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ABSTRACT

In this paper I investigate divergence-form elliptic partial differential equations on Lipschitz
domains in R? whose coefficient matrices have small (but possibly nonzero) imaginary parts
and depend only on one of the two coordinates.

I show that for Dirichlet boundary data in LY for ¢ large enough, solutions exist and are
controlled by the L9-norm of the boundary data.

Similarly, for Neumann boundary data in LP, or for Dirichlet boundary data whose
tangential derivative is in LP (“regularity” boundary data), for p small enough, I show that
solutions exist and have gradients which are controlled by the LP-norm of the boundary
data.

I prove similar results for Neumann or regularity boundary data in A1, and for Dirichlet
boundary data in L°° or BMO. Finally, I show some converses: if the solutions are controlled

in some sense, then Dirichlet, Neumann, or regularity boundary data must exist.
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CHAPTER 1
INTRODUCTION

Let A be a uniformly elliptic matrix-valued function defined on R"™. That is, assume that

there exist constants A > A > 0 (called the ellipticity constants of A) such that
Alnf> <Ren- A(X)n, |§- A(X)n| < Aln|[¢] (1.1)

for every X € R™ and every &, n € C™.

Let 1 < p < oo. We say that (D)gl, (N)]‘;l, or (R);;1 holds in the Lipschitz domain V if,

for every f € LP(OV'), there is a function u such that

(div AVu =20 in V,
(D);ﬁl< u=f on 9V,
| [INulle < CO)IIfllzw

[ div AV = 0 iV,
(N);l v-AVu=f on JV,

LIN(VW) e < C)llgll e

(div AVu =0 in V,
(R);1< oru=f on OV,

N (Va)lle < CO)I flle

where v, 7 are the unit normal and tangent vectors to OV, v- AVu is the conormal derivative
of u on the boundary, dru is the tangential derivative, and N F' is the nontangential maximal
function of F'. For (N )]‘;1, (R)]‘;1 to hold in a domain with compact boundary, we require only
that solutions exist for f such that f oy | do = 0; however, if Ve is compact we also require

that lim x|, u(X) exist.
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Figure 1.1: Change of variables to straighten the boundary

Furthermore, we require that solutions be unique; see Sections 12.1 and 12.2 for conditions
under which uniqueness holds.

In this dissertation, we will restrict our attention to complex matrix-valued functions A
defined on R? which satisfy

All* < Red- Az, t)n,  [¢- Az, t)in] < Aln|[€],  A(x,t) = A(x, s) (1.2)

forall z,t, s€ R and all n, £ € C2.

We review some of the history of this problem in planar Lipschitz domains. Investigation
began with the case A = I, that is, the case where the solutions u are harmonic.

In [6], B.J. Dahlberg showed that (D)é holds in all bounded Lipschitz domains provided
2 < g < 0o. Kenig and Fabes observed that (N )]‘g holds in Lipschitz domains for 1 < p < 2.
(This range of p, ¢ cannot be improved for general Lipschitz domains.)

In [30], Verchota showed that the solutions to these problems in planar Lipschitz domains
could be constructed as layer potentials. This is a very useful result, as it is often easier to
prove theorems about layer potentials than about arbitrary harmonic functions. Most of the
theorems in this dissertation are proven using layer potentials as well.

The next step was to generalize from harmonic functions (A = I) to other matrices.
Some additional regularity is necessary; in [5], Caffarelli, Fabes and Kenig constructed a real,
symmetric, elliptic 2 x 2 coefficient matrix A such that the L-harmonic measure associated
to L = div AV is completely singular with respect to arc length on the unit circle. (This
means that solutions u to the Dirichlet problem depend only on the boundary data on a
set of surface measure zero; thus, there is no hope to control the solutions in terms of LP

behavior of boundary data.)



A simple change of variables transforms functions harmonic in in the domain above a
Lipschitz graph to solutions to elliptic PDE in the upper half-plane. The elliptic PDE has
coefficients that are real, symmetric, and satisfy (1.2). (See Figure 1.1.) In [19], Jerison and
Kenig showed that (D);]4 holds, for 2 < ¢ < oo, for all such coefficient matrices A.

In [24], the following theorem was proven:

Theorem 1.3. Suppose that Ay : R% — R2*? js real-valued (but not necessarily symmetric)
and satisfies (1.2). Let V be a bounded or special Lipschitz domain with Lipschitz constants
at most k;. Then there is some (possibly large) qy = qo(\, A, k;) and some C'(\, A, k;) such
that (D)Z]%O holds in V' with constant at most C.

In [25] and [26], the following theorem was proven:

Theorem 1.4. Let Agy, V' be as in Theorem 1.4.
At
Let 1/py +1/qo = 1. Then if (D)g, (D)&%O/det A0 hold in V with constants at most
C(V,qp), then (N);,to and (R);loo hold in the Lipschitz domain V', with constants depending

only on pg, A\, A, k;, and C(V,pg).

In [2], the authors approached elliptic PDE (in higher dimensions) using a perturbative
approach. If Ay, A are elliptic matrices (not necessarily real), Ay, A are independent of
one of the coefficients, and ||A — Ag|| oo is small enough, then if solutions to (D)glo, (N)‘QAO,
(R)glo can be constructed using layer potentials, then solutions to (D)‘24, (N)‘24, (R)é4 can be
constructed in the same way.

In this dissertation, I will prove a perturbative version of Theorems 1.3 and 1.4:

Theorem 1.5. Suppose that Ay and A satisfy (1.2). Assume that Ag(x) is real-valued;
A(x) may complex-valued. Let V' be a good Lipschitz domain.

Then there is some € > 0, pg > 1 depending only on A\, A and the Lipschitz constants
of V, such that if ||A — Ap|lfc < €eand 1 <p <pg, 1/p+1/q =1, then (N)]‘;l, (R)]‘;1 and
(D){;1 hold in the Lipschitz domain V.

Furthermore, if f € H 1(8V), then there exist unique functions v, w such that

div AVv =0 in Q,
(N)i4 v-AVuv = f on 052,

IN(VO)l[pr < Tl s
3



div AVw =0 in Q,
(R)fl orw = f on 052,
IN(Vw)l[ g < Cllfll -

We will also prove results for boundary data in BMO and L°°:

Theorem 1.6. Suppose that V is a bounded Lipschitz domain. Then there is some ey > 0
such that if || Im A||fc < €, the maximum principle holds; that is, if f € L°(0V'), then
there exists a unique u with div AVu =0inV, u= f on 9V and ||ul| ooy < C| fll oo av)-

Theorem 1.7. Suppose that A and V satisfy the conditions of Theorem 1.5. Then there
is some €y > 0 such that, if ||Im A||jc0 < €, then for every f € BMO(OV') there is some
u such that v = f on OV, div AVu = 0 in V, and |Vu|? dist(-,dV) is a Carleson measure,
that is, for any Xg € 0V and any V > 0,

1

Vu(X)? dist(X,0V)dX < C 1.8
o(B(Xp, R)NaV) /B(XO,R)ﬂV’ ulX)P dist( JdX < (18)

where C' = C||f|| garo and C depends only on A, A, the Lipschitz constants of V, and the
constants in Theorem 1.5. Furthermore, this function is unique among functions u with

div AVu =0 in V, u = f on &V, and which satisfy (1.8) for some constant C.

Carleson-measure conditions on the gradients of solutions with BM O boundary data are

A.
Ix
[10], it was shown that for real coefficient matrices on bounded Lipschitz domains, this form

a natural form of control. Such conditions bear a deep connection to the problem (D)7': in
of control is equivalent to an Ay condition on harmonic measure, and this Ay condition
implies that (D);;1 0 holds in V for some 1 < p < oo.

Finally, we will prove some converses:

Theorem 1.9. Suppose that A,V satisfy the conditions of Theorem 1.5. Suppose further
that div AVu=0inV.

If N(Vu) € LY(dV), then the conormal derivative v- AVu exists weakly and the boundary
values u|gy exist as non-tangential limits. Furthermore, v - AVu and dyu are in H'(QV')

with H'-norm at most CIIN(Vu)ll;1-



If |Im Al is small enough, and if |Vu(X)|? dist(X,dV) satisfies (1.8) for some C,
then u|gy exists and is in BMO(OV) with BMO norm at most CC.

Theorem 1.6 will be proven in Chapter 13. Uniqueness and converses for Theorems 1.5
and 1.7 will be proven in Chapter 12. Existence for smooth coefficients for Theorem 1.7
will be proven in Chapter 10, and we will pass to arbitrary elliptic (rough) coefficients in
Theorem 11.4.

We now outline the proof of existence for Theorem 1.5; resolving the details will form
the bulk of this work.

Proof of Theorem 1.5. If f : OV — Cis in LP for 1 < p < oo, then we can define ((2.13)
and (2.12)) functions Df, STf such that if X € R?\ dV, then Df(X) and VSTf(X) are
well-defined complex numbers, and div AV(Df) = 0, div ATV(STf) = 0 in R?\ V. (Here
AT is the matrix transpose of A. These functions are layer potentials; they were studied in
[30] in the case A = I, and used in [25] in the case where A is real.)

There exist operators K4, £4 on LP(9V) such that

KLf=Dflov.. (LY f=7-VSTfly,
(KN f =50 ATVSTf| gy

in appropriate weak senses, where V; =V, V_ = VC, and t denotes operator transpose.
We will show that, if K4, £4 are bounded LP(OV) — LP(QV) then

INPHze@vy < CONFle@vy:  INVST Hlleovy < COIFlrov)

for all 1 < p < co. (Theorem 5.12.) Furthermore, if f € H'(9V), then lim| x| 0o SF(X) =0
and HN(VSTf)HLl < Ol fll g1+ ((5.3), and Corollary 5.13.)

If lCﬁ is invertible with bounded inverse on some LP(9V'), then for every g € LP(0V'), we
may let u = D((Kf)_lg). Then

div AVu =0, ulgy =g, [Nullp <Cpll(KDagllre < Coll(KD ™ ool o

and so u is a solution to (D)gl.



Similarly, if (K4)t or (£4)! is bounded and invertible on H1(8V), or on (a subspace of)
LP(AV), then u = ST((KA))1g) or u = ST(((LA))"Lg) is a solution to (M)A, (R)A",
(NAT or (R)AT

So we need only show that (KX4)t, (£4)* are bounded and invertible. (If (K4)?! is invertible
on a reflexive Banach space, then by elementary functional analysis, Kﬁ is invertible on its
dual space.)

If A is smooth, and

V={XeR2:p(X -e')< X e}

for some Lipschitz function ¢ (which we may assume, a priori, to be in C§°) and some
unit vector e, then (working much as in [25]), we can find an ¢y > 0 depending only on
A, A, such that if A satisfies (1.2) and | Re Al|fo0 < €, then (K4)t, (£L4)! are bounded
HY0V) — HY(9V) and LP(JV) +— LP(JV) for 1 < p < co. We can then extend this to
arbitrary Lipschitz domains V. (Theorems 6.1, 6.9 and 5.16.)

We will show that if (N)ﬁ)o, (R);loo hold in V and V' for all real Ay satisfying (1.2), and
if (KL)!, (£1)! are invertible on (a subspace of) LPO(9V), then there is some € > 0 such that
(KD, (£A) are invertible on that subspace, and on H'(9V), for all A satisfying (1.2) with
| Re A||f0c < €. (Chapters 7 and 8.)

By Theorem 1.4 and Theorem 7.8, (N );100 and (R);loo hold in V and V¢ for some py.
We can easily show (Lemma 7.7) that if V' is a special Lipschitz domain, then (Ki)t and
(L)t are invertible on LPO(9V). If V is bounded, by [30] (K4)! is invertible on LPO(9V)
for pg > 2: (KL)t and (£1)! are invertible only on the subspace Lgo of LPO consisting of
functions f with [4, fdo = 0. So we can solve (N)]‘;l, (R);;1 only for boundary data that
integrates to zero.

If p, ¢ are conjugate exponents with 1 < p,q < oo, then Lg and L(q) are dual spaces, so
KC— is invertible only on Lg. We can still solve the Dirichlet problem in the complement of
a bounded domain by taking D(K:l( f— fv)) + fy for an appropriate constant fy .

Using standard interpolation techniques (Chapter 9), we can show that Kt £t have
bounded inverses on LP (or Lg) for 1 < p < pg, and therefore K4 has a bounded inverse on
L7 (or L) for qp < ¢ < o0.

Thus, we have that (N)]‘;l, (R)]‘;l, (D)j;l hold if A is smooth, for p > 1 small, ¢ < oo large.
We pass to arbitrary (rough) A in Chapter 11. O



CHAPTER 2
DEFINITIONS

If w is in the Sobolev space Wllo’f(V), then we say that div AVu = 0 in V' in the weak sense
if, for all n € C§°(V),

/Aw Vi = 0. (2.1)

Similarly, we say that v - AVu = g on dV in the weak sense if for all n € Cgo(Rz),

/ AVu - Vn :/ gm. (2.2)
\%4 °)%

We say that u = f on OV if f is the non-tangential limit of u a.e., that is, if

nl—i>%1+ sup{|u(Y) — f(X)|: |X = Y| < (1 +a)dist(Y,0V) < n}
holds for almost every X € dV. We will frequently abuse notation and write 7 - Vu for the
tangential derivative 0 f.

If the nontangential limit of u exists in LP(9V), and u € W1P(V) so that the trace Tru
exists, then Tru is equal in LP(9V) to the nontangential limit of u. See [4, p. 6] for a proof
of this result in smooth domains; we can get this result in Lipschitz domains by looking at
u in small neighborhoods of the boundary and changing variables.

We fix some notation. If U is a domain, then U = UL, U¢ =u_.

Throughout, we will reserve the letters p and ¢ for the exponents of LP-spaces; recall that
the norm in such spaces is defined by || f||rr = (f |f|p)1/p. We will always let p and ¢ be
conjugate exponents given by 1/p + 1/¢ = 1; if multiple such exponents are needed, we will
distinguish them with subscripts.

If 9V is bounded, we let L{(9V) be the subspace of LP(9V) of functions f such that
Joy fdo = 0. If 9V is unbounded, for ease of notation we let L‘S(@V) = LP(OV).



The inner product between LP and L9 will be given by

(G, F) = / Gl) F(z) dz.
(This notation is more convenient than the usual inner product [ GHz)F(x)dz.) A super-
script of ¢ will denote the transpose of a matrix or the adjoint of an operator with respect
to this inner product. (So if P is an operator, then (F, PG) = (G, P'F)!.)

If a function or operator is defined in terms of A, then a superscript of T" will denote
the corresponding function or operator for A’. (So At = AT, however, Pt =+ PT for most
operators defined in terms of A.)

If f is defined on U, we define the non-tangential cones v and non-tangential maximal

function N by

YWaoX)={Y €U | X -Y|<(1+a)dist(Y,0U)}, Nygf(X)= sup [f(Y) (2.3)
’YU,a(X)

for some number a > 0. When no ambiguity will arise we suppress the subscripts U or a;

we let 74 (X) = 7 (X).

Definition 2.4. We say that the domain 2 is a special Lipschitz domain if, for some Lipschitz

function ¢ and unit vector e,
Q={XeR?: p(X -e')< X e}

We refer to ||¢||z0c as the Lipschitz constant of .

We say that U is a Lipschitz domain if there is some k; > 0 such that, for every X € 0U,
there is some neighborhood W' of X such that UNW = Qx N'W for some special Lipschitz
domain €2y with Lipschitz constant at most k.

If U is a special Lipschitz domain, then let ko = k3 = 1. Otherwise, let ko, k3 > 1 be
numbers such that OU may be covered by at most kg such neighborhoods whose size varies

by at most k3.



That is, there is a constant r = r(U) such that

ko
oU C U B(Xj,rj)
j=1
for some X; € 9U and r; € (r,7k3). We further require that there exist unit vectors e; and

Lipschitz functions ¢;, with ||g0;|’Loo < kq, such that if

Qj ={X eR*: ¢j((X — Xj) -ej) < (X = X;) - e},
Rj = {X S R2 : |(X —XJ)GJL| < 2r;, |(X—XJ) ej| < (2+2k‘1)7’j},

then
UnN Rj = Qj N Rj.

We refer to ky, ko, ks as the Lipschitz constants of U. For simplicity, when we write k;,
we mean ki, ko, k3.

If the k; are finite, and QU is connected, then we call U a good Lipschitz domain.

We will reserve V' for good Lipschitz domains and € for special Lipschitz domains. Note
that if V' is a good Lipschitz domain, then either V' is special or 0V is bounded.

We do not care about the value of the positive constant r(U) in the definition of ko, ks3;
this is because (D)]‘;l, (N)]‘;l, (R)f} are scale-invariant.

A particular parameter of U, which is at most 2kgy/1 + k2, is very important. Let kg
be such that, if Xg € OU and r > 0, then o(0U N B(Xp,r)) < kgr. We refer to k4 as the

Ahlfors-David constant of U.

Remark 2.5. Usually, we will be able to work with either connected subsets of QU or sets of
the form B(X,r)NoU for X € oU, r > 0, whichever is more convenient.

If A C OU is connected, then A C BN AU for some ball B with radius o(A)/2 such that
o(BNOU) < kyo(A).

Conversely, if X € oU and r > 0, I claim that B(X,r) N U is contained inside some
connected set A C oU. If U = Q is a special Lipschitz domain and X = (z), then
B(X,r)NU C ¥((x —r,x +1)), a connected set of surface measure at most 2ry/1+ k2. If
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Figure 2.1: Tents on the boundary of a special Lipschitz domain

OU is bounded, then either r < min; 7; and so B(X,r) NoU = B(X,r) N Q; for some j, or
r>min;r; > r(U). But o(U) < 252:1 o(B(Xj, k3r(U)) N 0Q;) < 2kokgr(U)y /1 + k%
So B(X,r) N aU is contained in some connected subset A of QU (possibly all of OU) of

size at most 2koks4/1 + k’%r(U) < koksy/1 + kz%a(B(X, r)NoU).

In analyzing functions in the upper half-plane R2 | it is often useful to consider B(X,r)N
Ri for some X € 8Ri. If U is a Lipschitz domain, B(X,r)NU may be very badly behaved.
To get around this, we instead work with tents Q(X,r) defined as follows. If X € OU, then
X € Bj = B(Xj,r;) for one of the balls B; of Definition 2.4. Let e;, ejL7 ¢j be the unit

vectors and Lipschitz function associated with the special Lipschitz domain €2;. Then
QX,r) ={X eR?: X -e5| <1¢;(X ef) < X -e; < pj(X-ef)+(1+k)r}. (26)

(See Figure 2.1.) Welet A(X,r) = 0Q(X,r)NOU. Then Q(X,r) is a good Lipschitz domain
whose Lipschitz constants depend only on k1, which contains U N B(X,r) and is contained
in B(X,ry/1+ (1+2k1)2), and such that o(0Q(X, 7)) < (2 + 2ky +44/1 + k?).

Let x+(X,r) =X £ Tej- +@i(X - ejl + r)e; be the two endpoints of A(X, 7). Then for
a large enough (depending on k1), 0Q(X,r) \ OU C v4(X+) Uv4(X-).

It should be noted that Q(X,r) depends on our choice of €2;, e;, and also that if U is

not a special Lipschitz domain, then Q(X,r) is defined only for r sufficiently small. These

technicalities will not matter to our applications.

10



We can bound some integrals which will be needed later. If 1 < p < oo then, letting
b= pl/(P=1) < ¢ we have that

rp—1 X\ P peky
_— B(X, vy nou 2.7
/6U\B(X0,r) | X — XolP do(X z:: 0-76") ) < p—1 27

In particular, if Xy ¢ OU then

/()Umdao() < ﬁ‘f‘* dist( X, OU)

The letter C' will always represent a positive constant, whose value may change from line
to line, but which depends only on the ellipticity constants A, A of A, Ay, the positive con-
stant a in the definition of non-tangential maximal function, and the Lipschitz constants of
whatever domain we are dealing with. If a particular constant depends on another parameter,
it will be indicated explicitly. We will occasionally use the symbols <, 2 to indicate inequal-
ity up to a multiplicative constant (e.g., |7 f|| < ||f]] as shorthand for |7 f|| < C||f|]); we
will use &~ to mean that < and = both hold.

If 11 is a measure on a set F and f is a p-measurable function defined on E, we let
fp fdu= fE f du be the average integral of f over E.

Recall the Hardy Littlewood maximal function M f(x) = sup,- fB(m,r) |fl. U is a

domain, we may generalize this maximal function to functions defined on OU by either

My f(X) = Sup][ fdo or M.yqf(X)= sup ][ fdo
(X,r)NoU

r>0JB A>X, A connected J A

where o is the surface measure on QU. If U is a good Lipschitz domain, then

1

aMcctdf(X) < My f(X) < OMegqf(X)

by Remark 2.5. In most cases, it will not matter whether we use M, ;qf or My, f; we will

use M f to denote either of them.

Lemma 2.8. Let A : R? — C2*2 be an elliptic matrix-valued function. Then, for each
X € R2 there is a function I'y € VVZ (R2), unique up to an additive constant, such that

11



for every Y € R2,
Px(Y)| < C+Cllog|X —Y]|

and for every n € 080(R2);

[ AW )VE(Y) - V() dy = =n() (2.9)

We refer to this function as the fundamental solution for div AV with pole at X.

This lemma will be proven in Chapter 4. By VI'x(Y') we mean the gradient in Y. We
will sometimes wish to refer to the gradient in X; we will then write VxT' x(Y).

HY(R) is defined to be {f R C| | sup; f = q)t(x)HLl(R) is finite} for some Schwarz
function ® with [® = 1, where ®y(z) = %(I)(x/t) Fixing a choice of ® lets us define
[ fll 1. Tt can be shown ([27, Section IIL1.2]) that if f € HY, then f = 3", A\pay, where
M € C, [ap =0, |lagllpo < 1/rg, suppap C B(zy,ry) for some x5, € R, rp > 0, and
>k 1Akl = || f]l 1~ Functions a satisfying these conditions are called atoms.

We may extend the definition of H! to H 1((‘9U ), where U is a Lipschitz domain. We say
that f € H(OU) if f = 3} Apag, where the )\;, are complex numbers, and S ag do =0,
suppaj, C Ay for some A C OU connected, and ||ag| 0 < 1/0(Ag). The norm is the
smallest > . |A\x| among all such representations of f.

If U is a good Lipschitz domain, then this is equivalent to defining H 1 atoms to be
functions a which satisfy faUada = 0, suppa C B(X,R) N IU for some X € 90U, and
lall oo < 1/R.

From [27, Section II1.5.7], we have that if A is a bounded connected set, g is supported
on A, [Ag=0and1<p < oo, then

lgll 1 < Cligllpo(ayo(A)H. (2.10)

Thus, if OV is bounded then LP(dV) N H(OV) is merely Lg(OV), the set of functions in
LP(OV) with mean zero. Conversely, if 9V is unbounded then H'(9V) is dense in LP(9V).
We consider BMO(JU) to be the dual of H'(9U). This means that

1
1 Baroor) = sup
(0U) ACOU connected o(A)

[\ = fat] do

12



If U is a good Lipschitz domain, then by Remark 2.5

1fl Bro@ry = sup fB(x.R)NoU f’ do. (2.11)

XedU, R>0 R B(X,R)NoU ‘f N

Multiply connected domains are generally beyond the scope of this dissertation; Theo-

rem 7.8 has been carefully written to holds in multiply connected domains. This theorem

requires that H! functions integrate to 0 on each connected component of V; this is one of
the reasons why we define H 1 atoms supported on connected sets rather than balls.

Let V' be a Lipschitz domain with unit outward normal and unit tangent vectors v and 7.

If f:0V +— C is a function, we define the layer potentials by

VSI(X) = VSEX) = [ VT () do(y) (2.12)
DAX) = D) = [ o) AT p) o). )

This defines S f up to an additive constant.
We define the boundary layer potentials IC, £ via

A _ im v AT AT o
k=, dm ) aTmerg s o) (2.14)
Caf(X) = +P,f(X) = | tm . D} f(X), (2.15)
LE(X)=LAf(X) = zaxh?@m /a ; 7(v) - VT4 (V) f(Y) do(Y). (2.16)

When no confusion will arise we omit the subscripts and superscripts. We will show (5.1)
that Df and VS f exist for X ¢ OV and f € LP(0V), 1 < p < oco. We will show that for
good functions f, the limits in the definition of K and L are well-defined Lemma 5.8).

We also need the following definitions:

) — (au(X) 012(X)>’ Ao(X) = (aglim EQEXD 217)

az1(X) a(X) a9y (X)) age(X
vik(v) = (2 _01> AV)VIL(Y) (2.18)



KAX,Y) = (Bgl(y)vréf(y) Bgl(Y)vrﬁT(Y))t

FAXY) = B (Vx4 (v) viP4 )

TAR(X) = li KA ZY)F(Y)do(Y
4 () Z—>X11I.I‘51.ZEV ov (7 )()U()

T F(X) = lim K(ZY)F(Y)do(Y
v EF(X) ZﬁX;tZEV(W (Z,Y)F(Y)do(Y)

When considering special Lipschitz domains, we will need some terminology:

o e1 ol 0 1 o €9
€9 7 -1 0 —eq
P(z) = zet + p(x)e € I

zeg + (p(x) + h)ey >

x,h) =1Y(x)+ he =
Vo h) = (@) + (—xel + (¢(x) + h)es

(G, T+F) = lim G(z) Ky (x,y)F(y) dy dx
h—0+ JR2

(G, Ty F) = hlquc RZG( o) Ky (2, y) F(y) dy dz

K = (B vrl B vrt :
n@.y) = (Be(w@)VIT @) Be(w@)VIL . (0w)

VFT t
( (z, >(¢Ey)) ) Bs(1(y))t = KA (w(x, h), v (y))

VFT@ )(w y))t
Rn(w,y) = Bs(v(@) (Vx (¢Wym>Vﬂf Uiy b))
() — 1 ol ICL’ 62+61g0/x)
(@) 1+ ¢/(z )2( tol) \/1+<,0 <—€1+6290(:E>

—e] + eggp’ T )

(o1 (
vie) = (—1 0) T \/ 1 + ¢'( ( eo —e1 (z)
Biw(e.h) = (Bo(w(e. 1)) 1+ )2 (Auta ()

]

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)



Bi(z) = Bi((x)) = \/1 + ¢/ (2)2 B2 (¢(2))

We have that Q@ = {X : ¢(X -et) < X -e} = {¢(z,h) : 2 € R, h > 0} and that

(2,t) = Y(ear — eqt, e1x + eat — p(ear — eqt)).
We will occasionally want slightly different forms of K, T

/ t
Kh(w.y) = (Bo(0(y h)VIT (0, 0) Be(w(y, )VIT L (0(y.h))

Kh(@.y) = Bo(w(e, ) (VxTT 0 0@w) VXL )

(G, Ti ) = lim G(a:)tK;L(x,y)F(y) dy dx
h—0% JR2

(2.35)

(2.36)

(2.37)

(2.38)

We will later show (Section 4.6) that if A — 1 € Cg°(R C2%2), then Ty = T]’F and
Te =T ~ on C°(R — C2%2). These requirements will be dealt with in Section 6.1 and

Chapter 11.

If fis a function defined on 092, we will often use f(z) as shorthand for f(¢(x)). So

To, F(4(x)) = Te(\/T+ (9)2F 0 ) (), and

T (B1f)(x) = To, (Brf)(¢(x _hli%l Kp(z,y)B1(y)f(y) dy

h—07E \v4h

xh(

_ (’Cif b)) Lf(() )
Kif((x)) L (1#(96))

vr’
= lim ( () ) 1+ ()2 (AW)rly) () f) dy

and Bj is bounded with a bounded inverse; thus, we need only show that T4 is bounded

from LP(R — C2*2) to itself to show that the layer potentials K+, £ are bounded on special

Lipschitz domains.
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CHAPTER 3
USEFUL THEOREMS

In this chapter we collect some fairly general lemmas that will be useful throughout this

dissertation.

3.1 Nontangential maximal functions

We begin with some results concerning non-tangential
maximal functions. o o

If NF € LP(0V), we can bound F(Y) at any point
Y € V as follows:

INFIf, = [ NFXOPdo(x)
v(X)3Y

But if Y € y(X), then NF(X) > |F(Y)], so

Figure 3.1: X with y(X)3 Y

INFIfpp > [F(Y)Po{X : Y € 7(X)}.
But Y € v(X) if and only if | X — Y| < (1 + a)dist(Y,9V), so
{XedV:Y eny(X)}=0VNnB(Y,(1+a)dist(Y,0V))

which has measure at least min(o(0V'), 2a dist(Y,0V)) (see Figure 3.1); so

CINFpav)

E)) < min(o(OV), dist(Y, 9V ))1/P’
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Lemma 3.2. Recall that NoF(X) =sup{|F(Y)|: Y €V, | X = Y| < (1 + a)dist(Y,0V)}
where we omit the V' subscript. Suppose that 0 < a < b and V' is a good Lipschitz domain.
Then for all 1 < p < o0,

INoFl ooy < ClINaFll ooy

for some constant C' depending only on a, b and the Lipschitz constants of V.

This lemma lets us assume that a is large enough that, if @ is as in (2.6), then 0Q(X, R)\
A(X, R) C ya(x+(X, R)) Ura(x-(X, R)).

Proof. It is obvious for p = co. Suppose that Ny F' € LP(OV) for 1 < p < co. Define

3(Y) =dist(Y,09), Eula)= ] BE.(1+a)s(Y)),
|F(Y)|>a

so that {X : NoF(X) > a} = Eq(a) NOV. Recall that
0
HNaFHLp % / paP 1o {X € OV : NyF(X) > al do.
0

So we need only show that o(Ep(a) NOV) < Co(Eq(a) NOV) for all a > 0 to complete
the proof. In fact, if OV is bounded, we need this result only for o > 2|| Ny F|| ppo (9V) /P,

If o > 2| Ny F|| oo (V)" YP (or if 0(8V) = o0), and if F(Y) > a, then by (3.1) we can
bound dist(Y,9V). So E4(a) is a union of balls with bounded radii. By the Vitali lemma
there is a countable set {Y;}7°; of points such that the B(Y;, (1 + a)é(Y)) are pairwise
disjoint and such that F,(«) C U; B(Y;, C1(1 + a)d(Y;)) where C is a fixed constant (i.e.,
depends on nothing except the dimension of the ambient space R2).

If |[F(Y)| > a,thenY € B(Y;,C1(14a)d(Y;)) for some i. Then §(Y;) > 6(Y)—|Y =Y;| >
(YY) = Ci(14+a)d(Y;), so 6(Y) < (Cp + Cra+1)0(Y;).

Thus, B(Y,(14+0)0(Y)) C B(Y;, (14+0)6(Y)+|Y —Y;|) and so Ep(or) C U; B(Y;, C20(Y;))
where C'9 > 1 + a depends only on a, b and Cf.

Let Y* € 0V with |Y; — Y| = dist(Y;,0V). Then either 0V ¢ B(Y;, (1 + a)d(Y;), so

o (B(Y;,Co(Y;)) NOV) < Chad(Y;) < Ck (2a0(Y3)) < 05—40(3(1@, (1+a)i(¥;)) N V)

a
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or OV C B(Y;, (14 a)d(Y;)), so
o (B (Y, C6(Y;)) NaV) < a(0V) = o (B (Yi, (1 +a)d(¥y)) N OV)
Thus,

o(Ey(a) N aV) <Z B(Y;, C5(Y;)) NOV) <Y Co(B(Y;, (1+a)i(¥;)) N aV)

)

< Co(Eq(a) N V). O

Lemma 3.3. Suppose that V' is a good Lipschitz domain and that NF € LP(0V') for some
1 <p<oo. Then F = Fy + Fy, where HF1HL2p(V) < CINFllppavy and [[Follpoo(yy <
INFllp@ov) Ja(OV)YP if OV is compact and Fy = 0 otherwise.

Furthermore, if F = Vu for some function u, then u € LS (V).
If V' is bounded or special, this implies that || F'||;2, < C||NF||rp.

Proof. If NF € LP(0V'), define
E(a)={X eV |F|>a}, ela)={X€dV:NF >a}.

If F' # 0 then aPo(e(a)) < ||NF||1£p. If OV is compact let ag = |[NF||zp/o(V)Y/P; otherwise
let ag = 0. If @ > o then there is some point in 9V not in e(a).
Let Iy = I on E(ag), and let Iy = 0 otherwise, so [|F2|| zoo(yy < ap.
Let X € E(a) for @ > a. Let X* € 0V with | X — X*| = dist(X,0V), and let A C 9V
be the connected component of e(«) containing X*. Then X ¢ (YY) for any Y € 0V \ e(«).
So
dist(X,0V) + %O’(A) > dist(X, 0V \ e(a)) > (1 4 a) dist(X, 0V)

and so dist(X,0V) < %QU(A) So

T LS s 0 ars)
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But if A is a connected curve segment in the plane, then |Jy+ca B (X*, co(A)) is of size
at most (1 + 2¢)%0(A)2. So |E(a)| < Co(e(a))? for all a > ag, where | - | is used for
Lebesgue measure in R2. In particular, | E(ag)| < Co(0V)? and so in general ab|E(ag)| <
CINFIZ o1
Now

oo
[P = [ e X 5 R O0)] > ) da
\% 0

9 o

< ayl|E(ag)| + C 2p0?P~ 1 o (e(a))? da
(07
2 0 > 1 2

< CINF|7 + CHNFHIEp/ paP™ a(e(a)) da < CINF|7).

@

We now must establish that if N(Vu) € LP then v € LS . By (3.1), u is continuous on
compact subsets of V' because Vu is bounded; we need only look at a small neighborhood
of the boundary, and so we need only consider V = () a special Lipschitz domain.

By Lemma 3.2, we may assume that a is large enough that N (Vu)((z)) < [Vu(¢(z,t))|
for all £ > 0. For some Xg = ¢(zg) € 90, N(Vu)(Xp) is finite. Then for any ¢ > 0,
lu(ip(zg,t)) — u(Xg)| < tN(Vu)(Xp) is finite.

Now, for any x € R and any ¢ > 0,
[u(y(x, 1)) — u(Xo)| < u((y,t)) — u(¥ (o, )] + [u(y(zo, 1)) — u((x0))]

< tN(Vu)(Xg) + /x IVu(i(y, s))| dy
0

< EN(Vu)(Xo) + o — 2o 4|IN (V)| 1o a0)- -

3.2 Bounds on elliptic PDE

We now turn to solutions to elliptic PDE. Suppose that div AVu = 0 in U where A satis-
fies (1.1). Let B C R" be a ball of radius r, B,. 5 be the concentric ball of radius r/2, such
that either u =0 on OU N By or v- AVu = 0 on oU N By

(If B, C U, then these conditions are both trivially true, and in fact it is this case which
is used most often. Here we assume that U is a good Lipschitz domain; some of the following

lemmas hold in more generality.)
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In R" for real coefficients, the following lemmas are well known. (See, for example, [21]

and [15, Chapter 8].)

Lemma 3.4 (The Caccioppoli inequality). For some constant C' depending only on A, A,

C
/ Wwﬁj/ uf?.
UNB, /g r= Juns,

This lemma holds for complex coefficients in all dimensions, and may be proven as for

real coefficients.

Lemma 3.5. For some C' > 0, p > 2 depending only on X\, A,

1/p 1/2
1 1
—n/ VP g(}(—n/ |Vu|2) |
r B’/‘/sz r BrﬂU

This reverse Holder inequality follows easily from [14, Theorem 1.2, Chapter V]| and
preceding remarks; it uses the Caccioppoli inequality.
In two dimensions, this lemma and [11, Chapter 5, Theorem 5] let us prove the following

two lemmas:

Lemma 3.6. For all 1 < p < oo, there is a constant C(p) depending only on A\, A, p, such

that
1 1/17
sup wsc@(j/ wﬂ .

Lemma 3.7. For some C, a > 0 depending only on A\, A,

(X -y

sup - [u(X) —u(Y)] < C—p—lullp2(p,)-

X,Y€B, )

Now, assume that A satisfies (1.2), so A(z,t) = A(z). For each n € L'(R) with small
1

support, if u is a solution in a ball then u,(z,t) = [u(x,t — s)5n (%) ds is a solution in a
slightly smaller ball. By letting 7 smooth with |7 = 1, we see that any solution may be

approximated in Wli’f , p < 2, by solutions u;, smooth in the ¢-variable.
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But then V(0;u,) = 0;Vu, exists, and

/Vn(x,t) - A(x)VOopup(z,t) de dt = (/ Vn(z,t) - A(z)Vur(z, t + s) dz dt) =0

and so Oruy is also a solution to div AVu = 0. So in particular, we may use Lemma 3.6:

1/p 1/p
sup |pur] < C(p) (f |atur|P) < c(p) (f |Vu7~|p) .
B B, B,

r/2

By letting r — 0, we recover that suppg /2 |0su| < C(p (fB ]Vur]p> 1 . Similarly, Lem-
ma 3.7 holds for d;u as well as .

In Section 4.4, we will construct a function u such that div ﬁATVﬂ =0, dwu =

a110zu + a190ru, and Oyu = 8xu +3 12 8tu The same arguments let us bound dyu. Then
sup |Vu| < sup |0zu] + sup |0pu| < C sup |0pa| + C sup |uy] (3.8)
Br/2 BT‘/2 Br/2 Br/2 Br/2

<co)(f, o) " 4 cw) (f, tour) 7 < ow (f, wur) v

So Lemma 3.6 holds for Vu as well as u if A(z,t) = A(z) and B, C U.

3.3 Existence results

Finally, we prove two existence results for solutions to elliptic PDE. These lemmas do not
presume smoothness of coefficients.
Recall that W12 is the Sobolev space of functions with one weak derivative in L2, with
_ 2 2 1,2
Hf||W1 2v) = HfHLQ(V) + HVfHL?(V)‘ We define the superspace W “ as the space of all
(equwalence classes modulo additive constants of) functions in Wllo’f such that the norm
7l = 1951 2y is finite.

Then solutions to the Dirichlet or Neumann problems exist in this space:
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Lemma 3.9. If V is a Lipschitz domain and f € WL2(0V) 0 L7/6(aV)) n LY7/6(8V), then
there is some function u € VVZIO’CQ(V) such that div AVu=0inV, Tru = f and

el < CU lwrziony + 1 gz + 1811776 o)

Lemma 3.10. If V is a Lipschitz domain and g € H'(dV), then there is some function
u € Wllof(V) such that [|[Vul|;2 < C|lg|| ;1 and such that v - AVu = g on OV in the weak

sense.

If A is real, these lemmas are proven in [25, Lemma 1.1 and 1.2] for the upper half-plane,
and thus by change of variables for any special Lipschitz domain §2. The same proof works
in the complex case, except that we must use a generalization (such as the Babuska’s) of the
Lax-Milgram lemma to complex Hilbert spaces. We need only discuss the technicalities of
domains with compact boundary.

(A similar construction is presented for bounded domains in [26], but we want these
lemmas to apply in their complements as well, and want more precise control on || Vu|| L2(v) )

The Babuska-Lax-Milgram lemma [3, Theorem 2.1] states that, if B is a bounded bilinear
form on two complex Hilbert spaces Hi and Ho, and if B is weakly coercive in the sense
that

sup |B(w,v)| = Allvll2,  sup [B(u,w)| = Aljully
[Jw]l1=1 [[w]l2=1

for every uw € Hy, v € Hg, for some fixed A > 0, then for every linear functional 7" defined
on Hs there is a unique up € Hy such that B(up,v) = T'(v). Furthermore, ||up||; < %||T||
We apply this theorem to the bilinear form

B(&.n) = /V Vi AVE

on Hy = Hy = Wh2; then B is clearly bounded and coercive.

Proof of Lemma 3.9. Suppose that Trw = f. Then T(n) = B(w,7) is a linear functional.
Suppose that Trv = 0 and B(v,n) = T(n) for all  with Trn = 0. Then Tr(w — v) = f,
and div AV(w —v) =0 in V in the weak sense.

So we need only construct a w with Trw = f and ||w|lyj12 < C[[f[l| where ||| f[[] =
”f”Wla?(aV) + ||f||L7/6(8V) + ||f||L17/6(8V)' (This will yield that 7" is bounded on W12) If
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V is the upper half-plane, then w is constructed in [25, Lemma 1.1]; by change of variables
it exists for an arbitrary special Lipschitz domain 2. In fact, for fixed Xy € 012, this w also

satisfies

w(X)|?
[ ax < e
o l+|X — X

and so if 7 is a smooth cutoff function supported in B(Xq, R) with |Vn| < C/R, we have
that
IV(wn)llp2 = [InVw +wVn)| 2 < ClIFII

Suppose that dV is bounded; without loss of generality fav f = 0. Let Zj nj be a
smooth partition of unity near OV, with n; supported in B (X; Iz er) where the Xs, r;s are
as in Definition 2.4. Let w; = fn; on 9, w Zj njw;j where 7; = 1 on suppn; and is
supported in B(X,2r;). We may require |Vn;| < C/r;, [Vi;| < C/rj. Then Trw = f,

and

IVwll 2y < D IV (w0l 20y < ZCH’fnjm
J

But since [4, f = 0, we have that ||f||L2(8V) < C’U(@V)||87f||L2 and so since |9rn;| <
C/r; < C/o(9V), we have that

7l = il gowy + 1310 o0 + 105l 176 g
< \fornjllp2 + 1100 fll g2 + WAl 2 + £ 76 + 1N fa7ge
< CNOrfll g2 + £l 2 + 1Fll p7ps + 1f1 Laze < CHAN
So ||Vw||L2(V) < C|£Ill, as desired. O
Proof of Lemma 3.10. Pick some g € H'(OV). Consider the map & — Jor g Tre. It is
clearly linear. If it is bounded, and if u € W12 is such that

[ ame=Bug= [ veave

for all € € W12, then divAVu = 0, v - AVu = ¢ in the weak sense, and ”VUHLQ(V) =

lullyir 2y < Jov 9T g
We need only show that & — fangrf is a bounded operator on Wl’Q(V).
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It suffices to show that Tr is bounded from W12(V) to BMO(OV). So if A C 9V is
connected, then we must show that fo|¢ — fo | do < CHV&“HLQ(V). In fact, we need only
do this for o(A) < o(0V)/C; so we may assume that A C B(X},2r;) N9V for one of the
X s, rjs of Definition 2.4.

By the Poincaré inequality, [ Rj‘f - ij 13 ‘2 < C’r? 1) R; IVE[2. We may assume that
ij ¢ = 0. Multiplying § by a smooth cutoff function 7; as before, we see that

C
HV(UJ'QHL2(V) < |’V5HL2(RJ.) + r_jHSHLQ(Rj) < C"V§’|L2(Rj)-

So, taking n; = 1 on A, we need only show [, [n;& — fo n;§| do < Hv<77j£)”L2(R.). So we
. j

need only show that Tr : WLQ(QJ-) — BMO(95);) is bounded. This is done in the proof of

25, Lemma 1.2]. O

In domains with bounded complements (which in many ways are the most annoying

domains we have to deal with), we will want one other property of these solutions:

Lemma 3.11. Suppose that OV is bounded and that div AVu = 0 in V, and that Vu €
L2(V). Then 5, v+ AVudo = 0.

Proof. Let R be so large that OV C B(0, R/2). Let n = 1 on B(0,R), n € C5°(B(0,2R))
with |Vn| < C/R; then HVWHLQ(RQ) <C.
So by the weak definition of v - AVu,

'/ v- AVudo :‘/ Vn - AVu
ov Vv

If V' is bounded then HV“”LQ(V\B(O Rry) = 0 since V'\ B(0, R) is empty. If V¢ is bounded

< OHVUHLQHVU||L2(Vmsuppvn) < CHVUHLQ(V\B(QR))'

then HVUHLQ(V\B(O R)) may be made arbitrarily small since Vu € L2(V). O
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CHAPTER 4
THE FUNDAMENTAL SOLUTION

4.1 A fundamental solution exists

Recall that Lemma 2.8 states that there is a function F‘)%(Y), unique up to an additive
constant, called the fundamental solution of the operator L = div AV, such that

[ AT - Vo) ay = ()

for every n € CSO(RQ), and where |I'x (V)| < C(1+ |log|X —Y||) for some constant C. We
will let I' = I‘A, 10— FAO, and I'T = FAT. This function is defined and constructed in the
real case in the appendix to [22], and in 3 or more dimensions in [18].

We provide another construction. From [1, pp. 29-31], we know that there is a function!

K¢(X,Y) such that, for all € C’go(Rz),
/n(X)ﬁtf{t(X, Y)dX = /A(X)VXK(X, Y)-Vn(X)dX.

Furthermore, there is some 3, u, C' > 0 depending only on A\, A such that

2

KX, V)| < %exp{—u}
- S C X - X'| ! BIX —Y|?
: o O Y =Y BlX ~ Y
|Kt<X,Y)_Kt<X,Y)| S? (m) exp{—f}

whenever | X — X'|, |V —Y/| < %(\/f~|— |X — Y]). This K is called the Schwarz kernel of
the operator e t£, where L = div AV.

1. They refer to it as K; I use K to differentiate it from the K in (2.14).
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Formally, we wish to construct I'y = L™ 1dx; by the Laplace formula [1, (60), p. 52],
this is given by

o0
erL—15X=/ e_thSth:/ /Kt YV)ox (Y)dY dt = /Kt LX) dt.
0

We make this construction rigorous and study the properties of I'y as follows. Let

Ji(Y, X) = Ky(Y, X) — fr<|Z_X|<2r Ki(Z,X)dZ, so that if r < | X — Y| < 2r,

BV X)| = [V, X) - f K7, X)dz
<|Z-X|<2r

IN

|K: (Y, X) — K(Z,X)| dZ
<|Z-X|<2r

][ O( Y -2 >“ { 6|X—Y|2}
—————— ) exps ———— > dZ
<|z-X|<2r t \VI+|X —Y] t
O( X - Y| )“ { ﬁyX—YyQ}

t\WVt+|X -Y]| t

So for fixed X and Y, t — J;(X,Y) € L1((0,00)).

From [1, p. 54|, there is some €, 3, ¢ > 0, such that

12 e
/ Yy K (v, X)2dy | <© <_) o2t
r<|X-Y|<2r t\t

So, by Holder’s inequality,

IA

IN

1/2
/ \Vy Ki(Y, X)|dY < /3nr / \Vy K¢ (Y, X)|2dYy
r<|X-Y|<2r r<|X-Y|<2r

<Q ﬁ 66—57“2/75
ot t '

So

00
/ / |\Vy K (Y, X)| dY dt
0 <|X—Y|<2r

26 00
*ﬂ t o B/t 2 —B/t
r?/ dt = / Cr———m—— 2+26t1+6 [tr2 gt = C"r’/o e e B/t gt

26



Since that integral converges, we know that

(0.}
/ Vy Ky (Y, X) dt
0

converges almost everywhere in B(X,2r) — B(X,r).
Define

Dx(Y) = C(r) + /OOO J(Y, X) dt

SO

0 o
VI'x(Y) 2/ Vyjt(Y,X)dtZ/ Vy Ky (Y, X)dt
0 0
where C'(r) is chosen such that the values of I' on different annuli agree. Then
/AVFX-VU—/ / Vy K (Y, X)dt - Vn(Y)dY
[ee]
/ / Y)Vy K(Y, X) - Vn(Y)dY dt = / /8th(Y, X)n(Y)dY dt
0

:tlim /Kt(Y,X)n( )dY — hm KV, X)n(Y)dY =0 —n(X)
—0 t—0t

whenever n € C§°.
So we have constructed a fundamental solution.

Furthermore, we have the following bound on its gradient:

/|X Ve VT (Y)|dY < Cr.
=Y |<r

So by (3.8), we have that
C

I'y(Y) < .
VX ()] < gy

(4.1)

This implies that [T x (V)| < Cllog | X Y| |[+C if we choose additive constants appropriately.

4.2 Uniqueness of the fundamental solution

Let u = I'y, and assume that |v(Y)| < C(X)(1+ |log|Y]]), and [ AVv-Vn = —n(X) for
all n € C§°. (We will need v to be this general later.) Then w = u — v is a solution to
Lw = 0 which satisfies |w(Y)| < C(X) + C(X)|log|Y||; Lemma 3.7 allows us to conclude
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that
oly — z|°
rlta

log r

w(Y) — w(2)| < il 2 x py) < CONY — 7220

for any r large enough. Letting r — 0o, we see that w is a constant; thus I'x is unique up
to an additive constant. (So VI'x is actually unique.)

If A(y,s) = A(y), pick any ¢t € R, and let {(X) = n(X — (0,¢)). Then

“0(X) = ~CX 4 (0.0) = [ A 5)VEx 090, TClw.5) dsdy

= /A(y7 §— t)VFX—i—(O,t) (y7 S) ’ vn(y7 §— t) ds dy
[ AT w5+ 0)- Tty s)ddy

and so by uniqueness,
VT x40 (Y + (0,8) = VI (¥). (4:2)
4.3 Switching variables

Recall that I'x (V) is defined only up to an additive constant C'(X). We wish to show that

there is some choice of additive constant such that, for all X and Y,
M (V) = Ty (X), (4.3)

This was shown for the real case in [25, Lemma 2.7]; a (more detailed) proof for the

complex case follows.

Let n € Cg° be 1 on a neighborhood of B(0, R). If R > |X|, [Y], then

Y0 ~Tx(v) = [, Vil ATV — V) AvTy
= / Viy - ATvrl —vrl . avry
B(O.R)

+ / V(i x)ATVIL - v (i T) AV
B(0,R)¢

)

=0+/aB(OR)CFXu-ATVF$ —TLv. AVI do.
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So we need only prove that the last integral goes to zero. This will be easier if we work
with A” and I'" instead of A, T, where A” = I on B(0,2r)¢ and A” = A on B(0,r); we will
then show that limq oo I'" =T

Consider only 7 > 2|X| + 2|Y|. Then Iy is harmonic in B(0, 2r)C.

Think of R? as the complex plane, and let u(Z) = [\ (Z). There is some bounded
harmonic function w(Z) on B(0,2r)¢ such that u(Z) = w(Z) on dB(0,2r); let v(Z) =
FTX(eZ) —w(e?).

Then v is harmonic in a half-plane, and v = 0 on the boundary of that half-plane; by the
reflection principle we may extend v to an entire function. Furthermore, |v(Z)| < C+C Re Z,
so v is linear.

So FTX(eZ) = w(e?) + C1 + Cy Re Z; thus, [ (Z) = w(Z) + C1 + Calog | Z| for some
bounded w and constants C7,Cs. Using a test function which is 1 on B(0,3r), we see that
Cy = % We thus have a standard normalization: we choose additive constants such that
I"A(Z) = w(Z) + 11(Z), where T1(Z) = %ﬂ log|Z] and lim 7 _,, w(Z) = 0.

Since w is bounded and harmonic on B(0,2r)C, the function f(Z) = w(1/Z) is bounded
and harmonic in a disk; thus, so are its partial derivatives. By our normalization, f(0) =
lim 7| oo w(Z) = 0. Then |w(2)| = |f(1/Z)| < C(r)/|Z] on B(0,3r)¢, and «/(Z) =
—f1(1/2))Z2, so |Vw(Z)| < C(r)/|Z|? on B(0,3r)C.

Let R > 3r. Then on 0B(0, R),

v VIyT =Tk v 9rf do| < 1% -1k | |ory” |+ 17| vrp” - vrf,
<C(T)C+ logRC
=" RE'R R

So since A" = A" = T on B(0, 7‘)07

T (v) = T3 (X)] = /aB(o o ( VT - FQ;TVF’"X) do
= / v (T vrp! =ity — v (VT - /el do
9B(0,R)

/ C(r)+ClongU§C(r)1+logR
0B(0,R)

A

R? R
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which goes to 0 as R — co. So FS’(T(Y) =Ty (X).
Let up(Z) =T} (Z) —T'y(Z). Then

/ A(Z)Vur(Z) - Vi(Z)dZ = 0

for all n € C§°(B(0,7)). So if |Z|, | Zy| < r/3, then by Lemma 3.7

C
lur(Z) — ur(Zp)| < m“urnﬁ(]g(o,gr/@ﬂz — Zp|*

and if |Y| < r, then

ey
B(0,r) B(Y,2

)

|2 SC’/ (1+ |log|X —Y|])? dX < C*r?log?r
r) B(Y2r)

for r large enough. (Note that this is independent of Y provided |Y| < r.)

Thus,
log r

Ty (Z) = Ty(Z) =Ty (Zo) + Ty (Z0)| < C—2~|Z — Zp|*

TO[
provided r is sufficiently large compared to |Y|, |Z]|, |Zg|.- Fix some choice of Zy and of
Fgo (X). Normalize each I'x such that I'x (Zy) = Fgo (X). We now have that

Iy(2) = lim (T4(2) = Ty (Z0) + T5,(V)) = tm_ (157 (v) =150 () + 1% ().

7—00

Unfortunately, we do not know that lim; s (FET(Y) - Fgg(Y)> = F%(Y) - I‘%O(Y);

it will take more work to establish that I'x (V) = F}T,(X ).
Fix some Y. We want to show that f(X) =I'x(Y) satisfies the conditions of Fg;. First,
if n € C§°(R?),

[ ATCOVx(Tx(Z0) - Va(X) ax = [ ATCOVEE, (X) - Va(X) dX = ~n(Zo)
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and so, since I'y (V') — '\ (Zg) — I'x (Y)) — I'x(Zp) almost uniformly in X,

/ AT(X)Vf(X) - Vi(X) dX
- / Vx(Tx (V) — Tx(Zp)) - A(X)Vi(X) dX + / VT x(Zo) - AX)Vi(X) dX

:/ lim Vy (' (Y) = T (%)) - A(X)Vn(X) dX — n(Zp)

= lim [ V(TP (X) =T (X)) - A(X)Vn(X) dX = n(Zp)

= —n(Y) +n(Zy) — n(Zo)

as desired.

Next,
[F(X)]| = Px (V) = Tx (Z0) + T (X)| < C(1 + | log [X|| + [log [ X = Y|]).

This growth condition suffices to establish the inequality in Section 4.2, so by uniqueness
f(X) =TH(X).

4.4 Conjugates to solutions

Suppose that u satisfies div AVu = 0 in some simply connected domain U ¢ R2. Then if
Yo, Y € U, the integral

Yo \1 0 Yo

/Y (0 _1> A(Z)Vu(Z) - di(Z) = /Y v(Z) - A(Z)Vu(Z)dl(Z)

is path-independent, where v is the unit normal to the path from Y to Y.

Pick some constant C' and some Yy € U and let

Y

wY)=C —|—/ v(Z) - A(Z)Vu(Z)dl(Z).
Yo
Then
< 0 1) Vi = AVu. (4.4)
-1 0
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We call such a function the conjugate to u in U; it is unique up to an additive constant.
It may easily be checked that div AVa = 0, where A = mAT is also an elliptic matrix.
Recall that v is the unit outward normal to a domain. This gives us two choices for the

tangential vector 7; we adopt the choice

0 -1
7':<1 O)V:>T-V’&:I/-Avu. (4.5)

In particular, we may define the conjugate T’ x to the fundamental solution I'x on any

simply connected domain not containing X. Note that

VIix(Y) = (_01 ;

) A(Y)VIx(Y)

is defined on R? \ {X}, even though I'y itself is necessarily undefined on a ray.
Letting u = 0y, I'x(Y’), which still solves div AVu = 0 away from X, we have that
by (4.1) Ju(Y)| < C/|X — Y| and so

1/2
C C
020y Tx (V)] < |[Vu(Y)| < ][ 2 L 4.6

Now, since

. Y

Py(Y) = ((X) + /Y v(Z) - A(Z)VTx(2) dI(Z)
0

we have that
N Y
VP (V) = VE(X) + /Y v(2) - A(Z)V(VxTx (2))dI(Z)

0

We can choose ( so that

Y
VT y(Y) = / v(Z) - A(Z)V(V xTx(2)) dI(2).

oo

Since |8xi83jFX(Z)| < C/|X — Z|?, this integral converges. Furthermore, it converges to

the same value, no matter which direction we use to go off to infinity. By choosing a path
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which is a ray directed away from X, we see that

VxIx(Y)| < (4.7)

X =Y|

Now, if n € C§°(W) for some bounded simply connected domain W with Y & W,
/ AT(X)WWxTx(Y) - Vn(X)dX
w

Y
_ /W AT (x) / A(Z)UZ) -V 7(VxTx(2))dI(Z) - Vi(X) dX

:/YA(Z)V(Z)-VZ/ AT(X)VIL(X) - V(X)) dX di(Z)

00 %4
Y
= AZW(Z)-Ngn(Z)dl(Z) = 0.
o0
Thus, if X # Y, then
div x AT(X)VxTx(Y) = 0. (4.8)

4.5 Calderén-Zygmund Kernels

We would like VI x(Y), VxIx(Y) to be Calderén-Zygmund kernels; in particular, we
would like to show that they are Holder continuous in both X and Y. Unfortunately, with
rough coefficients, this is false; however, there is a bounded invertible matrix B(Y") such that
B(Y)VI'x(Y) is Holder continuous in both X and Y.

By (4.6), we have that for any 0 < o < 1 and any matrix B with |B(Y)| < C, if
X — X'| <|X —Y|/2 then

X — Xx'|*
[BY)VI'(Y) = B(Y)VI§, (V)] < Crx vt
a11(y) a21(y)

Recall that Bg(y) = <
0 1

). Suppose that div AVu = 0 away from the

point X. Then

anL(y’ S)
= Bg(y)Vuly, s),
<8Su (y,s)> 6(y)Vu(y, s)
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and because dsu(y, s) and Js U(y, s) are solutions to elliptic equations away from X, we have

that for some o > 0,

Bo(¥)Vu(y) - By vu(r') < =X oy (1.9)
0 0 = x —y e 2B 31X ) '
for [Y —Y/| <|X —-Y|/2.
Apply (4.9) to u(Y) = FE(Y). Recalling that
t
K(X,Y) = <B6(Y)vr§(y) BG(Y)VF§(Y))
we have that K(X,Y) satisfies the Calderén-Zygmund kernel conditions
C
[K(X,Y)| < Xy (4.10)
X X/|a
K(X,)Y)- KXY C|—
Y _ Y/’a
K(X,Y) - K(X, Y| < (J'—
[K(X,Y) = K(X,Y')| < X v

provided | X — X'|, |[Y = Y'| < |X ¥l

We would like to show that K(X, Y) = Bg(X) (VXf)T((Y) VXf)T((Y)> satisfies the
same conditions. The bound on |K(X,Y)| follows directly from (4.7). Recall that

~
<

VxEx(Y) = [ (2)- A2V ATk (2) dl(2),

(0.9]

Since |[Vz(VxI'x(Z))| < C/|X — Z|? and the integral is path-independent, we have that

Yo ¢ Y — Y|

Vxlx(Y) - VxIx(Y”) < s dl(Z) < Ci—sy
Wl () =Vl ()| < [ g i) < o

whenever |Y —Y/| < |X - Y]/2.
Now, we wish to show that K is C% in X as well as Y. But by (4.8), Ix(Y) solves an
elliptic PDE in X away from Y, so we may apply (4.9).
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So we have that, if | X — X'/|, |V - Y| < %|X — Y/, then

_ C
KX Y) < 4.11
_ B X_X/|Oz
K(X,Y)- KXY <C|—
N _ Y_yl’()é
K(X,Y) - K(X,Y’ <C‘—.
| ( ’ ) ( ’ )|— ’X—Y|1+O‘

4.6 Analyticity

We will eventually want to compare the fundamental solutions (and related operators) for
a real matrix Ag and a nearby complex matrix A. We can explore this using analytic
function theory. Let z — A, be an analytic function from C to L>®°(R? — C2%2). (As a
particularly useful example, take A, = Ay + z(\/2¢)(A — Ap), where € = ||A — Ag|po =
sup{|€ - (A(z) — Ag(x))n] : z € R, n,& € C?}.) Assume that A, is uniformly elliptic in some
neighborhood of 0, say B(0,1).

Let L, = divA,V. Since we are working in R?, we know from [1] that the operator
ez has a Schwarz kernel K{ (X,Y) = [v(;lz (X,Y). Furthermore, by ([1, p. 57]), the map
A K4 s analytic.

Fix some Y. Recall that, as in Section 4.1,
A For
VI'y#(X) :/0 VK (X,Y)dt.

Since Vf(tz € L%, uniformly in z, we have that (e.g., by the Cauchy integral formula),
VF{}Z (X) is analytic in z. This lets us compute many useful inequalities.

If |2| < % and w is an appropriately chosen simple closed curve lying in B(0,1), then

Arivy _opdoyy o L A L1
VPR (X) = VIPO(X) = o 512 VIS (X) ( - C) dc

- wvrf;C(X) (ﬁ) dc
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which has norm at most |z|ﬁ Taking A, = Ag + 2(A/2¢)(A — Ap) and then applying
this equation to z = 2¢/\, we get that

Ce
IVIy(X) — VI (X)] < X v (4.12)
Similarly,
Ce|l X — X'|»
VI () = VT() = VI () + VI ()| <
Cely —Y/|*

provided that | X — X'|, [V — Y| are less than 3| X — V.
Suppose that J7 is a Calderén-Zygmund operator whose kernel K*(X,Y") is analytic in

z, and suppose that J7# is uniformly bounded on LP in some neighborhood of z = 0. Then

T f(X) = T (X) = % gg T f(X) ( C(C'Z_ Z)) d

and so for |z| small enough,

z

¢(¢—2)

1
17F = 7°F 1o < o b 1Tl

\ a¢ < Clzl | fll o (1.13)

We now assume that A is smooth, and complete the argument (referenced in Chapter 2)
that T4 = T%. Recall that T4 (V) = o= In|X = V|, and so Tk (V) = T4 (Y — e) for all
X, Y and e in R%. We would like a similar result for more general I'. We know from (4.2)
that FX+(0,t)(Y> =Tx(Y —(0,t)) for any real ¢.

If we define A,(X) = A(X) 4+ z2(A(X + &) — A(X)), then A, is uniformly elliptic for all

12| [|A]| Lo €] < A/2, and so if |€] is small enough, then

1 CJA g
X -Y] A

IVIAL(Y) = VIx (V)] < €.

If A(z) is smooth in # and A = I for large x, then ||A||;00 is finite (if large). But
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Px (Y +§) = F;?(Y) by uniqueness:

—n(X) = /A(Y)VFX+§(Y)V77(Y —§dy = /A1(Y — OVl x 1 (Y)Vn(Y — &) dY

= [ A)VEx (Y + VY)Y,
So while we do not have that I'y ¢(X) = I'y (X — £), we do have that for § small,

CllA | g

‘VFY+5(X) - VFY(X - 5)‘ < |X Y‘

€. (4.14)

This equation is not useful in most circumstances, since we do not want our estimates to

depend on A’; however, it can be used to compare T and T”. Recall that

VI @)
— lm 'll)(l'vh) 3
TeF(z) = lm [ (Vri(x,h) (1/} (y))t) Bg(v(y))" F(y) dy,
VI oy (0, 7))
~ fim V() t
TiF(X)= lm, | (VF&@ " h))t) Be(¢(y, 1)) F(y) dy.

where 9 (x, h) = ze + (¢(x) + h)e.
If A is smooth, then lim;_ ,+ Vfi(x) (Y(y, h)) = limy_ ¢ VFi(%h)(zﬂ(y)); and so we
have that T4 F =T :’FF for sufficiently well-behaved F.

Similarly, if A is smooth, then |V x(I'x(Z +§&) —T'x_¢(2))] < |£|C||A [l oo

X2 and so

(0.9]

Y
[VxTye(X) = VxIy (X =€) = ‘/ v(Z)- A(Z)V(Vx(Tx(Z+&) —T'x_¢(2)))dI(Z)

Cll A oo

<l Ty

and so T~'iF = T:FF for well-behaved F'.

37



CHAPTER 5
LAYER POTENTIALS

Recall that we intend to construct solutions to (D)4, (N)4, (R)Z as layer potentials. We

q> p> p

will need some properties of layer potentials. Recall that

DIC) = [ v ATVTR S0 do(v),  VSHX) = [ Oxr k) doty)

(5.4)

5.1 Elementary properties

If X ¢ OV, then by (2.7) and (4.1), Df(X) and VSf(X) are well-defined (the
integrals converge) for f € LP(0V), 1 < p < oo.

If u=Df or u=Sf for such f, then by (2.1) and (4.3) div AVu = 0 in R%\0V.

If OV is compact and f € L}(9V), then by (4.1), lim|y|_,o Df(X) = 0 and for any
Xo ¢ 0V,
lim Sf(X)— r§(xo)/ fdo =0.

ov

| X|—00

So if f € H! then lim| x| oo S.f = 0.

Suppose V' is bounded, div AVu = 0 inside V', and u is continuous and Vu is bounded
on a neighborhood of V. Define f = u, g = v - AVu on V. Letting n € CSO(R2)
with 7 = 1 near V' gives us that

uw(X) = —/R2 ATV -V (un) = —/VVFQ-AVU—/VC AL -V (un)

= _/ kv AVud0+/ v ATVT udo = Df(X) — Sg(X)
ov ov

for all X € V. (Some of these conditions may be relaxed; however, it is obvious when

they all hold.) In particular, fav V- ATVF§ do = 1.
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(5.5)

If V is bounded, then let = 1 near V; if X ¢ V, assume that n = 0 near X. Then

Dl(X):/ V.ATvr§do:/ nu-ATvr§da:—/ v - ATvrk
oV oV ve

= _/112 vy - ATV = p(X)

and so D1 =1on V and D1 =0 on VC. (If V¢ is bounded then D1 = —1 on V¢
and D1=0onV.)

If V= Q is a special Lipschitz domain and X, Xy € Q, then we may define D1(X) —
D1(Xp) in the obvious way:

DI(X) — D1(Xg) /

R AT (VT = VT ) do

.
/am\cz(Xo,R) 9Q(X0 )

where Q(Xp, R) are the tents of (2.6). If R > 2|X — Xy|, then by (4.10) the first
integral is at most C|X — Xp|%/R%, and the second integral is equal to 0 since

Q(Xp, R) is bounded. Letting R — oo, we see that D1(X) is constant on Q and QC.

If f e BMO(OV), I claim that Df is well-defined up to a constant. By the John-
Nirenberg lemma, if 0V is compact then f € LP(9V) for any p and we are done. So

we may assume V = () is a special Lipschitz domain. Pick some Xp, X € €. Let
R =2|X — Xp| + 2dist(X(,09), and let X* € 0Q with X, Xg € Q(X*, R/2). Then

Df(X) —Df(Xo) = Df(X) = Dfr(X) = Df(Xo) + Dfr(Xo),

where fp is any constant. So without loss of generality JEA( X*,R) f = 0. By basic
BMO theory, this means that

f 1< Cl+ DIflaro.
A(X* 2K R)
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Then by (4.1),
DA = DfX) < [ - ATk = Vi )| Il do

C C
< /NX*,R) (|X B o Y|) )] do(¥)

+ AvrE - vr? do(Y

A\

The first term is at most

C C
CRIf\Byo (dist(X, vy " dist(X0,8V)> ‘

By (4.10), since | X — Y| ~ | X* = Y| for all Y € 9V \ A(X™, R), we have that the

second term is controlled by

vl — vr¥ ‘|f|da(Y
/8V\A(X*,R) ‘ X Xo
[ X — Xp|*

——|f(Y)|do(Y
S/avwX*R e Yl dey)

< Z / o ) do(y)

A(X* 2FHIRNA(X* 2k R) | X* —

Z C|X Xo|® ][
- ko Ra A(X* ok+1R)

|f] do

Qk'a - R« BMO-

So the second term is also finite, so Df is well-defined up to a constant.

We will need a few more complicated properties of the boundary layer potentials:

Lemma 5.8. If f € LP(OV') for some 1 < p < oo, orif f € BMO D L%, and if M (0 f)(X)
is finite, then the limits in the definitions of KK = Ky, L = Ly exist at X. (If f € BMO,

the limits exist once we have fixed our choice of additive constant for Df.)

Similarly, if F € LP(OV + C2*2) and M(9;B; ' F)(X) is finite, then TF(X) is well-
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Proof. Recall the definitions of IC, £, T

o . o . AT T -
I =, Jm DRz = gm0 AT 0TI () doy)
_ : vl 5
L=, dm |- TS ) do )
TF(X)=  lim K(Z,Y)F(Y)do(Y)

Z—X, Zev(X) Jov

If B7'F = (2 Z) then

TF(X) = T(B B 1) () = [ ) TLLE) K (X) + LX)}
' KA + LX) Kfa(X) + LF4(X)

So our result for 7 will follow from our results for IC, L.

Suppose e, € are two small vectors such that X + e, X + & are both in V, and that
le| < (1+a)dist(X +e,0V), [é] < (1 +a)dist(X + &,0V). Then, if p > 2|e| + 2|é| is small
enough that Q(X, p), A(X, p) are well-defined, then

IDf(X +e)— Df(X+e|—‘/ v ANVIL L - VI ) f do

‘ / v AT(VIG o = VIR (= F(X)) do
A(X,p)

+‘f(X) Ak )y ATk, - vk ) do
0

v AT(VTE VI ) fdol.
an BURRIRARLL L SV

If V is a good Lipschitz domain and f € LP for p < oo, then by (2.7), the third term is

at most

Cle — &|@
/av\A V- : Xﬁ‘w' SULS

Cle —é|*
< |Ifllzp

Cle —e|*
[ _X[ta <Wfllep—m7—

LI(OV\A(X,p)) pati/p
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If f € BMO(AV) and dV is not compact, so f might not be in L?(dV), then since D1 is
constant on V', we may assume that JCA(X 0) fdo =0, and so we may use (5.7) to see that
the third term is at most

le - el“

C

Il Baro-

To control the first term, recall that M (0 f)(X) is finite, so there is some C'(X) such
that, if | X —Y| is small, then |f(X)— f(Y)| < C(X)|X =Y. So, provided p is small enough,

C

< —C(X)|X =Y|do(Y
< [y TETeFIC X ~¥1dot)

v ATyrE — f(X))d
/. o ATl = 100 o

Since |e| < (1+4a)dist(X +e,0V) < (14+a)| X +e—Y]|, we have that | X Y| < C|X +e—Y|

and so

/ v ATVTE L (f — f(X)) do g/ LO(X)yX —Y|do(Y) < C(X)p.
A(X,p) A(X,

p) | X —Y]

To control the middle term, note that

v-ATvrg da:1:/ v-ATVrL o do
/acg(x,p) e 9Q(X,p) e

and so

f(X)/ v-AT(vrl, - vrk, ) do
| AKXp) X+ X +é

= |f(X AT (vr¥ vl do
‘f( ) /a wemany” A e~k o do
|e élo‘

le — e[|
< |f(X .

do < C|f(X) a

We may control all three terms of Df(X + e) — Df(X + &) by first making p small and

then making |e| and |é| small.

vk da:/ 7-VIk cdo =0,
/aQ(X, ) e 0Q(X.p) e

Similarly,

42



— vy

and the other terms of fav T (VFT Xte

X+e
of Df(X +e) —Df(X +é), and so

)f do may be controlled as for the terms

7 VvIk fda—/ 7 VI  fdo
'/8V X—+e oV X+é

goes to 0 as |e|, |é] — 0. O
Lemma 5.9. If f € LP, 1 < p < oo, then we have the following equations for the transposes
of I and L:

Kif=5v-A'VS flov., LX) =0:8"f(2).

In our equation for K% , v is taken to be the outward unit normal to V=, so that we may

easily use the weak definition
/ nkKhf= q:/ v - ATvSTy.
oV Ve
If A, STf are smooth enough to allow for pointwise definitions of v- AT VST, and we prefer

to let v = vy, be the outward unit normal to V in both cases, then Kl f = v - ATVSTf|aV$.

Proof. Consider ICEr first. Pick some n € C’(‘)’O(R2). We need to show that [5, T]’CZ_ fdo =
— [yo V- ATVSTy.
If feLP, 1<p< oo, then by (2.7) and (4.1),

VST F(X)] < /av IVxTx fldo <|fllzr < Cy||f | o dist (X, 0V) /P

S
= Xl Laav)

which is in L}OC(RQ), so since n € C°, the right-hand integral converges.
By definition of K, and since div ATVI’E =0 in V_ provided Z € V,

[ akide= [ Ky do(y)

- /BV Z_)}l/irgew_ /8V v ATVFg(X)W(X) do(X) f(Y)do(Y)

_ . ror
N /5’VZ—>31/1,I%€7+/VO Vin(X) - ATVIZ(X)dX f(Y)do(Y).
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Now,

/ nv-ATVSTfdo = / V- ATVSTy

~ [ V) ATX) [ TxTx () f) do(v) ax

=[] V0l ATV X ) do(y),
ov
To show that —v - ATVST |5, = K! % f, it suffices to prove that

1i \V/ X-ATXVFTXdX_/ vn(X) - AT X))V (x)dx.
A% Jo n(X) (X)VI'Z(X) o n(X) (X)VI'y(X)

Let § =2|Z — Y|, and let R > 0 large enough that suppn C B(Y, R). Then

‘ / Vin(X) - ATVIL(x)dx - / Vi( )-ATVFST/(X)dX‘

/VC Vn(X) - AT(VFE(X) — VF%(X)) dX‘
T R vas’d
< C(n) /IX—Y|<R IVIL(X) — VI (X)|dX

Z—ve / C C
< C(n / L dX+C(n + dx
) 5<|X-Y|<R |X —Y|l+e () X-vi<s | X =Y |X-Z]

Cn)|Z = Y|*R'"™ + C(n)d = C(n)|Z = Y|*R'"* + C(n)|Z = Y.

This clearly goes to 0 as Z — Y thus lCiLf = —v- ATVSTf|5V_. Similarly, K f =
v- ATVSTf gy, .

Now we come to Lf. Let n € CSO(RQ) again. Let R be such that suppn C B(0, R), and
let f1, fo be such that fi+ fo = f, fi =0on B(0,2R)NIV, fo =0 on 0V \ B(0,3R). Then

/nﬁtfda:/ ncfflda+/ nﬁtfgdaz/ Enf1d0+/ Ln fo do.
)% ov oV oV ov

But
/ Ln fido = / iy Zlgny 7(X) - VIL(X)n(X) do(X) do(Y).
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Since f1(Y") is zero for all Y near suppn, the limit reduces to

/ 1Y) / () - VIL(X) 5(X) do(X) do (V)

oV oV

/ n(X) 7(X) - / AV Ty (V) do(Y) do(X)
oV 1%

_ /a ) 7() - VST (X) da ().

Conversely,

/ L1 fado = / fo(Y) lim (X).vrg(X)n(X)da(X)da(Y).

Z—>Y

If OV is bounded, let W = V. If V is a special Lipschitz domain, then let W = Q(0,4R); if
f2(Y) # 0 then Z € W for Z sufficiently close to Y. Then since 7 is supported in B(0, R),

/8 Lnfrdo = /8 ) Jim 8WT(X)-VF§(X)77(X) do(X) do(Y).

But since |, ow T gdo =0 for any bounded domain W and well-behaved function g, we have
that

/ L fodo = / fo¥) Jim [ () VIL(X) ((X) — (V) do(X) do(Y).
ov ov

Z=Y Jow

But if Z € v4(Y) and if we let 6 =2|Z = Y|, p > 20,

/a ) (TEE0) = VIE0)0(X) = ()] do(X)

c c ) ,
< N ||| X — Y|do(X
/ammB (Yip) <|Z Xy =) el )

C|Z -y
T / G ) oo, dor(X)
OW\B(Y,p) |X =Y

(67

p

< C| || oop® /5 + C(8/p) X_|a

7]l o
LY (OW\B(Y.p))

Choosing p = 62/3, we see that this goes to 0 as | X — Z| — 0.
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Thus

[ nttadr = [ p00) Jiny [ () VTG00 (0(X) = (V) do(X) da(Y)

_ / (V) / r(X) - VIL(X) (1(X) — (Y)) do(X) da(Y)
oV ow

- / (1(X) — (¥)) 7(X) - / L)V x (V) do(Y) do(X)
ow ov

- /6 () = (V) 7(X) - VST () d(X)

- / n(X)7(X) - VST fo(X) do(X) = / n(X)7(X) - VSTf(X) do(X).
oW ov

This concludes the proof. O

5.2 Nontangential maximal functions of layer potentials

In this section, we assume that the boundary layer potential 7y, of (2.23) is bounded
LP(OV) +— LP(0V'). (We will prove boundedness in Chapter 6.) If X ¢ 9V, let

Ry F(X) = - KAX,Y)F(Y)do(Y)

so that 7y, is the nontangential limit of Ry, as K is the nontangential limit of D. Then

(5.10)

Ry (B F)(X) = (Df(X) S(GTf)(X)> |

Df(X) S(9rf)(X)

We begin with a lemma. (We will need to use it for operators other than 7y, and so it

is presented in slightly more generality.)
Lemma 5.11. Assume that K(X,Y') satisfies the Calderén-Zygmund kernel conditions

3
X -Y|
BIX — X'|*
KX, Y)-K(X'. V)<
ply —y’|®
min(|X — Y|, |X — Y/|)l+e

[K(X, V)| <

[K(X,Y) - K(X,Y')] <
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for some 3, a > 0.
Then if RF(X) = fé)V KX, Y)F(Y)do(Y), then for any X € V, X* € 0V with | X —
X*| < (14 a)dist(X,0V),

IRF(X)| < CBMF(X*) + T,F(X*).

Here if 7 is an operator on L2(8V) with Calderén-Zygmund kernel K(X,Y’), then

T f(X) = sup
e>0

KX, Y)f(Y)do(Y)

/YeaV,|X—Y>e

is the standard truncated maximal operator associated with 7.
It is well-known (see, for example, [16, Remark 8.1.12] and [27, p. 34]) that if 0V = R,
then L2-boundedness of 7 implies L2-boundedness of 7;. It is easy to see that this remains

true if V' is any good Lipschitz domain.

Proof. Define

T, F(X™) :/ K(X*,Y)F(Y)do(Y).
Y —X*|>h,YeoV

If h = dist(X, 09), and if | X — X™*| < (1 + a)h, then

RE(X) — T, F(X*)| < /|YX*|>h(K(X, V) — K(X*, V) F(Y)do(Y)

+ / K(X,Y)F(Y)do(Y)
Y —X*|<h
o IFYL o
= /YX*>h Y — X[t Ao+ /IYX*<h  |F(Y)ldo(Y)
< CAMF(X*)

where M is the standard maximal function and our constants depend on the Lipschitz

constants of V.

But |7, F(X)| < T.F(X), and so we are done. O
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Theorem 5.12. Let V' be a good Lipschitz domain. If Ty, is bounded from LP(0V') to itself
for all 1 < p < oo, then for any such p,

INv (PH)le < COfllze, [N (VS 9)lze < C0)llgll -

If Ty, (V') is bounded on LP for all 1 < p < oo, then

[Ny (VDS)llr < C@)[[0-f| o-

Proof. Since 7 = Ty is bounded on LP(0V'), so is Tx; if 1 < p < oo, then M is bounded
on LP(0V'). Therefore, by (4.10) and Lemma 5.11, we have that F' +— N(Ry F) is bounded
LP — LP. By (5.10), this completes the proof for N(Df).

Note that

VDf(X):VX/ I/ATVI‘ﬁfdg:VX/ TVf‘%de’
ov ov

——VX/ fgf(anda_—/ VxI%o, fdo
ov ov

and so, recalling that the kernel of Ty is IN(A(X, Y)= Bé4(X) (foﬁ(Y) foﬁ(Y)), we
may use (4.11) and Lemma 5.11 to bound | N(VDf)| rp.
We now turn to N(VSTg). Recall that

vSTy(2) = | VaTy(V)gly)do(y),
av
Define 7}, as before, by
T,F(X) = / KAX,Y)F(Y)do(Y)

| X-Y|>h

- /|Xy|>h (VrL ) VI ) Bs(¥) F(Y) do(y).
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Then

If 7 is bounded on all LP(9V), then 7" is bounded on all L4(0V), and so 7} is as well. But
by Lemma 5.11, N(VSTg)(X) < CMg(X) + CT!g(X). This completes the proof. O

This theorem has two corollaries:

Corollary 5.13. If 7y, is bounded on L?(dV'), then there exists a 3 > 0 such that if g is a
H' atom supported in B(X(, R), then

| NS+ X - Xol/R)P do(X) < C.

As an immediate consequence we have that HN(VSQ)HLl(aV) < CHgHHl(aV) for all
g e H (9V).

Proof. Suppose that ¢ is a H! atom supported in some connected set A C 9V with o(A)=R

and Xg € A. Then
1 1
<=

and so [[g|| ;2 < 1/VR.
Therefore, letting b > 0 be a constant, we have that by Theorem 5.12 and Holder’s

inequality,

1/2
/ IN(VSg)| < bk4R (f yN(vsg)P)
B(X,bR)NOV B(Xo,2R)NOV

< bkyVRC||g] 12 < bC.

We need to bound  [pin prxy pr) IN(VEQIL + |X = Xol/R)Pdo. 1Y € y(X) for
some X € OV, then either | X — Y| < | Xy — X]/2 and so |Xg — Y| > |Xp — X|/2, or
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| X —Y|>|Xo— X|/2 and so

| Xo — X|

1
Xo—Y| >dist(Y,0V) > ——|Y — X| >

In any case,

V(TS (x) < sup { (T80 1Y - ol > =

24 2a
If |Y — Xg| > R, then

VSg(V)| < /B YTy (2)0(2)de(2)
07

IA

/ YTy (Z) = Vy Ty (X))g(2) dol(2)
B(Xo.R)

|Z — Xo|® C
B(xg.R)v (Y — Xo| = R)IFO R

RY
C

IN

do(Z)

IN

(1Y = Xo| — R)1+e
Therefore, if | X — Xg| > (2 + 2a)R, then

RO{
(!X Xol = R(2+ 2a)) 1o

N(VSg)(X) <

and so if we choose b = 4 4 4a, then

/ N(VSg)(X)(1 + X — Xol/R)™2 do(X)
OV\B(X(.bR)

Ra/Z
< / c
OV\B(XgbR) |X — Xq|l*+e/2

do(X) < C.

This completes the proof. O

Corollary 5.14. If 7y, and T‘ﬁ are bounded on LP for all 1 < p < oo, so Theorem 5.12
holds, then the limits in the definition of K f, Lf exist pointwise a.e. for f € LP, even if f is

not smooth.

Proof. We work with IC only; the proof for £ is identical. Let f;, € LP be smooth and such
that ||fn — fllzp < 47™. Then for each X € 9V, limy_, x ,t Dfn(Y) exists. Since K is
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bounded on LP, limy,,—00 K fr, = Kf exists in LP.
Let By = {X € 0V : |[Kf(X) = Kfn(X)| > 27" or N(D(fn — f))(X) > 27"}; then
o(Ep) < C27" Thus, 0 (Up—, Em) < C27", so

has measure 0.
Suppose X € 9V, X ¢ E. So there is some N > 0 such that, if n > N, then

DfY) =KX <IDFY) = DY)+ DfnlY) = Kfn(X)] + [Kfn(X) = Kf(X))]
S N(D(f = fa))(X) + [Dfn(Y) = Kfa(X)] + [Kfn(X) = KF(X)]
<C27"+|Dfp(Y) = Kfu(X)].

So for every € > 0, there is some n > N such that C27" < ¢/2, and some ¢ > 0 such that
IDfn(Y)—Kfrn(X)| <e/2provided Y € v(X) and | X — Y| < 6; thus, |[Df(Y)—-Kf(X)| <e
if | X — Y| <4, and so the non-tangential limit exists at X, as desired. O

5.3 Potentials on H!

We wish to investigate the behavior of layer potentials on H 1((31/). We begin by proving a

lemma:

Lemma 5.15. Suppose that f € Ll(E)V), V' is good Lipschitz domain, and for some p > 1

and some cq, ¢p, R, a > 0,

@

/Wfdo—zo, 17 lzogov) < =175 /W|f<x>\<1+|X|/R>ado<X>sCl.

Then f is in H1(8V) with H' norm depending only on ¢y, ¢p, p, a and the Lipschitz
constants of V. (Specifically, not on R.)

Proof. Since we can parameterize 0V by arc length, it suffices to prove this in the case where
JdV =R. If g(x) = Rf(Rx), then g satisfies the conditions of the lemma with R = 1, and

gl g1 = [|f]l zr1; so we may assume R = 1.
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Let ¢ be a Schwarz function with [ ¢ = 1. Recall that f € HY if

Joplf 0o () o

is finite, and that its H' norm is comparable to the value of this integral (with comparability

constants depending only on ¢). Choose ¢ nonnegative with Schwarz norm 1.

So the inner integral is at most C'M f(z). So

[l 1050 (5

)dy‘ de < C M f(z)dx < C|M fl|rp
|z|<1

CP)fllr < Clp)ep

For any x € R, we have that

1o (7)) ar= [ s (o(572) <0 (5)) v

Now, assume |z| > 1. Then

1 x—y) (T ) dul < iy _c
‘/|y|<|x|/2f(y)t <¢< t ¢<t> Y _/|y|<|x|/2|f(y)lzf ¢ el
a|y|1 @ N Cey
= d y
/|<|x|/2 wlly 2 y—| ’1+a/’f )| 1yl y_| T

and

[MKM f(y)% <¢> <x;y) —¢ (%)) dy

1/ Ct Ot C Cey
< fy—( +—)dys/ F)] 19— dy < L
/2|a:|<|y|| A ly — x| || 2|x|<|y\| W)lly! |z +e || e

and similarly

1, /x Ccy
So (Z) ayl < =L
‘/|m|/2<|y|<2|x fw)e <t> y‘ = Jaftta
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But f

lz|>1 ‘m|11+04 dr = %. So to complete the proof, we need only bound

1 _
/ sup / f(y)—d)(‘” y) dy| da.
z|>1 ¢ |J|z]/2<]y|<2|z] t t

This is equal to

(e.¢]

1, [(xz— y)
- d
Z /Qk_1<x|<2k iy ‘/|x|/2<y|<2|x| f@t(b ( t y

k=1
1 T
= Z/k 1<|x\<2’f t /’€—2<|y|<2’fJrl |f(y)|¥¢(
2 / CM fi(x) da
k=1

2k—1<|z|<2k

dx

y) dy dx

where fi(z) = f(x) if 2872 < |z| < 2" and fi(z) = 0 otherwise.

Now, -
M dr = AB)d
Jyry Mz = [N a0
where \(8) = [{z : 2871 < 2| < 2%, M f1.(x) < 8}|. We have three upper bounds on A(f):
o \(B) < 2F.

C
e Since f +— Mf is weak (1,1)-bounded, A\(3) < ”fg”Ll < 2(7;2%

C p
e Since f — Mf 18 StI‘OHg (p,p)—bounded, )\(ﬁ) < ||kaLp Ccp

3= -
So
o—k—ka oka/(p—1) 00
| aoas= [ g+ [ A [ @)
o—k—ka oko/-1)

S/o 2’fdﬁ+/2M 2/@@5 g + /m/p1 Y 45

_ QL .\ gkq In(2k Hhactka/ (1)) 4 ]%2—’“0‘ < Cp)(cp + 1)1 + k)2 ke

Summing from £ = 1 to infinity gives a finite number depending only on p and «, as
desired. 0
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Theorem 5.16. If V is a good Lipschitz domain, and K! and L' are bounded on LP (V)
for some 1 < p < oo, then they are bounded H'(0V) — HY(dV) as well, with bounds
depending only on A\, A, p, and the Lipschitz constants of V.

Proof. Suppose that f is an atom in H1(9V).

Then [ fdo =0, supp f C B(Xo, R), o(supp f) < 2R, || f||poc < 1/R for some X € R?2
and R > 0; without loss of generality we let Xy = 0.

Since K! and £! are bounded on LP(9V),

1K Fllzoeys 1 oy < CO e < Cp)RMPTL
Next, by Corollary 5.13 and Lemma 5.9, there exists some o > 0 so that
/ K FXO(1+ 1 X[/R)* do(X) < C, / L7 F(X)|(1+ | X[/R)" do(X) < C.
ov oV
We need only show that [K!fdo = [ L!fdo = 0. For bounded domains, this is simple:
/ L4 F(X) do(X) = / - VSTHX) do(X).
oV °)%

In Lemma 7.11, we will show that STf is continuous on R?; thus, this must be zero.

Also, by Lemma 5.9, if n € CSO(R2) with 7 =1 on V, then
/ K F(X) do(X) = / n(X) KL F(X) do(X) = / Vi - ATVSTF(X) do(X) = 0.
oV oV v

In Lemma 7.10, we will show that ICﬂ_f — Kt f=f, so faVICz_fda =0if f € H1(6V). A
similar argument holds if V¢ is bounded.

Finally, consider the case where V' = () is a special Lipschitz domain. Then

STH(X) = / (V) (V) do(Y) = / (Cx(¥) = Tx(0)f(¥) do(Y)
o0 o0

and so if | X| is large enough, then

T _ - CV]L vy < €F
STHCOIS [0k @ mlae) < [ S pan) < g
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and so faQEtf(X) do(X) = fBQT-VSTf(X) do(X) =0.

Now, pick some r > 2R, and let n € C5°(B(0,2r)) with n = 1 on B(0,r) and [Vn| < C/r.

Then

| ACOKL A0 do(x) =% [ (0w ATISTH) da(X)
o0 00

T / Vn(X) - ATvSTF(X)dX
U=

7).
Q+NB(0,2r)\B(0,r)

We have that for | X| > 2R,

Vn(X) - ATVSTF(X)dX

CR%
IVSTF(x)] S/ IVIx(Y) = VIx (0 [f(Y)|do(Y) < 77
oV | X|
and so
CR“ CR%
XKL (X)) d X'</ —_dX < .
'/gﬂn< L f(X) do (X)) < B(0,2r)\B(0,r) TIX 1T T e

Since this goes to 0 as r — oo, we know [y, K' f do = 0.

So, applying Lemma 5.15, we are done.

5.4 Nearness to the real case

Theorem 5.17. Let V be a good Lipschitz domain and let Ay be real and satisfy (1.2).

Assume that there is some €y > 0 such that, for all A satisfying (1.2) with ||A— Ag||z0c < €o,

we have that T = ’T‘}‘l is bounded on LP(0V) for all 1 < p < oo, with bound depending only

onp (not on A).
If ||A — Agl| poo is small enough (compared to €q), then for all 1 < p < oo,

IN(DAf = DY) || 1oary < COI o (ovy A = Aoll oo,
IN(VSA = V840N ooy < CO)IfLe@v) A = Aol Lo
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Furthermore, if f is an H L atom, then

- N(VSAf — VSA0F)(X) (1 + | X|/R)™ do(X) < C||A — Ag| poo. (5.18)

As an immediate corollary, we have that for such A,

K = Kollzp—rp, [|1£ — Lol zp—rp < C(p)||A — Agl| oo,

t t t t
IK" = Koll g1, g1 1£7 = Loll g g1 < CJJA — Agl oo

Proof. Consider R = R4 — RA0. Let ||A — Ap||zoc = €. Then by (4.12) and Lemma 5.11,
we know that

IRF(Z)| < CeMf(X)+C(TH - T4), f(X)

for any X € 0V with | X — Z| < (14 a)dist(Z,0V).

But by (4.13), || T4 — TAOHLp(av)l_)Lp(av) < Cpe. So as in the proof of Theorem 5.12,
IN(DAf —DAf) || o(avy < Cell fll ooy and [IN(VSAf = VSA0f) | 1oavy < Cell fll o (av):
as desired.

If fis an H' atom, then (5.18) follows from the L2boundedness of f — N(VSAf —
VS40f) and from (4.12), as in the proof of Corollary 5.13. O
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CHAPTER 6
BOUNDEDNESS OF LAYER POTENTIALS

Theorem 6.1. Let Ay, A be matrices defined on R? which are independent of the t-variable,
that is, A(z,t) = A(z,s) = A(z), Ag(z,t) = Ag(x, s) = Ag(x) for all z,t,s € R.

Assume that Ag is uniformly elliptic (that is, satisfies (1.2)) and Ag(z) € R?*2 for all x.
We assume that A, Ay are smooth.

Then there exists an ¢y = €g(A,A) > 0 such that, if ||A — Agl|pcc < €p, then if V is a
bounded or special Lipschitz domain, the layer potentials T and T defined by (2.23) and
(2.24) are LP-bounded for any 1 < p < oo, with bounds depending only on A, A, p, and the
Lipschitz constants of V.

We assume €y < A/2; this will ensure that A is elliptic as well.
If T is bounded L? — L2, then by basic Calderén-Zygmund theory (e.g. [27, L.7]), T is
bounded LP — LP for 1 < p < co.

We will start with special cases:

Theorem 6.2. Suppose that we are working in a special Lipschitz domain € (so that we

may consider T instead of T ). Then Theorem 6.1 holds.

We will pass from Theorem 6.2 to Theorem 6.1 in Section 6.2.

We will want to start with an even more specialized case:

Theorem 6.3. Suppose that we are working over a special Lipschitz domain €); we may
write that Q = {X : ¢(X -el) < X - e} for some e, e and some Lipschitz function .
Suppose that ¢ is smooth and compactly supported. Further assume that

CLO €T
e - (5 24
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for some functions a(1)2, a(2)2 which leave Aqy uniformly elliptic, and that for some Ry large,

Ry Ry 1
A(z) = Ag(z) = I for |z| > Ry, ][ a21(y) dy =0, and ][ dy=1. (6.4)
~ Ry @11(y) ~ Ry 111(y)
Then there is an &y = 69(\,A) > 0 such that if ||¢'||pco < 8¢, then T and T are L*-
bounded.

We will pass from this theorem to Theorem 6.2 in Section 6.1, and will prove this theorem
in Sections 6.3-6.7.

We let O(A, A) denote a term which, while not a constant, may be bounded by a constant
depending only on A, A; for example, since we know |VI'x (V)| < C/|X — Y|, we may write
VIx(Y)=0(\A)/|X-Y].

6.1 Buildup to arbitrary special Lipschitz domains

We will prove Theorem 6.3 in Sections 6.4-6.7; in this section, we will assume it. We wish

to prove Theorem 6.2. We work only with T'; the proof for T is identical.

Theorem 6.5. Theorem 6.3 holds if we relax the condition (6.4) on A and the requirement
that ¢ € C°, and replace the requirement that ||¢'||[0c < &y with the requirement that
" — Y|lfoe < g for some v € R, and permit & to depend on « as well as A, A.

Proof. We first look at the requirements (6.4) and ¢ € C§°. Recall that TLF(x) =
limy, g+ Tp, F'(z), where

T, F(x) = /R K(ze + (p(z) + h)e,ye + o(y)e) F(y) dy.

We know that the limits exist; see Lemma 5.8. We need only show that the 7}, are uniformly
bounded on L2(R), so we may consider some fixed choice of h.

Pick some F' € L?(R). Then for each p > 0, there is some positive number R > 0 with
”F“LQ(R\(fR,R)) < p. If Tg is an operator similar to 7', but based on a different elliptic
matrix A or Lipschitz function ¢, then

R
TS F(z) — TyF(z)] < /_ PO w.y) ~ Kife.).dy

C
" / F)———dy
ly|>R |z —y| + [h]
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Then

C
ITRF (@) = ThF (@) < |IF ]l p2m(— r.my) H_

T TR

< u% + ‘(Tfj - Th)(Fl(—R,R)))

provided that |z| < R.

If we choose 19 to satisfy the requirements of Theorem 6.3, then by Lemma 5.11,
170112, .r2 < C+ T2 212 < C+ CT% 12,72 < C for all h. If we can further
choose T such that

IThF = ThFll g2 g.ry) < CIFIl 2

for all F € L? supported in (—R, R), then we will have that

IT0F N2 ggy < ITRE | 2 gy + 1T = T Fll 2 o)

< O|Fllyz + Cp+ |[(T5 - Tu)(F1 < C||F| 2 + Cp

—Rﬁ))HL?((—RvR»

By letting R — oo and 9, u — 0, we will achieve our desired result.

We first remove the requirement (6.4). Assume that A is smooth and satisfies (1.2). For
R > 1, let Ag(x) = A(z) on (—R2, R?), As(z) = I if |z| > 2R?, such that As is smooth and
satisfies (1.2) and (6.4). Define I'Y, Kg, Tg in the obvious way.

Then divAV(I'x(Y) — I’g( (Y)) = 0 for Y = (y,s) with |y| < R2; therefore, since
IDx(Y) —T%(Y)| < Clog Rif | X|, [Y| < R?/2, we have that if [X|, [Y| < R%/4, then

Clog R

VI (V) = VIR (V)] < =5~

Taking R > 4, we have that Kg(x,y) — Kp(z,y) < Cb—gTR if |z|, ly] < R and h is small.

Therefore, for such =,

ClogR

| K@, ) = K@) g2 pgy) < 732

29



So if supp F' C (=R, R), then |T},F(z) — T}fF(x)\ < |IF|l ;2 C]%(;%R and so

ClogR
173 F (2) = TRF @) | g2 g pyy < I Fll 2=

But % is bounded (and in fact goes to zero) for R large; thus we are done.

We next remove the requirement that ¢ € C§°. Assume instead that [|¢'||pec < dp.
Choose @5 compactly supported and smooth with ||¢5 — ¢||fc0c < & on (=R, R). Then

lp(z) — ps(x)|Y + [p(y) — ps(y)|“

]
Kile,y) — K| < P

As before, this gives that

0%/R

| ThF () — T}(LSF(JU)HLz((—R,R)) < ClIF 2 hat1/2

if F'is supported in (—R, R); thus by forcing § very small in comparison with h, R, we are
done.

Finally, we relax from ||¢'|| 00 < 89 to ||¢" — Y||fee < dp(y) for some real number 7. Fix
some choice of e, ¢ and 7. Then 2 = {X € R?: o(X -e1) < X -e}.

Define & = £ If ||¢' — 7|10 is small enough, relative to |y|, then there is some

Vi

function ¢ : R — R such that
(X -et) < X -eif and only if (X - &) < X - &.

Applying Theorem 6.3 to ¢, we see that the layer potentials T are bounded L2 — L2
By definition, so are the potentials 7q L But T, = 7Q 4 and therefore T4 is bounded
L? — L2 O

Now we wish to remove the assumption that ¢’ — ~ must be small. This may be done
exactly as in [25, Section 5|, using the buildup scheme of David; for convenience, this con-

struction is summarized here. Let

AF(69) = {¢: R — Rfthere is a constant y € (—k, k) such that ||¢' — ][00 < dp}.
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We require 0 < dg < k.

Lemma 6.6. Suppose that for some fixed choice of e and e, we have that for every k > 0
there is a 8o(k) > 0 such that Ty is bounded for every o € A¥(6y) with bounds depending
only on A\, A and k.

Then Ty is bounded on L? for any Lipschitz function ¢ with bounds depending on X, A
and ||¢'| poo.

Proof. We have the following useful theorems:

Theorem 6.7. [8, Proposition 10] Suppose that &, k > 0, ¢ € A¥(§), and I C R is an
)
interval. Then there is a compact subset F2 C I and a function ¢ & A1 (19—05) such that

%m
3v/ 1+ (k+06)2

o o(x)=1(z) for allx € E, and

o |E| >

e FEither —%5 <'(x) < 3§ ae., or =6 <Y'(x) < %(5 a.e.

Theorem 6.8. [20, p. 110] Suppose that K : R2 — C2%2 js a Calderén-Zygmund kernel
with constants no more than Cg. Suppose that there is a constant 6 € (0,1] such that for
any interval I C R, there is a Calderén-Zygmund kernel K; and a compact subset E C [
such that

o |E]>0[1],
e For all x,y € E we have that Kj(x,y) = K(z,y), and
o [|T7 ;2,72 < Cg

where T} is the maximal singular integral operator associated to Ky. Then || Ti| 2, ;2 <
C(6)Cs.

From Lemma 5.11 and following remarks, T is bounded from L2 to L? if and only if T}
1s.

Pick some ¢ € Ak=9/9 (%5) If I C R is an interval, then by Theorem 6.7 there is an
E and a oy € A¥(8) such that if 77 is as in (2.28) with ¢ replaced by ¢, then
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o |E| > ———|1],
34/ 14 (k+6)2

o Ky(x,y) = K(x,y) for all x,y € E.

So by Theorem 6.8, if T’ }“ is bounded on L? for all I, then so is T,. Thus, if Theorem 6.2
holds for all functions ¢ € AF(§), then it holds for all p € A¥—9/9 (%5)

Let ap = g(1+ (10/9) + ... + (10/9)"~1) = (10/9)" — 1. So if Theorem 6.2 holds for
all o € AF=9an((10/9)"8), it also holds for all ¢ € AF~%n+1((10/9)"115), provided that
k — danyq > (10/9)" 16

Pick any & > 0. Let §(k) be the 0y given by Theorem 6.5, so Theorem 6.2 holds for all
¢ € AF(5y). Let n(k) be the positive integer such that k > 26(k)(10/9)"*) > (9/10)k. Then
Theorem 6.2 holds for all

p € AF70mm) ((10/9)k) 5) 5 AF/2 <%k) .

Thus, for any k, Theorem 6.2 holds for any ||¢'[| 0 < ﬂgjk (with constants depending
on k). Thus, it holds for any Lipschitz function ¢, as desired. O]

Finally, we deal with the assumption that Ay is upper triangular with a(l)l = 1.
Consider the mapping J : (2,t) = (f(z),t + g(x)) where A\ < f < A. Then I'x(Y) =
I'7(x)(J(Y)) is the fundamental solution with pole at X associated with the elliptic matrix

o1 (1 0 1 —¢'(y)
A) = f'(y) (—g’(y) f’(y)> AUw) (0 () ) '

If we choose f'(y) = — 1 (or, put another way, choose f~1(y) = I a;), then we

all(f(y))
0
will have @Y} = 1, and if we choose ¢'(y) = W
1 Y

11
But if ¢ € A¥(dy) for &y sufficiently small (depending on A, A and k), where ¢ is the

, then we will have dgl =0.

Lipschitz function in the definition of €2, then

J(09Q) = {(f(zea + p(z)er), —wer + p(x)ea + g(wea + p(z)er)) : v € R}.
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Recall €2 + e% = 1. If ||¢/|| oo and |es| are small enough, then the function z +— —zeq +
o(x)es + g(xes + @(x)er) is invertible on R, and both it and its inverse have bounded
derivatives; thus J(£2) is a special Lipschitz domain with coordinate vectors e = (j:l 0>
and e+ = (0 :Fl). If |es] is not small but ||¢’|| 00 is, then  +— f(zes+p(x)eq) is invertible
on R and both it and its inverse have bounded derivatives; thus, J(€2) is a special Lipschitz
domain with coordinate vectors e = (0 :I:l) and e = <:t1 0).

In any case, if ||¢'|| 00 is small enough, then J(£2) is a special Lipschitz domain and so
Tw is bounded on L?(9Q); thus, T is bounded on L2(99), and so by Lemma 6.6 we may
build up to arbitrary Lipschitz domains.

6.2 Patching: 7 is bounded on good Lipschitz domains

Recall that we wish to prove Theorem 6.1. In this section, we reduce to the case of special

Lipschitz domains:

Theorem 6.9. If T, and Tq are bounded LP(9Q) +— LP(9Q) for all special Lipschitz do-
mains (), then for any good Lipschitz domain V the operators Ty, and j’V are bounded
LP(OV) — LP(OV), with bounds depending only on A\, A, p, the Lipschitz constants of V,
and the operator norms of the Tos and Tqs.

As in Section 6.1, we work with 7; the proof for 7 is identical.

Proof. For any domains U, V' and any function F' defined on oU N 9V, if we extend F' to
OU and 0V by zero, then Ty F' = Ty F.

From Definition 2.4, we may partition dV as follows: there are ko points X; € 9V with
associated numbers r; > 0, such that 0V C U; B(X;,r;) and B(X;, 2r;)NV = B(Xj, 2r;) N,
for some special Lipschitz domains €;. Let ), n; be a partition of unity with suppn; C
oV N B(X;,r;), and let F; = F'n;.

Then
ko
1Ty Flie <D 1Ty Fill o
i—1
But

P
HTVFHLp av) HTVFHLP ovnBx,2r) T IV EN L0\ B(x; 2m))
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and

1Tv FillLrovns(x;.2r)) = 1To,Fill Lrovnsx, 2r)) < 120, Fill pag,) < CllFil e

But if |V — X;| > 2r;, then

C 1/q
TR = | [ KO0 2R@ 02| < 5 [ 1@ 1e@) < R,
But then
Crp 1
ITFill}p < /|X o, WIIFII pdo + C||E;|7p < Cpll Fill7p,
where (), depends on the Lipschitz constants of V.
Therefore,
1Ty Fillpp < Cpll Fillgp
and so
2
1Ty Flip < Cppy D I TvEillp < ZC ko lFilITp < Cp ey IF I 0

Note that Cp, 1, does not depend on diam V.

6.3 Proving Theorem 6.3: preliminary remarks

From [9, p. 42], we have the following useful theorem:

Theorem 6.10. Suppose that By, By : R — C2*2 are invertible matrices at all points, and
suppose that || By || o0, || B2l o < Cf.

Assume that there exist nonnegative real smooth functions v; with suppv; C [—1,1],
Jvi =1, and ||v|| g0, ||v}||poo < Co, and such that for all x € R and all t > 0,

|</ %Ui (g) Bi(y) dy) B

< C3. (6.11)
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Suppose that the operator T : B1S +— (BsS)’ has a Calderén-Zygmund kernel, the oper-
ator f — BéT(Bl f) is weakly bounded, and that the constants in the definition of weak
boundedness and Calderén-Zygmund kernel are no more than Cy.

Suppose finally that T(B1) and T'(Bs) have BMO norm no more than Cs.

Then T has a continuous extension to L2, and its norm may be bounded by a constant

depending only on C1, Cy, Cg, C4 and Cs.

Note that if B(x) = ((z)I for some scalar-valued function 3, and if © < Ref(z) <
|B(z)| < M for some constants p, M > 0, then B satisfies (6.11).

TB € BMO is defined as follows: if My is a smooth H! atom (that is, supp My C
B(wo, R) = [wg — R,x0 + R], | Mo oo < 5, and [ My = 0), then

(Mo, TB) = (Mo, T(B)) + /R /R Mo()(Ko(z, y) — Koo, ) dz (1 — n(y)) B(y) dy

whenever n € C5°, 0 <n < 1,and n =1 on [zg — 2R,z + 2R].

The proof of this theorem is involved. However, it is easy to establish a converse, namely,
that if 7 is bounded L2 — L2 then it must be bounded L> — BMO. This is a classic result
of Calderén-Zygmund theory (see, for example, [16, Theorem 8.2.7]) which is established as

follows:
If n =1 on B(zg,2R), suppn C B(xp,3R), then

\ [ [ Moo Fotasy) — Koo, ) di (1= () Blo) dy
R/JR

x — xp|®
< / Mo ()| / e nol Bl e dy < ClIBJ e (6.12)
R ly—wo|>2R 1Y — 20

If T is bounded L? — L2, then since Mol ;2 < \/2/R, |[nBll;2 < ||B||pooV6R, we may
bound (M, T'(nB)), and so

(Mo, TB)| < (C + C||T| 2, p2)l| Bl Loo-

So |[TBllpao < (C+ ClT 2, p2) I Bllpoe-
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We now outline the proof of Theorem 6.3; the remainder of this chapter will be devoted
to establishing the facts used in this proof. We will consider only T ; the case for T_ is

similar.

Proof of Theorem 6.3. In Section 6.4, we will find a matrix B; which is bounded, invertible,
and satisfies (6.11). In Lemmas 6.16 and 6.17, we will show that f — B{)T(Blf) and
f— B(t)T~t(Bl f) are weakly bounded for any bounded matrix By. In Corollary 6.18, we will
show that | TB1ll garo and | T'Bi| gaso are bounded.

By Theorem 6.10, this tells us that if B is bounded and satisfies (6.11), then

IT|| 2, .72 < C+ C|TB1|pyo + CIT Bl pyo < C + C||T' Bl pyo
1T\ 2, .12 < C+C|T"Bill pyo + CITB|gao < C + CITB| o

In Section 6.7, we will find a Bg such that ||T%(Bg)||gaso is finite, and so we will know
that || T|| 2, ;2 is finite. Unfortunately, our bound on T (Bg) will depend on nasty quantities
such as ||A’|| zo0; therefore, we will seek a better bound on || T']| 2, ;2.

In Section 6.6, we will find bounded matrices Bs, ..., Bg such that | TBs||gy0 < C +
C|| T Byl garo and | T Bg|l garo < C + C||TBs||garo, where Bs, Bg satisty 6.11 and B is
small (depending on ||A — Agl|f00 = €0, ||¢'|| o0 = dp). This implies that

I 12,12 < C + CIT' Bl aro < C+ ClITBs| ao < C+ ClIT| 12, 1211 Bsll oo
< C+ (C+CITBslparo) I1Bslle < C+ (C + CIT' Ball paro ) I1Bs
< C+ (C+CITl 2. g2 Bal <) || Bsllpos
< C+CIIT | 2 12 Ball poo | Bs | oo

Since ||T'[|;2, ;2 is finite, if || Bs|| is small enough then ||T|| 2, ;2 < C.

Furthermore,
Tl 22 < € + CITBsl a0 < C + CIT'| g2, 2| Ballpe < C

as desired. O
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6.4 A B for our T'B theorem

Recall (2.34):

-1

Bi(y) - (a”““y” 2) (A ) 1+ w2

a21(¥(y))

In this section, we will show that By satisfies (6.11). Let

(@) o) e
Bo<y>—(a81(w(y)) X (Aowvl) ) Y1+ ¢ w2

Then By is near B1. We first show that, for any interval I, JCI By is invertible with bounded
inverse. If ||A — Ap|| is sufficiently small, this will imply that §; By is as well.

We will use this result in Section 10.4, when we will not be making the change of variables
which forces a(l)l =1, ‘181 = 0; thus, we do not use this change of variables here.

Let

B - (10 TR ) - B At - (112
0 1 ’ H 0 detA

0
where all the a; s are evaluated at »(y).
Since E is a real invertible matrix and a(l)l > )\, we have that Ao(y) is elliptic, with
7 Ao(y)n = N|E~H(y)[72nl>. Let p = sup, N|[E~L(y)| 7% > 1/C (A, A).

Now

1. B0= £ B0 (aowty) ) 1+ o0

= ]6 (BT A0@m)EW(EW) " vw) Ew)Tr() 1+¢ 1) dy
_ 7[ (%Ao@)(my)—lu(y)) E(y>TT(y)) |+ o2 dy,
I 1

11
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Recalling the definitions of v(y) and 7(y), and letting 1 (z) = (wl(g:) 9 (g;)), we have that

(a0 [ () ) < 1/ 0) (Wy)))
B — 14 11 991 2 11 du.
f[ ! ]é (“(1)1 o) ( 0 1 ) (-Wl(y) —a3y/afy 1) \wh(y) ’
Let a(y) = ¥4 (y)/aly (¥ (¥)), Bly) = ¥h(y) — ¥} (y)ad (¥(y))/al; (1 (y)). Then
: B(y) a(y) mw—a@m$> (mw))
Bp = A dy = dy.
7{’ ' 7{’( o (—a(y)) (ﬁ(zﬂ)) ’ ﬁ(( —adsa(y) sw)) "

Since JCI By is bounded, to bound its inverse we need only bound its determinant from below.

But for any number 6 > 0,

det ]€ By = (]{T B(y) dy)2 - ]fﬁ(y) dy]id?g(y)a(y) dy + ]ga(y) dy]idgg(y)&(y) dy
> (]5 B(y) dy)Q + ]ia(y) dy]fdgz(y)a(y) dy
- g (76 B(y) dy>2 - % (]{T i (y)a(y) dy)2-

If A e C?*2 gatisfies (1.1), then, by either letting n be a coordinate vector, or letting

n= («/ReaQQ — X (VReaj] — )\> for an appropriate ¢ € C with |(| = 1, we have that

Reaj; >\, Reags > )\, |apo +a21] < 2/ (Rea; — A\)(Reags — ).

So in particular, since a32 is real, dgl =0 and d(l)l =1,

a8 )| < 20/ (1~ ) (@ (y) - p).
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So
det]fBo > (]fﬁ(y) dy)2 (1 - g) +]£ (y )dy]fagg(y)&(y) dy
-3 (f )/~ p)a 82<y>—p>dy)2
(][ﬁ dy) (1 - g) +][ (v) dy]{_dgg(y)a(y) dy

=220 L awydy f ) aats) - s

Choosing 6 = 2 — 2p, we see that

det]gBo > p (]{Tﬁ(?ﬁ dy)2 +p (]ia(y) dy)Q.

But if I = (a,b), then

1 b (y) 1 P1(b) Y1(b) — Y1 (a)
dy = dy — ds > A1) —vila)
fowa=52 | 0 () " =1 ’

vi(a) afy(s) b—a
and
(y)a9, (¥1(y)) Pa(b) —la) 1 V1) g9y (s) .
o dr= = / valy a11<wl<y>> W= b—a/wlm () !

SO

(]fﬁ(y) dy)2 " (]f_oz(y) dy>2 , L0 —vial

which, recalling (2.27), is at least 1/C. Let 2u = p/C.
Note that |det(M + N) —det M — det N| < C(|M| = |N]). So if ||A — Apl|lrc < €, then
Redet f; By > 2 — Ce, so for ¢y small enough, Redet f; By > p.

But (6.11) requires a smooth truncation of Bj.

Lemma 6.13. Suppose that B : R — C?*2 satisfies |¢ - B(z)n| < M|n||€| for all z € R,
n, & € C2. Assume further that for some number p > 0,

(6.14)

det][B(a:) dx| >
I
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for all intervals I C R.

Then there is a smooth real function v, with 0 < v <1, [v =1, suppv C [-1,1], and
||| < C(u, M), such that if v(x) = %v (%), then |det B x v(x)| > pu/2 for all t > 0 and all
x € R.

Proof. Choose some v such that v =1 on (—%, %), suppv C [—% — P, % +p}, and [v =1,

0<wv<1,and ||v/||foc < % for some positive real number p < 1/2 to be determined. Then

v # Blx) = / v — y)B(y) dy

1 [r+t/2 t/24tp —t/2
—i [ By [ Bue—pdy+ [ Bty dy
x—t/2 t/2 —t/2—tp

and so since |ve(z — y)| < 1/t for all z, y,

xz+t/2
v B~ Bly)dy| < 20] Bl
x—1/2
Therefore,
| det vy % B(x)| > i = Cp|| Bl oo
So if p < pu/CM?, then Redet vy * B(z) > /2 for all . O

6.5 T and 7" are continuous and weakly bounded on B;S

For real A, this is shown in [25], in Lemmas 4.3, 4.7, 4.8, and 4.10. We now prove weak

boundedness in the complex case.

Definition 6.15. A function F' is called a normalized bump function if supp F' C B(Xj, 10)

for some X, and

9 F(X)| < 1

for any multiindex o with || < 2. For such a function F, let Fr(X) = %F(X/R)
If there is a constant C' such that, for any R > 0 and any normalized bump functions F'

and G, the equation
(GR, PFR)| <

= Q

70



holds, then we say the operator P is weakly bounded.

Lemma 6.16. The operator T is a continuous linear operator from B1S to (ByS)' for any

bounded By. The operator F +— BéT(BlF) is weakly bounded; in fact, ||T(B1FR)|p~ <

C'/R for any normalized bump function F.

Proof. We know from Lemma 5.8 that if f : 0Q +— C is well-behaved, then T4 (B f)(z) is

pointwise well-defined and that the limits in the definition converge uniformly. Recall that

Bi(y) = (Bs(w()") " (Awm)vly) () \1+¢/ )2

Choose some F,G € §2%2 (that is, matrix-valued functions whose components are all in S).

Recall that

oG, T(B ) = Tt [ [ G Bo(o) Ko s) By ()0 dy da

Now, the components of

vri(x,h) W’(?J))t

K (z,y)B1(y) = Vrg(x,h) (W(y))*

(AwIrly) ) Y1+ W)

are
d d =
gy e V) and 2T ().

Let f be a component of F'. We need only show that

i [ £) 5 T @) st [ 103y @) dy

hr—0t JR h—0t JR

are bounded by C|| F||s and converge uniformly in z, and that if F = F for some normalized

bump function F, then those integrals are at most C /R.
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For any number R > 0, we have that

‘/R f(y)d%rwx’h) (¥(y)) dy‘

A

+

T+2R d
/J;_QR 1) @F?ﬂ(m,h) (¥(y)) dy

d
/x—y|>2R FW) g Ve (W) dy

<

z+2R d
f(z) /x o d—yrzp(m,h)(w(y))dy

= Q

||f“L1 +

r+2R d
| [0 = @) e ) dy

—2R

<

= Q

LU+ 1o [Ty (9 + 2R)) = Ty (@ — 2R))

, r+2R d
e [ \d—yrwm,h)w(y» 2 — gl dy

<

= Q

1£1Iz1 + Cllfll oo + CRIf | oo

Picking R = 1, we see that this is bounded by the Schwarz norm of f, and if F = Fp where
F'is a normalized bump function, this is clearly at most C/R.

Similarly,

hif& s d—yf¢(x,h)(¢(y))f(y) dy

exists, converges uniformly in x, and is at most C'/R provided F = F 'r for some normalized

bump function F. |

Lemma 6.17. The operator Tt is a continuous linear operator from B1S to (ByS)' for any
bounded By. Also, F' — BSTtBlF is weakly bounded; in fact, |T*(B1FR)|/ 10 < C/R for

any normalized bump function F'.

Proof. Fix F, G € §?*2. Again, we wish to show that (ByG,T"(B1F)) exists and is
bounded, and that if F = F R, G = G R for some normalized bump functions F, G, then
[(BoG, T'(B1F))| < 1/R.

Now,

(BoG.TLBF) = Tim, [ Gla)Bo(o) [ Ry a) Ba(s) F(y) dy d

72



But

N VyTL ((x, b))
Enly, 2)' Bi(y) = (V:F%Z;E wE% h;;) (AW ) y1+ow?

We may deal with the \/1 + <p’(y)2VyI~“5(y> (W(x,h))-1(y) = d%fi(y) (¥(x, h)) as before.
We are left trying to show that

lim [ v AT () VyTL (@ h) fy)y/1+ ¢ ()2 dy

is bounded and converges uniformly in z, for any f a component of F'.

But this integral is

Let m € C§°(R) with m = 1 on (=R — R||¢'||pc, R + R||¢'||zoc), and 0 < m < 1,
suppm C (=CR,CR), and [m/| < C/R. Let u(¢(y,t)) = f(y)m(t+¢(y)), so u(ye® +te) =
Fym(t) and [Vu(ye! + te)] < |£(y)]Im' ()] + |F' W) Im®] < ClF s + Cllfllpoo/R.
Then, provided +h > 0, by (4.8) and the weak definition of conormal derivative we have
that

/8 o) ATV T (o ) ) (Y)

B T L (( .V ,
_ /Q jFA V)V TL (e, b)) - Vu(Y) dY.

Therefore,

\ [ o) AT Py (vt h))f(@b‘l(Y))da(Y)‘

[ ATy Ty (0 ) - Vuly) dy
Q4

C
< o T Tl

Since |Vu| is bounded and in L (R?), and since the other term in the integral is in L'(R?)+

L®(R?), this integral is also bounded, and the limit as h — 07 converges uniformly in z.
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Thus, we have shown that T* is continuous on B;S.

Furthermore, if f is a component of a normalized bump function, then |supp f| < CR,
|f| < C/R, |f'| < C/R2, so |Vu| < C/R? and is supported in some ball of radius CR. So
if F = Fp where F is a normalized bump function, then |T*(B; F)(z)| < C/R.

So F +— B(t)Tt(BlF) is weakly bounded as well. O

Corollary 6.18. || T(B1)llpao < C. |T(B1)llpamo < C-

Proof. Recall that if My is a smooth H! atom and n e Cg° is 1 in a neighborhood of its
support, then

(Mo, TB) = (Mo, T(1B)) + /R/RMO(ZL“)(KO(WJ) — Ko(xo,y)) dz (1 —n(y))B(y) dy.

By (6.12), the second term on the right-hand side is bounded in terms of A and A, so we
need only bound (Mg, T(nB;)) and (Mg, Tt (nB)).

In fact, we need only bound | T(nB1)||pe and | T¢(nB1)||fec. If suppn C B(xg, R),
then n = RFR for some normalized bump function F', and so this follows immediately from

Lemma 6.16 and Lemma 6.17. O

6.6 The transpose inequalities: controlling || 7% (B2)| syo

In the proof of Theorem 6.3 in Section 6.3, we promised to produce functions Bs, By, Bs,
Bg such that Bs, Bg satisfy (6.11), By is bounded, and Bj is small provided €y, dg are, and
such that

ITBslBaro < CIT'Ballgyos 1T Bsllsaro < CITBs| Baro-

Recall that

VFT t
Teb(a) = lim [ 50 Ezi;;t Bs(1(y)) Fy) dy,
N W(a,h)
vrl )t
TLF(z) = Jim, VF?@)EZEZ hiit Bo(4(y, 1)) F(y) dy,
- (@) T



By (4.14), T+ = TJ/F and Ty = T:’F, it will be easier to work with (7”)! and 7’, not T".

Suppose that Ba(x) = [(x)l for some scalar-valued function § with 1/C < 5] < C.
Then to show that ||(T")!(Bs)||garo < C, we need only show that for each R > 0, there is
some 7 € Cg°(R) with n =1 on (—R, R), such that

/ K", (g, 2) B(y)n(y) dy

is bounded for arbitrary h # 0 and |z| < R/2.
But Kj (y,z)" = Bs(¢(x, h)) (VI’i(y) (¥(z, h)) VI‘g(y) (¢(x, h))) and so we need only
bound

/ VT gy (0, =R)B(y)n(y) dy = / VT () () Bw)n(y) dy.

Similarly, to bound || 77(31)|| garo, we need only bound

VX @) Bn(y) dy

IfXeUandfe C’go(R2), then the divergence theorem tells us that for any U ¢ R2,

—f(X)+/ Ty divATVf:/ Ty divATVf+/ Vf-AVFX+/ Vf-AVDLyx
U U U uc
:/ div(FXATVf)+/ Vf-AVIyx
U uc
and so since div AVI'xy =0 in Ue,
—f(X)+/ Iy divATVf:/ FXV-ATVfda—/ fv-AVIx do. (6.19)
U oUu oUu

Let X = ¢(x,—h), with |z| < R/2. Then, by taking the gradient in X of (6.19), we have
that

Vy / Tx (V) div(AT(V)VF(V)) dY — VF(X)
Q

. / (V) (V) AT(Y)VF(Y) do(Y) — Vy / f(Y) 1Y) - AY)VT (V) do (V)
o0 o0
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We may simplify this:

Vy /a v AV =V / () v(y) - (AWE) VT x (@)1 + & ()2 dy
~Vy / F)r) - VEx @1+ o ()2 dy
=~ [ VxPx(00) 3 ) dy
R Yy

and

/ ViTyv ATV do = / VT x () v(w) - AT () V£ @)1+ o ()2 dy.
o0 R

So

/QC VxI'x(Y) diV(AT(Y)Vf(Y)) dY — Vf(X)

/ VT x () () - AT W)Y Fw) 1+ ¢ ()2 dy

(6.20)
/R VT x (1(y) @ﬂwy))dy

Now, suppose that f(y, s) = p(y, s)g(y, s). We require that div AT (y)Vg(y, s) = 0 outside
of some B(0, Ry), |Vg(y, s)| is bounded, and ¢(0,0) = 0, so that |g(X)| < ||Vgl/ 0| X]|. We
assume that p =1 on B(0,R), p € C§°(B(0, R+ 1)), and || < C, |p"| < C.

Then

V(y,s)=Vy(y,s)p(y,s) + g(y,s)Vp(y,s)

and so
ALV (Y, s) = p(y, 5)AT (y)Va(y, s) + 9(y, 5) AT (y)V(y, 5).

Then

div AT (y)V £(y,s) = p(y, s) div AT (y)Va(y, s) + Vp(y,s) - AL (y)Va(y, s)
+Vgly,s) - AL (y)Vply, s) + g(y, s) div AT (y)Vp(y, 5).
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Then

/ Vxly divATVf = / VxTxp divATVg+/ VxIy Vp-ATVyg
oc¢ Q¢ oc¢
+/ VxIyVg- ATVp+/ VT yg divATv)p.
Q¢ Q¢
Assume that |X| < R/2. The second and third integrands are zero away from supp Vp =
B(0,R + 1) \ B(0, R), where they are at most C||Vg| roc/R; thus, the second and third
integrals are O(\, A)|| Vgl .
Letting LTg = div ATV g, the first integral is O(\, A)Ry||LTg|| foo; note that it is zero if
div ATvg = 0.
So
/ o 0D x (V) div ATV FY)dy
Q
= 00NVl + FollLTgllie) + [ 00 Dx(V)g(y)div AT(¥)Vp(y) d

= O\ AVl + FollLalloe) + [ div (0T x(V)g(V)AT (V) V(1)) @y

The second integrand zero away from supp Vp, where it is at most C'||Vg|| 00 /R, so as before
the second integral is O(X, A)||Vg||fcc. By the divergence theorem the first integral is equal

to
~ [ v (0T x(V)g()AT(V)Vp(Y) ) ay
o)
which is O(X\, A) || Vgl -

Now,

| VXTx(V)u(y) - AT (V)T (Y) da ()
= | VxTx(V) (p(¥)v(¥) - ATV )Vg(Y) + g(¥) n(Y) - AT(Y)Vp(Y)) dor(Y)

00
= /09 VxTx(V)p(Y)v(Y) - AT (Y)Vg(Y) do(Y) + O\, A)|| V]| o
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and

/R VB () 3 F0) dy
= /RVXfx(w(y)) (p(w(y))%g(w(y))+9(¢(y))%p(¢(y))) dy

- /R vxfxww))pw(y»di“ygww))dy+0<A,A>||v9||po

So, letting 1(y) = p(¥(y)), we have that by (6.20),

O\ A)(IVgll e + Roll LTy 100)
- /R VT x () n(y) v(y) - AT (@) Vo)1 + ¢ ()2 dy

+ /vafx(@b(y)M(y) d—yg(@b(y))dy.

(6.21)

¢—Eaoq(y)

Now, choose g(y, s) = Es+m(y), where m/(y) = o) for some constants &, (. Then

¢—8ag;(y)
Vyly,s)= | W
3

¢ ¢
AT () Vg(y. ) = . . divATVg =0,
(¥)Vy(y,s) (a12(y)C§a21(y) _|_5a22(y)) (Ca12(y)+§det1‘1(y)) v g

a11(y) a11(y)

and so

9(¥(y)) = glyes + w(y)er, —ye1 + p(y)ea) = Ep(y)ea — Eyer +m(yes + ¢(y)er).
So
OO MCI+16) = [ TxPox (b)) o) -a(6(0) dy

+ /R VT x () () () - AT W) Va1 + o ()2 dy
_ /R Ve Fx (6(9))51 (9, G, Enly) dy — /R VT x () oy, €, () dy
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where

B1(5.C.€) = €7 (y)es — 1+ éﬁﬁy%¢@q+@»

Car2(1(y)) + & det A(y(y))
a11(¥(y))

Ba(y.¢. &) = ((e1 — ¢ (y)ea) + (¢’ (y)e1 + e2)

Define fs, ..., Og as follows:

4 .
/;—362 + e1az1(y)

4
6()1%<Aea szﬁ—dwm@+ (@ (y)er + e2)

a11(9)
4
Baly) = ﬁ2< Aez, 1)
4 4 A e9a e1 det A(y
;¢@x>2';qq+ﬁ”lﬂim; D ger + e

Bs(y) = Bi(y,e1,e2) = & (y)el — ever + L—292UI) (ppe 4oy
ar1(9)

e1a12(7) + ez det A(7)

) (' (y)e1 + e2)

Be(y) = Ba(y. e1,e2) = e — ¢ (y)erea +

where § = 1(y).
Then if Bi = ]ﬁia

IT'Bsl|pyro < C + CIN(TY Byl saros (T Bsllparo < C + CIT'Bsl pao

as desired; we need only show that Bs, Bg satisfy (6.11), Bs is small and all the B; are
bounded.
Note the following:

1 a1l 5 A
¢ Re g Re i = A2

e [33,..., 0 are all bounded by a constant depending only on A, A.

o If ||¢'|| oo is small enough, then

3 e2)? + e1egas ()
a11(y)




and so

2

A
Re (33(y) 2 (e1)? + F(ez)2 — leres]

> =
| —

: 2 2
since ey + €5 = 1.

e Similarly, if ||¢||foc is small enough, then

Be(y) ~ !

~ o (@) + an@)eren) + (e2)? det A7)

and if ||A — Agl| is small enough, so that a1 ~ 1, ag; =~ 0, then

2
so Re (5(y) > 4.

e Finally, if ||¢/||foc is small, and if ||A — Ag]| is small, so that aj; &~ 1, a1 &~ 0, then

1
a11(¥)

Bs(y) = <61€2 (1—a11(y)) + (6%%1(@) +ef — 61626!21(3))) o'(y) — 6%6!21(3)))

is also small.

6.7 HTHL2|—>L2 is finite

In this section, we establish that ||T|;2, ;2 is finite; this allows us to use results of the form
|\ ;272 S CAA) + €T 2,2 to show that [|T][;2, ;2 < C(AA).

We can only prove this under our a priori assumptions that A and ¢ are smooth, and
that for some (large) Rg, A(y) = I and ¢(y) = 0 for |y| > Rg. While the following analysis
will yield a bound on ||T|;2, ,;2, the bound will depend on A’, ¢", Ry, and 1/|ea]| (if
eg # 0); thus, the previous analysis was necessary (it yields a bound independent of these
ugly quantities).

We assume dg < 1/2, so that ||¢]| 0 < Rgy/2.
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Again, we need only find some bounded function 5 : R +— C with Re (z) > p such
that, for every R > 0, there is some n € C§°(R) with » =1 on (=R, R) such that

/ VT x () Bw)n(y) dy

is bounded uniformly in X.
First, we consider the case where es = 0 (that is, we are working in a domain that looks
like the left or right half-planes). Then either e = 1 or e = —1; for simplicity we consider

only the case where e; = 1. Let

z 1
1) = d
ot /p(l’)so(t) an(w) ™

where p =1 on (=R, Ry), p = 0 outside of (—2Rg,2Ry), and |p'| < C/Ry, "] < C’/R%.
Then 0Q = {(p(—t),t) : t € R}, so g = 0 on 0f2. Furthermore,

1 @)=t
Vo(z,t) = | @) alp@)e(=1))

plx)¢’ (=t)
ar1(p(x)p(=1))

and so outside of (—2Rg, Rg) x (—2Rg, Ry), we have that Vg(x,t) = (aul(z) O).

Therefore, | div ATVg| < C(||¢"|| 100 + | A||00), and div AT (y)Vg(y, s) = 0 outside of
B(0,v2Ry).
By (6.21), for any R > 0 there is some n € Cj°(R) with n = 1 on (=R, R) such that

O\ A)(1+ Roll¢" [ oo + Ro| A'l| o)

But d%g(w(y)) =0, and since ¥ (y) = ((p(y) —y), we have that

y AT / 2:_; 1 AT L
(y) - A7 (L (y) Ve () 1+ ¢'(y) an(w(y))( ) A p) <¢/(y)>‘

¢ (y)
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So
1T (Bs)|I paro < C(\ A, Ry, || A || oo, [1¢”| Loo)

1 1\ 1 1) (10
Bsly) = a11(p(y)) (gp’(y)) A" (o) (gp’(y)) (0 1).

Then Bg(y) = Bs(y)I where g is bounded and, if ||¢'||f0c or |Imajq| is small enough,

where

then Re (g(y) is positive and bounded away from zero. Thus, under our a priori smoothness
assumptions, ||T'[|;2, ;2 is finite.

Now, consider the case where eg # 0. If |x| > Rg/|ea|, then ¢(x) = 0 and ¥(z) =
(ves, —rer) and [y (2)] = [zes| > Ry, s0 A@(x)) = I.

Assume that Ry > Ry/|es] is large enough (to be determined later). Choose p € C™
such that p = 1 on (= Ry, Ry), p = 0 outside of (—2Ry,2Ry), and |p'| < C/Ry, |p"| < C/R2.
Let

T

g(x,t) = eat + (1 — p(1)) (/ wdw

+p(t) (e17 — plear — e1t) + e1Rp) -
“Ry a11(w) )

. . R —
If |z| > Ry, our a priori assumption f, }%0 % = 2Rpe; means that
g(x,t) = eat +e1x +e1 Ry — p(t)p(ear — eqt)
So if |y| > Ry/|e2| > Ry, then ¢(y) = 0, and

9(¥(y)) = g(ye2, —ye1) = e1Ry — p(—ye1)e(y) = e1Ryp.

Conversely, we may take Ry large enough that if |y| < Rgy/|es], then |¢(y)] < R1. So
p(¥2(y)) =1, and so

9 () = glyez + ¢(y)er, —ye1 + p(y)e2)
= ea(—ye1 + p(y)ea) + e1(yea + p(y)e1) — ¢(y) + e1 Ry = e1 Ry.

So g is constant on 0f).
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Now, consider

_ (1)) = e2021(x) _ oo
ez + e1p(t)¢’ (ear — ext)
0

+ 0t N
) — ff X e1-e2091 (W) 7., +e1x — @(egr — e1t) + e1 Ry

arp(w)
If |t| > 2Ry, or if |z|, |eyt — eaz| > Ry, then
e1—€2a2] ()

Vg(r,t) = a1 ()
€2

and so div AT (2)Vg(z,t) = 0. So div ATVy is zero outside a bounded set. Clearly, it is
bounded in this set by a constant which depends on A’, ¢, Ry, X, A.
But %g(@/}(y)) = 0. So as before,

IT"(Bs)llBaro < C(A A, Ro, 1/ leal, || oo, [l [l o)

where
Bs(y) = v(y) - AT (0() Vo (m)y/1+ ¢ (1)2 (3 (1)> |
But on 99,
ez +e1¢' (eaw — eqt)
So

—v(y) - AT () Ve )/ 1+ ¢ () = (el i 62@,@)) - AT (p(y)) (el i 6290/(9)>
ez + e1¢'(y) e2 +e1¢'(y)

which is bounded and whose real part is positive and bounded away from zero. Thus,

|T|| ;2,2 is finite.
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CHAPTER 7
INVERTIBILITY OF LAYER POTENTIALS

Recall that in the proof of Theorem 1.5, we used boundedness and invertibility of layer

potentials. In Chapter 6 we proved boundedness; in this chapter we will prove invertibility.

Theorem 7.1. Let 1 < p < oo, and let ¢g > 0. Let V' be a Lipschitz domain with Lipschitz
constants k;. Let Ag be real and satisfy (1.2), and let Ag = sI + (1 — s)Ag. Assume that

(7.2) There exists an €y such that, if A satisfies (1.2) and ||A — Agl|po < €g, or if A = Ag
for some 0 < s < 1, then (K4) and (L) are bounded linear operators on H'(9V')
and LP(OV).

(7.3) The layer potentials (K1)t : LP(0V) N HY (V) — LP(0V) N HY(V) are onto.

(7.4) (N){;ls, (R)]‘;ls hold in V = Vi and V¢ = V_ with constants at most Cyp, for all
0<s<1.

Then there is some ¢ > 0 such that, if A satisfies (1.2) and ||A — Agl|pc < €, then
(Kﬁ)t, (LAY are one-to-one and onto on the space LP(OV) N HY(OV). Furthermore, € >
1/C(N A ki, Cp,p,€p), and

£ llze < CONA, kiy Cpypy ) KD f Il 2o
£z < CON A, ki, Cp, py )£l 1o

for all f € LP(OV) N H(dV).
If in addition

(7.5) There exists a number C1 > 0 such that, if a is a H'(0V') atom with support in some
B(X(,R)N AV and H' norm 1, and if div AygVu=0inV, v- AgVu = a or dru =a
on OV, then

- N(Vu)(X)(1+ |X = Xol/R)" do(X) < Cy
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then K., £t are invertible with bounded inverse on H'(OV') as well.

The € produced by this theorem depends on p. Therefore, we intend to use this theorem
only for some fixed pg > 1 and H 1 and interpolate to get an € that will work for all p with
1 <p<po.

We use the notational shorthand that = ICA, L= L'A, K8 = KAs, 5 = EAS, for any
0<s<1.

By (5.5), if V4 is bounded then K41 = +1, so (K+)! is invertible on all of LP(9V). Since
LP(OV) N HY(OV) is dense in LP(9V) if OV is unbounded, we have that (K+)f, (£4)! are
invertible on all of LP(9V).

Proof. In Lemma 7.10, we will show that ICﬁ — KA =TI on LP(8V) and on H(8V) for any

elliptic matrix A; so, taking the norm in either space,

£ = 1D F = (KON < NEDEFN+ D) £

The idea of using this jump relation to prove invertibility comes from [30], where it was
used in the case where A = I, that is, for harmonic functions. We generalize to other A.

In Lemma 7.13 we will show that (7.4) implies ||(’C(‘)/)tf||Lp(av) ~ ||(£(€/)tf||Lp(3V). In
Lemma 7.14, we will show that (7.5) implies [|(K,)f| Hi@ov) ® 1(LY)Ef 1oy In either
case, the comparability constants that may depend on p. In Lemma 7.11, we will show that
El‘f@ = Eﬁ/_ on LP(OV) and HL(9V).

In either case,
A1 < NP AU+ L) FI < Cpll L6 1l < Cpll (L) £ (7.6)
By Theorem 5.17 and Theorem 6.1, we have that

A A
IKL — K0 zpzp < CpllA — Aglizos, 1K) — (KL 1, 1 < CllA — Agll o

|4 = 220 o pp < GpllA = Aglizoe, (L) = (£40) | g1, g1 < CA = Agll e

for all A sufficiently near Ay.
So
17 < GoILLF | + Coll£4F — £LFI < GoILLF I + Coll A = Aol eI
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and similarly for KC%.; so if ||A — Agl||fcc is small enough, then

A< GllEf Il Il < Coll LAl

This implies the following:
e L and KU are one-to-one on HY(OV) N LP(AV).
e If £! and K. are onto, then their inverses have norms at most C(p).

So we need only show that K, £ are onto LP(OV) N HY (V) — LP(OV) N H(OV). In
Theorem 7.15, we will show that if G is onto and satisfies || f|| < C||Gf| and |G — G| is
small, then G’ is also onto and satisfies || f|| < C||G'f||. So we need only show that (%)
and (£°) are onto.

Consider K4 first. Let As = (1 — s)I + sAg. Then ||f|| < C||(KL)!f|| uniformly in s;
applying Theorem 7.15 to As and As—y for sufficiently small n and repeating, we see that
since (KL)! = (KL) is onto, (KL)* is as well.

Now we wish to show that £Y is onto. We may assume that V is either bounded or
special. Let f € LP N H'. Since (R);lo holds, there is some v with div AOTVU =0inV,
Oru = f on OV and [IN(Va)l ooy < Clallpior)

Then there is some g € LP(OV') with g = v - AgVU. If V' is bounded, then f5, gdo =
Jyy V1. AOTVu = 0,50 g € HY(AV). If V is special, then H' (V) is dense in LP(dV) for
p>1and so (K1) is invertible on all of LP(9V).

Let h = ((ngL)t)_lg € LP(0V). Then by uniqueness S(%Fh = u, and so (Eo)th = f, as
desired. Thus (£°)" as well as (K°)! is invertible on LP and on H'. O

7.1 Domains to which Theorem 7.1 applies

Theorem 7.1 has four conditions.

By Theorem 6.1, if V' is a good Lipschitz domain, then (7.2) holds.

In Theorem 8.1, we will show that if V' is a good Lipschitz domain and there exists a
p > 1 such that (7.4) holds in all domains with Lipschitz constants at most C'= C(V'), then
(7.5) holds.
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I claim that, for any k, we can find a (possibly small) p = p(k) > 1 such that, if V' is a
good Lipschitz domain with constants at most k, then (7.4) holds in V.

By [25] and [26], if V' is a special or bounded Lipschitz domain, then there exists some
p =po > 1, depending only on A, A and the Lipschitz constants of V', such that (N );10, (R);lo
hold in V' with constants depending on the same quantities. Since the complement of a
special Lipschitz domain is also a special Lipschitz domain, we need only show that (N );10
or (R);;1 Y holds in the complement of a bounded Lipschitz domain to have (7.4) hold for
all good Lipschitz domains. The proof of this result is complicated; we will first discuss
Condition (7.3).

From [30, Theorem 4.2 and Corollary 4.4], Condition (7.3) holds if V' is a bounded, simply

connected Lipschitz domain. It also holds if V' = (2 is a special Lipschitz domain:

Lemma 7.7. If Q is a special Lipschitz domain, then (K1)t and (£1)! are surjective on
HY(0Q) N LP(0Q) for p small enough.

Proof. By symmetry of the Laplacian it suffices to prove this for domains of the form {(z,¢) :
t > p(x)} for some Lipschitz function .

In fact, since (7.2) and (7.4) hold for special Lipschitz domains, we may proceed as in
the proof of Theorem 7.1 to see that if (XB)! and (£LP)! are invertible on LP(9Q) N H(99Q),
for any real matrix B satisfying (1.2), then (K7)! and (£1) are as well.

Let H= {(z,t) : t >0} = Ri be the upper half-plane. Then D{{ is half of the Poisson
integral for the upper half-plane, so IC%I f= % f. Thus KL, (IC{{)t are clearly onto.

It is easy to check that F{g )(y, s) = F{Lt_(p(x))(y, s — (y)), where

xz,t

B ( 1 —¢/ () ) |
—¢/(z) 1+ (x)?
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But for any good function f,

Ko S pla)) = lim | v(Y): BYIG 4o (V) (V) do(Y)
- h (%) (o 1 Zh) s
(%) Gl ) )t
= [ ()90 00 S dy = K ro) = 50

Thus, ICg = %7 and so (Kg)t = % is also invertible.
We now complete Condition (7.4) for bounded simply connected domains.

Theorem 7.8. Let V be a domain with compact boundary, which satisfies all the condi-
tions of a good Lipschitz domain, except that OV need not be connected. There is some
k depending only on A, A and the Lipschitz constants of V' such that, if (N)]‘;1 holds in all
bounded simply connected Lipschitz domains U with Lipschitz constants at most k, then

(M),

(R);;I hold in V' with constants depending on the same quantities.

If OV is not connected, then when we say u solves (R)]‘;1 with boundary data f, then we
mean that 7- Vu = 0rf on V', not that u = f on 9V. This weaker formulation of (R);;1 is
necessary; consider boundary data f which is constant on each connected component of V.
This data satisfies |07 f]/zp = 0, but if f is not constant on all of OV then the solution u
cannot satisfy |[N(Vu)||zp = 0.

Similarly, when we say that (IV );,4 holds in V, we mean only that we can solve the
Neumann problem for boundary data which integrates to zero on each connected component
of OV. This requirement may be dispensed with (by adding multiples of I“;‘( with poles in

various components of VC), but this introduces unnecessary complications, and so we do

not explore this topic.

Proof. Uniqueness (with conditions) will be shown in Theorem 12.1. By Lemma 3.10, we
know that a function u exists which satisfies div AVu = 0in V, v- AVu = g on 9V, such
that HVUHL2(V) < O”gHHl(E)V)' We need only show that || N(Vu)||rp < Cpllgllzr-
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By (3.8), we have that |[Vu(Y)| < L)HVUHLQ(V). But by (2.10),

— dist(Y,0V
O il € —C ol Collireno @V
dist(Y,ov) ¥ 20 = Gise(y, ov) TEYOY) = T dist (Y, o)

Define N1F(X) = sup{|F(Z)| : Z € ~(X), dist(Z,0V) < o(0V)/B}, NoF(X) =
sup{|F(Z)| : Z € v(X), dist(Z,0V) > o(0V)/3}, for some constant 3 to be chosen later.
Then NF(X) = max(N1F(X), NoF (X)) < N{F(X) + NoF(X), so to bound ||N(Vu)|rp
we need only bound ||[N{(Vu)||zp and || No(Vu)|| zp.

Now, let Z € V, dist(Z,0V) > o(0V')/5. Then

Vu(Z)| < Cyllgll o aryo (OV) P

and o [Na(Va) > < Collgllz(ov),

We now consider Ni. Define X, r; as in Definition 2.4. and Let r be any number
with %rj < 7 < 2rj, and let Q(X;,r) be as in (2.6). We have that Q(X;,r) C V and
B(Xj,r;j/2)NV C B(X;,r) NV C Q(Xj,r). Furthermore, we have that o(9V)) < Cr;.

I claim that if X € B(X},r;)NIV then N1 (Vu)(X) < NQ(Xj,r)<V“)(X)~ IfY € yy(X)
and dist(Y,0V) < o(9V)/f3, then | X — Y| < (1 + a)dist(Y,0V) < CBo(9V) < CpBrj. So
taking § < 1/4C we have that Y € B(Xj, %rj). This implies that dist(Y, 0Q(X;,7)\oV) >
ri/4>]X =Y s0Y € TQ(X ;) (X), which establishes the claim.

Thus
N1 (Vu)P do < / Noox. . (Vu)P do
/B o 1(Vu) s, A% (V)

for %Tj <r < 2r;. But Q(Xj,r) is a simply connected bounded Lipschitz domain; let p be
small enough that (N )]’;1 holds in all the Q(X,r)s, and assume p < 2. Then for each r,

/ Ni1(Vu)P do < / Nox,;»y(Vu) do < C/ lv - AVu|P do
B;noV 0Q(X;,r) J’ 0Q(X;.r)
SC’/ |g|pd0dr+C’/ |VulP do
A(X;r 0Q(Xj,m\OV
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Taking the average over r in (%T i, 2r;), we have that

C (%
Ny(Vu)P do < C|g|¥ o +—/ / VulP do dr
/Bjmav v ey * 3 3rj/2 8Q(Xjﬂ’)\8v| |
C

< b - '
< Cllglle(A(Xj,2rj)) + rj /Q(Xj,27"j) v

Cr; r/?
< Cllolpac,omy + 2 | 194l (7.9)
@& T\ Jox; )
But by our bound on [|[Vu|| 2, this is at most CHQHJEP(GV)' Since there are at most kg such
balls, we have that [4, N1(Vu)P do < C’HgH%p, as desired. So (N)]‘;1 holds in V' for V' any
good Lipschitz domain, for p small enough. (Note that p depends only on kq, although the

constants in the definition of (N )]‘;1

may depend on ko, ks3.)

We now pass to the regularity problem (R)]‘;i. Pick some g € LP(9V) with [ g = 0 for
every connected component w of 9V if p > 1 and ¢(92) < oo this condition is equivalent
to requiring g € H L

If p > 1 is small enough, then there is some u such that div AVu =0in V and v-AVu = g
on JV.

I claim that @ is defined on V. (Section 4.4 will only guarantee this if V' is simply

connected.) We need only show that fw v - AVu = 0 for all Jordan curves w C V; we may

assume w = QU for some simply connected bounded domain U.

But
/ y-AVu:/ v-AVu = V1 -AVy =0
AUL(UNIV) aUNY) unv

by the weak definition of v- AVu. But UNAOV is the union of one or more entire components

of OV; therefore,

/ V-AVu:—/ y-AVu:—/ g=0.
ou Uunov Uunov

So @ is well-defined on V. By Section 4.4, div AVia = 0in V.
By (4.5), if v - AVu = g on 0V, then 0;u = g on V. Clearly N(Vu)(X) ~ N(Va)(X).
So if (N)]‘;1 holds in V| then there exist solutions to (R)pjl.
So if (N)]f;1 holds in V/, so does (R)]‘;i. O
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7.2 Comparing layer potentials on the two sides of a boundary

We remind ourselves of a few classic results from layer potential theory, and confirm that

they still hold for complex coefficients on Lipschitz domains.
Lemma 7.10. If f is a LP Lipschitz function, then K4 f(X) — K—f(X) = f(X).

Proof. Let V{ = Vi\B(X, p), VL = VL N B(X, p). Recall (5.4): if U is a bounded domain,
and X € U, then
/ V- ATVF%; do = 1.
ou

So, fixing some p > 0 small, letting e be a vector such that X + te is in a nontangential
cone in V4 for all sufficiently small positive ¢, and extending f in some reasonable fashion

to R2, we have

Kif(X)—K_f(X)= lim [ v-ATVIL , fdo— lim [ v -ATVDL , fdo

t—0t Jov t—0t Jov
_ ATorT : ATorT
= tE%IJr v v-ATVIY o f do+ tgréle - v- ATV o fdo
: ATorT : ATorT
+ t£%1+ - v-ATVIx o fdo+ tEI(I)lJr P v-ATVI _fdo
and so
Kif(X)—K_f(X)= —/ v- ATV fdo
OB(X,p)
+ lim v ATVTE o fdo + / v-ATvr | fdo
t—0t Jou’, v’

— 500 = [ ) ATVIR () - £ do
9B(X,p)

* t£r§+ owP V(Y) ’ AT(Y)VF§+te(Y) (f(Y) - f(X)) do
+
+ fim [ () AT VIR (V)(F(Y) = F(X0) dor

The integrands are at most C||f||oc, and so the integrals are each at most Cpl|f’||foc.

Taking the limit as p — 0 yields the desired result. [
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Since K4 are bounded as operators on LP and H', and Lipschitz functions are dense in

those spaces, we have that K4 — K_ is the identity on those spaces as well.

Lemma 7.11. Suppose that u is defined on V., N(Vu) € LP(9V) for 1 < p < oo. Then
there exists an extension of v to V which is Hélder continuous on compact subsets of V. If

in particular u = Sf for some f € LP, then u is Hélder continuous on all compact subsets
of R2.

This implies that Dir f=7-VS8Tf =t fforall f € LP; since LP functions are dense in
H', this must hold in H1 as well.

Proof. If Q) is a special Lipschitz domain, N(Vu) € LP(0Q2), and 0 < 7 <tor 0 > 7 > t,
then by (3.1)

|t] ||
(b (2, 1)) — ue(z, 7))] < / V(e (e, %)) ds < / Cs~ VPN (V) | 1 ds

|7 T

But since ¢, 7 have the same sign,

2| 2|
/ s~ 1P ds < min </ s~1Pgs, [t — 7| |T|_1/p>
7] 0

_ A\ VP
= min <q|t|1/q,|t—7-|1/q (%) ) < C|t—7’|1/q
T

by considering the cases |t — 7| < [t|/2, |t — 7| > |t|/2 separately.
If t # 0, then by Holder’s inequality

u((z, 1)) —u(d(y, 1)) <

/ "NV N1+ )2 d

< C(p)|z — y|Y N (V)| 1o

Soif X, Y €, then
[u(X) —u(Y)| < C(p)|X = YV N(Vu)|| . (7.12)
Thus, u is Holder continuous on €.
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If V is a good Lipschitz domain, then this result holds near its boundary; by (3.1) Vu is
bounded away from OV, and so u is Holder continuous on all compact subsets of V.

By Theorem 5.12, if f € LP, then N(VSf) € LP and so Sf extends continuously to each
of Vi =V and V_ = VC; we need only show that the two extensions agree.

Pick some X € 0V, t > 0 small, e as in the proof of Lemma 7.10. Then

ISf(X +te) —Sf(X —te)| = '/8‘/ Ty (X +te) —T'y(X —te)) f(Y) da(Y)'

But

t
|Fy(X+te) —Fy(X —te)| < ’/ Vry(X—i-Te) dr| <
—t

Ct C
/ dr
0 \/|X—Y]2—|—r2

But that integral is at most =<k, and if |[X — Y| < ¢, then

[X-Y]
Ct Ct/|X-Y]
¢ _ / Y p<om Y
0 VIX-Y]2+12 0 V1412 X - Y|

So
ISF(X +te) — Sf(X — te)|
= | (i) = Ty (X~ t0)) V) ()
ov

Clel Ct
do C do
< [y MOy 0040 [ I o)

Applying Holder’s inequality to each integral, we see that |Sf(X +te) — Sf(X —te)| <
C(p)tY 1| f|| p provided 1 < p < co.

So wu is continuous across the boundary, and so is continuous on R2. O]

7.3 Comparing norms of layer potentials

Lemma 7.13. If (N)5° and (R);° hold in V and VC, then for all f € LP(3V'),

KD £l ooy = I Fll vy = 1CL) Fllzoovy.
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Proof. By definition of (N );10, (R);lo, there is some constant C' depending on k;, A, A, such

that if div AgVu = 0 in V' then

IN(Vu)l ooy < CO)lv - AG Vull ooy, and

IN(Vu)llLo@vy < COIT - Vulloav)-

Since |v - AgVu| < AN(Vu) and |7 - Vu| < N(Vu), we may reverse either inequality (up

to a multiplicative constant) and so

lv - A§Vullzpovy ) = 17 -Vl rogavs ).

But by Lemma 7.11, ng is continuous on R2, so 7 - VSOTf must be the same on 9V and
OV_, and so

D) Fl ooy = 1L Fllzoavy = ICL) Fll ooy 0

Lemma 7.14. If (7.2)~(7.5) hold, then for all f € H',

HED 1l 2 1O 1l g = 1[KO)EF]l -

Proof. Let f € H'. By Theorem 5.16, (KL)!f € H', (LY f € H'. We first show that
H(Eo)tfHHl < C(p)||(lC9r)tfHH1. By the atomic decomposition, (K)!f = 3°; \ja; for some
H' atoms a; and constants \; with 3 |\;| = ||(K3)tf||H1

Let u = ng, so that (Kgr)tf — v- ATVu. Then (LO'f = 7. Vu. We want to use
Lemma 5.15 to bound [|7 - Vul| ;1.

Since (N);lo holds in V/, we can write u = ) ; \;u; where v - AOTVui = a;, | N(Vu)||p <
Clla;||zp. Then by (7.4) and (7.5),

IN (V)| < Cri/P7 N(Vug)(X)(1 4 |X = X;| /ry)® do(X) < C
ov

where a; is supported in B(Xj;,r;) NdV. Since |7 - Vu;| < N(Vu;), these inequalities hold
for 7 - Vu,; as well.

If OV is bounded, then | oy T+ Vu; = 0. Otherwise, we are working in a special Lipschitz
domain Q. Recall the y+ of (2.6). Since N(Vu;)(Y)(1+ |Y|/r;)® € L', for any € > 0 and
any Rp > 0 there must be some R > Ry with N(Vu)(x+(X;, R)) < ¢/R1T.
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T Vu;do| = 7-Vu;do| < CRe/RF.

/6Q(Xi,R)08(2 /8Q(Xi,R)\<99

This may be made arbitrarily small by making e small or R large; so [ 0T Vujdo =0.
So by Lemma 5.15, ||7 - V|| ;1 < C therefore,

1C5 il g1 =

T- Zkiui
1

<CY A =ClK fll -
Hl i

Since (N);;10 holds in V), H(ﬁo)tfHHl(aV) < C’(p)H(/C(l)tfHHl(@V). Similarly, we may
say that (ﬁo)tf = > ;Aja; and let 7 - Vu; = a;. We may repeat the above argument; we
need only show that [5, v - AgVui = 0 to establish [|[K'f|| ;1 < C|IL f|| 1. IV or v is
bounded then this follows as in the proof of Theorem 5.16.

If V= is a special Lipschitz domain, let n € CSO(RQ) withn=1on Q(X;,R),n=0
on Q\ Q(X;,2R), and |Vn| < C/R. Then by the weak definition of v - AT Vu;,

’/ain/-AgVuida |V,

= ‘/ Vn-AgVui do
Q

%
R JQ(X;2R)\Q(X;.R)

C 2R
< —/ / |Vu; (Y)| do(Y) dr
RJr Jog(x.r)
2R

<C i N(Vui)(x+ (X4, 7)) + N (Vi) (x— (X, 7)) dr

Since N (Vu;) € LY(99), this integral goes to zero as R — oo. This completes the proof. [

7.4 Some elementary analysis

Theorem 7.15. Let G, G’ be two bounded linear operators from a Banach space B to itself,
and suppose that ||f||p < o||Gfllg, G is a bijection, and |G — G'||p_p < €. Ife < 1/a,

then G’ is also a bijection, and its inverse has norm at most /(1 — ae).

Proof. First, if f # 0 and G'f = 0, then

IFIl < allGfll = all(G = G fI < ac| /]

95



and so € > 1/a; conversely, if € < 1/, then G’ is one-to-one.

Next, if € < 1/a, then

«

I 71l

1l —ae \« 1 1 — «e

1= 2 (5 = ) 191 = 12 (G = 166 = 61D <

and so G’ satisfies the same sort of useful inequality as G in particular, if (G’ )*1 exists it
has norm at most a/(1 — ae). Furthermore, if G'g, — f then {g,} is a Cauchy sequence;
since B is a Banach space g, — ¢ for some g, and so G’g = f. Thus, G’ has closed range.

Suppose G’ is not onto. Let fo € B\ G'B, and let n = inf {||fo — G'b|| : b € B}; since
G'B is closed, n is positive. Pick some p > 1, and let by be such that || fo — G'bg|| < pn. Let
fi=fo—G'by, fo = fi/lfill- Then ||fi|| < pn, and if b € B, then

1
11 = Gl = [l fo = G'(b+bo)| = n > ;I|f1||,

so for all b € B, || fo — G'b|| > %
Let Gh = fy. Then [|Gh — G'h|| = || f2 — G'h|| > 4 and so

1 1 1 1

G -G > |(G—=Ghl/|n] = = - T ap
[ = IC I 2 J5 2 pallenll = pallfall ~ ap

Thus, if |G' — G|| < é, then G’ is also one-to-one and onto. O
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CHAPTER 8
BOUNDARY DATA IN H'!

We have shown that £', ! are invertible on H L(oV) provided that the following theorem
holds:

Theorem 8.1. Let V' be a good Lipschitz domain. Suppose that a is an atom of Hl(aQ),
that is, ||allpee < 1/r, [a = 0, and suppa C A for some connected set A C 9OV with
o(A) =r.

Suppose A satisfies the conditions of Theorem 1.5. Assume that there is some 1 < p < 00

such that (N)Z/}, (R)]‘;l, (D)gj& (N)f}, (R)]‘;1 and (D)j;I hold in all good Lipschitz domains whose
constants are no bigger than some C' = C(\, A, V') (to be chosen later).

If div AVu = 0 in V', u satisfies the conditions of Theorem 12.4, and either
(8.2) v-AVu=a ondV, or
(8.3) Oru=a ondV
then there exist some numbers C, o > 0 depending only on the ellipticity constants of A

such that for any X € suppa,

N(Va)(X)(1 + |X — Xo|/r)* do(X) < C.
°)%

The method of proof is essentially that of [7]. Theorem 12.4 is a uniqueness result;
without this requirement, the theorem is false, as may be seen by examining the harmonic
functions u(x,t) = = or u(z,t) =t in the upper half-plane.

Throughout this chapter, we assume without loss of generality that X = 0.
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8.1 A priori bounds on u

Suppose that u is a regularity solution in V, v = f on 9V, with a = d;f a H' atom with
support in B(0,7) N oV.
If u satisfies the conditions of Theorem 12.4, then u is also a solution to (D)4 with

boundary data f, so [|Nu||rq < C| fllge < Crl/9. By (3.1), q
lu(X)| < CrY/9min(dist(X, 0V), o(aV)) /4. (8.4)
By Lemma 3.4 and (3.8),
IVu(X)| < Cr'/dist(X, 0V) ! min(dist(X, V), o(aV)) /4. (8.5)

Furthermore, suppose that X € 0V and R > 0 is small enough that Q(X,4R) exists, and
that @ = 0 on A(X,4R). Then by Lemma 3.4, Lemma 3.3 and Holder’s inequality,

1/2 1/2 1/2q
™) <)< )
Q(X2R) Q(X AR) Q(X AR)

¢ 2 /2 C Ccrl/a
_— q
< Rl/a </Q(X,4R) || ) < Rl/qHNUHLq(aV) < VR (8.6)

Now, suppose that div AVu = 0, v- AV f = a. Then as in the proof of Theorem 7.8, @
exists on V and satisfies div AV = 0, 7@ = a, and |Vu(X)| ~ |Va(X)|. It may be easily
checked that u satisfies the conditions of Theorem 12.4 if and only if u does. So w satisfies
(8.5) and (8.6) as well.

If V = Q is special, we may make some additional remarks. First, by the bound on Vu,
lim¢ oo u(¥(z,t)) exists for every x € R; furthermore, the limit uso is independent of x.
Then

(W2, 1)) — uso| < /too crt/a1=1a g < cprt/a= e,

If || >2rort >r, let R= %dist(zﬂ(x,t),supp a) =~ |[¢(x,t)|; by applying Lemma 3.6,
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we see that

1/2
[u(¥(. 1) = usel < C (7[ u- uoo|2>
B((x,t),R)NS2

1/2
C <][ Cpr2/qs_2/qdy ds)
B(¢(x,t),R)NQ

1/2

z+R pCr

C QJ[ / Cpr2/q|s|_2/q dsdy < Cprl/qR_l/q.
R Jz—r Jo

IN

IN

For the Neumann problem, we may assume uo, = 0; for the regularity problem, we know
u =0 on JQ \ supp a, so we must have that us, = 0.

Summarizing, we have that in a special Lipschitz domain,

[u(X)| < Cpr'/a1x] 7. (8.7)

8.2 A bound on our integral in terms of itself

Lemma 8.8. Suppose that V', p, A, a, u satisfy the conditions of Theorem 8.1. Assume
that o < 1/qg=1—1/p.

Then there is some constant C' depending only on p, A, A and the Lipschitz constants of
V' such that if we define

1(Ro) =/ N(Vu)(X)(1 + |X]/r)* do(X)
A(0,Rp)

then for any h > 0 and any Ry small enough that Q(0,4R) exists,

C

1
I(Rg) < ChMPI(4Ry) + prayrs

In Corollary 8.9, we will show that this lemma implies that Theorem 8.1 holds in bounded
Lipschitz domains. If V' = (1 is a special Lipschitz domain, let I = limp o I (Rp). Theo-
rem 8.1 for special Lipschitz domains will follow from the lemma once we have shown that

1 is finite; we will do this in Section 8.3.
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X—(t,7) X+(t7)
/‘/\ ! (X)/\k
AT (R)
R—7R Af(R) 2R + TR

Figure 8.1: Domains, segments, and points useful in this chapter

Proof. 1t suffices to prove this for a supported in A(0,1); we may rescale to get the general
result.

Suppose that 0 < R < 4Ry. Recall that there is a ¢ : R2 — R2 such that for all such R,
QO,R)={Y(z,t): —R<z < R,0 <t < (1+k1)R}. We will need the following definitions;

see Figure 8.1.

(X R) ={Y e 7(X): Y — X[ < R/8}

712(X, R) ={Y e(X): [Y — X[ > R/8}

Ni(X, R) = sup {[Vu(Y)| - Y € 5(X)}
Nf(x) = Nof(d(z)) = sup |[f]|

AT(R) = (R,2R), A (R)=(-2R,—R)

AE(R) = Upent(r)(® = TR, + TR) = (=2R — TR, ~R+ 7R) or (R — 7R, 2R + TR)
AF(R) = p(AF(R)) = A(¢(£3R), (3 + 7)R), A™(R) = Aj(R)

UE(R) = {0(@,5) v € AF(R),0 < s < R(§+7) (1+ k1) } = QW(GR), (§ +7)R)

We will usually omit the R. Note the following:
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o If z € AT then Ny(¢(z)) < Ny =(Vu)(z) for 7 > %1

o If Y € 72(X, R), then dist(Y,0Q) > |V — X| > gLt
Let jo = [logg Rg] — 1, the smallest jy such that A(0, Rg) € A(0,2) U U?OZ() Ai(Qj).
Then
Jo
I(Ry) < C / N(Vu)(X)do(X)+C> 2° / N(Vu)(X)do(X).
A(0,2)

= AT (27)UA~(2))

We can bound the first integral easily:
/A(O ) N(Vu)(X) do(X) < CIIN(Vu) rp@avy < Cllallzpavy < C-

We just need to bound }_; 2] fAi(Qj) N(Vu)(X)do(X). Pick some 2/ = R; we seek a
bound on [y+ (R) N(Vu). We consider only AT = AT(R) and the Neumann problem; the

case for A7 (R) and the regularity problem is similar.

By our a priori bounds on u, if X € AT = A*(R), then No(X) < ﬁ. Ifr> i, then

1/p
/ Ny < / Ny, (Vu) do < CRY ( Ny, (Vu)? da)
AT(R) U, U,

1/p
3031/‘1</ \V-Avu\f’da> .
8U7—

If welet x—(t,7) = (R—7R,t), Xx+(t,7) = Y(2R+7R,t), and X1 = x+(0,7), then by (8.5)

/ ]y-AVu|pda:/ |V~AVu]pd0+/ lv - AVulP do
oUr {X+(t,7):0<t<hR} (X4 (t,7)t>hR}
CR

< ~T\P ~T AP '
< hRN(Vu)(X")P + hRN(Vu) (X )P + —(hR)pﬂ’/q
So, for any h < 1/2 and 1/4 < 7 < 1/2, we have that

C

1/p
( /6 v AVuly. s>|p) < BVPRVP(N(Va) () + N (V) (00) + 7y
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Taking the integral from 7 = 1/4 to 7 = 1/2, we get that

1/2 1/p
N < / CR1/ (/ v - AVu|pda) dr
A+ 1/4 oU;

1/2
g/l CRAMYP(N(Vu)(XT) + N(Vu) (L)) dr + ¢

/4 pl+1l/aR2/q
1/p 1/2 C
< Ch /1/4 (N(V)(XT) + N(Vu) () R+ o
1/ C
< cpl/r / , N dr+
Therefore,
- 1/p c
YV s | N /A y N2 S o+ Ch / N(V0) +
1/ C
=ch p/+ N<W)+h1+1/qu/q'
So
Jjo
N(Vu)(1+ |z|*) < C+ 2”/ N(V
/ (Vu)(d + 1) ]z:(:) A+ (20)UA— (24) (Vu)
Jo " ‘ jo o
<C+)>» Ch p/ 2YN(Vu) + )y 2% —r——.
JZ:% A1/2(21)UA1/2( 7) ;) pi+1/q9i/q

But A1/2(2j) does not overlap A1/2(2j+3), and so the first sum is at most
3Chl/P / NV (X)(1+ | X]Y) do(X) < ChYPI(4Ry).
A(0,29072)

If « < 1/q, the second sum is a geometric series with ratio 20-1/¢ 1, and so is at most

Ch~ 1714, So I(Ry) < ChYPI(4Ry) + Ch~171/4 as desired. O
Corollary 8.9. Theorem 8.1 holds if OV is bounded.

Proof. For any A C 9V, define I(A) = [, N(Vu)(X)(1 + |X|/r)*do(X). We wish to
bound 1(9V).
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First, note that

1@v)< | N(Vu) (ﬂ)a do < (@)ao(avﬂ/q( i N(Vu)pda>1/p

ov r
< (Z2) a0 ala, - (Z24)

r

This is finite for all » > 0. Furthermore, we need only consider the case where r ~ o(supp a)
is small compared to o(9V).

We assume that r is small enough that 2r < Ry where Q(0,4Ry) exists and Ry >
o(0V)/C. By Lemma 8.8,

C

1
I(A(0, Ry)) < ChYPI(A(0,4Ry)) + 1

and so

1(0V) < I(V \ A(0, Ry)) + + CRYPI(A(0,4Ry))

h2—1/p

< I(0V \ A(0, Ry)) + + ChPI(OV)

h2—1/p

and so since I(0V') is finite, I need only show that I(0V \ A(0, Ry)) < C.

As in the proof of Theorem 7.8, let N1F(X) = sup{|F(Z)| : Z € v(X), dist(Z,0V) <
a(0V)/B}, NoF(X) = sup{|F(Z)| : Z € ~(X), dist(Z,0V) > o(0V)/3}, for some con-
stant /3.

If dist(X, V) > o(8V)/B, then by (8.5) |Vu(X)| < Cri/igitl/ag(gv)—1-14. So

/ NQ(X)(1+|X|/r)ada§/ cri/agittagovy=1=Ya1 4+ | X|/r)* do
ov oV

< [ crtig i agav) == Ya(o(0V) r)® do
ov

<Cﬁ1+1/q L ta—e
- a(0V)

which is bounded by a constant provided o < 1/q.
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Suppose that X € 0V and R small enough that Q(X,4R) exists. Then as in (7.9),

p/2
C
Ny(Vu)P do < C b / Vu|?
/B(X,R)mav 1Vufde < Cllelracan) Ryt ( Q(X,2R)| u')

for all 1 < p < 2 small enough that (N)]‘;1 or (R)pA holds in all the Q(X,p)s. If a = 0 on
A(X,4R), then by (8.6),

/2
Ny (Vu)P do < R -
/B(X,R)mav 1(Ve) 7= Rl (RQ/CI> Rp/a+p—1

and so
/ Ny (Ta) (X) (1 + [ X]/r)® do(X)
B(X,R)NOV
a 1/p a 1/q
< cpi-1p2OV)" / Ny (Vu)P do <oVt
- re B(X,R)NV B r®  Rl/4

So if &« < 1/q and ¢(0V')/R is not too large, this is bounded. We may cover oV \ A(0, Ry)
by at most C'kg such balls; thus, I(0V \ A(0, Ry)) < C, as desired. O

8.3 Finiteness

We want to show that [ is finite if V' = () is a special Lipschitz domain. Recall that

Q={X eR?: p(X-el) < X -e}; we begin by assuming A(z,t) — I and ¢ have compact

support. (These are the same a priori assumptions we used in Chapter 6.) Let R be so large

that B(0, R) contains supp a, {ze + p(z)e : ¢ # 0}, and such that A(z) = I for |z| > R.
In Q_\ B(0, R), define

o u(ret —te) = u(zel + te), for the Neumann problem
o u(ze —te) = —u(ze + te), for the regularity problem.

Then Vu(z,t) = £EVu(z, —t), where E is a constant matrix that represents reflection

about the line {zel : z € R}. Note that ET = E~1 = .
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Figure 8.2: Redefining A in Q¢

Redefine A in Q€ such that A(zet —te) = EA(zet +te)E outside of B(0, R). Figure 8.2
shows some lines on which A is constant after redefinition.

Then in Q_ \ B(0, R), it is straightforward to check that div AVu = 0. But outside of
B(0, R), where 99 coincides with {ze : z € R}, we have that v - AVulpg, = —v- -
AVu|gq , where v+ = Fe are the outward normal vectors to Q+. (In the Neumann case,

this is because both conormal derivatives are zero.)
Then if n € C§°(R? \ B(0, R), then

/Vn-AVu:/ Vn~AVu+/ Vn'AVu:/ 771/~AVuda+/ nv-AVudo =0
0y O o0, o0

and so div AVu = 0 in all of R%\ B(0, R).
Now, if | X| > C'R, then A is independent of some direction in all of B(X,|X|/4). So by
(3.8), Lemma 3.4 and (8.7),

1/2 o 1/2 o
Vu(X)| < C ][ Vul? < — ][ 2 <—
VulX) (B(X,|X|/4>| u') X ( B(X,|X|/2) i X |1 +1/e

Since N(Vu) € LP, we have that

/ N(Va)(X)(1 + | X|/r)® do(X)
| X|<CR,X 00
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is finite. But for large |X|, N(Vu)(X) < C/|X|*1/4; so if a < 1/q, then

/ N(Vu)(X)(1 + |X|/r)* do(X)
| X|>CR, X €00
is finite as well and we are done.

We now remove the assumption on ¢ and A. Assume ¢(0) = 0, and let pp = ¢ on
(=R, R) and let ¢ = 0 outside of (—2R, 2R). Let Qp = {X € R? : pp(X-eT) < X-e}. Let
Ag(z) = Afor |z| < CRand Ag(z) = I for |x| > 2CR, C large enough. Let div AgVup =0
in Qp, v-AgVug =a or 7-Vug = a on 02N 0NR, 0 on 0Qr\0S.

Suppose that |Y| is small compared to R, S with R < S. Then div AV(ug —ug) =0 in
B(0,R)NQp,and v- AV(ug —ug) =0or 7-V(ug —ugr) =0 on ¥((—R, R)).

By (8.4), [urp(X)| < Crl/4dist(X,0V)~1/4. So by Lemma 3.6,

C c [CF r2/d
s ) —un P S g [ s —unl® < 3 [ o < oy

Therefore, by (3.8), if R > |Y/| then

Cr2/4
Vug(Y) — Vup(Y)| < P )
Vus(Y) = Vur() < 7 Gisev, 00)

Define @ = limp_,, up. Then clearly divAVa =0in Q, v- AVi =a or 7- Vi = a on
09, and [ N(Va)(1+ |X|/r)® < C. By Theorem 12.1, we have u = 1, and so we are done.
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CHAPTER 9
INTERPOLATION

We have established that for V', A and Ag as in Theorem 1.5, there exist some e¢j > 0, pg > 1
depending only on A, A and k; such that, if ||A — Apl||ro < €, then

e Ky, L, K, £t are bounded LP(9V) +— LP(OV) for all 1 < p < 0.
e K, £ are invertible on Lgo (0V') with bounded inverse.
e K%, £! are bounded and invertible on H1(dV) with bounded inverse.

We also know that, for any given p, if lCti is invertible with bounded inverse on Lg (0V)
then (D)4, (N)# hold in V, and if £! is invertible with bounded inverse on L§(9V) then
(R)]‘;1 holds in V. We now interpolate to complete the proof of Theorem 1.5.

Theorem 9.1. Suppose that ||A — Ag||fcc < €y, where €q is as above. Then if 1 < p < py,
then

Iflle < COIKLflle,  1flle < COIL f| o

for all f € LE(OV).

This €q is independent of p. Since LgO N Lg is dense in Lg, we know that Kf, £f have
dense range; thus, this suffices to establish that they are one-to-one, onto and their inverses

have bounded norm.

Proof. Let P = (£~ or (KY)™1. It suffices to prove that ||Pg|» < C|lgllzp for all
g € Cy°.

Let B = {z : Mg(x) > a}, where Mg(z) is the maximal function defined in terms
of connected subsets of JV' (and not sets of the form B(X,r) N oV). Then E, is an open
subset of JV, which is one-dimensional; it is therefore a union of countably many disjoint

open connected sets A;.
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If OV is bounded then assume that o > {5y, [g|do. Then if {5 |g| > a, then o(4;) <
2
o(0V'). But then we could enlarge A; while maintaining Mg > « on A;. This is a contra-

diction, so fx . |g| < « for such a.
2
Define a;(z), b(z) by

, - AVR x), x¢ FEy,
04(z) = 0 ¢ ) — g9(x) ¢

—fAig, r €N, fAig, r €A,

Then g = b+ a where a =) ; a;.

Now, b € LPO(9V) with HbHLpO o) < HgHLp (OV\Ew)
(14+p)/2,s01 < p1 <p.

We know that [a; =0, suppa; C A;, and

»1 B p1
/|ai|p1 :/ Ja; 71 :/ ‘g_fA'g’ < o1 1/ |g|p1+‘fA‘9‘ §2p1/ I[P
Ai Al v Az ! AZ

So by [27, Section I11.5.7],

aP0™P 4 o (Eq)al0. Define p; =

laill g1 < C)(A) VP lag]| o1 < C@)o(A)Y gl o1 (a,):

Therefore,

/¢ 1/p
lall 1 < Clp) Y o(Ay) /q1HgHLP1 A SC(0) (ZU(Ai)> (ZHQHLpl )

1 )

1 Mgl )"
< C)o(E) gl g, < C0) | —52E ) gl i
p1
(p)HMgH 1(Eq)
oP1 1 '

Recall that

(0.}
/ |Pg|P do = / paP Lo {X € 0V : |Pg(X)| > o} da.
ov 0
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But if |[Pg| > o, then either o < ag = f5y g/ do < lgllzp/o(@V)YP, or a, b are defined and
|Pa| > a/2 or |Pb| > /2. So, making the change of variables a — 2a,

/8 Pol?do < Lol + / Pl ePaX)| > o) + o {IPHX)| > ) do
aQ

@)
1 (I1Pall1 PRI
Sllg\lip+p2p/ /Qap ( | do
Q

0

Since P is bounded H! — L' and LP0 s LPO, this means that

00 b y20)
/ |Pg|P do < ||g]|7, +C(p)/ ot (el 50 4

0 | Mg||P3, g™
p—1 LP1(Ey) LPO(EY)
(p) /a o i +— +0(E) | da.

<llgligp +C )
0

Since Eo = {X € 0V : Mg(X) > a}, we have that o(FEy) < HMgHLp1 )/apl, and since

p1 < p < pg, we can rewrite this as

> C)
Pg|P do < gp+/ —/ Mg(X)Pl do(X) da
/av| | ol f, - Gor=p Mg(X)>a P doX)
> C(p) /
+ e X)|P0 do(X) da
/0 T g0y IO ()

Mg(X)
= llgllzp + Cp) /a y /0 aP P11 do Mg(X)P1 do(X)

o) / /°° o 70~ oy [g(X)[P0 do(X)
av Jarg(x)

1 _
= llgll7p + Clp) /av o _ng(X)p PLM g(X)P1 do(X)

£0) [ Mg(X) P lg(X) 0 do(X)

C)IMgligp < C)llglgp

as desired. O
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CHAPTER 10

BOUNDARY DATA IN BMO AND CARLESON-MEASURE
ESTIMATES

We have solved the Neumann and regularity problems with boundary data in LP for all p > 1
small. We also have an endpoint result for boundary data in the Hardy subspace H! of L.

Similarly, we can solve the Dirichlet problem for boundary data in L? for all ¢ < oo large;
we would like an endpoint result for this problem as well.

In this dissertation, we will prove two endpoint results, one for boundary data in L,
and the other for data in its superspace BMO. We will delay the maximum principle (the
L®° result) to Chapter 13; in this chapter, we will prove the following result for boundary
data in BMO.

Theorem 10.1. Suppose that A, V satisfy the conditions of Theorem 1.5. Then there is
some €g > 0 such that, if || Im A||fcc < €, then for every g € BMO(OV') there exists a
function u with div AVu =0 in V, u = g on 0V, and such that

1
o(B(Xo, R)NaV) /VmB(XO,R)

Vu(X)[? dist(X,0V) dX < CllglBas0-

We will prove uniqueness (completing the proof of Theorem 1.7) in Corollary 12.12.
Recall from (2.11) that the BMO(9V') norm of f is equivalent to
1

HfHBMO(aV) ~ sup inf —

/ f— P| do.
Xedv, R>0 FEC R JB(x R)naV

This formulation of the BM O norm will be more convenient in this chapter than the formu-
lation in terms of connected subsets of JV.

This w will turn out to be a layer potential. Recall that Df|gy = Kf, and that Kt
is bounded and invertible with bounded inverse on H!(9dV) (Theorem 7.1). Therefore by
duality, K is bounded and invertible with bounded inverse on BMO(9V).
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So if g € BMO, then g = D for some f with [lgll saroqov) ~ | fllpaso(ay). Thus, to
show that Theorem 10.1 holds, we need only show that

1
o(B(Xp, R)N V) /VmB(XO,R)

VD (X)) dist(X,0V) dX < C||f||§BMO(aV) (10.2)
for all f € BMO(9V).

10.1 L? estimates imply BMO estimates

In this section, we show that if

/ IVDf(X)|? dist(X,0V) dX < 0||f||L2 ov) (10.3)

holds for all f € L?(8V), then (10.2) holds for all f € BMO(AV).
For most of this chapter, it will be convenient to work with more general operators. We

have that
VDF(X)=Vy /av (V-ATVF§(Y)) F(Y) do(Y).

Soif TF(X) = [, J(X,Y)F(Y)do(Y), where
J(X,Y) = (v X (u : ATVP§(Y)> Vy (1/ - ATVP§(Y))> ,

then bounds on 7" will imply bounds on VD.

We have some useful conditions on this J and 7. By (4.6), |J(X,Y)| < W Also,

by (5.5) D1(X) is constant on each connected component of R?\ V, so VD1(X) = 0 away
from OV’; thus, TI(X) = 0.

We prove a lemma for 7" and J having these nice properties:

Lemma 10.4. Suppose that V. C R? is a good Lipschitz domain, that
TF(X) = / J(X,Y)F(Y)do(Y)
oV

for some (matrix-valued function) J. Assume that there is some « > 0 such that for any
X € VandY € 0V we have that |J(X,Y)| < Cdist(X,0V)* /| X — Y|+ Further
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assume that TI(X) = 0 and that for any F € L*(0V — C2*?),
/V TR(X)2dist(X,0V) dX < C||F|12,. (10.5)

Then if B € BMO(dV — C?*2), then TB(X) converges for each X € OV and

1

TB(X)[? dist(X,0V)dX < C||B|j?
o(B(Xo,R)nav) /B(XO,R)ﬂV’ (X)) ( ) 1Bl B0

for any R > 0, X € OV

We remark that if X € V and F € LP(0V) for any 1 < p < oo, then T'F(X) exists. This
follows because, for any fixed X € V, J(X,-) € L>®(0V) N LY(oV) D LI(9V): |J(X,Y)| <
C/ dist(X,0V)2, and

1
. a—1 : a—1

Proof. Let D(X,R) = B(X,R) N0V for any R > 0 and any X € 0V. Recall from basic
BMO theory that, if B € BMO(JV), then

Fros 1B~ Bpldo < Clkt 1Bl s
2k+1p

where D = D(Xo,r), Bp = fp B, and 28D = 28 D(Xy,r) = D(X,, 2%r).
Furthermore, by the John-Nirenberg inequality,

/D B~ Bp|2 < Co(D)|Bl 30

Fix some surface ball D = B(Xy, R) N0V. Now, TB = T(B — Bp), and so without loss
of generality Bp = 0. So

o

TB=T(Blp)+Y_ T(Blyjer1 g p)-
k=0

But
J IR A (X.0V) 4X < CIBLp |2 o) < CoD Blaso:
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If X € B(Xp, R), then

T(BLysr p i) (X)] = J(X,Y)B(Y)do(Y)

/Zk+1D\2kD
: a—1
s / dist(X, V)
o 2k+1D\2kD |X — Y|1+a
dist(X, V)1
<
< — [ IBO)lde(Y)

dist(X, V)1
=C ok Rl+a

[B(Y)| dy

(k + 1)o(2"1D)| Bl paso-

If o(D) < 2R, then since 9V is connected, B(X, R) contains dV; so o(2¥D) < o(dV) =
o(D) for all k. Otherwise, o(251D) < C2FR < C2Fg(D). In either case, o(2FH1D) <
C2%5(D) and so

00 i -1 >

dist(X,0V)* *o(D k+1
> T(B(1yps1p gk p)(X)| < ClIBlIBMO ( RH)@ ) > ( oka 3
k=0 F=0

Therefore, if 5 = 0(D)||B||QBMO, we have that

; 2a—1
/ TB(X)[2 dist(X,0V) dX < Cf + CBo(D) / B OV i
B(Xo,R)NV B(Xo,R)NV R
X — Xo[**!
<CB+CpBa(D / dXx
( ) B(Xo,R) R2+2a
o(D) 2
< cp+0p7 < 0B = Co(D)|Bluso
This concludes the proof. O

Therefore, to prove Theorem 10.1, we need only establish (10.3).

10.2 Operators on the half-plane

In this section, we establish a sufficient condition for (10.5) to hold if V' = R%L. In the next
two sections, we will work with general operators T" and kernels J; in Section 10.4, we will

return to the Dirichlet problem and VD.
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From [17, Theorem 1.1}, we have

Theorem 10.6. Let 0, f(z) = [gn ¥t(z,y)f(y) dy, where

tOé
()| < O e (10.7)

|2
Wt(%y) - wt(ﬂf + h7y)| < C(t + |l’ —_ y|)n+a (108>
() — al,y 1) < O (10.9)

(£ + |z —ym+e

whenever |h| < t/2.
Suppose that there exists a function b : R"™ — C such that for some constants \, A,
Co >0,
o0 o dt
A< Reb(z) < |b(x)] <A and |0¢b(x)| de < (Cy (10.10)
QJOo

for every x € R" and every dyadic cube () C R".
Then for all f € L2(R™) we have that

dz dt
[ P < 000N O gy o

+

(In [17], this is presented in more generality; the test function b is replaced by a system
of test functions by indexed by dyadic cubes Q. We do not need that generality here.)
We will need this theorem to hold if our kernel and test function take values in C2*2

rather than in C. We begin with at trivial generalization:

Theorem 10.12. Let Ty F(x) = [gn Ji(z,y)F (y) dy, where Jy(x,y), F(y), and T;F (x) are

all square matrices. Assume that J satisfies

tOé
< 10.1
|2
— < 10.14
h «
| Jt(z,y) — Je(z,y + h)| < C il (10.15)

bt + [z —y )+
whenever |h| < t/2.
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Suppose that there exists a function b : R™ — C such that for some constants \, A,

Cpy > 0,
o0
A <Reb(z) <|b(x)] <A and ][ / Ty (Ib)(z)|?t dt dz < Cy (10.16)
QJ0

for every x € R™ and every dyadic cube ) C R™.
Then

2 2
//Rnﬂ TP (2) Pt d dt < C(X, A, Co) | FII 72 gy (10.17)
+
for any L? matrix-valued function F.

Note that ¢ dz dt = dist(X, aRi) dX; this is why we use it instead of dxtdt.

So if T'(Ib) € BMO for some good scalar function b, and a few other conditions hold,
then (10.17) holds. The problem is to generalize, so that we need only show T'(B) € BMO

for B in some larger class of test matrices.

Fortunately, [17] proves Theorem 10.6 from a similar theorem with the identity function
replacing the bgs; we may prove a more general theorem from Theorem 10.12 using the same
techniques.

The conditions on B analogous to (10.16) will turn out to be the same as the conditions
on Bj required by Theorem 6.10, that is, there exist constants Cpy, C'1 > 0 and a smooth,

compactly supported function v with [ v = 1 such that, if we define v(z) = tlnv (%), then

sup |B(z)| < Cy, sup ‘(vt « B(z)) " < C). (10.18)
zeRM zeRM, teRT

Theorem 10.19. Suppose that B : R" — C2?*2 is a bounded matrix-valued function which
satisfies (10.18).

Let TyF(x) = [gn Ji(x,y)F(y) dy, where Ji(x,y), F(y), and T;F(x) are all square ma-
trices, and J satisfies (10.13-10.15).

Suppose that for each dyadic cube (),

1(Q)
// 1Ty B(z) >t dt du < Cs|Q). (10.20)
QJ0
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Then
[ IEF @)oo de < C(Co. 1, Co) P2 g
Jr

Proof. Without loss of generality take Cy = 1. It suffices to establish (10.16) for b = 1.
As before, Ty F(X) converges for X € V and F € LP(0V), 1 < p < oo. In particular,

| [ Ji(z, 2)dz| < CJt.
Let A¢B(x) = vt * B(z). Then

T (@)| = [Tl (2) A B(2) (A B(2)) Y| < CITiI(2) A B(x)].

So we may write

Tl (r)AB(x) = /Jt ) /in
/thzdz/in (x y) B(y)dy — T)B(z) + Ty B(x)
/(th x,z)dz (xty) i, y))B()derTtB( )

~+

~

Let TyF(z) = [ Ji(z,y)F(y) dy, where

Ji(z,y) = (fjt(fﬁz) =, <$;y) - Jt(:v,y)) :

We have that
Q) Q) Q)
/ Th ()2 dt < C / ThI(2) A B(x) 2t dt < C / TLB(x) + TyB(x) 2t dt
0 0 0

0 Q)
< c/ |TtB(x)|2tdt+C’/ T B ()|t dt
0 0

and so by (10.19),

Q) Q)
// ]Ttl(a:)|2tdtdx§C’// T B(@) % dt dx + C|Q).
QJ0 QJo
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So we need only show that

(9
// Ty B(z)|*t dt dz < C|Q)|.
QJ0

We will do this by applying Theorem 10.12 and Lemma 10.4 to 7.

By assumption, J; satisfies (10.13-10.15). We need to show that Jy does as well; it suffices
to prove this for Jy(x,y) + Jp(x,y) = f‘]t(fﬁz) dzv <x;y>

Recall that vi(z —y) = 0 if |z — y| > Ct. So (10.13-10.15) hold whenever |z — y| > Ct.

If |z —y| < Ct, then t = (t + |z — yl|), and so
C AV C
tn—i—lv t — n+l

- C - C ( Ct )“
Tt A lr—y)n Tt e -y \t+ |z —yl)

| Je(z,y) + Je(z,y)| <

If |y — 9| < t/2, then since 0 < a < 1,

‘th(;,lz) dzv <x—y) RACE) dzv (:c —y’)‘

t tn t

/
T—y T—1y 1
o(7) =0 (F0)| < ralvliely - v

) _ ) _ Q@ _
B Rt A Gl 1 P A VA et 1)) MR k'l G
bt +[o =yl t(t+ |z —yl)" bt + |z —y|)mre

< C
- tn—i—l

If |x — 2| < t/2, then

‘th(Z:T,Lz) dz (:r; — y) 2 dz (r’ - y)‘

t tn t
— l —
< ‘th(a:,z) dzv (a: y) R dzv (m y)‘
tn t tn t
N [ (@, 2) dzv T—y\ [ T, 2) dzv v —y
tn t tn t
Clz—z'|

The second term is at most as before. Since |z — y| < Ct, the first term is at

t(t+z—yl)n T
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most

vl| o0 C r—a|¢
[[oll oo ||L /\J x,2) — Ji(2', 2)| dz < t_”/ ( | | "

t(t + |z — z|)nte
Cle — 2/|* Cle — 2/|*
= T S i g

Thus J; satisfies (10.13-10.15).

Also, since [v =1, we have that

TI(z) = /(M xnz ) dz v(x;y) —Jt(x,y)> dy
/thzdz/ ( )dy /thydy—o

So by Theorem 10.12,

/Rn+1 Ty F(2) Pt do dt < C|F[72gn

for any L? matrix-valued function F, and so by Lemma 10.4, we have that

w )
/Q/O T,B(@)2tdt de < OBl 0|0

This completes the proof. O

10.3 Operators on Lipschitz domains

We now wish to generalize the results of the previous section to arbitrary good Lipschitz
domains V.

We begin with special Lipschitz domains.

Theorem 10.21. Suppose that Q2 C R2 is a special Lipschitz domain with Lipschitz constant
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kq, and that J : R? x R? — C2*2 satisfies

dist(X, 09)@
dist(X, 09)[X — Y|+’

X_X/‘Oé
JX. V) -JX' V)<C |
(X, Y) (XY < dist(X,00Q)| X — Y |I+a’

Y_y/|0[
J(X,)Y)-JX, Y <C | '
IJ(X,Y) = J(X,Y)| < dist(X, 00)[X — Y[I+a

[J(X,Y)[<C

Define TF(X) = [yq J(X,Y)F(Y)do(Y).
Let B : Q) — C2*2 satisfy

-1
sup |B(X)| < Cp, sup <][ B) <. (10.22)
XeoQ ACOS) connected A
Suppose that for any X € 02 and any R > 0,
/ ITB(X)|? dist(X,0Q) dX < Coo(B(Xp, R) NOKQ). (10.23)
B(X(,R)NQ

Then for every F € L?(9) — C?*2),
/ [TF(X)[ dist(X,09) dX < C(Co, C1, Co, k)IIF 1325y
Q (092)

Proof. This follows from Theorem 10.19 by a change of variables. Define the matrix-

valued function B(z) = B(¥(x))\/1+ ¢/ (x)%; then sup,eay |B(x)] < Co(1 + ||¢'| 1),
2\ —1 .
and sup, per ’ (f; B> ‘ < C1(1 + [|¢||fec). By Lemma 6.13, this means that B satis-

fies (10.18).
Let Ji(z,y) = J(W¥(x,t),¢(y)). Then J; satisfies (10.13-10.15). If we let Ty F(x) =

Jr Ji(z,y)F(y) dy, then

TtB(w)I/RJt(x,y)B(y) dy:/

" J((x, 1), ¥(y)) B(v(y)\/1+ ¢ (y)% dy

_ /aQ J(W(x,0),Y)B(Y) do(Y) = TB(4(a, 1))
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and so if @ C R is an interval and zg € @), Xo = ¥(zq), then

// Ty B(x 2tdtdx—// ITB((x, 1))t dt dz

/ ITB(X)|2C dist(X, 09Q) dX
P(@x(0,1(Q)))

< / ITB(X)|?C dist(X, 8Q) dX
(X0,CUQ))N

< CCol(Q).

Thus, by Theorem 10.19, we must have that
// |TLF (z)|*t dt dw < C||F|| 2
R}

for all F € L*(R +— C2*2). But since T3(\/1 + (¢')2F)(z) = TF(¢(x,t)), we must have
that
/ TF(X)P dist(X, 00) dX < C|[Fl| 2 50
Q

for all F € L?(9Q — C2*?), as desired. O
We now wish to move to good Lipschitz domains with compact boundary.

Theorem 10.24. Suppose that J : R? x R? — C2*2 satisfies

1

IV < Oy (10.25)
X — X'

J(X,Y) - J(X' V)| < Cm, (10.26)
Y Y/|Oé

Define Ty F(X) = [o J(X,Y)F(Y)do(Y).

Assume that for each special Lipschitz domain Q@ C R? with Lipschitz constant kq, there
exists some Bq : 0 — C?*2 which satisfies (10.22) and (10.23) with constants depending
only on kq.
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Then if V. C R2? is a good Lipschitz domain with Lipschitz constants k;, and if F €
L2(QV +— C?*2) we have that
2 3 2
/V|TVF(X)| dist(X,0V)dX < C(ki)”FHL?(BV)‘
Proof. This follows trivially from the previous theorem if V' is a special Lipschitz domain;

thus we may assume that 9V is bounded. By Definition 2.4, there are ko special Lipschitz

domains §2;, with Lipschitz constant at most ki, such that

k2
oV C U oQ; N B(X;,r;)
i=1
where r; > o(0V)/C and X; € OV, with Q; N B(X;,2r;) =V N B(X;, 2r;).
So we may write ' = Zfil F;, where F;(X) = 0 outside of B(X;,r;), and ) _; |F;(X)| =
|F(X)| for all X € 0V,
Pick some ¢ and note that Ty I = T; Fj, where T; = Tq,. By Theorem 10.21,
[ BRG0P st (X, 00, dX < COIF 2 g0,
i
Recall that 9Q; N B(X;,2r;) = 0V N B(X;,2r;). If X € B(X;,3r;) NV, then either
dist(X,0V) = dist(X,d9;) or X is closer to some point in B(X;,2r;)¢ than it is to dV N
B(X;,2r;). In this case, dist(X, 0€;) > r;/2 > %|X—XZ-| > %dist(X, dV'). So in either case,

/ |T; F;(X)|? dist(X, V) dX
VﬂB(XZ',?)TZ’/Q)

<

/ 1T Fy(X)|2 3 dist (X, 0) dX
QiﬂB(Xi,?)’ri/Q)

<3 [ AP AsX,00)dX < CODIR Iz 0,
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Conversely, suppose that X ¢ B(Xj, %’I"Z) Recall that r; = o(0V'). Then

C
TV R0| = | [ JXYIFY)do()) < R do(Y)
B(X;,r;)n0V B(X;rp)nov | X =Y
C
< — = F: (Y FE;
< e o IR0 o) € e VAVl 200,
So
/ Ty Fy(X)|? dist(X, 0V) dX
VA\B(X;,3r;/2)
C ) ) C
< —_— F; dX < F; —
< o T 7 OV 204X < ORI 0 0V)

CIIFHL2 V)

Putting these together, we see that

[ T ECOR ais (X 0v) dx < ORI,
Vv

So
ko 9
/ Ty F(X)|? dist(X,0V) dX = / ‘ZTVFZ-(X)‘ dist(X,0V) dX
v Vi
=1
ko
<k / 1Ty F5(X)|? dist(X, 0V) dX
. 1%
=1
ko
<CY |IFl72 <CIF|3..
=1
This completes the proof. O

10.4 The Dirichlet problem on a Lipschitz domain
We now return to the Dirichlet problem. We want to show that

/ IVDf(X)|? dist(X,09) dX < C||f||%2(m) (10.28)
v
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for V' a good Lipschitz domain.
Recall that Df(X) = [y v - ATVIE fdo. So

VDf(X) = VX/ v- ATV fdo
oV

_ / <0m10y1r§<Y> Oy Oy TR (V)
ov

AY )WY ) fY)do(Y
Oy 0y, Tk (Y) a;z:QayQFJ);(Y)>( (Vv f(¥) do(Y)

We would like to apply Theorem 10.24 to this expression. We must define J and the Bgs.
The obvious candidate for J(X,Y) is

(8x13ylf7>}<Y> 0x18yzf§<Y>)
Oy Oy F§ (V) 2y 0y, F§ (Y)

Unfortunately, this matrix is not Holder continuous; however, a nearby matrix is. Recall

that

Be(Y) = BA(Y) = <a11(Y) a21(Y)> BT = (alléX) alzl(X)> '

Define
0,0 TR (Y) 00,0, T ()

J(X,Y) = B§ (X) (
01,0 TR (Y) 010,15 (V)

) Bg(Y)!

and let TF(X) = [0 J(X,Y)F(Y)do(Y) as usual. Then

VDf(X) = B (X)~! /6'Q J(X,Y)Bs(Y) ™ AYWw(Y) f(Y) do(Y)

o if we let F(Y) = Bo(Y)PA(Y) (w(Y) w(Y)) S(Y), then [VDf(X)| < C|TF(X)] and

|F(Y)| < C|f(Y)]; thus, we need only show that J satisfies (10.25-10.27) and define the B
appropriately. This will establish (10.3), which by Lemma 10.4 will prove Theorem 10.1.

We begin with the conditions on .J. As in Section 10.1, |J(X,Y)| < C/|X — Y|?. We

may write
T T
J(X,Y) = (ayla@r%( ) ayanzr;( (Y)> Bg(Y)".
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Since all of the X-derivatives are now in terms of x9, and A(X) is independent of z9, we
have that each component is a solution to an elliptic equation in X. Thus, J(X,Y) must be

Holder continuous in X, and in fact by Lemma 3.7 must satisfy

X - X/«
JX'Y) — J(x, ) < ol XX
| ( 9 ) ( 9 )|— |X—Y‘2+O‘
for all | X — X'| < 3|X — V.
Similarly,
Y_yl'OL
JX. Y= JX.Y <C|—
| ( ) ) ( ’ )|— ’X—Y’2+O‘

for all |Y —V/| < 31X — V.
So (10.25-10.27) hold. Fix some special Lipschitz domain €2; we need to find a B = B
which satisfies (10.22) and (10.23).
Let
BY) = (Bs()") ™ (AW )w(Y) =(Y)).

Then f¢((a py) BY)do(Y) = fa{) Bi(y) dy where By(y) is as in (2.34). From Section 6.4, we
know that B satisfies (10.22). Furthermore,

(Bg’(x)f)_lTB(X) - (Bg(X)t>_1/J(X, Y)B(Y)do(Y)

- / <8~””18y1F§ 8$18y2r§> <Ay T) do(Y)
00 \ Oy Oy T% Oy Oy T

= / (vX(y-ATvrgf((Y)) VX(aTP;Q(Y))) do(Y)
— [ (Vx@ %) Vx@ %)) dofy)

- /87 (fo§(Y) VXF§(Y)> do(Y)

which equals 0, since VXF§(Y), VXF§(Y) go to zero as | X — Y| — oo. Thus, B satisfies
(10.23) as well and (10.28) is proven.
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CHAPTER 11
REMOVING THE SMOOTHNESS ASSUMPTIONS

We have proven (the existence halves of) Theorems 1.5 and 1.7 only under the assumption

that A, Ay are smooth.

Theorem 11.1. Fix some A, \ and ¢y. Let V be a good Lipschitz domain, and suppose
that solutions to (N)]’;l, (R);;l, (N){l, and (R)‘l4 exist for all matrix-valued functions A sat-
isfying (1.2), || Im Al| ;o < €p, and which in addition are smooth and satisfy A(x) = I for
large |z|.

Let A be a matrix-valued function that satisfies (1.2) and || Im A||;c < €y, but not
smoothness or A(x) = I for large . Then there exist solutions to (N)4, (R)? (N)‘fl,

b b
and (R)‘l4 inV.

Proof. By Lemmas 3.9 and 3.10, there exist regularity or Neumann solutions for boundary
data in (dense subspaces of) H or LP. We need only show that they have the desired bounds
on their non-tangential maximal functions.

Let u be the Neumann or regularity solution to v - AVu = g or 0ru = g, where g € H;t.
We have that Vu € L2

Assume 7 > 0 is small, and let A, (z) be a smooth matrix-valued function satisfying (1.2)
such that |A(x) — Ay(x)| < n, for all x outside a set E; with |E,; N (=1/n,1/n)| <n. (Here
| | denotes Lebesgue measure in R!.) Let Vi =A{(z,t) : v € By, (z,t) € V}.

Assume that Aj satisfies all of the conditions of the theorem, so (N );1 " (R);ln, (N )14",
and (R)7" hold in V.

Take u" to be the solution to (N);h7 and (N)f”, or (R);,477 and (R)f”, developed in the
rest of this paper with the same boundary data as .

[ claim that, if Y € V and r < dist(Y,0V'), then

][ Vu — Vu'l]? < @
B(Y,r) r

125



where o(n) — 0 as n — 0.
Suppose my claim is true. By (3.8), if Y € (X)) then

Vu(Y)? < C f Vul?
B(Ydist(Y,0V)/2)
< (J][ |vu—vu’7|2+0][ IVu|?
B(Y,dist(Y,0V)/2) B(Y.dist(Y;0V)/2)
0(77) n 2
= C sy, v )2 + CN(Vu')(X)“.

Therefore, if we let
Nsf(X) =sup{|f(Y)]: (1+ |X|2)5 < | X =Y| < (1+a)dist(Y,0V)},

then N5(Vu)(X) < % + CN(Vu)(X). So [N5(Vu)|zp < C2L + CN (V)1
for all 1 < p < oo. (The decay in X is necessary to ensure that this is true for OV not
compact, that is, V' = Q a special Lipschitz domain.)

But [[N(Vul)[[ 1 < Cllgll g1, IN(Vu)llp < Cligllze for 1 < p < pg. By taking the
limit as 7 — 0, we see that || N5(Vu)| pp < Cpllgllpr and [|[Ns(Vu)|l;1 < Cllgll ;1 uniformly
in ¢; thus these inequalities must hold for N(Vu) as well.

So I need only show that

][ IVu — Vull]? < ig).
B(Y,r) r

Fix some choice of . We have that u' is a Neumann or regularity solution with boundary
data in H' or H! N LP. Since our solutions are of the form S((K%)~lg), the (N)fh7 and the
(N);177 solutions are the same. So N(Vu') € LY (V).

If V is bounded or special, then by Lemma 3.3, Vu' € LQ(V), uniformly in 7.

If V< is bounded, recall that u(X) = S”(Pn_lg) where P, = (LA or (Kén)t. Since
both these operators are invertible on H! we have that u/ = S"f for some f € H'. But
then f = 0;F for some F with ||F| poo < [|f][;1 < Cl|g|lg1; then

W(X)] = |87, F)(X)] = \ [ 7Tk Fao| < Clalpotovyy ascx.o)
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and so by Lemma 3.4 and (3.8) we have that [Vu(X)| < Cl|g|| ;10(9V)/ dist(X, V)2, So
in particular Vu is still in L? uniformly in 7.
Pick some W C V compact and large enough that B(Y,r) C W and supp g C 9V NoW.

Then if uyy is any constant, we have that
/ Vu — Vu'l|? < CRe/ (Va — Vul) - Ay(Vu — Vu')
W W
= C’Re/ V(u—ull) - (AVu — Ay Vu') + (Va — Vul) (A4, — A)Vu
w
= C’Re/ Tr(u — ul —uy)(v - AVu — v - Ay)Vu'l) do
ownov
+C’Re/ Tr(u — ul —uy)(v - AVu — v - Ay)Vu'l) do
WV
+ C’Re/ (Va — Vul)(A; — A)Vu.
W

But since [A — Ap| <non V\ Vi,

’Re /V(vﬂ — Vm)(An - A)VU S OUHVUHLQ(V\Vn)(HVUHLQ(V\Vn) + ||vun||L2(V\Vn)>

+ ClIVull 2y, (IVul g2y + 1V 2 y7)

So the third term is at most o(n), independently of W. If V' is compact let W = V and
upy = 0; since u, u'l are Neumann or regularity (Dirichlet) solutions with the same boundary
data, [i, [Vu — V|2 < o(n).

If V¢ is compact then let W = W(R) = B(0,R) NV for large R; by Lemma 3.11
f@V v-AVu = fo”!V v - ApVu'l, even for regularity solutions. If V' = € is a special Lipschitz
domain, let W = W(R) = Q(0, R) for R large; if we are solving the regularity problem, we
must assume that upy = 0. In any case, the first integral is zero.

Averaging our inequality over a range of R, we get that

2R

/ Vu — Vu'l|? < 0(7))—|—£/ / lu —u" — upy | |[AVu — Ay Vu'l| do dR

W ( Ro Jr, Jow(r)\ov
C

lu — u'l — upy| |[AVu — ApVu'l|.

< + =
= o) iy /W(QRO)\W(RO)
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But AVu — A,Vul € L2(V), so

lim |[AVu — AgVu|| oy om0\ (ry)) = -

Rg—o0

We use the Poincaré inequality. If V< is bounded or we are solving the Neumann problem,
we may choose up such that

—_ N _ _ n

= = wwll 2w aropw(rg)) S CROIVY =Vl 2w o)\ w(sy))
If V is special and we are solving the regularity problem, then u — u" = 0 on 9V, a large
subset of (W (2Ry) \ W(Ryp)), and so
— N _ n
o=l 2w aroyw (rg)) = CROIVE =Vl 2w (o my)\w (Rp)):

By taking the limit as Ry — oo we see that

/ IVu — Vu'|? < o(n) (11.2)
Vv
as desired. O

Theorem 11.3. Fix some A, \ and ¢y. Let V' be a Lipschitz domain, and suppose that
solutions to <D)&4 and (R)]’;l, (R)‘14 exist and are unique for all matrix-valued functions A
satisfying (1.2), || Im A||f00 < €y, and which in addition are smooth and satisfy A(z) = I
for large |x|.

Let A be a matrix-valued function that satisfies (1.2) and ||Im Al|; < €y, but not

smoothness or A(x) = I for large x. Then there exist solutions to (D)(‘;l inV.

Proof. Suppose that f is smooth and compactly supported on V. Construct u, Ay, u" as
in the proof of Theorem 11.1, with Tru = Tru" = f, div AVu = div A, Vu'l = 0.
As in the proof of Theorem 11.1, by using Lemma 3.6 instead of (3.8) it suffices to show

that
/ fu — P < o).
B(Y,r)
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In fact, it suffices to show that fB(Y,r) lu — u? < C(R)o(n) for any B(Y,r) C B(0,R);
we then get a uniform bound on the LY norm of Ns pu(X) = sup{|u(Y)[ : 0 < [X - Y| <
(1+a)dist(Y,0V), |Y'| < R} which becomes a bound on |[Nul|r¢(gy) as before.

Fix W C V compact with B(0,2R)NV C W for R large. Then by the Poincaré inequality,

[v = fovnow Te ol 2y < CVIW)IVOll 2y

for all functions v € WH2(W).

Recall u" is the Dirichlet solution constructed in Theorem 1.5, with Tru' = f and
|Nullzg < C|fllpg. We will show (Theorem 12.4) that Dirichlet solutions and regularity
solutions with the same boundary data are equal; so u is also the regularity solution used

in the previous theorem, and so (11.2) still holds. So since Tr(u — u'l) = 0 on OV,
= w209y < CONIVa = Val24yy < COV) V= Vil 3,4 < o).

This completes the proof. O

Theorem 11.4. Fix some A, X and €y. Let V be a good Lipschitz domain, and suppose that
solutions to (R)pA and Theorem 1.7 exist for all matrix-valued functions A satisfying (1.2),
| Im A||f,00 < €, and which in addition are smooth and satisty A(x) = I for large |z|.

Let A be a matrix-valued function that satisfies (1.2) and || Im Al|f < €y, but not

smoothness or A(x) = I for large x. Then solutions to Theorem 1.7 exist for A in V.

Proof. First take f to be a smooth, compactly supported function on V. We may construct
a u with divAVu =0in V, Tru = f and | N(Vu)|zp < C||0rf||zp. We need only show
that (1.8) holds.

Define Ay, u" as before. Then as in Theorem 11.1, [Vu(Y) — Vu'(Y)| < % So
if X € 0V and R >0, and if V5 = {X € V : dist(X,0V) > d}, then

1 / IVu(Y)|? dist(Y, 0V) dY
R JB(x,R)nV;

=9 (IVa(y) = VW) 4 [Vu (1)) dist(¥,0V) ¥
R JB(x.R)nV;

<2 o(n)

- —__JdY +C 2
R JB(x.R)nV; dist(Y, 0V) 1 Baro
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and so by letting n — 0,
1
S V)P, av)ay < €l o
R JB(X,R)"V;

uniformly in J; by letting 6 — 0 we recover Theorem 1.7 for smooth, compactly supported
boundary data.

We now consider moving to nonsmooth, compactly supported boundary data. (I did not
do this explicitly when proving Theorems 11.1 and 11.3 because smooth functions are dense
in LP; they are not dense in BMO.)

Since f is compactly supported, f € LP for 1 < p < oco. Let p be large enough that
(D)j;1 holds in V. Let f, — fin LP, f;, smooth and compactly supported, with || frn|| garo <
ClfllBaro- Let uy be the solution with boundary data fp,.

Then [|N(un — wm)ll 2o < Cllfi — finll o 50

< Can - fm“LP

Cll fn — fm
~ dist(X,9V)1/P’ [Vun(X) = Vun (X)| < [frn = fmllzr

n(X) — um (X < .
[un(X) = um ()| dist(X, oV)1+1/p

Thus, {u,} converges almost uniformly to some u with the right boundary data; we see that

for any X € 0V and any R > 0,

1 / IVu(Y)|? dist(Y, dV) dY
R JB(X,R)nV;s

</ (IVu(Y) — Vun(¥)P + [Vun(V)?) dist(¥.0V) dY < C|fll 510
R JB(x,R)nV;s
for n large enough; by letting 6 — 0 we complete the proof.
We now want to pass to non-compactly supported f. If 9V is bounded this is trivial, so
we may assume that V' = ) is a special Lipschitz domain. Without loss of generality, 0 € 02
and 1(0) = 0.
Let f € BMO(0Q2) with ||f|lparo = 1. Let Ay = A(0,2"), and let f, = f on Ay, fr, =
fAn fdoon 0Q\ A, 41; we may define f, on Ay 41\ Ay in such a way that || fnll garo < C.
Then f;, is a BMO function. Furthermore, f,, = g, + ayn, where a;, = JEAn fdois a
constant and g, is supported in A, 41, fAnH gn < C. By the John-Nirenberg inequality,
this means that |ga]l2» < Cp(C + llgnll Baro) Ans1[17 < Cp20/.
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Let uy be the Dirichlet solution to div AVu = 0 in Q with boundary data g,. Then
Up+41 — Up is also a solution, which is equal to the constant oy, — a1 on Ay,
Let vy, = Uup4+1 — Un + a1 — ap. Then vy is a solution to div AVu = 0 in € which is

equal to zero on Ay,. By Lemma 3.6, if | X| is small enough compared to 2", then

1/p
|wmm\s<f \mw>
B(X,27/C)
1/p
< (][ a1 — Oén|p> + (][ [Un+1 — un’p)
B(X,2"/C) B(X,2"/C)

C c2am » 1/p
SOt / luns1 = nlzp @ .0)

C
<C+ %HN(UTHA —un)llr(o0)

1/p

<C+ 2n/pllgnlle(aQ) 2n/p||gn+1”LP o0) < C.
By Lemma 3.7,
[onllz2(p (0,20 C)NQ)
on(X) — vn(0)] < O EBOLION 1o < ¢ x|,

Thus, |vp(X)| < C|X|*/2™ for sufficiently large n. Therefore, ug(X) + ag + >, vn(X)
converges for all X, uniformly on compact sets. The sum u(X) has the proper boundary

values, and since

n
X)+ag+ Y vp(X) = up1(X) + g1,

u satisfies the Carleson-measure condition; thus, solutions to Theorem 1.7 with arbitrary

BMO boundary data exist. n
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CHAPTER 12
CONVERSES AND UNIQUENESS

We have show that, if V' is a bounded or special Lipschitz domain and f is a function defined

on OV, then there is some u with div AV« = 0 in V' and such that

If f € HY(OV), then v- AVu = f (or 7- Vu = f) on 9V and N(Vu) € L' (9V).

If felLP(OV)N Hl(aV) for p > 1 small enough, then v- AVu = f (or 7-Vu = f) on
JV and N(Vu) € LP(OV).

If fe LP(OV) for p < oo large enough, then v = f on 9V and N(u) € LP(9V).

If f € BMO(OV), then u = f on 0V and (1.8) holds.

We wish to prove the converses, and to show that such u are unique.

12.1 Uniqueness for the Neumann and regularity problems

Theorem 12.1. Suppose that div AVu = 0 in V' for some Lipschitz domain V. Assume
that either v- AVu =0 on 0V or u = C on 9V for some constant C'.

If Vu e LZQOC(V), with imp_, fB(O,2R)\B(O,R) |Vu|? = 0, then u is a constant.

In addition, if V = ) is a special Lipschitz domain, then by previous results there is some
po > 1, depending only on ellipticity and the Lipschitz constant of €2, such that if 1 < p < po,
then solutions to (N)4 and (R)]‘;1 exist in (0, R) for all R > 0. If N(Vu) € LP(0Q) for

b
some 1 < p < pg, then u is a constant.

If either Vu € L2(V) or if N(Vu) € LP(dV) and lim| x| u(X) exists, then by Lem-
mas 3.3 and 3.4 u satisfies the conditions of the theorem. We phrase our conditions in this
way to ensure that solutions obtained via layer potentials and the solutions of Lemmas 3.9
and 3.10 are equal.

In the regularity case we may assume without loss of generality that © = 0 on OV
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Proof. Pick some R large, and let W(R) = V N B(0, R) (if 0V is bounded) or W(R) =
Q(0,2R) (if V' = (2 is special). For any ¢ > 0 there is some n € C°(B(0,2R)) such that
|V — VUHLQ(VQB(O R)) <€ (See [11, p. 252].) We may further require that

C
IV 2 empar e < CIV vy * 3 14— fve | o omyominy

< ClIVull 2w 2m)\ W (R)):

If w =0 on OV, then we may require that 7 = 0 on JV as well.
But by the weak definition of v - AVu = 0 or div AVu = 0, we have that

/ Vn-AVu =10
VNB(0,2R)

and so

|/ Viu - AVu
W(2R)

:‘/ (Vu —Vn) - AVu
W(2R)

< / Vi — Vil AVl + / (V| + |Vu))| AV
W(R) W(ER)\W(R)

2
< C’6||VUHL2(VmB(O,R)) + C/W@R)\W(R) vl

We first take the limit as € — 0 to eliminate the first term; we then take the limit as R — oo,
which eliminates the second term. Thus by ellipticity of A Vu = 0 almost everywhere, so u
must be a constant.

We now consider N(Vu) € LP(09) for p small. Since N(Vu) € LP(092), for any fixed e,
Ry > 0, there must be some R > Ry such that N(Vu)(¢(£R)) < eR™1/P. Recall that we
assumed a was large enough that 9Q(0, R) C v4(x+) Uva(x—).

Pick some Ry, €. Then

lv - AVull poaoo,r)) < Ce or |7 Vulloago,ry) < Ce

depending on whether v - AVu = 0 or 7- Vu = 0 on dQ. (If p = 1, then the H(Q(0, R))

norm is at most Ce as well.)
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If p is small enough, then there exists a v with divAVv = 0 in Q(0,R), v = u or
v+ AVv = v - AVu on 0Q(0, R), and HN(VU)HLp(@QR) < Ce. Since uniqueness holds in
bounded Lipschitz domains, « = v and so by (3.1) |Vu(X)| < Cedist(X,9Q)"YP for all
| X | < Ry/C. By taking the limits as Ry — oo and € — 0, we see that Vu = 0, as desired. [

12.2 [P uniqueness for the Dirichlet problem

Theorem 12.2. Let V be a bounded good Lipschitz domain. Assume that p > 1 is small
enough that (R)ng holds in all bounded Lipschitz domains with constants at most C(k;),
where the k; are the Lipschitz constants of V', and C(k;) is a constant depending on the k;
(to be chosen later).

Then if diiv AVu=0inV, Nu € L9(0V), and u =0 on OV, thenu=01in V.

Remark 12.3. As in the proof of Theorem 12.1, if this theorem holds, and in addition ¢ < oo
is large enough that (D)f;l holds in all of the subdomains (0, R), then we have uniqueness

in special Lipschitz domains.

Proof. Define Vi = {X € V : dist(X,0V) > ¢} as before. By the dominated convergence
theorem, for any € > 0 we can find some §y such that, if § < Jp, then HU||LQ(8V5) < e
The proof will work (roughly) by constructing the Green’s function in Vs and bounding its
normal derivative in LP(0Vjy) uniformly in §, which will force u = 0.

Let f5 = ulgys. By continuity of u, we know that fs is bounded (if large).

Let v5(X) = w(X)ns(X), where 75 = 1 on V5 and n5 € C5°(Vs/). We may extend vy
by 0; we then have that v is continuous on R2, compactly supported, and has a bounded
gradient.

Therefore, if X € Vj, then

uw(X) = v5(X) = —/Vv5~ATVFT = —/

AVus - VT — / Vus - ATVTYL
Vs Ve

The second integral is simply

Vus - ATVTE = — / vsv - ATV do
Ve oV,
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and [|v - ATV | o avy) < CIVIK N 1o(avy) < Co(dVO)V/P/ dist(X, 0V5) by (4.1). Thus
this integral is at most eC'a(9V)1/P/ dist(X, V), which goes to zero pointwise as € — 0.
Again by (4.1), we have that on 0V, 7- VI'x is bounded and integrates to zero (hence
is in H') and satisfies 10T x || povy < Co (VP dist(X,0Vs). Let ®x be the solu-
tion to (R)AT in Vs with boundary data ®x = F%. This means that |[N(V®x)|p <

p
Co(aVOL/P/ dist(X, 8V;), and so @y is bounded in Vs and Vo € L2

loc’

Therefore,

/Awg-vﬂ(:/ F§V-Aw5=/ (I)XV-AVU5dU=/ Vo y - AVus
Vs Vs Vs Vs

:/ v(;u-ATV@Xda:/ uv - ATV®y do
OV OV

Again, this is at most eCo(dV?)Y/P/dist(X,0V) and so we see that u(X) = 0 for all
XeV. [

Theorem 12.4. Suppose that V is a good Lipschitz domain. Let f be defined on OV such
that f € LY(OV), Orf € LP(OV), where q¢ < oo is large enough, p > 1 is small enough
that solutions to (D)gl, (R)]’g1 exist and are unique in V' (and, if V' = € is special, in all the
Q(0, R)s).

If w is the solution to (D)3 and v is the solution to (R):g1 with boundary data f, then

p
u=wvinV.

In this theorem, we do not require that p, ¢ be conjugate.

Proof. If OV is compact then v is bounded in compact sets by Lemma 3.3. If V¢ is bounded
then lim‘ X|—00 v(X) exists by definition of regularity solution, so in any case v is bounded
in V. But then Nv is bounded. Since 0V is bounded, v is a Dirichlet solution and we need
only apply Theorem 12.2.

If V= Q is a special Lipschitz domain, then for every Ry > 0, € > 0, there is some
R > Rgsuch that limyz_, 1 gy ¢ w(Z2) = u(¥(£R)), Nu(Y(£R)) < eR~Y4, N(Vv)(£R) <
eR™1/P,

Define up in Q(0, R) as follows: div AVug = 0in Q(0, R), up = u = v on 0Q(0, R)N L2,
and on 0Q(0, R) \ 09, ur = 0 except for the two segments of length R4 near 6, where
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up is to decrease linearly from u(i)(£R)) to zero. Then |0;up| < ¢/R on 0Q(0, R) \ 99, so
if R is large enough then

12 o
lurllza@go,r)\00) < 2¢R 14" < ¢ ”aTuRHLP(aQ(QR)\aQ) < 2eRY/P=1/ a1 ¢

Since Q(0, R) is bounded, up is both a Dirichlet and regularity solution, so

INurlLaoag) < lurlliLa@ag),  IN(Vurlps@oagy) < 19-urllpsoay,)

I claim that as Ry — oo and € — 0, Vup(X) approaches both Vu(X) and Vou(X)
pointwise (not uniformly); this suffices to show that Vu = Vv, and so u = v up to an
additive constant (which must be 0).

First,
lu—upllLapagy) = llv —urlliLapago0) < lurllLa@ap o) + llullLaoago0) < CF
and so ||N(u—upR)|lpe < Ce; therefore, if X € Q(0, R/C) for C' large enough,
lu(X) — up(X)| < Cedist(X,00p) 1 = Cedist(X, 09) /4.
Therefore, by Lemma 3.4,
IVu(X) — Vug(X)| < Cedist(X, 9Q)~1~1/1.
Next, note that if p > 1,

1070 = Orugll oo ) = 11070 = Orugll Loan )\ a0)

< HaTuRHLﬁ(aQR\aQ) + HaTUHLz?(aQR\aQ) < Ce.

So by Theorem 12.1, [|[N(Vv — Vupg)|/ ¢ < Ce.
If p=1 then

|0rup — 87““[{1(391{) = [|0rup — 57””}11(393\89)
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This is a set of size at most CR, and |0rupl|, |0rv| are each of size at most €¢/R. So
|IN(Vug — VU)HLl((?QR) < C||orup — 8TUHH1 < Ce.
In either case, if X € Q(0, R/C), then

IVu(X) — Vup(X)| < Cedist(X,0Q(0, R)) VP = Cedist(X, 90Q) /7.

Thus, by letting € — 0, we see that Vu(X) = Vu(X), as desired. ]

In Chapter 13, we will use the preceding theorems in bounded Lipschitz domains to prove

a maximum principle. We may use it to establish results for bounded solutions.

Lemma 12.5. IfV is a good Lipschitz domain and u is a bounded solution to div AVu = 0
inV,and ifu=0o0ndV, thenu=0inV.

Proof. If 9V is bounded then the theorem follows trivially from Theorem 12.2. Without loss
of generality assume that ||ul/z00 < 1.

If we knew that Vu € Ll2oc’ then we could use Lemma 3.4 to show that ||Vu||L2(Q) <C.
Unfortunately, we do not.

Pick some X € 0V, and let R be small enough that Q(X, R) exists. For every e,
R >0, let ug, = u on 9Q(X, R), except on {X € 9Q(X, R) : 0 < dist(X,09Q) < €}; on
this set up . is to increase from 0 to u smoothly. Take div AVug . = 0. By Chapter 13,
[up,ell Loo((x,r)) < C-

Since u is bounded, we know that for ¢ large enough, | Ng(x g)(u — uge)llre < Cella.
By Lemma 3.4, (3.1) and (3.8), if Y € Q(X, R), then

1/
Vu(Y) - Vup (V)| € ——c .
’ dist(Y, 0Q(X, R))1+1/a

From Lemma 3.4 and (3.8), we know that [Vu(X)| < C/dist(X,0V). So |Orug | < C/e
on 0Q(X, R). We know from Theorem 12.4 that u R,e must equal the regularity solution,
and so by Lemma 3.3 Vug . € L2(Q(X, R)) (with norm at most CR/e).

So we may apply Lemma 3.4 to get that

[ v lscf updl<c
Q(X,R/2) Q(X,R)
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So if £ C Q(X, R/2) with dist(E, 0Q(X, R/2)) > §, then

C|E|€1/q
/|VU\2<2/ |VU_VURE|2+2/ [Vup|” < “siti/a +C

By letting € — 0 and then letting § — 0, we see that Vu € L?(Q(X, R/2)) for all X € 9V
and all R small enough that Q(X, R) exists. So Vu € LZOC(V); so we may use Lemma 3.4

to see that Vu =0, so u is a constant (and in fact zero). [

Corollary 12.6. Suppose that (D)f;l holds in a good Lipschitz domain V with bounded
complement. Suppose that Nu € L4, divAVu =0inV, and v = 0 on 0V. Then u = 0
inV.

Proof. We need only show that u is bounded in V. But by (3.1),
[u(X)| < || Nul| o/ min(dist(X, 0V), o(9V)) /4

so we need only bound u near 9V.

Let X € 0V, and let r be small enough that Q(X,r) exists. Assume Nu(x+(X,r)) < oc.
Then by Chapter 13, u is bounded in Q(X,r). For any sufficiently small § > 0, we may
cover {X € V :dist(X,0V) < ¢} by finitely many such Q(X,r), and so u is bounded on V,
as desired. O

12.3 Square-function converse and uniqueness

In this section, we will prove the following theorem:

Theorem 12.7. Suppose that V is a bounded Lipschitz domain, div AVu =0 in V', and

75 )y
sup |
Yoeav, r>0 0(0V N B(Yy, R)) JvnB(vy,R)

Vu(Y)[? dist(Y,0V) dy < C2. (12.8)

If |A — Agl|poo is small enough, q < oo is large enough, and if Xy € V', then

Yo o0V)
( . N(u —u(Xp))? dU) < CCW' (12.9)
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To prove this theorem, we need the following lemma:

Lemma 12.10. If (12.8) holds in V', and U C V is a bounded Lipschitz domain, then (12.8)

holds in U as well, with constants that may depend on the Lipschitz constants of V.
The theorem and lemma together have several useful corollaries:

Corollary 12.11. Suppose that V' is a good Lipschitz domain, div AVu = 0 in V, and u
satisfies (12.8).
If ||A — Ag|| oo is small enough, then ulgy € BMO(OV) with BMO norm at most CC.

Corollary 12.12. Suppose that u satisfies (12.8) in a good Lipschitz domain V and that

u|gy Is a constant. Then w is constant.

Proof of Corollary 12.11. Let A C OV be connected. We need to show that f5 [u—ua|do <
CC for some constant ua .

If OV is compact, we may assume that o(A) < o(0V)/C. So in particular, we may
assume that A is small enough that A = 0Q(X,r) NIV for some X € JV and some r small
enough that Q(X,r) is defined.

By Lemma 12.10, (12.8) holds in Q(X,r). Let Xy € Q(X,r) with dist(Xp, 0Q(X,r)) ~
r =~ o(0V). Then if ¢ is as in Theorem 12.7,

][A = u(Xo)| do < (][A = u(Xg)|? da) v <](€Q(X7T) N(u — u(Xp))? do—> v <cé.

Choosing uan = u(Xp) completes the proof. O

Proof of Corollary 12.12. By Lemma 12.5, we need only show that w is bounded. If V' = ()
is a special Lipschitz domain and X € 2, then X = «(x,t) for some x € R, ¢t > 0. Let
X* = ¢(z,0). By Lemma 12.10, (12.8) holds in Q(X™,2t). But dist(X,0Q(X*,2t)) ~ t ~
g(0Q(X*,2t)), so

[u(X)] <

+ [lull Lo (90)

u(X) — ][ u
A(X*2t)

1/q
< 00 +C f N(u—u(X))4d < 00 ‘f‘Oé
< [ull Leo (a0 ( DO 20 (u —u(X)) 0) < lJull poeo a0
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and so u is bounded in (2.

If OV is bounded, examining the domains Q(X,r) for small r as above shows that w is
bounded near V. Let Ry be large enough that 0V C B(0, Ry). Then since u is continuous
away from 0V (Lemma 3.7), we can bound w inside of B(0,3Ry) but away from 0V as well;
so we can bound u on all of B(0,3Rg) N V.

If V' is bounded we are done. If V' is not bounded, then if | X| > 3Ry,

1 / 2| X]| ~2
Vu < CC-.
o(0V) B(X,\X|/3)| "3

So by (3.8), [Vu(X)| < C’\/C’QU(0V)/|X]3 for |X| > 3Rp. Thus limyy |, u(Y') exists, and

CC\/o(0V
() — lim u(y)| < VIOV
Y |—o0 VIX]
for | X| > 3Ry. So u is bounded on all of V. O

We now prove the theorem and the lemma.

Proof of Lemma 12.10. Let Yy € OU, and let R > 0. We are trying to establish (12.8) with
V replaced by U. We need only show that

1
o(0U N B(Yy, R)) /UmB(YO,R)

IVu(Y)|? dist(Y, 0U) dY

1

< Vu(Y) |2 dist(Y,0V) dY
@V A B, 7)) /m<y0*,m>‘ () dist(¥, 0V

for some R* > 0 and some Y € 9V

Either oU C B(Yy, R) or o(0U N B(Yp, R)) > 2R; so if R < g(dU), then R < ¢(0U N
B(Yy, R)). Since U is bounded, we have that U C B(Yp, o(U)) for any Yy € U; so we may
assume that R < o(0U). Since we allow our constants to depend on the Lipschitz constants
of V' (but not of U), we have that o(0V N B(Y;, R*)) < CR*.

So we need only show that

% IVu(Y) 2 dist(Y, 0U) dY < % IVu(Y)|? dist(Y, dV) dY.
UNB(Yy,R) VNB(Y,R*)
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If Yy € 0V, then since U C V, we have that dist(Y,0U) < dist(Y,0V) for all Y € U, and
that U N B(Yp, R) C VN B(Yy, R). So

1 1
— IVu(Y)|? dist(Y,0U) dY < = IVu(Y)|? dist(Y,0V) dY.
R JunB(Yy,R) R JvnB(vy.R)
Suppose Y € OU\IV. Let Yy € 9V with |Yy—Y| = dist(Yp,0V). If R > %dist(Yo, ov),
then

1 1
— IVu(Y)|? dist(Y,0U) dY < 3— IVu(Y)|? dist(Y, dV) dY.

R JunB(vy,R) 3R JvnB(v; 3R)

If R < %dist(Yg,@V), then let R* = dist(Yy,0V) + R. So R* > 3R, and for all Y €
B(Yy, R) we have that

1 Y — Yy dist (Y, 9V) dist(Y,0V) _ _dist(Y,dV)
— dist(Y’ < — 1< < <
gAY ) s = < s N v = v = R —2R = R*

and so

1

— IVu(Y)|? dist(Y, 0U) dY < i IVu(Y)|? dist(Y,0V) dY. O
R JunB(vy,R) R JvnB(vg,Rr*)

Proof of Theorem 12.7. First, assume that A is smooth and that v = Df for some f €

BMO(9V). Recall that K is bounded and invertible on H1, so [|Kf|lzao ~ I Baro-
We know from [24, Section 3] that if A is real, and div AgVv = 0 in a bounded Lipschitz

domain W, then
/ [N (v — 0(X0))|2 do(X) < 0/ Vo(X)|2 dist(X, OW) dX
ow %74

for any X € W with dist(Xo, OW) > Lo (W).
Let Ko = ICéO, Dy = Déo. We can bound ||Kof||garo as follows. Pick some A C 9V;
as usual we may assume that A = A(X,r) for some r small enough that Q(X,r) exists.

Let XA = X + %re, so r & dist(Xa,A) = dist(Xa,0V) =~ dist(Xp,0Q(X,r)) ~ 0(A) ~
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g(0Q(X,r)). Then

2
(f, os ~ Dos(Xa)ldo) < f, IKaf = Dos(xs) do
A A

c B 2
< =y /acg(X,r) N(Dof — Dof(Xa))
C -
< =N /Q o IV Do f(Y)|? dist(Y, 0V) dY

C

< VDo f(Y)?dist(Y, V) dY.
~o(h) /B(X,CJ(A))0V| 0/ (VI dist( )

This implies that

C

1Ko fII? < sup = IV Dof(Y)]? dist(Y, 0V) dY.
BMOWV) = v cov =0 R Jp(x,m)W

Recall from Chapter 10 that

sup VDY) dist(Y,0V)dY < Cllf | suso.

xeav, k>0 B JB(X,R)nV
So by analyticity, if we let a = ||A — AOHLoonH?BMO ~||A— A0||LooHICf||2BMO,

IKf %00 < IKofl %00 + Ca

<  sup ¢ / IV Do f(Y)|? dist(Y,0V)dY + Ca
xeav, R>0 B JB(xX,R)nV

< sup ¢ IVDf(Y)|? dist(Y,0V) dY + Ca
Xeav, R>0 B JB(X,R)nV
C

IVu(Y)? dist(Y, V) dY + Ca

= sup —=
xeav, k>0 B JB(X.R)nV

< CC? 4+ Ca < CC% + C||A — Aol o |Kf 5 0r0-

Thus if ||A — Agl|fc is small enough, we may hide the last term. Thus, Kf = u|gy is in
BMO with norm CC'.
But since 9V is compact, by the John-Nirenberg inequality ([27, p. 144]), if 1 < ¢ < o0,
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then for C'y = f@V KCf we have that
1 = Collzogavy < ClIKS | progav)o(0V)P < CCa(@V)!/?.
But since V' is bounded, K1 = 1, so since K is invertible on LI(0V'),

I = Cllzaav) < CIK = Cpllsaav) < CIKS = Cfllagavy < CCa(@V)H1.

So by Theorem 5.12, [[N(Df — Cy) Laavy < CCo(oV)H/a.
We may restate our goal (12.9) as

o(0V)

_9\9vY) A 1/q
dist(Xo, OV) Co(@V) /.

IN(Df = Df(Xo))llpa@v) <€

But since D1 =1,
IDFX) - €4l = DU = x| =| [ v ATV (7 - Cppao

C

< - - |f—
= /av dist(Xo, 0V) |f = Cyldo

Co(0V)
< -7 —
= dist(Xg, V) ]{W f=Cyldo

Co(0V) Co(0V) -

-~ Z < —— 7 (.

= dist(X0,8V)||f”BMO = dist(XO,c‘?V)C

So

IN(Df = DF(Xo) vy < IN(Df = Cpllzaavy +1Cs — Df(Xo)lo(@V)H/4
a(0V)

_ YY) A 1/q
= Castixg. oy 070

and the theorem holds for u = Df, f € BMO, and A smooth.

We now move on to more general v and A. Let V5 = {X € V : dist(X,0V) > §}.
By Lemma 12.10, u satisfies (12.8) in V5. But V5 C V, so Vu is bounded on Vj; thus
9s = ulgy; € L C BMO. Furthermore, 9rgs is bounded.

A A
Let Ay be as in Chapter 11, and let Dg = DV;, ICg = K"

V(;'
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Then g5 = ICgf(g for some fs € BMO N L4, where g is large. Let ug = Dgfg, so (12.9)
holds for ug

Then ug = u on OVy. Furthermore, (%ug € LP for some p small enough that (R)
Theorem 12.4 hold for all the A"s in all the Vjs.

So as in Theorem 11.1, for any fixed ¢,

A

I and

/ |Vu — Vu?]Q —0
Vs

as n — 0, so by (3.8), |[Vu(X) — Vug(X)| < o(n)/ dist(X, 0Vy).
So for any W C V,

/W [Vul (X)) dist(X, 0Vs) dX
< / [Vul(X) — Vu(X)[* dist(X, 0V5) dX + / [Vu(X)|? dist(X, Vs) dX
w w
< o(n) —I—/ [Vu(X)|? dist(X, 9Vj) dX.
W
In particular,

sip V(X)) dist(X, 0V5) dX < CC? + ofy)

XoeaVs, R>0 1 JB(Xq,R)noVy
so if Xy € Vs,

1/p
~ a(0Vy)
( o, N(ug = uf(Xo))? dU) <(CC+ 0(0))m-

But as in Theorem 11.3, ug(X) —u(X)—0asn—0,so

1/p
_ o(0Vy)
( Ny da) < (CC+ o) ooV

Letting  — 0 and then letting § — 0 completes the proof. O]
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12.4 The L' converse

We want to show that, if N(Vu) € LY(OV), then v - AVu, dru exist (in some weak sense)
on OV and have H! norms at most ClIN(Vu)[ 1.
We will use the fact that H' is dual to BMO. We will need a lemma that lets us extend

functions in BMO(0V) to functions defined on V' with certain nice properties:

Lemma 12.13. Suppose that V is a good Lipschitz domain and that f is compactly sup-
ported on OV with 0, f bounded. Then there exists some function F, with VF bounded in
V', such that F — f nontangentially a.e. in 0V, and such that

1
IVF|c=  sup
XoeaV,kR>0 0(B(Xo, R) NOV)

/ VF| < Clfllmuo
B(Xg,R)NV

where the constant C' depends only on the Lipschitz constants of V.
If OV is unbounded then F' is compactly supported; otherwise, F' — fav f is compactly
supported.

Proof. We begin with the half-plane Ri. By [28] and [29], if f is a compactly supported
function on R = dR? , with I/l Brmro®) =1, then there exists an F' € C* (Ri) such that
limy_,q F(z,t) = f(x) for a.e. x € R and |VF(xz,t)|dzdt is a Carleson measure on R%_.

We will need a few nice properties of this function F'. By carefully examining the con-
struction in those papers, we see that we may require |V F(z,t)| < C/t.

Furthermore, we have that |F(z,t) — f;ff (y)dy| < C|lfllBmo- To see this fact, we

must examine the construction more carefully; we delay this until the end of the proof.

If O f is bounded, then f is Lipschitz. We want to modify F so that VF' is bounded. Let
w=fllBao/If L. Let G be the function on Ri constructed above, and let F(z,t) =
f(x)n(t) + G(z,t)(1 — n(t)), where n = 1 on [0, u], n = 0 on [2u, 00), and || < 2/p.

I claim that F' satisfies our desired conditions. Clearly, ' — f nontangentially every-
where; we need only show that |V F| is bounded and |V F(z,t)| dz dt is a Carleson measure.

First,

( )> + (1 —n(t))VG(z,t).
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Since |VG(z,t)| dx dt is a Carleson measure, so is |(1—7(t))VG(x, t)| dz dt. Furthermore,
(1=n(t))VG(x,t)| < |VG(z,t)| < C|fllBrmo/t; since this term is nonzero only for ¢t > p =
1£ a0/ ILf | oo, this implies [(1 —n(t)) VG (2, 1)] < [VG(2,t)] < C||f'[| poc as well.

Now, [f'(z)n(t)] < ||f'l| poe, and

X4+T
/ / tydtdz < ||| eo20 = 2|l £l Baro-

So |f(x)n(t)| is bounded and a Carleson measure.

We are left with the term (f(z) — G(z,t))n/(t). But

x4+t

T+t
. dy=Gla.t)| <t lp<+Cl lmaro

/(@) - Gl )] < ]f<x> - 1w dy'+

—t

But since 7/ (t) is nonzero only for u < ¢ < 2u, we have that |f(z)—G(x, )/ (t)] < C|| /|| oo
and also |f(x) — G(z,))n' ()| < Cllfll pmo/t:

We need only show that this term is a Carleson measure. But if T' > 0,

1 re+T T 1 [r=+T r2p o
[ ww-cwomoaa s 5 [ [TAIBO gy < o) g
T Jo1 Jo T Jo-r 1 t

as desired.

We now show that we may restrict the support of F' by multiplying F' by a cutoff
function. Suppose f is supported in an interval (a,a + b). Let n be smooth, supported in
(a—c,a+b+c)x(0,b+c), with n(y,s) =1 on (a,a+b) x (0,b), |n| <1 and |Vn| < 2/c
everywhere. Let F' be as above with /' — f non-tangentially. Then F'n — f nontangentially,
and |V(Fn)| < [VF[+[F|[Vn].

If (z,t) € supp Vn, then either f =0 on (z,z+t or (xr —t,x), or supp f C (x —t,x +1).
“tf( < ClfliBmo, so [F(z,t)] < Clflpao. We have that [[VF[l¢ <

CliflBamo and [[Valle < €, so [V(Fn)lle < CllfBmo-
So we may assume that F is supported in a small neighborhood of supp f x (0, | supp f]).

In either case

This completes the proof for the upper half-plane.
We now pass to more general Lipschitz domains. If f € BMO(0Q) for Q an arbitrary
special Lipschitz domain, we may construct such an F' by letting g(x) = f(¢(z)), letting
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G — g with |VG(z,t)| dx dt € C as before, and by letting
F(p(z,t)) = G(z,t) = F(ret +te) = Gz, t — p(x)).
Then F' — f and |VF| < C|VG]|, so
[V E(@, )] dzdtllc < Cllfl|Bao-

If V' is a Lipschitz domain which is good but not special and f € BMO(0V'), we may
proceed as in the proof of [12, Lemma 2.3]. ¢(dV) is finite and so f € L'(dV); we may
assume without loss of generality that |; ovf=0.

Let Q;, Rj, X; be as in Definition 2.4. Let {773'}?2:1 be a set of smooth, compactly
supported functions such that - ; 7;(X) = 1 for all X with dist(X,0V) < o(0V)/C, |Vn;| <
C/o(0V) and suppn); is contained in

3 3
Rj = {X (X = X)) e | < 5, [(X = X;) - ej] < S(1+ Ky}

Then | fnjllparo@vy < Cllf I Bmoav)- Let Fj : Q2 — C be the function constructed
above in €2; with boundary value f;. Assume F} is supported in R;. Then by adding the
Fjs, we get our desired F.

. +t
We now show that in the upper half-plane, we have that |F(z,t) — f, ", f(y)dy| <

x
ClfllBaro-
Without loss of generality take supp f C (0,1). We review the construction of [28] and

[29] as follows: if f € BMO(R) and I C R is a dyadic interval, then there exists a family
W = W(I) of dyadic intervals w C I and a function a : W + C such that

o |a(w)| < ClfllBamo for all intervals w € Q(1),
> i we(l) lw| < C|I] for all intervals I C I, and
o f=b+f1f+ X ew @(w)xw for some function b such that [|b]| poo(r) < CIlfll Baro-

If I O supp f, then | f; f| < C|| fllBaro, so we may redefine b to include this term.
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Let W = W((0,1)). Define

. 1
Flat) = 3 aoxel@ o)) + ]g ;

weW

Smooth F by convolving with a smooth function and call the result F.

In [29], a smooth v is constructed such that ||v||foc < C||b|z00, |Vo(z,t)] < ||b]|foc/t

and || |Vo(z,t)|dzdt|¢ < C||b||po. Let F = F +v. See [28] and [29] for details; here we
only remark that, if I 5 z is the dyadic interval with ¢ < |I| < 2, then

’F(az,t) —]i

T+t

—t

i) dy\

P~ f s+ f s f s

P~ £ 1) - bl dy' Bl + Ol paro

Y o) - Y al@ @M L b + Ol o

1|
waz, jw|>t weWw

w
> aw) | + Ibllzee + CllfllBao < CllfllBmo-
wClI

So since F' is a convolution of F with a smooth cutoff, we have that

'F(x,t) -

as desired.

Theorem 12.14. Suppose that div AVu = 0 in V for some good Lipschitz domain, and

T+t

—t

assume N(Vu) € LL(dV).
If V' is bounded, or if V' = () is a special Lipschitz domain, then

f(y) dy‘ < |v(z, )] + |F(z,t) — F(z,t)| + ’p@;,t) _ ]i

T+t

1) dy‘

—t
< Clpllpee + CllfllBaro < CllifllBao

lv - AVl g1 g1y < CIN (V) L1 )

in the sense that | [ nv - AVU| < OHN(VU)”Ll(av)||77”BMO(8V) for allm € C’(C)’O(Ri)
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If OV is bounded but V is not, then v - AVu — Cy, is Iin H! for some constant Cy, with
|Cul < C[N(Vu)|f1/a(0V).

Proof. By Lemma 3.3, Vu € L? (V), so v- AVu exists in the weak sense. Let f € Cge(aV).

loc

To show that v - AVu — Cy, € H'(9V), it suffices to show that

f(v-AVu—Cy)do

' < C|\flBaro||N (V)| 1.
oV

But if F'is compactly supported, VF € L2and Tr F = f then

f(u-AVu—Cu)daz/ VF - AVu.

ov |4

If VY is bounded, let ', = f@V v - AVu. Then

flv-AVu — Cy)do = fV-AVuda—/ f v- AVudo
oV aVv ov Vv

= — v - AVudo
= )

and so in this case we replace f by f — J%V fdo.

Since f is Lipschitz and compactly supported, and if V< is bounded then fav f=0,
the F' of Lemma 12.13 is compactly supported and has bounded gradient, with [|[VF|¢ <
ClfIlBao- So we need only show that

‘/ VEF.-AVu
14

S COIVEelIN(Vu)lp1-

We must review some basic theorems about Carleson measures. Let GG, H be two func-

tions. It is well known (see, for example, [27, Section I1.2]) that

|, IGI1HI < CIGIIN ]

ORZ)
al +

This clearly extends by a change of variables to special Lipschitz domains. If V' is a good
but not special Lipschitz domain, then the inequality holds if we integrate not over all of V'

but over the kg boundary cylinders R; NV of Definition 2.4.
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If X is not in one of these boundary cylinders, then dist(X,0V) > ¢(0V)/C. Therefore,
if R > 0 and Xy € OV then

/ Gl IH] < CINHl| s oy 16 e + | | 6 |H]
B(X,R)NV XeB(X,R) dist(X,0V)>a(V)/C

HNHHLl(av)

G
o(9V) /B(XO,R)mv <]

< C|NH| 11 Glle +C

< CINH| 1oy IClc.
Applying this to G = VF and H = Vu, and taking the limit as R — oo, we have that

/V V| [Vl < Ol a0l N (V)

as desired. O]
We now move on to the regularity problem.

Theorem 12.15. Suppose that divAVu = 0 in V and N(Vu) € LY9V) for some good
Lipschitz domain V. Then f(X) = limy_, x ¢+ u(Z) exists for almost every X € 0V.
Furthermore, Or f exists in the weak sense and |07 f| ;1 < C||N(Vu)l| ;1.

Proof. If N(Vu)(X) is finite, then limy_, y ,, ¢ u(X) exists; we need only show d-u € H'.

Recall the conjugate u of Section 4.4. If V is simply connected, then @ exists and is
continuous on V. In this case, define v = u, v = .

If V is not simply connected, then V¢ is a bounded, simply connected Lipschitz domain.
Let X ¢ V with dist(X,8V) > ¢(0V)/C, and let R be large enough that V¢ ¢ B(X, R),
so O0B(X,R) C V.

Let C] = fE)B(X,R) v-AVudo. Let v = u— CiI'x. Since faB(X,R) v-AVIl xdo =1,
and since |, ou V- AVvdo = 0 for any simply connected domain U C V, we must have that
/ v AVvdo =0 for any closed path w C V; thus, v is well-defined and continuous on V.

But HﬁTFXHHl(BV) < C; so we need only show that [|0;v|| ;1 < C.

We have that div AV = 0 in V and ||[N(V9)| ;1 = |[[N(Vv)|[;1. So by Theorem 12.14,
v- AV € H' (V) in the weak sense.

Thus, we need only show that d;v = —v - AV3.
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It suffices to prove that, if I C 0V is connected and has boundary points Xg, X1, and
N(Vv)(Xj;) is finite, then for the appropriate ordering of Xy, X1,

v(X7) —v(Xp) = _/I v- AVa.

In fact, we need only prove this for short intervals; thus, it suffices to prove this for V' = ()
a special Lipschitz domain.

Let X; = 9¥(z;); then xg < x1. Pick some € > 0. Let 0 < h < ¢/N(Vv)(X;) for i =0, 1.
Let U = ¢((xg,z1) x (0,h)) C V.

We may split QU into four parts: I, I 4+ he, and two segments ¢ ({z;} x (0, h)) of length
h. Since U is bounded and simply connected, | UV AV = 0. But by our choice of h,

Jo(tayx0.0)) VO < Ce.

So, letting v be the outward unit normal to U,

/V-Avwr/ v AVD
I I+he

Recall that the tangential derivative is given by

0 1
v= T.
-1 0

So by (4.4), and recalling that we traverse I 4+ he from X + he to Xy + he, we have that

< (.

/ I/'AV@I—/ 7- Vv =0v(X1 + he) —v(Xg + he).
I+he I+he
But |v(X; + he) — v(X;)| < hN(Vv)(Xj;), so

/V-AVf)da—l—v(Xl) —v(Xp)| < Ce.
1

Letting € — 0 completes the proof. O
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CHAPTER 13
THE MAXIMUM PRINCIPLE ON BOUNDED DOMAINS

Theorem 13.1. Suppose that u = f on OV for some bounded good Lipschitz domain V', and
that div AVu =0 in V. Then |[u|foo(yy < C||fl| oo (gv7y for some constant C' depending on
the ellipticity constants of A and the Lipschitz constants of V', but not on o(9V').

This theorem is obviously not true on unbounded domains: consider the harmonic func-
tions u(x,t) =t in R%L or v(X) =log |X| in R?\ B(0,1).
For notational convenience, we will instead prove this for div AT Vu = 0. Throughout

this section, let p be an exponent such that (R);l, (N)Z‘;l, (D)?T hold.

13.1 Green’s function and a priori bounds

Let V be a bounded Lipschitz domain, and assume that (R)]‘;lT holds in V. Choose some
X € V. I'x(Y) is bounded and continuous with bounded gradient on 0V, so 9;I'x € LP.
Therefore, since 9V is compact, there is some @y with divAV®yx =0in V and &y =Ty
on V.

Define Gy =Tx — ®x.

Theorem 13.2. Suppose that V' is a bounded Lipschitz domain, that (R)f}, (R)pAT, (D)fl1
hold in V. Suppose that div AVu =0 1inV, Nu € L1(0V), and u = f on OV
Then

u(X) I/ava'AVGXdO'.

Proving this for f = 0 was the core of our proof of Theorem 12.2.

Proof. Let R = dist(X,8V). Recall that |V x(Y)| < ﬁ So by (2.7),

IV x (V)| o (avy < CRYPL
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But since (R);;1 holds in V, and 7- VI'y =7 - V®x, we must have that
IN(VOx) | Lpav) < CRYPL (13.3)

Let ¢ € L1(0V) be such that ||f — g||lre < € and 0rg € L*°(0V) D LP(OV). Let
v solve divAVv = 0 in V, v = g on dV. By Theorem 12.4, we may require both that
[NVl zaavy < CligllLaavy and that [N(Vo)|[zp@gvy < CllOrgllppoy)- By Theorem 12.2,

IN(w = 0)llLagvy < CIf = 9llLaov) < Ce.
Then

u(X) — anV-AVGde’

< |u(X) —v(X)| +

v(X) —/ gv-AVGx do
15)%
< C[IN(u = v)|| oy dist(X, OV) 1P

v(X) —/ gv-AVGx do
ov

+’/8V(f—g)y-AVGXda

_|_

+If = 9llr IVGx | Laav

< CeR™/P 4

v(X) —/ gv-AVGx do
ov

So we need only show that the theorem holds for v.

By Lemma 3.3, v is bounded and Vv € L?(V). By (3.8), Vv is bounded on B(X, R/2).
By Lemma 7.11, v is Holder continuous on V. We specified that d;v was bounded. So we
may extend v to a bounded compactly supported function, with gradient in L2(R2), whose
gradient is bounded on B(X, R/2).

Let suppv C B(X, Ry). For any e¢; > 0, there is some smooth, compactly supported

function 7 such that

() = o1+ V0 = Voll oo,z + 10 = Vol 20 gy < 1

Then (2.9) applies to 7, so

v(X)+/VU~AVFX’ < Ju(X) — n(X)| + ‘/V(U—n)-AVFX < C(R, Ry)e1
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since VI'y € LY(B(X,R/2)) and VI'x € L?(B(X, Ry) \ B(X, R/2)).
So (2.9) holds for v as well. Then

U(X):—/VU-AVFX:—/ ATVU-VFX—/ Vv - AVI x
v ve

:—/ FXI/-ATVvda—i—/ vv - AVIx do
oV

2%
:—/ CI)XV~ATVvd0—|—/ vv - AVIx do
oV ov
:_/ vq>X-ATW+/ vv- AVTx do
\%4 v

:—/ UI/-AV(I)XdO'—i—/ UV-AVFXda:/ vv - AVGyx do
ov ov oV

as desired. ]

Thus, the maximum principle is equivalent to bounding [|v- AVG x || ;1 V)’ with a bound
independent of X and o(9V).

By (13.3) and Hélder’s inequality, |[VG x||;1 is bounded for dist(X, V) > %O’(@V); we
need only bound ||v - AVGXHL1(8V) for X near the boundary.

13.2 Bounding the Green’s function

Pick any X € V with X near OV. Let R = dist(X,dV), and let X* € 0V with | X — X*| = 0.
Assume that R < %mini r;, where the r; are as in Definition 2.4. Then X* € B(X;,r;) N
for some 4. In particular, the domains Q(X*,r) of (2.6) exist for r < r;.

If R <r < 2R, then dist(X,0Q(X*,r)) ~ dist(X,0V) ~ ¢(0Q(X*,r)). As usual, we
take a large enough that V' N IQ(X™,7) C 74 v (X—(X™,7)) Uve,v (X+(X*,7)).

For convenience write U, = V \ Q(X*,r). We need to show that Jov lv- AVGx| < C.
Begin by integrating only over 9V \ oU, = 0Q(X™*,r) N dV. We have that

1/p
/ VG |do < o(0V \ 9U,)1-1/P (/ M do—>
OV\oU, OV\OU,

< ooV \ ou,) ' "VreRrr-1 < ©

since 0(OV \ OUy) < 0(Q(X*, 1)) = CR and ||VG||1ppy) < CRYP—1
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Now, consider dU,.. Since X ¢ U,, we have that Gx satisfies div AVGyx = 0 in Uy;
consequently, HVGXHLl(BUr) < (|7 - VGX”Hl(ﬁUT)‘ So we need only bound 7 - VGx
in HY(0U,).

But G x = 0 on 0V therefore, we need only consider 7- VG x on oU, \ 0V = 0Q(X™,r)\
ov.

Let g =7-VGyx on 9U,. Then [ g = 0, and o(suppg) < Cr. So we need only show

that gl oo (9u,\0v) < C/r
Now, [g(Y)| < [V x (V)] + [VOx(Y)[. On 0Q(X*,r),

C C

IVIx (V)] < X — V| = dist(X,00(X*, 1)

C
< —.
~ R
Since U, \ OV C y(x+(X*,7r)) U~v(x—(X™, 7)), we have that

9l oo ou,ov) < C/R + N(Vx)(x+(X*, 1)) + N(Vox ) (x—(X*,7)).
If » < 2R, this lets us bound HgHHl(aUR)’ which lets us conclude
v AVGx 1 gy < € + BN (V) (x+(X. 1)) + RN(VEx) (x~(X.7)).
As in Section 8.2, we take the average from r = R up to r = 2R < r;:

v-AVG <C +][
|| X”Ll(av) A(* 2R)

sc+c][ RN(V®y)do
A(z* 2R)

1/p
<C+C (f RPN (V)P da)
A(z* 2R)

1/p
<C+CR"UP ( / N(V® )P dcr)
A(z* 2R)

RN(VOy)do + f RN(V®y)do
A(z* 2R)

< CRl’l/pHN(VCDX)HLp(aV) <C

as desired.
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