively proportional to any element of O . In certain situations, given a non-resonant root βi , j
of G , the object O will automatically be invariant (or equivariant) under the root group U βi , j . Given enough
such non-resonant roots βi , j , the object O is automatically G -invariant (or equivariant).
In the proof of Theorem A, a key step is to promote a certain A -invariant measure µ on M α to a G invariant measure. The relevant linear functionals O are the fiberwise Lyapunov exponents λFi : A → R of
the measure µ for the action of A on the fiber bundle M α . When the measure µ projects to the G -invariant
2A sufficient condition that guarantees the lifting property is the vanishing of a certain second group cohomology H 2 (Γ, Rd ).
ρ
This condition only depends on the action induced on homology by α and holds, for instance, whenever Γ is cocompact [GH, Bor].
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measure on G/Γ, it was established earlier in [BRHW2, Proposition 5.1] that µ is automatically U βi , j invariant for each non-resonant root βi , j : A → R. In the setting of Theorem A, constraints on the dimension
of M then force µ to be G -invariant.
ker(β1,2 ) = ker(β2,1 )
ker(λF2 )
ker(β1,3 ) = ker(β3,1 )
ker(λF1 )
ker(β2,3 ) = ker(β3,2 )

F IGURE 1. Kernels corresponding to the 6 roots βi , j = −β j ,i and two non-zero fiberwise
Lyapunov exponents λF1 and λF2 for A ≃ R2 in SL(3, R).
To illustrate, consider the case where G = SL(3, R), dim(M ) ≥ 2, and µ is an A -invariant measure that
projects to the G -invariant measure on G/Γ and has two distinct, non-zero fiberwise Lyapunov exponents
λFj . In Figure 1, the kernels of the 6 roots βi , j = −β j ,i of G and the two non-zero fiberwise Lyapunov
exponents λFj are shown in A ≃ R2 . Because the kernel of each λFj is distinct from the kernel of each βi , j ,
the measure µ on M α is automatically G -invariant.
In the setting of Theorem B there exist two spaces M α and M ρ , each with a G -action. The first step is
to construct a map h̃ intertwining the A -actions on M α and M ρ . Here, the relevant functionals O are the
weights of a certain representation ρ : G → SL(d , R). After verifying that the roots of G are non-resonant
with the weights of ρ , the map h̃ automatically intertwines the entire G -actions on M α and M ρ which allows
us to construct h as in Theorem B.

5. R IGIDITY

OF STATIONARY MEASURES

Consider a compact manifold M and let Γ ⊂ Diff ∞ (M ) be a subgroup of the group of C ∞ diffeomorphisms. It may be that there is no Borel probability measure on M preserved by the entire group Γ. Indeed,
this is the case for the action in Example (2) above. On the other hand, given a probability measure ν on the
group Diff ∞ (M ) there always exist ν-stationary measures on M —that is, measures satisfying
µ(B ) =

Z

µ( f −1 (B )) d ν( f )

for all B . Given a probability measure ν on the group Diff ∞ (M ), let Γν denote the subgroup generated by
all diffeomorphisms contained in the support of ν.
The work described here is motivated by the following questions: for a measure ν on Diff r (M )
(1) is it possible to classify all ν-stationary measures, and
(2) is every ν-stationary measure in fact Γν -invariant?
In a number of homogeneous settings, answers to such questions are obtained in [BQ1, BQ2] for measures ν
satisfying certain algebraic hypotheses. In an affine but inhomogeneous setting, related results are obtained
in [EM] for the SL(2, R)-action on strata of Abelian differentials on a surface. In a completely non-affine,
inhomogeneous setting, in [BRH1] F. Rodriguez Hertz and I answer the above questions for hyperbolic
stationary measures satisfying a certain “local irreducibility” criterion.
Theorem C ([BRH1, Theorem 3.4]). Let ν be a compactly supported measure on Diff 2vol (S) and let µ be
an ergodic, hyperbolic, ν-stationary measure. Assume there are no µ-measurable line fields preserved by
ν-almost every diffeomorphism f . Then either
(1) µ is finitely supported, or
(2) µ coincides with an ergodic component of the invariant volume.
In particular, all such stationary measures are Γν -invariant.
5

5.1. Future work. The methods used to establish Theorem C in [BRH1] do not generalize directly to
groups of diffeomorphisms of higher-dimensional manifolds. With A. Eskin, I have begun a project that
would provide results analogous to those in Theorem C in arbitrary dimensions by adapting the arguments
of [EM] to a non-affine setting. Long-term outcomes of this project would include characterizations of
stationary measures in a number of concrete situations including perturbations of homogenous systems and
for actions of the mapping class group on character varieties.
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