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CHAPTER

Introduction

These notes had their genesis in a class Peter May taught in the spring (?)
quarter of 1974 at the University of Chicago. Robert Bruner was assigned the
task of writing them up in a coherent fashion based on his class notes and Peter’s
notes. They were used in this handwritten form for many years at the University
of Chicago. (What is the true version of this??) In the summer of 2012 Mike
Catanzaro took on the task of TEXing the notes. After that, May and Bruner
undertook some reorganization and added a few items to make the notes more self
contained.

The precipitating event in the decision to publish them was a question from
a colleague about the cohomology of a particular homogeneous space. It became
clear these basic results in algebraic topology should be available in textbook form.

Compare to Mimura and Toda???

ADAPT THE FOLLOWING INTRODUCTORY SKETCH

We develop the classical theory of characteristic classes. Our procedure is
simultaneously to compute the cohomology of the relevant classifying spaces and
to display the standard axiomatically determined characteristic classes.

We first compute the homology and cohomology of Stiefel varieties and classical
groups and then use the latter computations to pass to classifying spaces. Along
the way, we compute the cohomologies of various homogeneous spaces, such as

Sp(n)/U(n), U(2n)/Sp(n), U(n)/O(n), and SO(2n)/U(n).
We also obtain the usual intrinsic characterizations, via the Thom isomorphism,
of the Stiefel-Whitney and Euler classes.
Since we shall have a plethora of explicit calculations, some generic notational
conventions will help to keep order.
We shall end up with the usual characteristic classes
w; € HY(BO(n);Fy), the Stiefel-Whitney classes
¢; € H*(BU(n);Z), the Chern classes
k; € HY(BSp(n);Z), the symplectic classes
P, € H*(BO(n);Z), the Pontryagin classes
x € H?"(BSO(2n);Z), the Euler class.
The P; and x will be studied in coefficient rings containing 1/2 before being intro-
duced integrally. We use the same notations for integral characteristic classes and
for their images in cohomology with other coefficient rings.
Prerequisites: To do. (Just say ”see the next chapter”?)



CHAPTER 1

Classical groups and bundle theory

We introduce the spaces we shall study and review the fundamentals of bundle
theory in this chapter. Aside from a few arguments included for didactic purposes,
proofs are generally sketched or omitted. However, Sections 3 and 6 contain some
material either hard to find or missing from the literature, and full proofs of such
statements have been supplied.

We assume once and for all that all spaces we consider are to be of the ho-
motopy type of CW-complexes. This ensures that a weak homotopy equivalence,
namely a map which induces isomorphisms of homotopy groups for all choices of
basepoints, is a homotopy equivalence. By the basic results of Milnor [14] (see
also Schon [16]), this is not a very restrictive assumption. We also assume that
all spaces are paracompact. This ensures that all bundles are numerable (in the
sense specified in Section 2). Since all metric spaces, all countable unions of com-
pact spaces, and all CW-complexes (Miyazaki [I5] or Fritsch and Piccinini [7, Thm
1.3.5]), are paracompact, this assumption is also not unduly restrictive.

1. The classical groups

All of our work will deal with the classical Lie groups and related spaces de-
fined in this chapter. Good general references for this section are Adams [2] and
Chevalley [5].

Let K denote any one of R, C, or H, the real numbers, complex numbers, or
quaternions. For a € K, let @ denote the conjugate of a. A right inner product
space over K is a right K-module W, together with a function (, ): WxW — K
which satisfies the following properties.

(i) (z,y+9) = (z,y) + (z,9)
(ii) (z,ya) = (z,y)a for any o € K

(iti) (z,y) = (y,2)

(iv) (z,2) € R, (x,2) > 0, and (z,2) = 0 if and only if 2 = 0.

The unmodified term inner product space will mean right inner product space.
All inner product spaces will be finite or countably infinite dimensional; we write
dim W = oo in the latter case.

We say that a K-linear transformation T: W — W is of finite type if W
contains a finite dimensional subspace V invariant under T such that T restricts to
the identity on V+.

The classical groups are

GL(W) ={T: W — W | T is invertible and of finite type},
UW)={T|T € GL(W) and T is an isometry},
and, if K=R or K =C,
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SLW) = {T|T € GL(W) and detT = 1}
SUW)={T|T e UW) and detT = 1}.

The finite type requirement assures that the determinant is well-defined. By choice
of fixed orthonormal basis for W, we can identify GL(W') with the group of matrices

of the form
A 0
0 I

where A is an invertible n X n matrix with n < co. Such a matrix is in U(W) if
and only if A=! = AT where A is obtained from A by conjugating each entry and
()T denotes the transpose.

Topologize inner product spaces as the union (or colimit) of their finite di-
mensional subspaces. By choice of a fixed orthonormal basis and use of ma-
trices, the classical groups of W may be topologized as subspaces of K" when
n = dimW < oco. The same topology may also be specified either in terms of
norms of linear transformations or as the compact open topology obtained by re-
garding these groups as subsets of the space of maps W — W. With this topology,
G(W) is a Lie group (G = GL,U, SL, or SU) and U(W) and SU(W) are compact.
When dim W = oo, G(W) is topologized as the union of its subgroups G(V'), where
V runs through all finite dimensional subspaces of W or through those V in any
expanding sequence with union W.

A standard theorem of linear algebra states that any element of GL(W) can
be written uniquely as the product of a symmetric positive definite transformation
and an element of U (W), and similarly with GL and U replaced by SL and SU. It
follows that the inclusions U(W) < GL(W) and SU(W') < SL(W) are homotopy
equivalences. For our purpose, it suffices to restrict attention to U (W) and SU(W).

A convenient framework in which to view the classical groups is as follows.

Definition 1.1. Let Zx denote the category of finite or countably infinite dimen-
sional inner product spaces of K with linear isometries as morphisms. Note that
isometries need not be surjective.

Then U and SU are functors from #x to the category of topological groups.
Obviously if V' and W are objects in #x of the same dimension, then there is
an isomorphism V = W in g which induces isomorphisms U (V) = U(W) and
SU((V)xSUW).

This formulation has the conceptual clarity common to basis free presentations
and will be useful in our proof of Bott periodicity. However, for calculational
purposes, it is more convenient to deal with particular representatives of the classical
groups. We define examples as follows, where K" has its standard inner product.

(i) O(n) = U(R™) and O = U(R*) the orthogonal groups
(ii) SO(n) = SU(R™) and SO = SU(R>) the special orthogonal groups
(iii) U(n) =U(C™) and U = U(C*>) the unitary groups
(iv) SU(n) = SU(C™) and SU = SU(C>) the special unitary groups
(v) Sp(n) =U(H") and Sp = U(H>) the symplectic groups

There is another family of classical groups not included in this scheme, namely
the spinor groups Spin(n) for n > 2 and Spin = Spin(co). We define Spin(n) to be
the universal covering group of SO(n). Each Spin(n) for n < oo is a Lie group and
Spin = J,, Spin(n). Since 71(SO(n)) = Z/27Z, Spin(n) is a 2-fold cover of SO(n).
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An alternative description of the spinor groups in terms of Clifford algebras is given
in Chevalley [5, p.65].
There are forgetful functors

( B — A&  and ()% - A

If W is in #c, then W® is the underlying real vector space with inner product the
real part of the inner product of W. This induces an inclusion U(W) c SU(WR).
Thus

U(n) C SO(2n) and U cSO.
Similarly, for W in %, we have U(W) C SU(WF) and thus

Sp(n) C SU(2n) and Sp C SU.
There are also extension of scalars functors
( e: Ir — S and ( u: o — .
If W is in g, then W = W ®g C with inner product
(v@a,we P) =alv,w)s.

This induces inclusions U(W) — U(W¢) and SUW) — SUW¢) viaT — T ® 1.
Thus

O(n) Cc U(n), OcU, SO(n) C SU(n), and SO cC SU.

Similarly, for W in C, Wy = W ®¢ H as a right H-space. In this case, the noncom-
mutativity of H requires careful attention; we are forced to the formula

(v@ o, wR B) =alv,w)s.
for the inner product. This gives U(W) C U(Wg) and thus
U(n) C Sp(n) and U cC Sp.

These inclusions are summarized in the following diagram, the vertical inclu-
sions of which are given by extension of scalars.

SO(n) —— O(n
SU(n) U(n S0(2n) — O(2n)

N

Sp(n) — SU(2n) U(2n) SO(4n) —— O(4n).

)
)

In low dimensions, we have the following identifications:

(i) SO(1)=8U(1) =e and O(1) =Z/2Z

(i)

(iii) Spin(3) = SU(2) = Sp(1) = S? (the group of norm one quaternions)
(iv) Spin(4) = Sp(1) x Sp(1)

(v) Spin(5) = Sp(2)

(vi) Spin(6) = SU(4)
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Together with the 2-fold covers Spin(n) — SO(n), this list gives all local isomor-
phisms among the classical Lie groups.

The following theorem will be essential to our work. Recall that a torus is a
Lie group isomorphic to 7™ = (T1)", for some n.

Theorem 1.2. A compact connected Lie group G contains mazimal tori. Any two
such are conjugate, and G is the union of its mazximal tori.

Actually, we shall only use particular maximal tori in our canonical examples of
classical Lie groups. In U(n), the subgroup of diagonal matrices is a maximal torus
T™. In SU(n), the subgroup of diagonal matrices of determinant 1 is a maximal
torus T"~ L. In Sp(n), the subgroup of diagonal matrices with complex entries is
a maximal torus T7. In SO(2n) or SO(2n + 1), the subgroup of matrices of the
form diag(Aj, Aa, ..., A,) or diag(A;, Ay, ..., Ay, 1) with each A; € SO(2) 2 T is
a maximal torus 7.

The quotient N/T, where T is a maximal torus in a compact Lie group G and
N is the normalizer of T in G, is a finite group called the Weyl group of G and
denoted W (G). We shall say more about these groups where they are used.

2. Fiber bundles

Although our main interest will be in vector bundles, we prefer to view them
in their proper general setting as examples of fiber bundles. This section and
the next will give an exposition of the more general theory. We essentially follow
Steenrod [18], but with a number of modifications and additions reflecting more
recent changes in point of view.

Recall that a cover V; of a space B is said to be numerable if it is locally finite
and if each Vj is )\;1([0, 1)), for some map A;: B — I. Since every open cover of
a paracompact space has a numerable refinement, we agree to restrict attention to
numerable covers throughout. One motivation for doing so is the following standard
result; see for example May [11, Sec 3.8].

Theorem 2.1. A map p: E — B is a fibration if it restricts to a fibration
p~ 1 (U) — U, for all U in a numerable cover of B.

Here, by a fibration, we understand a map p: E — B which satisfies the
covering homotopy property: for any map f: X — F and homotopy h: X x I —
B of pf, there is a homotopy H of f with pH = h. It follows that, for any basepoint
in any fiber F' = p~1(b), there is a long exact sequence of homotopy groups

oo —m F—mE — 1, B— 1y F— -

A fiber bundle is a locally trivial fibration with coordinate patches glued to-
gether continuously by means of some specified group. To be precise, recall that a
(left) action by a topological group G on a space F' is a map G x FF — F' such
that g- (¢'f) = (g9¢') - f and e - f = f, where e is the identity element of G. The
group G is said to act effectivelyon F if g- f = ¢’ - f for all f € F implies g = ¢';
equivalently, the only element of G which acts trivially on F'is e. The reader may
want to think in terms of G = U(W) and F = W for some inner product space W.

Definition 2.2. A coordinate bundle{ = (E,p, B, F,G,{V;,¢;})isamap p: E —
B, an effective transformation group G of F', a numerable cover {V;} of B, and
homeomorphisms ¢;: V; x F' — pil(Vj) such that the following properties hold.
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(i) po@;: V; x F — Vj is the projection onto the first variable.
(ii) If ¢j: F —> p~t(z) is defined by ¢;.(f) = ¢;(z, f), then, for each
x € VNV, qﬁ;; 0¢; o FF — F coincides with operation by a (necessarily
unique) element g;;(z) € G.
(iii) The function g;;: V; N'V; — G is continuous.
Two coordinate bundles are strictly equivalent if they have the same base space B,
total space E, projection p, fiber F, and group G and if the union of their atlases
{V;,¢;} and {V/, ¢}.} is again the atlas of a coordinate bundle. A fiber bundle, or
G-bundle with fiber F'| is a strict equivalence class of coordinate bundles.

Definition 2.3. A map (f, f) of coordinate bundles is a pair of maps f: B — B’
and f: E — E’ such that the diagram

E—o g

0

B—— DB
f

commutes and the following properties hold.
(i) For each x € V; N f~1(V/), ( ;m)*lﬁ@@: F — F coincides with oper-
ation by a (necessarily unique) element g, ;(v) € G.
(ii) The function g,;: V; N f~1(V]) — G is continuous.

Note that ]?is determined by f and the gy, via the formula
1) = 04 (1), 915 (2) 01 () for @ € V; 0 7 (V) and y € p ' (a).

If f is a homeomorphism, then so is f and (f_l,f_l) is again a bundle map.
Two coordinate bundles with the same base space, fiber, and group are said to
be equivalent if there is a bundle map between them which is the identity on the
base space. Two fiber bundles are said to be equivalent if they have equivalent
representative coordinate bundles.

These notions can all be described directly in terms of systems of transition
functions {Vj, g;i}, namely a numerable cover {V;} of B together with maps

g;::VinV;, — G
which satisfy the cocyle condition
9k (2)gji(x) = gri(z) for z € V;NV; NV,
(from which g;;(x) = e and g;;(z) = g;i(x) ™! follow). The maps gj; of Deﬁnition
certainly satisfy this condition.

Theorem 2.4. If G is an effective transformation group of F, then there exists
one and, up to equivalence, only one G-bundle with fiber F', base space B and a
given system {Vj, g;i} of transition functions. If & and ' are G-bundles with fiber
F over B and B’ determined by {V}, g;i} and {V},g’;} and if f: B — B’ is any
map, then a bundle map (f, f): & — & determines and is determined by maps
Gyt VN f7H(V)) — G such that

T (@)gji () = Gri(@) for © € ViV N0 FHVY)
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and

9 (f ()G () = Gy (@) for z € VyN SN V).
When B = B’ and f is the identity, these conditions on {g,;} prescribe equivalence.
When, further, & and &' have the same coordinate neighborhoods (as can always be

arranged up to strict equivalence by use of intersections), & and &' are equivalent if
and only if there exist maps 1;: V; — G such that

() = 5 (@) gji(z)hi(x) for x € VNV

For the first statement, E can be constructed from [[V; x F by identifying
(z,y) € V; x F with (,gj:(2)y) € V; x F whenever x € V; N V;. For the second
statement, f can and must be specified by the formula in Definition For
the last statement, set 1; = (g,;;)~" and g,;(z) = ¥;(x) 'gr;(x) to construct
{t} from {gy;} and conversely. The requisite verifications are straightforward; see
Steenrod [18] Sec. 2-3].

Fiber bundles are often just called G-bundles since Theorem makes clear
that the fiber plays an auxiliary role. In particular, we have described equivalences
independently of F', and the set of equivalence classes of G-bundles is thus the same
for all choices of F. We shall return to this point in the next section, where we
consider the canonical choice F' = G. Note too that the effectiveness of the action
of G on F is not essential to the construction. In other words, if in Definitions
and we assume given maps gj; and gj; with the prescribed properties, then we
may drop the effectiveness since we no longer need the clauses (necessarily unique)
in parts (ii).

The basic operations on fiber bundles can be described conveniently directly
in terms of transition functions. The product & X --- x &, of G-bundles £, with
fibers F, and systems of transition functions {(V})q, (gij)q} is the G1 X -+ X Gp-
bundle with fiber F; x --- x F,, and system of transition functions given by the
evident n-fold products of neighborhoods and maps. Its total space, base space,
and projection are also the obvious products.

For a G-bundle ¢ with fiber F', base space B, and system of transition functions
{V;,gi;} and for a map f: A — B, {f~*(V;),gji o f} is a system of transition
functions for the induced G-bundle f*§ with fiber F' over A. The total space of
f*¢ is the pullback of f along the projection p: E — B. If (f,f): ¢ — £ is
any bundle map, then & is equivalent to f*£. A crucially important fact is that
homotopic maps induce equivalent G-bundles; see Steenrod [18] p.53] or Dold [6].
This is the second place where numerability plays a role.

For our last construction, we suppose given a continuous group homomorphism
v: G — @', a specified G-space F' and a specified G’-space F’. If £ is a G-bundle
with fiber F', base space B, and a system of transition functions {V},g;;}, then
{Vj,vg;i} is a system of transition functions for the coinduced G'-bundle v.£ with
fiber F’ over B. As one special case, suppose that F' = F’ and G acts on F through
v, 9 f=1(vg) - f. We then say that .£ is obtained from £ by extending its group
to G'. We say that the group of a G’-bundle & with fiber F' is reducible to G if
&' is equivalent as a G’-bundle to some extended bundle ~,£. Such an equivalence
is called a reduction of the structural group. This language is generally only used
when -y is the inclusion of a closed subgroup, in which case the last statement of
Theorem [2.4) has the following immediate consequence.



12 I. CLASSICAL GROUPS AND BUNDLE THEORY

Corollary 2.5. Let H be a closed subgroup of G. A G-bundle £ specified by a
system of transition functions {V},g;;} has a reduction to H if and only if there
exist maps ;: V; — G such that

wj(x)ilgji(xﬁ//i(ﬂ?) € H forallz e V;NVj.

A G-bundle is said to be trivial if it is equivalent to the G-bundle given by the
projection B x F' — F or, what amounts to the same thing, if its group can be
reduced to the trivial group.

3. Principal bundles and homogeneous spaces

The key reason for viewing vector bundles in the context of fiber bundles is
that the general theory allows the clearer understanding of the global structure of
vector bundles that comes from the comparison of general fiber bundles to principal
bundles.

Definition 3.1. A principal G-bundle is a G-bundle with fiber G regarded as a
left G-space under multiplication. The principal G-bundle specified by the same
system of transition functions as a given G-bundle ¢ is called its associated principal
bundle and denoted Prin&. It is immediate from Theorem that two G-bundles
with same fiber are equivalent if and only if their associated principal bundles are
equivalent. Two G-bundles with possibly different fibers are said to be associated
if their associated principal bundles are equivalent.

If 7: Y — B is a principal G-bundle, then G acts from the right on Y in such
a way that the coordinate functions ¢;: V; x G — Y are G-maps, where G acts
on V; x G by right translation of the second factor. Moreover, B may be identified
with the orbit space of Y with respect to this action. The following description of
the construction of general fiber bundles from principal bundles is immediate from
the proof of Theorem

Lemma 3.2. Let m: Y — B be a principal G-bundle. The associated G-bundle
p: E — B with fiber F' has total space

E=Y xgF = (Y xF)/~, where (yg, f) ~ (y,9f)-
The map p is induced by passage to orbits from the projection Y x F — Y.

The construction of Priné from £ is less transparent and will not be used in
our work. We motivate it with the following categorical digressionﬂ

Remark 3.3. We assume the reader knows about adjoint functors and the usual
mapping space adjunction

Map(X x Y, Z) = Map(X, Map(Y, Z))
for spaces X, Y, Z. We specialize to

Map(Y x F, E) = Map(Y,Map(F, E))
for a principal G-bundle 7: Y — B, a left G-space F, and a G-bundle £: E —
B with fiber F. The definition of Prin¢ is designed to give an induced adjoint

equivalence
Mapg (G, F)(Y x¢ F, E) = Mapg(G)(Y, Prin§)

e have not seen this observation in the literature.
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Here Map (G, F) denotes maps of G-bundles with fiber F' over B and Mapz(G)
denotes maps of principal G-bundles over B.

Explicitly, if € is given by p: E — B and has fiber F, call a map ¢: F —
p~1(x) admissible if ¢;; o1: F — F coincides with action by an element of G,
where z € Vj, and note that admissibility is independent of the choice of coordinate
neighborhood V;. The total space Y of Prin ¢ is the set of admissible maps F' — E.
Its projection to B is induced by p and its right G-action is given by composition of
maps. Provided that the topology on G coincides with that obtained by regarding
it as a subspace of the space of maps F' — F' (with the compact open topology), Y
is topologized as a subspace of the space of maps F' — E. This proviso is satisfied
in all of our examples.

The following consequence of Corollary is often useful.

Proposition 3.4. A principal G-bundle 7: Y — B is trivial if and only if it
admits a cross section 0: B — Y.

PROOF. Necessity is obvious. Given a cross section o and an atlas {V},¢;},
the maps 9;: V; — G given by ¢;(x) = gb]_; o o(x) satisty

V(@) gji(z)i(x) = e for x € VN V. O

Another useful fact is that the local continuity conditions (iii) in Definitions
and can be replaced by a single global continuity condition in the case of prin-
cipal bundles.

Definition 3.5. Let Y be a right G-space and let OrbY denote the subspace of
Y XY consisting of all pairs of points in the same orbit under the action of G. The
space Y is said to be a principal G-space if yg = y for any one y € Y implies g = e
and if 7: OrbY — G specified by 7(y,yg) = g is continuous. Let B = Y/G with
projection 7w: Y — B. Then Y is said to be locally trivial if B has a numerable
cover {V;} together with homeomorphisms ¢;: V; x G — 7~ (V}) such that ¢,
is the projection on Vj; and ¢; is a right G-map.

Proposition 3.6. A map 7: Y — B is a principal G-bundle if and only if Y is
a locally trivial principal G-space, B = Y/G, and m is the projection onto orbits.
Ifr:Y — B and 7': Y’ —s B’ are principal G-bundles, then maps f: Y —s Y’
and f: B — B’ specify a bundle map 7 — « if and only if f is a right G-map
and f is obtained from f by passage to orbits.

PROOF. Since any right G-map G — G is left multiplication by an element
of G, conditions (i) and (ii) of Definition and certainly hold for {V}, ¢;} as

in the previous definition. It is only necessary to relate the continuity conditions
(iil) to the continuity of 7. Since

pi(x,€) = dixle) = ¢ja(gji(2)) = ¢;(x, €)gji(x) for x € ViNVj,
the following diagram commutes, where w(h,g) = g~ 'hg.

Vinv) x ¢ 2% o1 0 vy

gijxli \L‘r
G

GxG @
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Moreover, (¢;,¢;) is a homeomorphism. It follows that 7 is continuous if and only
if all g;; are so. Similarly, with the notations of Definition (iii), the following
diagram commutes.

(Vi 1 v) x @ =D a1 (5 (vy) n V)

gk.jxll \L‘r

GxG d G

Therefore, the gy ; are continuous if 7 is so. O

If H is a closed subgroup of a topological group G, we denote by G/H the space
of left cosets gH in G with the quotient topology. Such a coset space is called a
homogeneous space. The basic method in our study of the cohomology of classical
groups will be the inductive analysis of various bundles relating such spaces. We
need some preliminary observations in order to state the results which provide the
requisite bundles. Subgroups are understood to be closed throughout.

We let G act on G/H by left translation. Let Hy C G be the subset of those
elements g which act trivially on G/H. Explicitly, Hy is a closed normal subgroup
of G contained in H and is the largest subgroup of H which is normal in G. The
factor group G/Hy acts effectively on G/H.

Note that G, and thus also G/Hy, acts transitively on G/H. That is, for
every pair of cosets x,x’, there exists g such that g - x = 2’. Conversely if G acts
transitively on a space X and if H is the isotropy group of a chosen basepoint
x € X, namely the subgroup of elements which fix =, then H is a closed subgroup
of G and the map p: G — X specified by p(g) = gz induces a continuous bijection
q: G/H — X. By the definition of the quotient topology, ¢~ ! is continuous if and
only if p is an open map. This is certainly the case when G is compact Hausdorff.
We shall make frequent use of such homeomorphisms ¢ and shall generally regard
them as identifications.

In most cases of interest to us, the group Hy is trivial by virtue of the following
observation.

Lemma 3.7. For K =R, C, or H, the largest subgroup of U(K"~1) which is normal
in U(K™) is the trivial group.

ProoF. U(K")/U(K"~1!) is homeomorphic to the unit sphere S~1 d =
dimg K, on which U(K") itself acts effectively. O

We need one other concept. Let p: G — G/H be the quotient map. A local
cross section for H in G is a neighborhood U of the basepoint eH in G/H together
with a map f: U — G such that pf = id on U. When G is a Lie group, a local
cross section always exists by Chevally [5] p.110]. By Cartan, Moore, et al [4]
p.5.10], the infinite classical groups are enough like Lie groups that essentially the
same argument works for such G and reasonable H. The idea is that if G has a Lie
algebra & and H has a Lie algebra $ C & with & = § ® H*, then the exponential
local homeomorphism exp: (&,) — (G, H) can be used to show that there is
a homeomorphism ¢: V x H — W specified by ¢(v, h) = exp(v)h, where V is a
suitably small open neighborhood of 0 in $* and W is an open neighborhood of e
in G. Then U = p(W) and f(u) = exp(v) if pd(v, h) = u specify the required local
cross section.
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Proposition 3.8. If H has a local cross section in G, then p: G — G/H is a
principal H-bundle.

ProOF. If f: U — G is a local cross section, then {g(U) | ¢ € G} is an
open cover of G/H and the right H-maps ¢,,: g(U) x H — p~*(g(U)) specified
by ¢4(gu, h) = gf(u)h are homeomorphisms. The continuity of 7: OrbG — H is
clear, hence the conclusion is immediate from Proposition [l

The proposition admits the following useful generalization.

Proposition 3.9. If H has a local cross section in G and w:' Y — B is a principal
G-bundle, then the projection q: Y — Y/H is a principal H-bundle.

PrOOF. Let {V},¢;} be an atlas for m. With the notations of the previous
proof, let W; , = q¢;(V; x p~1(gU)) C Y/H. Then the right H-maps

wjg: Wjgx H— qil(Wj,g)
given by
wj7g(¢j(x7 ¢g(gu,e))H, h) = ¢](xvgf(u))h

are homeomorphisms, where ¢(y) = yH. The conclusion is again immediate from
Proposition [3.6] O

These principal bundles appear in conjunction with associated bundles with
homogeneous spaces as fibers.

Lemma 3.10. If7: Y — B is a principal G-bundle, then passage to orbits yields
a G/Hy bundle Y/H — B with fiber G/H.

Proor. This is immediate by passage to orbits on the level of coordinate func-
tions. O

This lends to the following generalization of Proposition [3.4]

Proposition 3.11. If H has a local cross section in G and m:' Y — B is a
principal G-bundle, then m admits a reduction of its structure group to H if and
only if the orbit bundle Y/H — B admits a cross section.

Proor. We use Corollary and the notations of the previous two proofs.
Given ¢;: V; — G such that v;(z) " 1gj;(z)¢;(z) € H for x € V; NV}, the for-
mula o(z) = ¢;(z,v;(x))H for x € V; specifies a well-defined global cross sec-
tion 0: B — Y/H. Conversely, given o, the maps ¢;: V; — G specified by
Yi(x) = gf(u) if o(z) = ¢;(z, gf (v))H satisty the cited condition. O

Finally, we note that Proposition and Lemma together imply most of
the following generalization of the former.

Proposition 3.12. Let J C H C G and let H admit a local cross section in G.
Then the inclusion of cosets G/H — G/J is an H/Jy-bundle with fiber H/J, where
Jo is the largest subgroup of J which is normal in H. Moreover, left translation by
elements of G specifies self maps of this bundle, and its associated principal bundle
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4. Vector bundles, Stiefel and Grassmann manifolds

By a vector bundle, we understand a U (W )-bundle ¢ with fiber W, where W is
any finite dimensional inner product space over K = R, C, or H. When W = K",
we refer to £ as a (real, complex, or quaternionic) n-plane bundle. Taking the group
to be U(W) rather than GL(W) implies that we can give £ an inner product metric.
That is, we can transport the inner product of W onto fibers p~!(z) by means of
the coordinate functions, and the positive definite quadratic forms given by the
real numbers (y,y) for y € p~1(x) then specify a continuous function u: E — R.
The map p is generally called a Fuclidean metric in the real case and a Hermitian
metric in the complex case.

Vector bundles are our basic objects of study, and we need various operations on
them. We give a generic construction. Recall that .#x denotes the category of finite
or countably infinite dimensional inner product spaces over K with linear isometries
as morphisms (Section . Let #¢ C #x denote the subcategory containing all
objects and the linear isometric isomorphisms. This is a topological category, by
which we understand a category enriched over topological spaces. That is, its
hom sets are topological spaces and composition is continuous. A functor between
topological categories is said to be continuous if it induces continuous maps on hom
sets. Suppose we’re given such a functor

T: ) X X Igr — I¢

(where K and each K, is one of R, C, or H). We allow contravariance; that is, some
of the £k may be replaced by their opposites, and then U(W,) is to be replaced
by its opposite below. Then T gives continuous homomorphisms

T:UWy) x - xUWy,) — UT(Wy,...,W,) for W, € .

Suppose given vector bundles &, with fiber W, over base spaces B, and suppose
that &, is specified by a system of transition functions {Vj 4, (gi)q}. We obtain a
vector bundle with fiber T(W7, ..., W,,) over By X- - - X B, by virtue of the system of
transition functions obtained by composing products of maps (gi;)q: Vi.qNVj.q —
U(Wy), or (gji),* if T is contravariant in the ¢"" variable, with the above maps
T. This defines the external operation on bundles determined by 7. With B; =
.-+ = B, = B, the pullback of this external operation along the diagonal A: B —»
B™ gives the corresponding internal operation. The notation 7'(&1,...,&,) will be
reserved for the internal operation.

The most important example is the Whitney sum £ @& &’, which is obtained from
®: I x Ig — FE. Note that if 5 is a sub-bundle of a vector bundle &, so that
each fiber of 7 is a sub-inner product space of the corresponding fiber of £, then
n has a complement nt such that £ = 7 @ n*. An n-plane bundle ¢ is trivial if
and only if it admits n orthonormal cross sections and, by fiberwise Gram-Schmidt
orthonormalization, this holds if and only if £ admits n linearly independent cross
sections. Indeed, a nowhere zero cross section prescribes a K-line sub-bundle, and
the conclusion follows by induction.

Other examples are given by such functors as Hom, the tensor product, and ex-
terior powers. Note in particular that our general context includes such operations
as

®pr: I X I — I and Qp: I X Ig — .
These will be useful in the study of Bott periodicity.
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We next recall some of the classical examples of homogeneous spaces.

Definition 4.1. Let W be an inner product space over K. A ¢-frame in W is an
ordered g-tuple of orthonormal vectors. A g-plane in W is a sub inner product space
of dimension ¢ over K. Let V,(W) be the set of g-frames in W topologized as a
subspace of W9. Let G4(W) be the set of g-planes in W, let w: Vo (W) — G¢(W)
be the map which sends a g-frame to the g-plane it spans, and give G4(W) the
resulting quotient topology. The spaces V(W) and G,(W) are called the Stiefel
manifolds and Grassmann manifolds of W. Clearly U(W) acts transitively on
these spaces. If x € V(W) spans X € Gy(W), then U(X") fixes z. There result
homeomorphisms

V(W) = UW)/U(X") and Go(W) = U(W)/U(X) x U(X™),

and 7: V(W) — G4(W) is a principal U(X)-bundle. The associated bundle with
fiber X has total space

{(Y,w) | Y is a ¢-plane in W, w is a vector in Y}

topologized as a subspace of G, (W) x W and given the evident projection to G, (W).
These are the classical universal vector bundles.

We also need the oriented variants of these spaces.

Definition 4.2. An orientation of an inner product space Y of dimension ¢ over
R or C is an equivalence class of g-frames, where g-frames y and 3y’ are equivalent
if the element g € U(Y) such that gy = ¢’ has determinant one. Let éq(W) be
the set of oriented g-planes in W, let 7: V,(W) — CN?q(W) send a g-frame to the
oriented g¢-plane it determines, and give éq(W) the resulting quotient topology.
Let p: éq(W) — G4(W) be given by neglect of orientation. The space éq (W) is
called the oriented Grassmann manifold of W. For any oriented X € éq(W), there
is a homeomorphism

G, (W) =UW)/ (SU(X) x U(Xh));

w: Vg(W) — éq(W) is a principal SU(X)-bundle and p: éq(W) — G4(W) is a
principal S9~!-bundle, where S?~! is Z/2Z in the real case and the circle group in
the complex case. The associated bundle of 7 with fiber X has total space

{(Y,w) | Y is an oriented ¢-plane in W, w is a vector in Y.}

The following lemma will imply that, when dim W = oo, the bundles V(W) —

Gy(W) and Vo (W) — éq(W) are in fact “universal” in the sense to be discussed
in the following section.

Lemma 4.3. If dim W = oo, then V,(W) is contractible for all q.

Proor. By May [12] 1.1.3], the space of linear isometries Y — W is con-
tractible for all inner product spaces Y. Let X C W have dimension ¢. Since
dim X1 = oo, the inclusion X+ < W is homotopic through isometries to an iso-
morphism, hence the inclusion U(X+) < U(W) is homotopic to a homeomorphism
and is thus a homotopy equivalence. Therefore, 7, V(W) = 0 by the long exact se-
quence of homotopy groups of the fibration sequence U(X*) — U(W) — V,(W).
The conclusion follows. (]

FIX
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Remark 4.4. For n finite or n = oo, G1(K"*™!) is the projective space KP" of lines
through the origin in K"+ and V;(K"*!) is the unit sphere S4"+D-1 in Kn+1
d = dimg K. The principal S~'-bundles S*"+1)~=1 5 KP" obtained by sending a
point to the line it determines are called Hopf bundles. The associated line bundles
are called the canonical line bundles over projective spaces. However, the reader
should be warned that, in the complex case, some authors take the conjugates of
these line bundle to be “canonical”.

For calculational purposes, we record the canonical examples of Stiefel mani-
folds and the various bundles relating them.

Definition 4.5. For 0 < ¢ < n, the Stiefel manifold V,(K") is the homogeneous
space U(K™)/U (K"~ 7). That is,

Vo(R") = 0O(n)/O(n—q)

Vo(C") U(n)/U(n —q)

Vo(H") = Sp(n)/Sp(n —q).

1

Lemma 4.6. For q < n, the natural maps
50(n)/SO(n — q) — Vo(R™)

and
SU(n)/SU(n —q) — V4(C™)

are homeomorphisms. There are canonical homeomorphisms

Vu(B") = Ofn) Vu(C") = Un) Vo(H") = Sp(n)
Vn,1(Rn) = SO(?’L) Vn,l((C") = SU(n)
%(Rn) o~ Sn—l Vl (Cn) o SQn—l ‘/I(Hn) o~ S4n—1.

The results of the previous section have the following immediate consequence.

Proposition 4.7. For 0 < p < ¢ < n, there is a commutative diagram

U(K"=) U(K"=1)

| l

U(K™7) —— U(K") —> V,(K")
)

| l

Vap(K"7P) ——= Vo (K") —— Vp (K"

in which the left two columns are principal U(K"~7)-bundles, the map between these
columns is a bundle map, the middle row is a principal U(K" P)-bundle, and the
bottom row is its associated bundle with fiber V,_,(K"~P).

The case p = q¢ — 1 is of particular interest since it allows inductive study of
these spaces for fixed n.
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5. The classification theorem and characteristic classes

While vector bundles are our ultimate objects of study (although they them-
selves are of greatest interest as a tool for the study of manifolds), our calculational
focus will be on classifying spaces. It is our belief that this focus yields the most
efficient proofs and the greatest insight, at least from the viewpoint of algebraic
topology.

Definition 5.1. A universal bundle for a topological group G is a principal G-
bundle 7: EG — BG such that EG is contractible. Any such base space BG is
called a classifying space for G.

Proposition and Lemma imply that if G is a closed subgroup of U (K?),
then the principal G-bundle

Vo(K? © K=) = U(K? & K*)/U(K™) — U(K? @ K*)/G x U(K*)

is universal. This is especially pertinent, since any compact Lie group embeds in
some U(C?) by the Peter-Weyl Theorem (e.g. [9, Thm. 1.15]).

Theorem 5.2 (The Classification Theorem). If G acts effectively on a space F,
then equivalence classes of G-bundles over X with fiber F' are in natural one-to-one
correspondence with homotopy classes of maps X — BG.

The correspondence assigns to a map f: X — BG the G-bundle with fiber
F associated to the induced principal G-bundle f*7. Every topological group has
a universal bundle 7, and any two universal bundles are canonically equivalent. In
particular, any two classifying spaces for G are canonically homotopy equivalent.

The classification theorem admits various proofs, such as those of Steenrod [18],
Dold [6][OB is this the right Dold?] [[MC: Don’t know]], and tom Dieck [19], the
last being particularly elegant. The proof given in May [I1] has the advantage that
it applies equally well to the classification of fibrations and to the classification
of bundles and fibrations with various kinds of additional structure, such as an
orientation with respect to a generalized cohomology theory.

Let [X,Y] denote the set of homotopy classes of maps X — Y. When X
and Y have basepoints (denoted ), let [X,Y]o denote the set of based homotopy
classes of based maps X — Y. If x — X is a cofibration (as always holds if
X is a CW-complex), then ;Y acts on [X, Y], since evaluation at * is a fibration
YX — Y. The action is trivial if Y is an H-space by Whitehead [20, p. 119].
Neglect of basepoints defines a bijection from the orbit set [X,Y]o/m1(Y) to [X,Y].
We shall see in the next section that BG is simply connected if G is connected.
Thus [X, BG] = [X, BG)y if G is connected or if BG is an H-space.

Two familiar examples are

BZ/27. = BO(1) = RP> = K(Z/27Z,1)
and
BT' = BU(1) = CP>™ = K(Z,2),

where K(7,n) denotes a space with n'" homotopy group 7 and remaining homotopy
groups zero. Such Eilenberg-Maclane spaces represent cohomology,

H"(X;m) = [X,K(m,n)]o
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and we conclude from the classification theorem that O(1)-bundles and U(1)-
bundles over X are in natural one-to-one correspondence with elements of the
cohomology groups H'(X;Z/27Z) and H?(X;Z) respectively.

Many important properties of classifying spaces can be deduced directly from
the classification theorem. Some details of proofs may help clarify the translation
back and forth between bundle theory and homotopy theory.

Proposition 5.3. Up to homotopy, passage to classifying spaces specifies a product-
preserving functor from topological spaces to topological spaces.

PRrOOF. If m;: EG; — BG, is a universal bundle for G;,7 = 1,2, then m; X
mo: EGy x EGy — BG1 X BGs is clearly a universal bundle for G; X G3. Therefore
BG1 x BGs is a classifying space for G; x Go. If v: G — G’ is a continuous
homomorphism, coinduction assigns a principal G’-bundle v.£ to a principal G-
bundle ¢ (see section 2). Any map Bvy: BG — BG’ also converts principal G-
bundles to principal G’-bundles, via composition with classifying maps. Since these
constructions are both natural with respect to the operation of pulling a bundle
back along a map, it suffices to specify B~y to be the classifying map of the principal
G’-bundle coinduced from the universal G-bundle to ensure that B~y induces v,. O

While the proposition suffices for our purposes and will lead to the classification
of particular maps B+ in the next section, the precise construction of classifying
spaces and universal bundles by use of the “geometric bar construction” yields
much sharper results. Indeed, with this construction, E and B are functors before
passage to homotopy, EG; x EGo and BG, x BGs are naturally homeomorphic
to E(G1 x G2) and B(G; X G3), and, B is homotopy preserving in the sense that
if v and + are homotopic through homomorphisms, then B~ is homotopic to B~'.
Much more is true, and the reader is referred to for an exposition.

It is immediate from the proposition and the generic construction of operations
on vector bundles in the previous section that if 7" is a continuous functor of the
sort considered there, then

BU(W;) x -+ x BU(W,) ~ B(UWy) x - x UWy)) 25 BU(T(W,...,W,))

induces the corresponding external operation on bundles via composition with the
products of classifying maps. If f,: X — BU(W,) classifies &,, then the following
composite classifies the internal operation T'({1,...&,):

X 2 xn I BUW) x - x BUW,) 25 BU(T(Wh, ..., W)).

If T is contravariant in the ¢*® variable, then, to arrange that BU (Wg)°P rather

than BU(W,) appears as the ¢'" space in the domain of BT, we must precompose
with Bx: BU(W,) — BU(W,)°?, where x: G — G°? is the anti-isomorphism
x(g)=g7"

We shall study such operations via canonical examples. In particular, for any
classical group G (G = O, U, etc.), Whitney sums are induced by the maps

Pmn: BG(m) x BG(n) — BG(m + n)
obtained from the block sum of matrix homomorphisms

G(m) x G(n) — G(m + n).
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The inclusion G(n) < G(n+1) is block sum with I € G(1), hence the corresponding
map

in: BG(n) — BG(n+1)
induces addition of trivial line bundles.

Say that two vector bundles £ and &’ are stably equivalent if £ & € is equivalent
to & @ €’ for some trivial bundles € and €. With our explicit Grassmann manifold
construction of classifying spaces, we have that ,, is an inclusion and the union of
the BG(n) is a classifying space for the infinite classical group G.

The natural map BG(n) — BG induces the transformation which sends an
n-plane bundle to its stable equivalence class. For a finite dimensional CW-complex
X, amap X — BG necessarily factors through some BG(n). For such spaces,
[X, BG] is in natural one-to-one correspondence with the set of stable equivalence
classes of G(n)-bundles over X.

The map BO(n) — BU(n) induced by the inclusion O(n) — U (n) represents
complexification of real vector bundles, and similarly for our other forgetful maps
and extension of scalars maps between classical groups. In sum, we may think of
the classification theorem as providing an equivalence between the theory of vector
bundles and the study of classifying spaces of classical groups.

We shall exploit this equivalence for the study of characteristic classes.

Definition 5.4. Let G be a topological group. A characteristic class ¢ for G-
bundles associates to each G-bundle £ over X a cohomology class c¢(§) € H*(X)
(for a given cohomology theory H*) naturally with respect to G-bundle maps; that
is, if (f, f): & — & is a map of G-bundles, then f*c(¢') = ¢(§).

We have not mentioned a fiber. While the definition implicitly assumes a fixed
choice, any choice will do. We adopt the convention that associated bundles have
the same characteristic classes since they have the same classifying maps.

Lemma 5.5. Characteristic classes for G-bundles are in one-to-one correspondence
with elements of H* BG.

PrROOF. We may restrict attention to principal G-bundles. If 7: EG — BG
is universal, ¢ is a characteristic class, and f: X — BG classifies &, then ¢(f) =
f*e(m). Thus c is completely determined by ¢(w) € H*BG. Conversely, v € H*BG
determines a characteristic class ¢ by ¢(7) = v and naturality. O

Categorically, this is a special case of the Yoneda lemma: natural transforma-
tions [?,Y] — F(?) are in one-to-one correspondence with elements of F(Y') for
any set-valued contravariant homotopy functor F'.

The lemma is the philosophical basis for our calculations. Observe that we
may study the effect of operations on vector bundles on characteristic classes by
calculating the induced map on the cohomology of the relevant classifying spaces.
For example, the effect of Whitney sum on characteristic classes can be deduced
from the map pJ,,,.

6. Some homotopical properties of classifying spaces

We collect a few miscellaneous facts about classifying spaces for later use.
Let m: EG — BG be a universal G-bundle. If h: EG x I — EG is a
contracting homotopy, h(y,0) = * and h(y,1) = y, let h: EG — PBG by the
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map specified by h(y)(t) = wh(y,t), where PBG is the space of paths in BG which
start at 7(x). Let p: PBG — BG be the end-point projection, so that p~1m (%) is
the loop space QBG. Then pi~z = 7 and h restricts to a map (: G — QBG, where
G is identified with the fiber 7= (7(%)). Thus the following diagram commutes.

G EG —" = BG
b
Q0BG —= PBG —~ BG.

By composition of long exact homotopy sequences, this yields the following result.

Proposition 6.1. BG is a connected space and m,4+1BG is naturally isomorphic
to m,G forn > 0. The map (: G — QBG is a homotopy equivalence.

In particular, BG is simply connected if G is connected.

We have observed that BG is a functor of G. We need several results about the
behavior of this functor on particular kinds of maps. These will all be consequences
of the following criterion for recognizing when a map of classifying spaces is B~y for
some homomorphism .

Lemma 6.2. Let v: G — G’ be a continuous homomorphism and let m: EG —
BG and 7': EG' — BG' be universal bundles. If f: EG — EG' is any map
such that f(yg) = f(y)y(g) for all y € EG and g € G, then the map BG — BG’
obtained from f by passage to orbits is in the homotopy class B~y.

ProOF. Regarding G’ as a left G-space via 7, we see by inspection of definitions
that ~,7 is the principal G’-bundle EG xg G’ — BG. By Proposition the
G’-map

f x1: EG XGG/ — EG’ Xaqr G' = EG’

gives a bundle map v, (m) — 7’. The conclusion follows. O
As a first example, we have the following observation.

Lemma 6.3. If g € G and v,: G — G is given by conjugation, v4(h) = g~ 'hg,
then By is the identity map of BG.

PrROOF. The map EG — EG given by right multiplication by g satisfies the
prescribed equivariance property and induces the identity map on BG. (]

Henceforward in this section, let H be a closed subgroup with a local cross
section in G and let i: H — G denote the inclusion. By Proposition 3.9, EG —
EG/H is a universal H-bundle. Applying Lemma ?? to the identity map of EG,
we obtain the following observation.

Lemma 6.4. The map Bi: BH — BG s the bundle
BH = FEG/H — EG/G = BG
with fiber G/H.

Now assume further that H is normal in G with quotient K = G/H; that is,
assume given an extension

1—>H—i>Gi>K—>1.
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Let EG — BG and EK — BK be universal bundles for G and K and take
EG — EG/H = BH to be the universal bundle for H. We may assume given a
map Fj: EG — EK such that (Ej)(yg) = (Ej)(y)j(g). Since j(h) = e for h € H,
Ej factors through BH and we obtain a bundle map

BH —— EK

|,

BG -2+ BK.

In particular, this square is a pullback.
Recall that the homotopy fiber F(f) of a (based) map f: X — Y is defined
by the pullback diagram

F(f) —= PY

|

X—Y

Equivalently, F'(f) is the actual fiber over the basepoint of the map NX — Y
obtained by turning f into a fibration via the standard mapping path fibration
construction. There is thus a long exact homotopy sequence

oo — Y — m, F(f) — X — mY — e

Using the diagram above Proposition [6.1] we see by the universal property of pull-
backs that there is a map #: BH — F(Bj) such that the following diagram
commutes.

K BH 5

)

BG

By the five lemma, 6 induces an isomorphism on homotopy groups and is thus a
homotopy equivalence. This conclusion may be restated as follows.

Proposition 6.5. Up to homotopy, the sequence
BH 25 BG 2% BK
is a fiber sequence.

Finally, retaining the hypotheses above, assume further that K is discrete. For
g € G, we have the conjugation homomorphism ~,: H — H. On the other hand,
Bi: BH — BG is a principal K-bundle, hence we have a right action of K on
BH. In fact, Bi is a regular cover and K is its group of covering transformations.
We have the following generalization of Lemma [6.3

Lemma 6.6. Ifk =gH € K= G/H, then the covering transformation k: BH —
BH is homotopic to By,: BH — BH.

PRrROOF. The action of K on BH = EG/H is induced from the action of G
on EG, and right translation by ¢ gives a map FG — EG with the equivariance
property prescribed for v, in Lemma O
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We shall later apply this to the extension
1— SO(n) — O(n) — Z/27 — 1.
It also applies to the extensions
1—T—N-—W(G) —1,

where T is a maximal torus in a compact Lie group G, N is the normalizer of T in
G, and W(Q) is the Weyl group. The covering transformations of BT given by the
elements of W(G) are of fundamental importance of the following result.

Lemma 6.7. For o € W(G), the following diagram is homotopy commutative.

BT -2 Ba

Proor. If g € N C G has image o, then o ~ Bv,. Since v4i ~ iy, and
By, ~ 1 on BG by Lemma 6.3} the conclusion follows. O



CHAPTER II

Algebraic preliminaries and spectral sequences

1. The algebras, coalgebras, and Hopf algebras of interest

Exterior algebras

Algebras with simple systems of generators
Polynomial algebras

duality, coalgebras, and Hopf algebras

exterior coalgebras and Hopf algebras

Divided polynomial coalgebras and Hopf algebras
Filtrations of algebras

Lemma 1.1. Suppose that A is a graded commutative ring with a multiplicative
exhaustive filtration A = Fy D Fy, D ---. If the associated graded E°A is a free
commutative algebra on elements {xq, + Fs_} then A is a free commutative algebra
on {zqa}.

Define simple system of generators and state the analogous theorem for them.

2. Spectral sequences

Generalities

3. The Serre spectral sequence

Include facts about transgression and the edge homs and maybe interaction
with Steenrod operations. Universally transgressive elements.

4. The Rothenberg-Steenrod spectral sequence

Simplicial spaces, the bar construction B(Y, G, X)
The bar construction spectral sequence
The universal principal G-bundle this way, G — BG

5. The Eilenberg-Moore spectral sequence

25



CHAPTER III

Cohomology of the Classical Groups and Stiefel
Manifolds

With the exception of characteristic classes, which have traditional indexings
we shall respect, we shall index homology and cohomology classes by their degrees.
That is, given a sequence of classes in degrees 2i — 1, say, we shall label them xo; 1
rather than x;. Moreover, when we have a canonical map X — Y and given
homology classes of X or cohomology classes of Y, we shall generally use the same
notations for the images of these classes in the homology of Y or the cohomology
of X.

We fix the canonical fundamental classes

in € Hy(S™Z)=27Z and 1, € H'(S™Z) 27

and use the same notations for their images in homology or cohomology with other
coefficients. Explicitly, ¢, is the image of the identity map S™ — S™ under
the Hurewicz homomorphism 7, (S™) — H,(S™;Z), and ¢, is the dual generator
characterized by ¢, (i,,) = 1 under the evaluation pairing H™(S™; Z)®@ H,(S™; Z) —
Z. We often write ¢ or ¢+ when the dimension n is clear from the context. We
do not assume prior knowledge of any further explicit calculations of homology or
cohomology groups. We do assume that the reader is familiar with the Kiinneth
and universal coefficient theorems.

1. The complex and quaternionic Stiefel manifolds

In this section, we compute the homology and cohomology of the complex and
quaternionic Stiefel manifolds inductively, ending with the homology and cohomol-
ogy of the complex and symplectic classical groups. All homology and cohomology
groups are to be taken with integer coefficients. The only tool we shall need is the
Serre spectral sequence in the special cases (with fiber and base space a sphere,
respectively) which give the Gysin and Wang exact sequences.

Theorem 1.1. Let 1 < g <n. As algebras,[BOB deg symbol?]
H*(Vg(C")) = E{y2i—1 | n— g <i<n}, deg ys;—1 =2i—1,
and
H*(Vy(H")) = E{24i—1 | n — ¢ <i <n}, |z4;-1| = 4i — 1.

Proor. We treat the complex case. The symplectic case is entirely similar.
Abbreviate V, = V,(C™). We proceed by induction on g. We begin with V; =
52n=1 taking va,_1 = ton,—1. This completes the case n = 1, so we assume that
n > 2. Assume the result for V,_; and consider the Serre spectral sequence {E, } of
the bundle V,, — V,_; with fiber V;(C?~9+1) = §2(n=a+1)=1 Tt is clear from the
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1. THE COMPLEX AND QUATERNIONIC STIEFEL MANIFOLDS 27

long exact homotopy sequences of such bundles that the V, are simply connected.
As algebras, we have

Ey = H*(Vq—l) ® H*(SZ(nquLl)fl)'

All differentials on the z axis (or base axis) E3° are zero since they land in the
fourth quadrant, which consists of zero groups. The rows E,? are zero for 0 <
q < 2(n —q+ 1) — 1. Therefore the only generator that might possibly support
a non-trivial differential is the fundamental class ¢, and it can only “transgress”,
that is, map from the y axis (or fiber axis) to the z-axis via da(,—g41). By the
induction hypothesis, H?(V,—1) = 0 for 0 < p < 2(n — ¢+ 2) — 1. In particular,
H2(=a+1(V,_1) = 0, so that dy(,,_q+1)(¢) lands in a zero group. Therefore E» =
E and H*(V,) is as claimed. O

Hereafter, we shall summarize arguments like the one above by asserting that
Es; = E (or the spectral sequence collapses at F5) for dimensional reasons.

Remark 1.2. As suggested by the notation, we may choose the generators yo;_1
and z4;_1 consistently as ¢ and n vary. To be precise about this, consider the
commutative diagram

§2(n—q)-1 §2(n—q)—1

o

‘/’q((cn—l) L Vvq+1((cn) L> SQn—l

| |

V-1 (€7 Vq(C™)

S2n71

s

Here the 7 are projections of bundles and the ¢ are inclusions of fibers. We assume
the yo;—1 have been chosen compatibly in H*(V,(C™)) for m —¢ < i < m < n.
We have seen that the spectral sequences of the two columns satisfy Ey = FE, for
dimensional reasons, and a similar argument shows that the Serre spectral sequences
of the two rows also satisfy Fs = FE.,. By consideration of the edge homomorphism,
vt HI(V,(C")) — HI(V,_1(C"1)) is an isomorphism for j < 2n — 1. We specify
generators yo;—1 for H*(V,(C™)) by requiring ¢*(y2;—1) = y2i—1 for i < n and
taking yo,—1 = 7™ (t2,—1). It follows inductively from the diagram that 7*(ye;—1) =
y2i—1 in H*(Vy41(C™)) for n — ¢ < ¢ < n. It also follows that ¢*(y2,—1) = 0 in
H*(Vo(C"7H)).
Theorem 1.3. As Hopf algebras,
H*(U(n)) = E{y2i—1 |1 <i<n} and H"(U) = E{ysi—1|i>1},
H*(SU<TL)) = E{ygifl | 2 S ) S ’I’L} and H*(SU) = E{ygifl | ) Z 2},
H*(Sp(n)) = E{z4i-1 | 1 <i<n} and H*(Sp) = E{z4i—1 |1 > 1}.
In each case, the corresponding homology Hopf algebra is the exterior Hopf algebra

on the dual generators.

PROOF. First consider the case of finite n. As algebras, the stated cohomologies
are immediate from Theorem [I.]] We must show that the generators are primitive.
We proceed by induction on n, the case n = 1 being trivial. Thus assume the result
for n —1 and let ¢ : U(n — 1) — U(n) be the standard inclusion. By Remark
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¢* is an isomorphism in degrees less than 2n — 1. By the induction hypothesis, this
implies that yo; 1 is primitive for ¢ < n. Write

PY(Yon—1) = Yon—1 ® 1 + Zy’ ®Qy" +1Qysp_1,degy’ >0 and degy” > 0.

Since ¢*(y2n—1) = 0 and (t*@¢*)1p = ¢u*, we must have that (¢*@c*) (> y'®y"”) = 0.
Since t* ®¢* is an isomorphism in the pairs of degrees in which the elements 3’ ® 3"’
occur, it follows that > ¢’ ® y” = 0. The yq;—1 in H*(SU(n)) are the images of
the yo,—1 in H*(U(n)) and are thus also primitive. The proof that the z4;,_; are
primitive is similar.

By use of the Poincaré duality theorem, the universal coefficients theorem, or
the homology version of the calculation of Theorem we see that H.(U(n)) is a
free graded Z-module of finite type and that H*(U(n)) and H.(U(n)) are dual to
one another as Z-modules. Since locally finite exterior Hopf algebras are self-dual,
this implies the homology statement.

Finally, for the infinite classical groups, the homology statement is immediate
since homology commutes with colimits, and the cohomology statements follow by
duality. ([l

2. The real Stiefel manifolds

The cohomology of the real Stiefel manifolds is complicated by the failure of the
dimensional argument used to prove Theorem [I.I] and by the presence of 2-torsion.
Accordingly, we will calculate separately the cohomology at the prime 2 (that is
with Fo coefficients) and away from the prime 2 (that is, with coefficients in a ring
in which 2 is invertible). This is a standard technique which will occur over and
over in our work.

We fix n, and we often write V, for V,(R™) in this section. We need a little
homotopical input, namely a calculation of the homotopy groups of the V; in the
“Hurewicz dimension”, the largest dimension j below which all homotopy groups
vanish, so that m; maps isomorphically to H; (if j > 1 or m; is Abelian).

Lemma 2.1. For 1 <gq<mn, V,(R") is (n — g — 1)-connected and
b= { G G
PRrROOF. Since V; = S™~! and V,, = O(n), we may assume that 1 < ¢ < n and
thus n > 3. The main work is in the case ¢ = 2. Here the fibration
SV BV =51
yields the exact sequence
1 (5" D 15 (S772) 5wy _o(Va) — 0,

and we must compute 9. For any r, let E” C S” be the upper hemisphere,
E" = {:E = (z1,  ,Trt1) | fo =1 and z; > 0},

and let S"~! be the equator, S*"! = {z |z € E” and z; = 0}. Give S” the base-
point * = (1,0,---,0). Represent elements of Vo by 2 X n matrices A such that
AA! is the 2 x 2 identity matrix. This makes sense since such matrices specify pairs
of orthonormal vectors in R™. (We note parenthetically that this identifies V5 (R™)
with the unit sphere bundle of the tangent bundle of S"~1.)
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Define p : E" 1 — V5 by
e — 2x1x
) = | }

ey — 2151

where the e; are the standard basis vectors. Represent 7 : Vo — S*~! by m(a;j) =
(a1;). The composite mu sends S™" 2 to the basepoint * € S"~! and restricts to a
homeomorphism E*~1 — §7~2 — §7~1 _ « Therefore

pe (E"H 8" — (8" %)
represents a generator of 7rn,1(5”_1) and the restriction
7:8"2 — (%) =872
of yu represents a generator of Im(9) C m,—2(S"~2). Write y; = x;41, so that
(1, un1) = (1= 207, —2u190, -+, —201Yn—1)-

Then 7 sends S™ 3 to the basepoint * € S™ 72, restricts to a homeomorphism
En=2 — 83 — 8§72 _ 4 and satisfies 7(—y) = 7(y). Therefore 7 represents
the sum of the identity map and the antipodal map (or the negative of this sum
depending on orientations). The antipodal map on S™~2 has degree (—1)"~!, hence
7 has degree (1 + (=1)""1). Thus d = 0 if n is even and 8i,,_1 = £2i,_» if n is
odd. This proves the lemma for ¢ = 2.

For ¢ = 3, the commutative diagram

Sgn— V'an 2)4>‘/2(Rn 1)4>‘/1(Rn 1) S—Q

| i

§P? =N(R"?) ——=BR") ——= KR =1,

gives rise to the commutative diagram

7.(.7172(577,72)
7Tn72(‘/2) 7rn73(5n_3) —— 7Tn73(‘/3) —0.

Here Im(9) = Im(d’) since ¢, is an epimorphism. We know 9 from the case ¢ = 2,
and the result for ¢ = 3 follows.
Finally, for ¢ > 3, the long exact homotopy sequence of the fibration

qu2(Rn_2) — Vg — V2

and the fact that m;(V2) = 0 for i < n — 2 show that m;(Vy_2(R"~?)) = m;(V,) for
i < n — 3. The result follows from known cases by induction on n. [

We begin our homological calculations by considering V5. Since Vo(R?) = O(2),
which is homeomorphic to S° x S, we already know H*(V2(R?);Z).

Lemma 2.2. Assume that n > 3. If n is even, then
H*(VL(R");Z) = E{ap_2,Zn_1}.
If n is odd, then
H*(Vo(R™);Z) = E{xp-1,T2n—3}/(2Cn—1, Tn—1T2n—3).
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PROOF. In the Serre spectral sequence of the fibration S?~2 — V5 — S7 1
we have Fy = H*(S"" 1) @ H*(S"~2). For dimensional reasons, the only possible
non-zero differential is the transgression d,,—1(tn—2), which must be a multiple of
tn—1. If n is even, we have

Z=mpo(Va) = Hy o(Va; Z) = H"2(Va; Z)

by the Hurewicz and universal coefficient theorems. Therefore d,,—1(t,,—2) = 0 and
Es = FE,. The algebra structure of H*(V5;Z) is as stated since the squares of the
generators lie in zero groups. If n is odd,

)27 = o s(Vo) = Hyoo(Va: Z)

and

H"_l(VQ; Z) 2 Hom (H,_1(Va;Z),Z) ® Ext (H,—2(Va;Z2),7Z) .
Since Ext(Z/2Z,7) = Z/27Z, we must have d,,_1(tp—2) = £2t,,—1. Then E,, = F,
has the stated form, the class t¢,_1 giving rise to the class x,_; and the class
ln—1 ® Ln_o giving rise to the class xa,_3, while x,,_122,_3 = 0 since this product
lies in a zero group. (]

Now we consider mod 2 cohomology. Here separate consideration of cases as
in the previous lemma is no longer necessary.

Theorem 2.3. The cohomology H*(V,(R™);F2) has a simple system of generators
{z;|n—qg<i<n}.

PROOF. We proceed by induction on ¢, beginning with V; = S*~!. Assume the
result for V,_; and consider the Serre spectral sequence in mod 2 cohomology of the
bundle V,, — V,_1 with fiber S”"~9. We have Ey; = H*(V,_1;F2) @ H*(S" % Fs)
since m1(Vy—1) = 0 if ¢ < n and since V;, — V,,_1 is the trivial double cover
O(n) — SO(n). All differentials except d,,_q11 are zero for dimensional rea-
sons. If dp—g41(tn—q) Were non-zero, we would have H"(V,;Fy) = 0. However,
H"~1(V,;F3) = F3 by Lemma and the Hurewicz and universal coefficient theo-
rems. Therefore Fy = E., and the conclusion follows. O

Here we cannot conclude that the squares of the generators x; are zero, since
they land in non-zero groups in general. In fact, we shall see later that these squares
are non-zero whenever they land in non-zero groups.

Remark 2.4. Exactly as in Remark the z; may be chosen consistently as ¢
and n vary. To be precise, consider the canonical maps

LV (R — V(R™) and  m: Ve (R™) — V,(R™).
Then ¢*(z;) = x; fori < n—1, 7*(z;) = x; for i > n—q, and 7*(z,—4) = 0. The key
point is that Ey = E,, in the Serre spectral sequence of the fibration V,_; (R*~1) %

Va(R™) L S»~1, by dimensional reasons, so that ¢* is an isomorphism in degrees
less than n.

Theorem 2.5. The cohomology Hopf algebra H*(SO(n);Fa) has a simple system
of primitive generators {z; | 1 <i <n}, and H,(SO(n);F2) is an exterior algebra
on the dual generators.

PrOOF. We need only check that the z; are primitive, and the argument is
exactly the same as in the proof of Theorem O
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Since O(n) is the disjoint union of SO(n) and ¢t-SO(n) for any element t € O(n)
of determinant —1 which we can choose to satisfy t> = 1, there is no problem in
reading off the homology and cohomology of O(n) from that of SO(n).

Lemma 2.6. With coefficients in any commutative ring R,
H.(0(n)) = Hi(SO(n)) @ xoH+(50(n))
and
H*(0(n) = H*(SO(n)) @ 20 H* (SO(n))
where xo € Ho(SO(n)) satisfies x3 = 1 and o € H°(O(n)) satisfies xo(xo0) = 1
and x3 = xg.

PRrROOF. For any space X, Hy(X) is the free R-module generated by mo(X), and
we take X to be the class of t. In the cohomology of any space, 22 = z if z € H°(X)
is dual to an element of mo(X) C Ho(X). [[Better, if  is the characteristic function
of any set of components.|] O

We now turn to cohomology away from the prime 2. In the following proofs, we
often abbreviate H*(X) = H*(X; R) when the ring R of coefficients is clear from
the context.

Theorem 2.7. The integral homology and cohomology of V,(R™) has no odd tor-
sion. If R is a commutative ring in which 2 is invertible, then

H*(Vg(R"); R) = E{x4i—1 | n — ¢ < 2i <n}®
E{yn—1 | neven} ® E{x,_q | n — ¢ even}.

PROOF. The first statement follows from the second and the universal coeffi-
cient theorem: if H,(Vy;Z) had any odd torsion, then H*(V,;Z[1/2]) would have
odd torsion. The second statement is clear for V3 = S™~! and follows from Lemma
and the universal coefficient theorem for V5. For the general case, assume that
q > 2 and proceed by induction on g.

If n — ¢ is even, then the Es-term H*(V,_1) ® H*(S"~?) of the Serre spectral
sequence of the fibration S"~¢ — V,;, — V,_; has the form claimed. By a check
of dimensions, the only differential on generators that might conceivably be non-
7e10 i8 dy—g11(tn—q), but this lands in the group H"~91(V,_;), which is zero by
the induction hypothesis. Thus Fy = E.. There is no multiplicative extension
problem since the square of x,_, lies in a zero group.

If n—gq is odd, then the Ea-term H*(V,—_2)® H*(Vo(R"~972)) of the Serre spec-
tral sequence of the fibration Vo(R"~%+2) — V, — V,_, has the form claimed.
Since H*(Va(R"~972)) = E{x9,_24+1}, the only differential that might conceivably
be non-zero is day—2g+2(T2n—24+1), but this lands in the group H2"292(V,_,),
which is zero by the induction hypothesis. Thus Ey = FE, and the conclusion
follows. O

Remark 2.8. Again, the generators x4;—1, yn—1 (n even), and z,_, (n — ¢ even)
can be chosen consistently as ¢ and n vary. However, the proof in this case is more
subtle than in the previous cases. To make this precise, consider the canonical maps

LV R — V(R™) and  m: Vg (R™) — V,(R™).

We claim that generators can be so chosen that
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(a) t"(Xan-1) = 2441 for n —q < 20 < n —1, *(x2,—3) = 0 if n is odd,
t*(Yn—1) = 0 if n is even, and v*(z,,—q) = 0 if n — ¢ is even.
(b) 7*(x4i—1) = ®g5—1 for n — q < 20 < n, 7*(Yn—1) = Yn—1 if n is even, and
7 (Zp—q) = 0 if n — ¢ is even.
We assume inductively that such generators have been chosen for V,(R™) form < n
and all ¢, and we consider the diagram

Snqul Snqul

Vo(RP1) s Vg (R?) s 71

Vprt (R1) > V(R?) > §77L.

We prove (a) by studying the Serre spectral sequence of the bottom row in two cases.
In each case, (b) can be derived from (a) by inspection of the induced diagram on
cohomology and use of the induction hypothesis.

For the first case, assume that n is even. Here

Ey=FE{tn_1} ® (B{z4i—1 | n—q < 2i <n} @ E{x,_q | ¢ even})

By the calculation of H*(V,)) in Theorem we must have Es = E,. By the
description of ¢* and 7* in terms of edge homomorphisms, we can choose x4;_1
and x,,—q in H*(V,(R™)) that map under +* to the elements with the same name in
H*(Vy—1(R"™1)), and we can take y,,_1 = 7*(t,—1). This ensures that t*(y,,—1) = 0.

For the second case, assume that n is odd. Here

Ey=FE{t, 1} @ (E{rg 1 |n—q<2i<n}®E{yn_1} @ E{r,_4|qodd}).

The only non-zero differential is d,,_;. Consider the map of fibrations

ViR —V,(R") —— 5"

qn—2 VQ(R") — gn—1

L

By the proof of Lemma dp—1(tn—2) = 2,1 in the spectral sequence of the
bottom row. Since 7*(t,—2) = yn—2 by the first case, it follows by naturality that
dp—1(Yn—2) = £2t,—1 in the spectral sequence of the top row. If n = 1 mod 4,
we have a second generator x,_o in H"~%(V,(R""')). By dimensional reasons,
dp—1(Tp—2) = Tiy—1 for some r € R. We agree to replace our previously chosen
generator T,_s by T,_» + sy,_2, where s = F27!r € R. By the consistency of
the x,,_o as ¢ varies in (b), we have the same constant s for each ¢ and so retain
the consistency in (b) after the change. We also retain the consistency in (a) since
t*(Yn—1) = 0. Now dy—1(2n—2) = 0 and, for any g,

Ew=FE{z4i-1In—q¢<2i<n—1} Q@ E{tn_1 @ Yn—2} @ E{xs_4 | ¢ odd}.

We can choose z4;—1 and z,—, in H*(V,(R™)) that map under +* to the elements
with the same name in H*(V,_1(R""!)) and can choose xa,_3 in filtration n — 1
that projects to t,—1 ® y,—2 in F. By the edge homomorphism description of ¢*,
L (l'gn_g) =0.
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Theorem 2.9. If R is a commutative ring in which 2 is invertible, then, as Hopf
algebras,

H*(SO(n);R) = E{x4i—1 | 0 < 2i < n} @ E{yp—1 | n even}

and H*(SO;R) = E{x4;—1 |i>1}. In both cases, the corresponding homology
Hopf algebra is the exterior algebra on the dual generators.

Proor. We must show that the generators x4;_1 and y,_1 are primitive. We
proceed by induction on n. The result is clear if n = 2 or n = 3, when there is
only one generator. When n is even, y,_1 is primitive since ¢*(y,—1) = 0 and ¢*
is a monomorphism in degrees less than n — 1. In general, 24,1 € H*(SO(n))
comes from x4;—1 € H*(SO(n + 1)) and maps to a primitive element (or zero) in
H*(SO(n —1)). If we write

Y(xai—1) =241 @1+ ZZE/ Rz +1® x4-1,

then Y 2’ ® 2" comes from an element of H*(SO(n + 1)) ® H*(SO(n + 1)) and
maps to zero in H*(SO(n—1))®@ H*(SO(n—1)). Since ¢ : SO(n—1) — SO(n+1)
induces a monomorphism in cohomology in degrees less than 4i — 1, > 2’ ® 2" = 0.

The homology statement follows essentially as in Theorem Since R is a
module over the PID Z[1/2], it suffices by universal coefficients to assume that
R =7Z[1/2]. Since each H,(SO(n); R) is a finitely generated R-module and

HY(SO(n); R) = Hompg(H,(SO(n); R), R) ® Extk(H,_1(SO(n); R), R)

is a free R-module, the Ext term must be zero and each Hy(SO(n); R) must be
a free R-module. Therefore H,.(SO(n); R) is dual to H*(SO(n); R). The state-
ments about SO follow in homology by passage to colimits and in cohomology by
dualization. d



CHAPTER IV

The classical characteristic classes

1. The Chern classes and H*(BU(n))

Take homology and cohomology with integer coeflicients in this section. From
the Serre spectral sequence of the universal bundle of S = U(1), we see that
the transgression 7 : H1(S') — H?(BU(1)) is an isomorphism, hence so is the
suspension o : H2(BU(1)) — H'(S'). The canonical generator of H?(BU(1)) is
the class that suspends to the canonical generator 1; € H!(S%).

Let

in:Um—1) — U(n),
Jn : SU(n) — U(n), and
Dij: U(l) X U(]) — U(’L+])
be the canonical maps. Let ¢y, jn, and p;; also denote the induced maps on
classifing spaces. We shall prove the following basic result in this chapter.

Theorem 1.1. There are unique classes ¢; € H*(BU(n)), called the Chern classes,
which satisfy the following four axioms.
(i) co=1and ¢; =0 if i > n.

(ii) c1 € H*(BU(1)) is the canonical class.

(iii) ik (c;) = ¢; (hence il (c,) =0).

(iv) pi; (ck) = Za+b:k Ca & Cp.
Moreover, H*(BU(n)) = P{c1,...,¢cn}. In H*(BSU(n)), define c; = j*(c;). Then,
with ¢ =0, (i), (iii), and (iv) again hold and H*(BSU(n)) = P{ca,...,cn}-

The uniqueness implies that, proceeding inductively on n, if there are classes d;
satisfying (i)-(iv), where the right sides of the formulas in (iii) and (iv) involve Chern
classes already known to be uniquely characterized, then d; = ¢;. In particular, this
makes no reference to any particular construction of the Chern classes.

The following is an immediate reinterpretation of the theorem in the language
of characteristic classes of complex vector bundles.

Theorem 1.2. All characteristic classes of U(n) and SU(n) bundles can be ex-
pressed uniquely as polynomials in the Chern classes. Let £ : E — B be a U(n)
bundle. The Chern classes ¢;(€) € H*(B) satisfy:
(i) co(§) =1 and ¢;(§) =0 if i > n.
(ii) c1(&) € H2(BU(1)) is the canonical class when & is the universal line
bundle.
(iii) c;(n®e) = ¢i(n) if n is an (n — 1)-plane bundle and ¢ is the trivial line
bundle.
(i) ck(n @ &) = D qypei Ca(n) @ (&) if 1 is an i-plane bundle and § is a
j-plane bundle, where i + j = n.

34
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If the structure group of & can be reduced to SU(n), ¢1(§) = 0.

With the Grassmannian construction of classifying spaces, we have BU(1) =
CP>. The universal bundle is the evident orbit projection of S* onto CP>°. Its
restriction over CP™ is the Hopf bundle &, : S?"t! — CP". We have defined the
Chern classes so that c;(,) is the canonical generator of H2(CP™).

Theorem [1.2] (iv) directly implies its analogue for the external direct sum 7 x £
of bundles 1 over X and £ over Y, namely

cnx €)=Y caln) @ac(8),
a+b=k
where we implicitly use the canonical map H*(X)® H*(Y) — H*(X xY).

The original statement of Theorem (iv) can be put in a convenient alter-
native form by writing H**(X) for the product over ¢ > 0 of the groups H?(X).
The elements with Oth term 1 form a group under the product induced by the cup
product. We define the total Chern class c(¢) € H**(X) of a bundle £ over X
to be the class whose even components are the ¢;(£) and odd components 0. The
equations in (iv) then take the pleasing form

c(n®§) = c(n)e(§).
This implies the Whitney duality theorem relating the Chern classes of the tangent
bundle 7 and normal bundle v over a complex manifold M of (complex) dimension
n embedded in C? for some ¢q. The sum 7 & v is the trivial ¢g-plane bundle €, and
¢i(¢) = 0 for ¢ > 0. This follows both from the axioms and from the fact that the
classifying map of ¢ is null homotopic. Thus the following result is immediate.

Theorem 1.3 (Whitney duality). Let M be a complex manifold with tangent bundle
7 and normal bundle v. Then

c(r)e(v) = 1.

Writing ¢; = ¢;(7) and ¢; = ¢;(v), we can inductively solve for ¢ in terms of ¢;.

Thus
1 = —C1,
Co = —Co — C1C] = C% — Ca,
C3 = —C3 — C2C] — C1Cy = —Ci’ + 2c1co — c3,

and so on. This can be used, for example, to prove non-embedding theorems. If we
find that ¢411 # 0, then M cannot embed in C9.

Since the classifying space functor converts extensions of groups to fibrations
of spaces, we have the fibration sequence

BSU(n) 2 BU(n) 2% BU(1),

where det denotes the classifying map of the determinant homomorphism det :
U(n) — U(1). Since BU(1) = K(Z,2), we may think of the classifying map
det as an element of the group H?(BU(n)). The map is the identity map when
n = 1, and this means that the element is the canonical class ¢;. For n > 1, det™ :
H?(BU(1)) — H?*(BU(n)) is an isomorphism, by Theorem and therefore the
classifying map det may be identified with the first Chern class in general.

Let € be a complex n-plane bundle over a space X and also write & for its
classifying map X — BU(n). When n = 1, this homotopy class of maps may be
regarded as an element of H%(X), namely the Chern class ¢;(¢). Thus equivalence
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classes of line bundles are determined by their first Chern classes. When n > 1, the
homotopy class det o £ : X — BU(1) regarded as an element of H?(X) is again
the Chern class ¢ (&), and thus ¢1(£) = 0 if and only if the composite det o £ is null
homotopic. This holds if and only if there is a map € : X —» BSU(n) such that
Jn of is homotopic to £. In turn, this holds if and only if the structure group of the
bundle £ can be reduced to SU(n). This gives a bundle theoretic interpretation of

c1(§)-

Corollary 1.4. The first Chern class ¢1(§) is the obstruction to reducing the struc-
ture group of a complex n-plane bundle £ to SU(n).

We will prove Theorem by showing that H*BU(n) can be identified with
symmetric polynomials in H*BT"™. Let ¢, : T™ — U(n) be the inclusion of the
canonical maximal torus of diagonal matrices in U(n) and also write ¢, for the
induced map of classifying spaces BT"™ — BU(n). The Weyl group of U(n) is the
symmetric group >, which we may represent by permutation matrices. These act
on T™ by permuting the entries of diagonal matrices. Since the classifying space
functor commutes with products, the Kiinneth theorem gives an isomorphism

H*(BT") = H*(BU(1)) ® --- @ H*(BU(1)) = P{z1,..., 2.},

where there are n copies of BU(1) and we write x; for the element ¢; in the ith copy.
The action of X, on T induces an action on BT™ and hence on H*(BU(n)). The
action of o € ¥, is the map of polynomial rings given on generators by o (z;) = ;).

By Lemma for 0 € ¥, regarded as a map BT™ — BT"™, we have ¢,, o
o ~ ¢,. Passing to cohomology, this implies that the elements of the image of
¢r : H*(BU(n)) — H*(BT,) are fixed under the action of ¥,,. This accounts for
the appearance of the symmetric polynomials in this situation.

Theorem 1.5. The ring homomorphism
¢} : H*BU(n) — (H*BT™)*»
is an isomorphism.

In fact, quite generally, if G is a compact, connected, Lie group with maximal
torus T and Weyl group W and if H,(G) has no torsion for any prime p that divides
the order of W, then

H*(BG) =~ H*(BT)".

For this approach to the computation of H*BG for classical groups G, see 77.
However, we will not pursue such a general approach here.

The next result will be fundamental in our proof of Theorem and later
theorems. An element z € H*G is said to be universally transgressive if it is trans-
gressive in the universal bundle G — EG — BG. By the naturality of transgression,
this implies that it is transgressive in every principal G-bundle.

Theorem 1.6. Let R be a commutative ring. If G is a topological group such that
H*(G;R) = E{x;} with the x; universally transgressive when char R = 2, then
H*(BG;R) = P{y; : |lyil =1+ |x;|} with y; the image under the transgression of
x;. Equivalently, y; suspends to x;
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PROOF. Since primitively generated exterior Hopf algebras are self-dual, we
have H,G = H*G. A simple calculation shows the Ey term of the Rothenberg-
Steenrod spectral sequence is

Extp(z, (R, R) = P{rx;} with |72;] = (1, |2;]).

The element x; transgresses to y; because, in general, if z transgresses, then 7z €
E21 ™ survive to the transgression of x. If char R # 2, then all elements of E; lie
in even degrees, and hence Fy =2 F,. If char R = 2, then the generators 7z; must
survive to Eo since z; transgresses. In either case, we have H*(BG; R) = P{y;}
with |y;| = 1+ |z;].

O

Before proving Theorem [1.5] we show how it implies Theorem

ProOOF OF THEOREM [[LTl Let us write S = H*(BT")*» for the subring of
elements of H*(BT") fixed under the action of ¥,,. Then S is the polynomial ring
on the n elementary symmetric functions o; = o;(21,...,2,). Thus

o1 =1+ + Tn,

03 = X1T2 + X1T3 + +++ + Tp—1Tn,

Op =T1° " Tp.
It is convenient to set og = 1 and o; = 0 if i« > n. We define the Chern classes
¢; € H*(BU(n)) by
ci = (¢3) " (00)-

Since ¢ : H*(BU(n)) — S is an isomorphism, it is obvious that

H*(BU(n)) = P{c1,...,cn}.
It is also obvious that ¢y = 1, ¢ is the canonical class when n = 1, and ¢; = 0 when
1 > n. We have the following commutative diagrams:

BTt 2L gyt BT x BT % BU(i) x BU(j)
T -
BT™ BU(n) BT — BU( + ).

n it+j

Here h,, : BT"' — BT" is induced by the inclusion 7%~! — T™ of the first
n—1 factors. Clearly h}(x;) = x; for i < n and h}(x,) = 0. Therefore h}(0;) = o;.
This implies that ¢} (¢;) = ¢; by the diagram on the left above. Since the ¢} are all
monomorphisms, the diagram on the right shows that pJ; is a monomorphism and
that

(97 @ ¢5)(pij(cr)) = b7y (ck) = on(@1, -+ Tig).
As a matter of algebra, it is easy to verify that
Uk(xh ce »xi+k) = Z Ua(CUh T axi)Ub(iriJrly T ,$i+j)
at+b=k
Therefore

(67 ® ¢5) (5 (er)) = D $i(ca))dj(c) = (6] @ 1) D ca®cy).

a+b=k a+b=k
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Since ¢} ® ¢} is a monomorphism, this proves that p;;(ck) = >, 1 Ca ® b.

The uniqueness of the ¢; is proven by induction on n. There is nothing to show
if n = 1. Assume the uniqueness of the ¢; in H*(BU(m)) for m < n. Then, for
i < mn, the ¢; in H*(BU(n)) are uniquely determined since i} (¢;) is prescribed and
iy, is an isomorphism in degrees less than 2n. For i = n, pj ,,_;(c,) is prescribed
and pj ,_ is a monomorphism.

For the statements about BSU(n) in Theorem [1.1} we will see in Theorem
below that H*(BSU(n)) is a polynomial ring on generators of degree 2i, 2 < i < n.
Certainly j*(c1) = 0. Either by naturality from the proof of Theorem or by
the Serre spectral sequence of the fibration BSU(n) — BU(n) — BU(1), we see
that j : H*(BU(n)) — H*(BSU(n)) is an epimorphism, and it follows that its

restriction to P{ca,...,¢,} is an isomorphism. The commutative diagrams
BSU(n—1) 2= BU(n — 1) BSU(i) x BSU(1) 2%~ BU(i) x BU(l)
in1i lin pzll \Lmz
BSU(n) j—>BU(n) BSU(i +1) 7 BU(i +1)
n i+l

show that the ¢; in H*(BSU(n)) behave the same way under i;, and the pj; as do
the ¢; in H*(BU(n)). This completes the proof of Theorem O

To prove Theorem we need the following algebraic result.

Theorem 1.7. Let I' and A be graded polynomial algebras on n generators of
positive degree over a field R. Let f : A — T be an R-algebra homomorphism.
If T is finitely generated as a A- module (via f), then T' is a free A-module. In
particular, f is a monomorphism.

PROOF. See [8, Lemma 4.8] O

PROOF OF THEOREM In order to apply Theorem[1.7] we show that H*BT"
is a finitely generated H*BU(n) module via ¢ (with integral coefficients). First,
note that H*(U(n)/T™) is finitely generated over Z. This follows since U(n)/T™
is a compact manifold, as it’s the continuous image of the compact manifold U(n).
Now consider the Serre spectral sequence of U(n)/T™ — BT™ — BU(n). Since
E3° = H*BU(n), each E, is an H* BU(n)-module. Furthermore, if z € H* BU(n)
then d,(zy) = zd,(y), since d,-(z) = 0 and z is an even degree class. Thus each d, is
an H*BU (n)-module homomorphism and therefore, { £, d,.} is a spectral sequence
of H*BU (n)-modules. Now ¢}, is the composite

H*BU(n) = E3° — H*BT"

and hence Fo, has the module structure induced by ¢%. Since E; = H*BU(n) ®
H*(U(n)/T™) is finitely generated as an H*BU(n)-module and H*BU (n) is Noe-
therian (by the Hilbert basis theorem), the subquotient E, of Fs is finitely gener-
ated. Hence H* BT" is finitely generated as a H*BU (n)-module. By Theorem [1.7]
¢ : H*(BU(n); F) — H*(BT™; F) is a monomorphism for any field F' and hence
also for F' = Z. (In fact, since H*BU(n) is torsion free, it suffices to consider
F = Q). By inspection, S and H*BU(n) have the same dimension in each degree.
It follows that ¢}, : H*(BU(n); F) — S ® F is an isomorphism for every field F'.
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A map between finitely generated free abelian groups which induces an isomor-
phism upon tensoring with Q or Z/pZ (for any prime p) is an isomorphism. Hence,
¢k H*BU(n) — S is an isomorphism. O

We insert a further important property of Chern classes that follows from our
way of defining them.

Corollary 1.8. If £ is the conjugate bundle of a complex n-plane bundle &, then

ci(§) = (=1)'ei(§).

PROOF. Let ¢: U(n) — U(n) be the homomorphism given by complex conju-
gation of matrix entries. Then ¢ is classified by the composite of the classifying map
of ¢ and the induced map ¢ : BU(n) — BU(n). On diagonal matrices, ¢ restricts
to the product of n copies of the conjugation map c: S' — S, which has degree
—1. Therefore, in H*(BT™), ¢*(x;) = —x;. This implies that ¢*(o;) = (—1)%0;,
and the conclusion follows from the definition of the Chern classes. O

Corollary 1.9. As algebras,

H*BU = P{cy,c,...}
and H*BSU = F){CQ7 C3, .. }

As coalgebras,

H*BU(TL) = F{'Yly’)/Q; v ,’Vn},
H*BU = F{Pylv’727 .. '}7
and H,BSU =T{72,73, ...},

where ~y; is dual to ¢;.

ProOF. It is immediate by duality that H.BU(n) and H,BSU(n) are as
stated. The result for H,BU and H,BSU then follows by passage to limits and
implies (i) by duality. d

In the Appendix, we will see that BU is an H-space whose product corresponds
to Whitney sum of bundles. It will then follow from Theorem [I.1](iii) that the
coproduct ¥ on H*BU is

Y(ey) = Z ¢ @ c¢j.
1+j=n
We can now use the suspension homomorphisms ¢* : H" BG — H" 'G and o, :

H, G — H,BG to obtain convenient generators for the homology of cohomology
of U(n) and SU(n).

Corollary 1.10. As Hopf algebras,
H*U(’I’L) = E{$17$3, ey $2n71}7
H*SU(TL) = E{$3,$5, ce ,.Tgn_l},
H*U = E{l‘l,zg, .. .},
and H*SU = E{x3, x5, ...}
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where x9;_1 = 0*(¢;) in each case. Dually,
H*U(n) = E{al, as, ... ,agn,l},
H*SU(n’) = E{a37a’57 s 7a2n—1}7
H*U = E{al,ag, .. .},
and H,SU = E{as,as, ...}

as Hopf algebras, where o, (az;—1) = 7; and a; is dual to x; in each case. Moreover,
the homomorphisms induced in homology and cohomology by the natural inclusions

SUn—1) ——= SU(n) —— SU

]

Un-1) U(n) U

send each generator to the generator of the same name if it is present and to zero
otherwise.

PROOF. It is immediate from [See where it is] that the cohomology algebras and
homology coalgebras are as specified. The consistency of these generators under the
canonical inclusions follows directly from the same property for the Chern classes
and the naturality of suspensions. The Hopf algebra structures now follow trivially
as in Corollary ?77. O

There are several other ways in which the Chern classes arise. For a discussion
of some of them and their interrelationships, see [3], p.363 ff]. One of the ways is as
follows. Since U(n)/U(n—1) = $?"~! we have the bundle $*"~! — BU(n—1) —
BU(n). Its Serre sequence has Ey & H*BU(n) ® H*S?"~1, from which we obtain
the Gysin sequence (see the proof of Theorem [3.1)
o HPT'BU(n — 1) = HP="BU(n) *=%" HPBU(n) — HPBU(n— 1) —» ---
by splicing together the exact sequences

0— E2Y — HPBU(n — 1) — BRI 20201 5

and

dan

_ _ —2n,2n—1 0
0 S Ego 2n,2n—1 5 Eg n,zan E;% E&O 0

HP=2"BU (n) HPBU (n)

(see Chapter {4 for details). We have a* = 0 because i} is epimorphic. Since
cn, generates ker(ik), ¢*(1) = dan(ton—1) must be +¢,. It can be shown that
¢*(1) = ¢,. Hence, we could define ¢, to be ¢*(1) and, using the fact that i} is
an isomorphsim in degrees less than 2n, inductively define ¢; to be (i) ~!(c;) for
i < n. Note that ¢*(1) can also be described as the transgression of ta,—1. We will
not pursue this approach further.
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2. The symplectic classes and H*(BSp(n))

In this section we show show that H*BSp(n) has polynomial generators anal-
ogous to the Chern classes in H*BU(n). Let

in 1 Sp(n —1) = Sp(n), p,: Sp(n) — SU(2n),
vn 1 U(n) — Sp(n), and p;; : Sp(i) x Sp(j) — Sp(i + j)

be the canonical maps and let ¢, : T™ — Sp(n) be the maximal torus consisting
of diagonal matrices with complex entries. Let iy, ftn, Vn, Dij, and ¢, also denoted
the induced map on classifying spaces. Recall that py : Sp(l) — SU(2) is an
isomorphism of topological groups.

Theorem 2.1. There exist unique classes k; € H**BSp(n), called the symplectic
classes, which satisfy the following axioms.

(i) k1 € H*BSp(1) is —ca under the identification py : Sp(1) =5 SU(2).
(i) 17, (ki) = ki.
(iii) pfj(kl) = Zaer:l ko @ Ky
(iv) ko =1 and k; =0 for i >n
Furthermore, H*BSp(n) = P{k1,...,kn} and
(v) wi(c;) =0 ifiis odd, and p¥(ca;) = (—1)'k;
(vi) vy (ki) = Za+b=2i(_l)a+icacb

PROOF. We proceed as in the case of BU(n). Consider the maximal torus
¢n : T — Sp(n). By Theorem [1.6] H*BSp(n) = P{z1,...,2,} with |z;| = 4i, and
H*BT™ = P{y1,...,yn} with |y;| = 2. Since H*(Sp(n)/T™") is finitely generated,
Theorem implies ¢} : H*BSp(n) — H*BT™ is a monomorphism. As in the
complex case, T™ is invariant under permutations of coordinates. Hence the image
of ¢¥ is contained in the symmetric polynomials in H*BT™. Define ¢ : Sp(n) —
Sp(n) to be conjugation by the matrix

j 0

0 1
Clearly ¢(T™) = T™. In fact, ¢|p» is complex conjugation of the first factor since
—jaj = a, for a € C. Hence Bc* : H*BT™ — H*BT™ is given by Bc*(y1) = —u1,
and Bc*(y;) = y; for ¢ > 1. We have shown that Bc* : H*BSp(n) — H*BSp(n) is
the identity. Since we can do this for each coordinate it follows that the image of

¢y in H*BT" is contained in the subgroup of polynomials in yi,...,y, invariant
under permutations and sign reversals, y; — —y;. This subring is generated by the
symmetric polynomials in the y?, o;(y?,...,y2). Thus

&% : H*BSp(n) — P{o(v?,...,y2)} Cc H*BT™".
n 1 n

The generators of H* BSp(n) and of P{o;(y?,...,y2)} lie in the same dimensions.
Hence we conclude as in Theoremthat @2 is an isomorphism between H*BSp(n)
and P{o;(y?,...y2)}. We therefore define

ki = ((rb:,)il(o-l(y%, ey y%))
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Clearly H*BSp(n) = P{ki,...,kn}. Properties (ii)-(iv) and uniqueness follow ex-
actly as in Theorem To prove (i), consider the following commutative diagrams
(H has C-basis {7, 7} as a right C-module)

Tt = T2

I

Sp(1) -2 SU(2) -2 U(2)

and the induced diagram on classifying spaces in cohomology

*

H*BT? 2 H*BT?

o s

H*BSp(1) <" H*BSU(2) <2— H*BU(2)

where a(\) = (A, A) so that a*(y1) = y1, a*(y2) = —y1. Clearly a*¢s(cz) =
a*(o2(y1,92)) = a*(y1y2) = —yi. By commutativity, ¢jui(c2) = ¢ipijs(c2) =
—y3. Since ¢} is a monomorphism, uj(cz) = —ki, proving (i). Since (i) is the

n = 1 case of (v), we prove (v) by induction on n. First, it is clear that p(¢;) =0
for odd i since H*BSp(n) is zero in degrees not divisible by 4. Now consider the
commutative diagram

M1 X phn—1

Sp(1) x Sp(n —1) SU(2) x SU(2n — 2)

pl,n—li lp2,2n—2

Sp(n) fn SU(2n).

Since pin—l is a monomorphism it is sufficient to show that pj, jp;(c2)) =
PTn—1((=1)"k;). This is immediate:
(17 @ g —1)(P3,9n—2(c21)) = (1] @ piy,_1) (1 @ c2i + c2 @ ci—2)
= (-1)'A®k; + k1 ® k;_1), by inductive hypothesis
= Pl n, ((=1)ks),

proving (v).
We also prove (vi) by induction on n. Note that vy = ¢y : U(1) = T* — Sp(1)
and hence v} (k1) = ¢} as required. For n > 1, consider the commutative diagram

V1 XVUp—1

U(1)xU(n-1) Sp(1) x Sp(n —1)
U(n) - Sp(n).

As above, it is sufficient to show that p} ,, ;v (ki) = pi 1 (3 aipmni(—1)*Ticacs).
We simply calculate:

PLn—1Vp(ki) = (7 @ vy )Pt 1 (Bi) = (W] @ v )(L@ ki + k1 © ki)

=1® Z (—=1)*Feuep + 3 ® Z (=) e e
a+b=21 a+b=2i—2
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by inductive hypothesis, while

pyf,n—1< Z (_1)a+icacb>

a+b=217

= Y ()" (1@ cath+ 01 @ Cam10h + €1 @ Cah1 + €] ® Ca—16p-1)

a+b=21
= Z (_1)a+i(1 @ CaqCh + C% & Caflcbfl)
a+b=2i
since the middle terms cancel. This proves (vi), completing the proof. O

If € is a U(n) bundle, write g for the Sp(n) bundle given by the inclusion
U(n) — Sp(n). If ¢ is an Sp(n) bundle, write ¢© for the SU(2n) bundle given by
Sp(n) — SU(2n). If £ is an Sp(n) bundle over A, we define the total symplectic
class k(&) of £ to be ko(§) + k1(€) + k2(€) + - -- € H**A. The following corollary is
an immediate consequence of Theorem [2.1

Corollary 2.2. All characteristic classes of Sp(n) bundles can be expressed as
polynomials in the symplectic classes. If &€ : E — A is an Sp(n) bundle, the
symplectic classes k;(€) € HY(A) satisfy:

(i) if & is an Sp(1) = SU(2) bundle then ki(§) = —ca(£°).
(i1) ki(§) = k(€D 1), where 1 denotes the trivial Sp(1) bundle over A.
(iii) k(§ ®n) =k(&)k(n), for any Sp bundle n.
(iv) ko(§) =1 and k;(§) =0 fori > n.
(v) ¢; (%) =0 if i is odd and c2;(£C) = (—1)"k;(€).
(vi) if & is a U(n) bundle then

ki(ém) = Z (_1)a+ica(£)cb(£)

a+b=21

We are now able to compute the cohomology of the homogeneous spaces U(2n)/Sp(n),
SU(2n)/Sp(n), and Sp(n)/U(n).

Corollary 2.3. As algebras,

H*U(2n)/Sp(n) = E{z4i—3 |1 <i<n}
and H*SU(2n)/Sp(n) = E{x4,—3 |2 <i <n}

with |x4;—3] = 49 — 3. The induced homomorphisms H*U(2n)/Sp(n) — H*U(2n)
and H*SU(2n)/Sp(n) — H*SU(2n) take x4,—3 to x4;_3.

PROOF. Consider the Eilenberg-Moore spectral sequence of U(2n)/Sp(n) —
BSp(n) — BU(2n). We must calculate Ey = Tory-py(2n)(Z, H* BSp(n)). Let
A be H*BU(2n) = P{c1,...,con} and let B be H*BSp(n) = P{ky,..., k,}. Of
course B is an A-module via p), : A — B. Let X be the Koszul resolution of Z over
A; X = Ea{v1, 92, .-, Y2n}, with |y;| = (—1,2¢) and differential d : X — X given
by d(y;) = ¢;. Now X ®4 B = Ep{y1,...,Yy2n} with differential d(y;) = u2(c;).
Hence we can split X ® 4 B as X; ® 4 X2, where X; is Ep{y1,¥s,...,Y2n—1} with
zero differential and Xs is Eg{y2,y4, ..., Yon} with differential d(yz;) = (—1)%;.
Clearly X5 is the Koszul resolution of Z over B. It follows that H(X;) = X; and
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H(X3) =Z. Since X; is a free B-module, the Kunneth theorem implies that
Ey 2 H(X;®X9)=H(X1)® H(X2)
=FEp{yoi-1 |1 <i<n}®Z
Since Ej lies in the second quadrant, every differential must send each generator to
zero. Hence By = FEo, and H*U(2n)/Sp(n) = E{y2i—1} = E{z4i—3 | 1 < i < n},
where we have renamed the generators so that the subscript will reflect the degree.
The second statement is immediate from the map of fibrations

U(2n) —— EU(2n) —— BU(2n)

| l

U(2n)/Sp(n) — BSp(n) —— BU(2n)

since we have chosen as generators for H*U (2n) the suspensions of the Chern classes
(Corollary ??). The computation of H*SU(n)/Sp(n) is completely analogous. O

Corollary 2.4. As an algebra, H*(Sp(n)/U(n); R) = Pr{c1,...cn}/I for any
coefficient ring R, where I =1im(v}) is generated by

{ Z (—=1)" e | 1< gn}.
a+b=21

The induced homomorphism H*(BU(n); R) — H*(Sp(n)/U(n); R) is the obvious
epimorphism.

ProoF. First take R to be a field and let all cohomology have coefficients in
R. In the Eilenberg-Moore spectral sequence of Sp(n)/U(n) — BU(n) — BSp(n),
Ey = Torg«pspm) (R, H*BU(n)), where H*BU(n) is an H*BSp(n) module via
vy : H*BSp(n) — H*BU(n). By Theorem [1.7) H*BU (n) is free over H*BSp(n).
Therefore, Ey = R ®p+pspn) H*BU(n) and hence H*Sp(n)/U(n) = Ey = Eo,
proving the first statement when R is a field. Since H*(Sp(n)/U(n);Z/pZ) is
concentrated in even degrees, the Bockstein spectral sequence collapses (F1 = Ex)
for each prime p. It follows that H*(Sp(n)/U(n);Z) is torsion-free and hence
H*(Sp(n)/U(n); R) = H*(Sp(n)/U(n);Z) @ R for any ring R by the universal
coefficient theorem. Now take R = Z. The natural homomorphism

Z @p+Bspmn) H*BU(n) = P{c;} — H"Sp(n)/U(n)

is an isomorphism when tensored with any field, hence must be an isomorphism.
This proves the first statement when R = Z. The general result follows by universal
coefficients since H*Sp(n)/U(n) is torsion-free. The second statement is immediate
since the induced homomorphism H*BU (n) — H*Sp(n)/U(n) is the composite

H*BU(n) = Z ®p+pspn) H BU(n) — H*Sp(n)/U(n). O

The next two corollaries are analogous to Corollaries and and are
proved in exactly the same manner.

Corollary 2.5. As an algebra,
H*BSP = P{k‘l, kg, .. }
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As coalgebras,
H,.BSp(n) =T{k1,k2,...,Kn}
and H,BSp = T'{k1, k2, ...},
where k; is dual to k;.

We will show in the Appendix that BSp is an H-space with product corre-
sponding to the Whitney sum of bundles. As for BU the induced coproduct on
H*BSp will be given by (k) = >3, ;_, ki ® k;.

Corollary 2.6. As Hopf algebras,

H*Sp(n) = E{x3,27,...,Zan-1} and H*Sp = E{x3,z7,...}
where x4;—1 = 0*(k;) in each case. Dually, as Hopf algebras,

H.Sp(n) = F{as,ar,...,a4n—1} and H,Sp = E{as,ar,...}

where o, (x4;-1) = K; and a; is dual to x; in each case.

Moreover, the homomorphisms induced in homology and cohomology by the
inclusions Sp(n — 1) — Sp(n) — Sp send each generator to the generators of the
same name if is present and to zero otherwise.

Corollary 2.7. As algebras,
H*U/Sp = E{x1,x5,x9, ...},
H*SU/Sp = E{x5,x9, ...},
and H*Sp/U = P{ecy,co,...}/1

where I = imv™* is generated by

{ Z (1) cqey | 1> 1} .

a+b=21i

Proor. This is immediate by passage to limits since the maps induced in
cohomology by U(n)/Sp(n) — U(n + 1)/Sp(n + 1), SU(n)/Sp(n) — SU(n +
1)/Sp(n+1), and Sp(n)/U(n) — Sp(n+1)/U(n+1) are the obvious epimorphisms.

O

We can now compute the homomorphisms induced in cohomology by each of
the maps in the bundles

U-%Sp-5U
Sp/U - BU - BSp
Sp U L U/Sp
U/Sp L5 BSp - BU.
We consider only the infinite case since the results for the finite case then follow
trivially.
Corollary 2.8. With the above notation,
(Z) V*($4i_1) = (—1)i2$4i_1, and q* =0
(ii) i*(c;) = ¢; mod I, where I is the ideal defined in Corollary and
v*(k;) = Za+b=2i(—1)““cacb
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(iti) p*(z4i-3) = 0, " (x4-1) = (=1)'24i—1, and p*(z4i—3) = Tai—3
(iv) j* =0, p*(c2i—1) = 0, and p*(c2;) = (—1)k;.

Proor. First, note that the composites qu, vi, and pj are null homotopic. We
have already determined i*(¢;), v*(k;),p*(24i—3), and p*(¢;) in Theorem and
Corollaries 2.3 and 2:4] By naturality of suspension,

v (x4—3) = v 0" (ki) = o"v* (k) = Z (=1)*To* (cqcp).
a+b=21

Since o* annihilates products, v*(z4;_3) = (—1)"20*(co;) = (—=1)2w4;_1. Thus,
v*: H*Sp — H*U is a monomorphism. For v*¢* to be zero, we must have ¢* = 0.
Now, pu*(z4i-3) = p*p*(24i-3) = 0, while pu*(X4;—1) = p*0*(c2i) = 0*((—1)'k;) =
(=1)*zy4;—1. Finally, p* : H*BU — B*BSp is an epimorphism and thus j* =0. O

3. The Stiefel-Whitney Classes and H*(BO(n);F2)

In this section, all cohomology will have Fy coefficients. Let

in : BO(n—1) —» BO(n), i, : BSO(n — 1) — BSO(n),
jn : BSO(n) — BO(n), u,: BU(n) — BSO(2n),
vy : BO(n) — BU(n), and p;; : BO(i) x BO(j) — BO(i + j)

be the canonical maps. Recall that O(1) = Z/2Z and hence, BO(1) = K(Z/2Z,1) =
RP°. There is an obvious inclusion of (Z/2Z)™ into O(1)™ as diagonal matrices
with entries £1 on the diagonal. This subgroup will play the role of the maximal
torus played in the unitary and symplectic groups. Let ¢, : BO(1)" — BO(n) be
the map induced by the inclusion O(1)™ C O(n). Denote by ¢; € H*(BU (n);Fs),
the mod 2 reduction of ¢; € H*(BU (n);Z).

Theorem 3.1. There exist unique classes w; € H'BO(n), called the Stiefel-Whitney
classes, which satisfy the following axioms.
(i) wy € H'BO(1) = H'RP™ is the unique non-zero element

(1) iy, (wi) = w;

(iii) pfj (wg) = Za+b:k Wa @ Wp

(iv) wo =1 and w; =0 fori>n
Moreover, H*BO(n) = P{wy,...,wy} and, if we let w; = j}(w;) € H*BSO(n),
then H*BSO(n) = P{ws,...,wy} and (with wy = 0) properties (ii) - (iv) remain
valid. Furthermore,

(v) pn(wei—1) = 0 and p}(we;) = ¢; where p, : U(n) — O(2n) or u, :
U(n) = SO(2n)
(vi) vi(c;) = w2 where vy, : O(n) — U(n) or v, : SO(n) — SU(n).

Proor. We will show that H*BO(n) is a polynomial algebra P{y,...,y,} in
several steps. Then we will be able to use the techniques used in the unitary and
symplectic case to explicitly define the Stiefel-Whitney classes.

We know that H*SO(n) = E{x1,...,2,-1} as a coalgebra from Chapter 2. If
the x; are universally transgressive then Theorem ?? implies that H*BSO(n) =
P{ya,...,yn} with o*y; = x;_1. To show that the x; are universally transgressive,
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consider the map of fibrations

SO(n) ESO(n) —= BSO(n)
)

| |
SO(n)/SO(q) — BSO(q) —= BSO(n

Recall that H*SO(n)/SO(q) = E{zq,...,2n—1} and ff(z;) = z;. In the Serre
sequence of the bottom row, d,z, = 0 for dimensional reasons where r < g + 1.
Hence, in the Serre sequence of the top row, d,x, = d, E,.(f)(zq) = E-(f)(drxq) =0
for r < ¢ +1. Now z, must be transgressive, dy11(x,) # 0, since H*ESO(n) is
trivial. Hence H*BSO(n) = P{ya,...,Yn}

The Gysin sequence will enable us to finish showing that H*BO(n) = P{y1,...,yn}

Lemma 3.2. Let S™ — E 2 B be a fibration with trivial local coefficients and let
H* = H*(—; R) for any commutative ring R. Then there is an exact sequence (the
Gysin sequence)

i — H'E — H™"B -5 HY'B L2, HHE —5 ...
where -y denotes multiplication by an element v € H" 1 B.

PRrROOF. Consider the Serre spectral sequence of p. We have

H™B s=0
Ey*=<(¢ H'B® (1) s=n
0 otherwise.

Hence d,,; is the only nontrivial differential. Let v = dp41(¢) in By ™10 = H* 1B,
We have exact sequences

. dn .
0 — ker(dyt1) Eit S B0 L Cok(dpgy) — 0
0 ELP H'B—% H"HB — = Eifn+10 o

and 0 — Ei" — H'E — Ei;™" — 0. Since p* : H'B — H'FE factors as H'B =
E;’O — ELY C H'E, splicing these exact sequences together yields the result.  [J

Consider the Gysin sequence of S™ — BSO(n) — BSO(n + 1). We have

H°BSO(n + 1) " g1 BSOMn + 1) ™ H™1BSO(n).
Since H*BSO(n + 1) = P{y2,...,Yn+1}, iy, has nonzero kernel in degree n +
1. Hence d,+1(t) # 0 in the Serre sequence of S™ — BSO(n) — BSO(n + 1).
Now consider the Serre sequence of S — BO(n) — BO(n + 1) (note that the
local coefficients are trivial because the only automorphism of H™S™ = Fy is the
identity). From the diagram

in

S" —— BSO(n) —> BSO(n+1)

ljn ljn-u

"> BO(n+1)
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we observe that 0 # dy41(¢) € H"M BO(n + 1) since j% 1 dp+1(t) = dpy1(e) # 0 in
H" M BSO(n +1).

We now have all the preliminary results needed to show H*BO(n) = P{y1,...,yn}.
Recall that BO(1) = RP* and hence H*BO(1) = P{y;}. Assume for induc-
tion that H*BO(n) = P{y1,...,yn}. Let ypr1 = dui1(t) € H"'BO(n + 1).
Since Y41 # 0, exactness of the Gysin sequence implies that i H*BO(n + 1) —
H'BO(n) is an isomorphism for i < n and an epimorphism for all 7. This implies
that multiplication by y,,+1 is a monomorphism H*BO(n+1) — H*™ 1 BO(n+1)
for all 4. It follows that H*BO(n+1) = P{y1,...,Yn+1}, completing the induction.

Now all of Theorem except (v) and (vi) goes through exactly as in the
unitary case with two minor changes. First, replace the maximal torus 7™ C U(n)
by O(1)" C O(n). Second, replace the proof that j' : H*BU(n) — H*SU(n)
is an epimorphism by the following. Clearly, j7 : H*BO(1) — H*BSO(1) is an
epimorphism. Assume for induction that j* is an epimorphism and consider the
diagram

S" —~ BSO(n) — BSO(n + 1)

ljn ljn+1

§" — = BO(n) —2=> BO(n + 1).

Since 4y is an isomorphism in degrees less than n 4 1, y; € im(j;;, ;) for i < n.
Now in the Serre spectral sequences of the two bundles dy41(tr) = ynt+1. Hence
Jn41(WUnt1) = Jnt1(dnt1(in)) = dni1(tn) = Ynt1. Hence j; 4 is an epimorphism.

We prove (v) by induction on n. Whenn =1, 3 : U(1) — SO(2) is an isomor-
phism and hence pj(w2) = ¢1. Since H* BU (n) lies in even degrees, u) (we2i—1) = 0.
Consider the diagram

SZn—l SQn—l
BU(n — 1) —2="" BSO(2n — 1)
BU(n) fn BSO(2n).

If i < n then u}(wq;) = ¢; by inductive hypothesis, since ¢} is an isomorphism in
degree 2i. It is clear that to,_1 must transgress to ¢, and ws, in H*BU(n) and
H*BSO(2n). By naturality of transgression, . (wa,) = cy.

To prove (vi), consider the diagram

n

BO(1)" —= BU(1)"

o| Jon

™ > BU(n)

From the Serre spectral sequence of U(1) = U(1)/0(1) — BO(1) &3 BU(1) it is
clear that v; is a monomorphism. Hence vf(c1) = w?. If we write H*BO(1)" as
P{zy1,...,2z,} then ¢%vi(c;) = (V7)*¢%(c;) = ou(23, ..., 22). With Fy coefficients,
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oi(x?,...,22) = (0i(x1,...,2,))? and hence v} (c;) = w?. From the diagram

BSU(n) —"~ BU(n)

BSO(n) 2~ BO(n)
it is clear that v (c;) = w? for the special groups also. (]

If £ is an O(n) (resp. SO(n)) bundle, let ¢ denote its complexification, given
by v, : O(n) — U(n). If € is a U(n) bundle, let (& denote the underlying real
bundle, given by u, : U(n) — SO(2n). If £ is an O(n) bundle over A, define the
total Stiefel-Whitney class w(£) to be

wo(§) + wi(§) + - € H™(A).
Of course we have the following corollary.

Corollary 3.3. All Fy characteristic classes of O(n) and SO(n) bundles can be
expressed as polynomials in the Stiefel-Whitney classes. Let & be an O(n) bundle
over A. The Stiefel-Whitney classes w;(§) € H'(A;Fy) satisfy:

(i) wi(y) € H'BO(1) is the unique nonzero element if v is the nontrivial
O(1) bundle over BO(1).
(i) w;(§) = w;(§E ® 1), where 1 denotes the trivial line bundle over A.
(ii3) w(€ ®n) =w(&)w(n) for any O(m) bundle n over A.
(iv) wo(€) =1, w;(§) =0 4fi > n, and wi(§) =0 if and only if £ is an SO(n)
bundle.
(v) if € is a U(n) bundle, then wa;_1(£¥) = 0 and wa; (E8) = ¢;(€).
(vi) ci(éc) = wi(§)*.
Note that in (v) and (vi) the Chern classes referred to are the mod 2 reductions
of the ordinary Chern classes. The last statement in (iv) follows from the fact that

BSO(n) 2% BO(n) 2% BO(1)

is a fibration.

Corollary 3.4. With Fy coefficients, we have the following.
(i) As algebras,
H*BO = P{w;,ws,...},
and H*BSO = P{wsy,ws,...}.
(ii) As coalgebras,
H.BO(n) =T{wi,wa,...,wn},
H.BSO(n) =T{wa,ws,...,wn},
H,BO =T{w;,ws,...},
and H,BSO =T'{wy,ws,...}
where w; is dual to w;. The homomorphisms induced in homology and cohomology

by the natural inclusions send each generator to the generator of the same name if
present and to zero otherwise.
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Proor. H,BO(n) and H,BSO(n) are as stated by duality. The consistency
of the generators follows from the consistency of the Stiefel-Whitney classes in
H*BO(n) and H*BSO(n) under the inclusion maps. The statements about H*BO,
H*BSO, H,BO, and H,BSO now follow by passage to limits. O

We will show in the Appendix that BO and BSO are H-spaces with multi-
plication corresponding to Whitney sum. It will then follow from Theorem (ii)
that the coproduct on H*BO and H*BSO is given by ¥(wy,) = > w; @ wp_;.

In the Appendix, we will give an alternative description of H,BO which is
conceptually simpler.

Corollary 3.5. As Hopf algebras,
H*SO(n) = A{z1,...,2p_1},
and H*SO = A{zy,xq,...}
where x;_1 = oc*w;. Dually,
H.S0(n) = F{ay,...,an_1},
and H,SO = F{ay,az,...}
as algebras, where o,a;—1 = w; and a; is dual to x;.

ProOOF. Recall that the notation A{z1,...,z,_1} means that {z1,... 2,1} is
a simple system of primitive generators. In the Eilenberg-Moore spectral sequence
of the universal bundle SO(n) — ESO(n) — BSO(n), we have

TorP{wg,...,wn}(FQaFQ) = E{Ila B axn—l}-

Since the Stiefel-Whitney classes suspend, Fs = F.,. However, since we have
Fy coefficients, we can only conclude that {z1,...,2,-1} is a simple system of
generators. The x; are shown to be primitive as in Corollary ??. The computation
of H*SO is identical. The statements about H,SO(n) and H,SO follow by duality.

a

We shall complete the determination of H*SO(n) as an algebra in the next
section.

Proposition 3.6. As an algebra,
H*SO(2n)/U(n) = A{xa, x4, ..., Ton—2} C A{x1,..., 2901} = H*SO(2n).

The indicated inclusion is the homomorphism induced in cohomology by the natural
map SO(2n) — SO(2n)/U(n).

PRrROOF. Consider the Eilenberg-Moore spectral sequence of
SO(2n)/U(n) — BU(n) £2 BSO(2n).

The Ey term is the homology of X = Epy«pymy{az,as,...,as,} with respect to
the differential d(ag;—1) = 0 and d(a2;) = ¢; where a; has degree (—1,7). Now
X splits as the tensor product of Ey-pymn)yias,as, ..., a1} with zero differen-
tial and Ep«py(m){az,as, ..., a2, } with differential d(ag;) = c¢;. We recognize the
second factor as the Koszul resolution of H*BU(n). Hence, the homology of X is
En-pumylas, as,...,02,-1}@p+pum)F2 = E{as, as, ..., az,_1}. Since everything
lies in even degrees, Fy = Eo and thus H*SO(2n)/U(n) = A{as, as,...,am—1} =
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Af{xzo,x4,...,Ton—2}, where we have renamed the elements so their subscripts re-
flect their degrees. The second statement follows by naturality of hte Eilenberg-
Moore spectral sequence from the diagram

SO(2n) —— ESO(2n) — BSO(2n)

l l

SO(2n)/U(n) — BU(n) — BSO(2n).

Proposition 3.7. As algebras,
H*U(n)/O(n) = E{wy,...,w,} = H*BO(n)/(w?),
and H*SU(n)/SO(n) = E{ws,...,w,} = H*BSO(n)/(w?).

The maps induced in cohomology by the natural maps U(n)/O(n) — BO(n) and
SU(n)/SO(n) — BSO(n) are the obvious epimorhpisms.

ProoF. Consider the Eilenberg-Moore spectral sequence of
U(n)/O(n) — BO(n) =% BU(n).
By Theorem H*BO(n) is a free H*BU(n) module and hence
H*U(n)/O(n) = Eso = By = F2 @g+pum) H BO(n)

— H*BO(m)/(w?)
= FE{wi,...,w,}.

Since the homomorphism H*BO(n) — H*O(n)/U(n) is the composite

H*BO(n) — Ey* — E%* — H*U(n)/O(n),

it is clearly the evident epimorphism. The homogeneous space SU(n)/SO(n) is
handled similarly. O

Note that since E2? = 0 for p # 0, we can conclude that H*U(n)/O(n) is
actually an exterior algebra rather than just an algebra with a simple system of
generators. There is then no extension problem in determining H*U(n)/O(n) from
E.. Alternatively, we can note that the algebra homomorphism H*BO(n) —
H*U(n)/O(n) determines the algebra structure of H*U(n)/O(n).

By passage to limits, we obtain the following corollary.

Corollary 3.8. (insert)
(i) As an algebra,
H*SO/U = A{xg,xy,...} C A{xy, 20, 23,...} = H*SO,

where the homomorphism induced by the natural map SO — SO/U is the
indicated inclusion.
(i) As algebras,

H*U/O = E{w;,ws, ...} = H*'BO/(w?),
and H*SU/SO = E{wy,ws,...} = H*BSO/(w?)

where the maps induced in cohomology by the natural maps U/O — BO and
SU/SO — BSO are the evident epimorphisms.
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Consider the fibrations
SO0 —= SU —> 5U/SO SU/SO ——= BSO —“= BSU
J

U—> 50 —>50/U S0/U BU —X~ BS0.

We know that i* (w;) = w; and v*(¢;) = w?. By naturality of suspension, v*(xg,_1) =
v*o*(c;) = o*(w?) = 0. It can be shown that ¢* = 0 also, by showing that
SU — SU/SO — BSO is equivalent to a fibration and noting that i* is an
epimorphism. We have shown that p*(ws;_1) = 0, u(wz;) = ¢;. Since p* is an
epimorphism, j* = 0. By naturality of suspension, p*(x2;) = ¢*(0) = 0 and
w*(z2;-1) = 0*(¢;) = x2;—1. Finally, we know that p*(ze;) = ;.

4. Steenrod Operations, the Wu formula, and BSpin

The Steenrod operations will enable us to determine the algebra structure of
H*(SO(n);F3) and H*(SO(2n)/U(n);F3). We will also use them in calculating
H*(BSpin; F). They provide important relations between Stiefel-Whitney classes
by means of the Wu formula.

Let p be a prime. The Steenrod operations are natural transformations

P H*(X;F,) — H*(X;F,) (i>0)
B:H"(X;F,) - H (X;Fp)

such that
(i) P? has degree 2i(p — 1) if p > 2, degree i if p = 2
(i) P° =1
(iii) Pi(z) =0if p>2and |z| < 2iorif p=2 and |z| <i
(iv) Pi(z) =2P if p>2and |z| =2i or if p=2 and |z| =i
(v) Pl(xy) = P (2)P(y).

When p = 2, P? is denoted Sq*. The following lemma will be extremely useful.

Lemma 4.1. Let |z| = 1. If p > 2, then Pi(z) = 0 fori > 0. If p = 2, then
Pi(xF) = (i, k —i)a™t*. Let |y| = 2. If p > 2, then P'(y*) = (i, k — i)y*H =1 If
p=2 and B(y) = 0, then P¥(y*) = (i,k —i)y*** and P*+1(y*) = 0.

Note that for 4,5 > 0, (¢, ) denotes the binomial coefficient (ii';'ﬁ)! where 0! = 1
as usual. As a convenience, we define (7, 7) to be 0if i <0 or j < 0.

This lemma determines all Steenrod operations in BT™ and BO(1)™, and hence
in all classifying spaces of classifying Lie groups since either H*BG — H*BT™ or,
when p =2, H*BG — H*BO(1)"™ is a monomorphism for some n. By suspension,
the Steenrod operations in the classical Lie groups are also determined.

The following lemma simplifies the calculation of binomial coefficients mod p.

Lemma 4.2. Leti= Y app® and j = > bpp®, be the p-adic expansion of i and j.
Then (i,7) = [1,(ar,bx) mod p and (i,5) = 0 mod p if and only if ar, + by > p
for some k.

PROOF. Look at the coefficient of z'y? in (z + %)/ mod p. O

We can now derive the Wu formula. In the rest of this chapter, all cohomology
will have Fy coeflicients.
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Theorem 4.3. The Steenrod operations in H* BO(n) are given by
i
Sq'w; = Z(t,j —i— 1w w4
t=0
= W;Wj —+ (1,] — 17— 1)wj—le+1 —+ e+ (Z,j — 17— 1)wi+j
for0<i<j.

Remark 4.4. The proof we are about to give applies with minor modifications to
show that
i
Sq*e; =Y (t,j —i—1)e;itcjpy in H(BU(n);Fy) if i < j
t=0

and _
Sq'k; =Y (t,j —i— 1ki_tkj in H*(BSp(n);Fy) if i < j.
t=o0

Clearly Sq'c; = 0 for odd i and Sq‘k; = 0 for i =0 mod 4.

PRrROOF. Since Sq"w; = w; is the only relevant operation in H*BO(1), the
theorem is true when n = 1. Consider p = p;, : BO(1) x BO(n) — BO(n + 1)
and assume the theorem holds for BO(n). Recall that p* is a monomorphism and
p*(w;) =1®@w; + w ® wj—1. Now,

p*Sqiwj = Sqip*wj =1® Sqiwj +w ® Sqiwj,l +w? ® Sqi_le,l

since Sq'w; = w?. On the other hand,
K3
p* Z(t,j — i — D)w;—qwjty

t=0

?

(tj—i—1)(1@wi—s +w @wi——1)(1 ® Wiy + w1 @ Wjyr—1)

t=0

|

(t,7—i—1)(1 @ wi—wjps + w1 @ (Wi—g—1Wjpt + Wi gWj 1) + W QWi 1Wj44—1)
pry

K3
=1® quwj +w @ Z(t,j -1 — 1)(wi,t,1wj+t + U)i,tqu,tfl) + w% ® Sq%le,l.
t=0
Hence the formula will be proved if we show that
i

Sqlw;_1 = Z(t,j — i = 1) (Wi——1Wjps + Wiy Wjqp—1).

t=0
This sum is
i1 i
S g — i = Dwissoawjpe + 3 (65 — i — Dwimgwjie

t=0 t=0

% )
= Z(t — ]_,j — 17— ].)U)i,t’u)j+t,1 + Z(t7‘7 — 17— 1)wi,twj+t,1.
t=1 t=0

If i = j — 1, this is clearly w]{l since all other terms cancel.
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Fori<j—1,
(t,j—i—2)=(t,j—i—1)—(t—1,j—i—1)=(t,j—i—1)+(t—1,j—i—1) mod 2.
Our sum is therefore

i
Z(td — i = 2)w; ywjyi—1 = Sq'w; 1
t=0

as desired. O

Clearly the same formula (with w; = 0) holds in H*BSO(n). We can use it to
compute the cohomology algebras of SO(n) and SO(2n)/U(n).

Corollary 4.5. In H*SO(n),
Sa'w; = (i, —i)xj4s fori < j,
where x, =0 if k >n — 1.
PROOF. Since z; = 0*(wj41), we have

Sqixj = O'*Sqiwj+1

i
= O'* Z(t,] — i)wi_twj+1+t

t=0
= (7"] - Z)xl-‘r]v
where the last equality holding because ¢* annihilates decomposable elements (see
the Appendix). O

Corollary 4.6. In H*SO(n), xf = x9; if 2§ < n and xf =0 if 27 > n. Hence,
if s; is minimal so that 2% (2i — 1) > n, then H*SO(n) = P{ryi—1 | 1 < i <
[n/2]}/(x3;" ) as a Hopf algebra and H*SO(2n)/U(n) is the subalgebra generated
by the elements x3, | = x4;_2. Thus H*SO = P{xg; 1 | i > 1} and H*SO/U =

P{a3,_, = w45 |i>1} C H*SO.

Proor. Corollary implies xf = Sq’(x;) = w9j, where x9; = 0 if 2j > n.
The rest follows immediately. ([

In order to determine the 2-torsion in H*(SO(n);Z) and related spaces we will
need to know the Bockstein. Recall that 8 = Sq'.

Corollary 4.7. In H*SO(n), f(x2,—1) = 0 and B(x2j—1) = x2;. In H*SO(2n)/U(n),
8 =0. In H*BO(n), B(w;) = wiw; + (j — )wj41 and in H*BSO(n), B(w;) =
(J + Dwja.

The E5 term of the mod 2 Bockstein spectral sequence of X is the homology
of H*(X;Z/2Z) with respect to the differential 3. We will denote it by H?X. In

all the cases we are interested in, the torsion has order 2. That is, Fy = F.
[BOB check formatting and wording of this prop please]

Proposition 4.8. We compute the following algebras.
(i) As algebras

HBSO(QH) = E{.’Egn,l,mgi,lwzi + X451 | 1<1<n— 1}
and HBSO@’I’L + 1) = E{x2i71$2i + Tgi1 ‘ 1<1<n— 1}.
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(i) As an algebra
HPBO(n) = P{u}, | 1< [n/2]}.
(iii) As algebras
HPBSO(2n) = P{wyn,w3; | 1 <i<n}
and H’BSO(2n 4+ 1) = P{w3; |1 <i<n —1}.
(iv) As algebras
HPU(2n)/0(2n) = E{wy, wajwoiqq | 1 <i<n—1}
and HﬁU(Zn +1)/0(2n + 1) = E{wy, wo;wai+1 | 1 <i < n}.
(v) As algebras
HPSU(2n)/S0(2n) = E{way,, waiwyitq |1 <i<n—1}
and HPSU(2n 4 1)/S0(2n + 1) = E{woswo; 1 | 1 < i < n}.
(vi) As an algebra
HPS0(2n)/U(n) = H*SO(2n)/U(n),
thus H*(SO(2n)/U(n); Z) has no 2-torsion.

PRrROOF. We prove each case separately.

(i) {x2i—1,T2i, T2i—1T2; +x4;—1} is a basis for a subcomplex of H*SO(n) and
H*SO(n) is the tensor product of these subcomplexes. The result follows
immediately.

(ii) H*BO(2n) is the tensor product of subcomplexes P{wa;, wa; 1 +wiwa;},
1 <i < n, and P{wy,wa,}. H*BO(2n + 1) is the tensor product of
P{in,w2i+1 + wlwgi}, ) S ) S n and P{wl} Now Hﬁp{’w%,wgi+1 +
wiwy;} = P{w3,}, HPP{wi,wa,} = P{w3,} and H?P{w;} = 0. The
result follows.

(iii) The relevant subcomplexes are P{wg;wa;+1} and, for H* BSO(2n), P{way, }.
The result follows as in (ii).
(iv) As complexes,

H*U(Zn)/O(Qn) = E{wl, w2n} & <® E{wgi, W41 + wlwgi}>

i=1
and

HU@2n+1)/02n+1) = E{w1} ® (é E{wai, wai1 + w1w2i}> :
i=1
(v) As complexes,
H*SU(2n)/S0(2n) (@ E{w%w?m}) Q) E{wan}
and

H*SU(2n +1)/S0(2n + 1 ® E{wai, wait1}-

(vi) We have shown this in Corollary [1.7}
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d

Corollary 4.9. In all of the above cases E5 = E., and hence all torsion is of order
2.

PRrROOF. In case (i), this follows from our calculation of H*(SO(n);F3). In
cases (ii) and (iii), Fs is concentrated in even degrees and hence Ey = E,. Cases
(iv) and (v) follow from our calculation of the relevant cohomology algebras away
from 2 in Chapter 6. That the only torsion is 2-torsion in cases (ii)-(vi) will also
follow from Chapter 6. (]

Recall that Spin(n) is defined to be the universal covering group of SO(n) (n >
3). We therefore have a short exact sequence Z/2Z — Spin(n) — SO(n) (and in
the limit, Z/2Z — Spin — SO) with Z/2Z normal in Spin(n) (or Spin). In the next
chapter we will see that H*(Spin(n); A) = H*(BSpin(n); A) = H*(BSO(n); A) if 2
is invertible in A. In this chapter we will calculate H*(Spin;Fy) and H*(BSpin; Fs).
The cohomology of Spin(n) and BSpin(n) with Fy coefficients is known but is more
difficult to compute.

Before we can calculate H* BSpin we need to define an alternative set of poly-
nomial generators for H*BSO. Let u; = w; if i # 20 + 1 and let uy = wo,

a1 =99 ugss =947 Sq® -+ Sq?Sq us. By th
Ugjit141 = S~ Ugip1 = Sq” Sq -+ Sq“Sq us. By the Wu formula, we have
U = W2
uz = Ws

Us = W5 + WaW3

It is easy to see by induction that in general
u; = w; + decomposables.

From this it follows that H*BSO = P{u; | i > 2}. The importance of these classes
lies in the fact that the clases uqi1, are tied to wy by Steenrod operations. Hence
if f: X — BSO satisfies f*(wz) = f*(u2), then it must also satisfy f*(ugi 1) =0
for all 7.

Since we have a short exact sequence Z/2Z — Spin — SO, the induced sequence
BZ/2Z = K(Z/2Z,1) — BSpin — BSO is a fibration. The E5 term of the Serre
spectral sequence is Fy = H*BSO ® H*BZ7/27Z = P{u; | i > 2} ® P{.}, where ¢ €
H'BZ/27 is the fundamental class. (Recall that BZ/2Z = K(Z/2Z,1) = RP*, so
H*BZ/27 = P{.} = P{w;}.) Since Spin is simply connected, BSpin is 2-connected
and hence H! BSpin = H?BSpin = 0. It follows that ¢ (and wy = uz) do not survive
to Eo. The only differential which can kill them is dy. Hence, da(t) = wy = us. In
terms of suspension and transgression, 7(¢) = ug and o*(uz) = ¢. Now o* and its
inverse 7, commute with Steenrod squares (see the Appendix). Hence

7(:*) = 7(Sa® S ---Sq%Sq')
= SqT_l e ~Sq1u2

= Ugiy1-

Since 2’ € ES’T, T(in) = d27‘,+1(L2i). This is all we need to compute F.
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Theorem 4.10. H*BSpin = P{u; | j # 2" + 1} and H*Spin = P{xy;_1 | i > 2}.
The suspension homomorphism is 0*(u;) = x;_1 where xo; is defined as x2. The

maps induced in cohomology by the natural maps Spin — SO and BSpin — BSO
are the evident epimorphisms.

PROOF. In the Serre spectral sequence of BZ/27 — BSpin — BSO we know
that doiy1(12") = ugi,y. Loosely speaking, this means that in Fyiyq term, ugiy
and all odd powers of (2" are killed, and in the other terms of the spectral sequences
nothing happens. Thus, in the Eo, term we have only P{u; | j # 2"+ 1}. We prove
this by showing inductively that all terms following Esi-1,; up to and including
Eyiyq are P{i*'} @ P{u;j | j # 2,3,5,...,271 4+ 1} and that the differentials are
zero except for dyi; which we computed above. This is certainly true for i = 0.
Assuming the hypothesis holds up to Esi 1, we have

i (3
dyi g1 (1) = nu (=12 Ugi 1T

{ 0 n even

L("’l)zluziﬂx n odd

Hence, ker(dgiy1) = P{i2" } @ P{u; | j #2,...,271 + 1} while im(dpi 1) is the
ideal generated by ugi,q. Thus, Esi o is as claimed. For dimensional reasons, all
differentials must be zero until the term FEyi+1,4. This completes the induction.
From the Eilenberg-Moore spectral sequence of Spin — ESpin — BSpin, we
have Eo, = E{x; | i # 2/} and hence H*Spin = A{x; | i # 2/} with o*u; = z;_1.
By naturality of suspension it follows that the homomorphism H*SO — H*Spin
sends z; — z;. Therefore z9; = x? in H*Spin and hence H*Spin = P{x9;_1 | i >
2}. O

Remark 4.11. Note that it would be equivalent to say that H*BSpin = P{w; | j #
2t +1} = P{wy, we, w7, ws, wig, - - - }- Theoremsays that a Spin bundle (that is,
an SO-bundle whose classifying map can be lifted to Spin) must have uq, us, us, ug,
etc all zero. Of course, if uz(§) = 0 then uqiy1(€) = Sq2l_1 --8q'ua(€) = 0 also.
It is possible to show by a deeper analysis of classifying spaces that BSpin is the
homotopy theoretic fiber of us = we : BSO — K(Z/2Z,2). This gives us the
reverse implication: if wy(§) = 0, then £ is a Spin-bundle. These remarks apply
equally well to Spin(n) and SO(n).

We now prove the following lemma which was used above.
[BOB I think we should merge this with Lem 5.27]

Lemma 4.12. Ifi =Y aip® and j = > bpp®, then (i,k) = [[(ax, br).

ProoF. Consider the polynomial algebra Pz,,z{x,y} over Z/pZ in x and y.
The coefficient of 2%y’ in (z + y)**’ can be expressed in two ways by the following
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sequence of identities:

Y (st)atyt = (x+y)t

s+t=i+j

= [ (@ + )ttt
k

— H(xpk + ypk)ak+bk
k

N T
k sp+tr=ar+bk

= Z (H(Sk, tk)) s Skpkyzt“’k, for each k.

Sk+tr=ar+bk k
Comparing coefficients we that (¢,5) = [[(ax, bx) mod p. 0

5. Euler and Pontrjagin classes in rings containing 1/2

In this section, all cohomology will have coefficients in a ring A containing
1/2. The important examples are F, and Zpy for p > 2, Q, and the universal
example Z[1/2]. We will define the canonical polynomial generators, the Euler
class, and the Pontrjagin classes, for H*(BO(n); A) and H*(BSO(n);A). In the
following chapters, we will see that they are the A-reductions of integral Euler
and Pontrjagin classes. However, since the presence of 2-torsion in the integral
cohomology obscures their formal properties, they are most naturally studied away
from the prime 2. Let iy, jn, Pij, tn, and v, be as in Chapter 4.

Theorem 5.1. There exist unique classes P; € H**BO(n) and P; € H*BSO(n),
called the Pontrjagin classes, and a unique class x € H"BSO(n), called the Euler
class, such that

(i) P = j3(Py) = &8 € H*BU(1) = H*BSO(2) and x = ¢; € H?BU(1) =
H2BSO(2)
(i) i7,(P;) = Pi,ip(x) = 0, and j;(P;) = P;
(i11) p};(Pr) = X qypep Pa @ Py and pi;(x) = X @ x
(iv) Py =1,P; =0 ifi > [n/2], while x = 0 if n is odd and x> = Py if n = 2k.

Moreover, H*BO(2n) = H*BO(2n + 1) = H*BSO(2n + 1) = P{Py,...,P,} and
H*BSO(2n) = P{Py,...,Py_1,x}. In addition,

(v) vi(civ1) = 0 and v} (coi) = (—1)'P; where v, : BO(n) — BU(n), v, :
BSO(n) — BU(n), or v, : BSO(n) — BSU(n).

(vi) (15(Pi) = Y 4pm0i(—=1)"Tcacy where p, : BU(n) — BO(2n) or p, :
BU(n) — BSO(2n) and p}(x) = ¢pn, for py, : BU(n) — BSO(2n).

PrROOF. We will prove the result for BSO(n) first and use it to obtain the
result for BO(n). Let ¢apte : T — SO(2n +€), € = 0 or 1, be the maximal torus
consisting of matrices of the form
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A, 0 Ay 0

As Az

0 ’ A, O Ar

1

in SO(2n) or SO(2n + 1), where each A; € SO(2) =T!. In Corollary we saw

that H*SO(2n) = E{x3,27,...,Tan—5,Yan—1} and H*SO(2n+1) = E{x3, x7,...,T4n—1}
Hence H*BSO(2n) = P{z4, 28, ..., Zan—4a, 22n} and H*BSO(2n+1) = P{z4,28, ..., 24n}.
Since H*BSO(2n + ¢€) is a polynomial algebra on n generators, it follows as before

that ¢3,,,. is a monomorphism. We can permute the factors of 7™ by conjuga-

tion by an element of SO(2n + €). Hence, im ¢3,, | . is contained in the symmetric
polynomials. If € = 1, the matrix

I 0

N
Il

0 1
I where A = (1 O)

0 1

is in SO(2n + 1). Conjugation by A has the effect of complex conjugation of
a factor of T, which induces negation of the corresponding polynomial genera-
tor in H*BT™. Hence, im ¢35, is contained in the subalgebra generated by the
oi(y?,...,y2) € H*BT™. Since H*BSO(2n + 1) = P{zy4,2s,...,24n}, it follows
that ¢%,,., : H*BSO(2n + 1) — P{oi(y7,...,y2) | i = 1,...,n} is an isomor-
phism. Hence, we define P; to be (¢3,,1) *(ci(y?,...,¥2)) and x to be 0. When
€ = 0, the matrix corresponding to complex conjugation by one factor of T is
not in SO(2n). However, the matrices corresponding to complex conjugation of
an even number of factors of 7" are in SO(2n). Hence, im(¢3,,) is contained in
the subalgebra invariant under permutations and an even number of sign changes.
This has as generators o;(y?,...,y2), 1 <i < n—1, and o,(y1,...,yn). Since
the generators of H*BSO(2n) lie in the same degrees, ¢35, is an isomorphism
onto this subalgebra. Accordingly, we define P; = (¢5,) " (o:(v%,...,%2)) and
X = (d)Sn)_l(U’n(yh s 7yn))'

Since O(n)/SO(n) = Z/2Z, we have a 2-fold covering (principal Z/2Z- bun-
dle) Z/2Z — BSO(n) — BO(n). We now proceed to calculate H*BO(n) from
H*BSO(n) using this covering. We may as well take any covering p : E — B whose
group of covering transformations, 7, is finite. As usual we have p, : C. F — C. B,
where C, denotes the singular chain complex functor. However, since p is a cov-
ering we also have a map p : C.B — C.E where pi(c) is the sum of all the
lifts of ¢ (of course, one has to do this for simplices and extend by linearity).
It is easy to see that p; commutes with the boundary operator. The composite
p«pr : C B — C, B is multiplication by ||, the order of = and the composite pp.

takes x to > ger 9. Letting py also denote the map induced in cohomology we have
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the relations pip* = [r| : H*B — H*B and p*p1 = 3 ., g : H'"E — H*E. The
homomorphism p, : H*E — H*B is called the transfer homomorphism.

Lemma 5.2. If |«| is invertible in A then p* : H*(B;A) — H*(E;A)™is an iso-
morphism (where H*(E; A)™ denotes the elements fized by 7).

PrOOF. Multiplication by |r| is monic so p* is monic. If x € (H*E)™ then
p*pi(2x) = x so p* maps onto (H*E)™. Now |r|p*(x) = p*pip*(z) = 3 gp* ().
Therefore p*(z) = %Z gen 9P (z), which is obviously invariant under w. That is,

p*(H*B) C (H*E)™. O

By Lemma we conclude that H*BO(n) = H*BSO(n)%/?%. It remains
only to compute the action of Z/2Z = O(n)/SO(n) on H*BSO(n), to which we
can apply Lemma To this end, let G be a topological group, H by a normal
subgroup such that G/H is discrete. For g € G, define ¢, : H — by ¢4(h) = g~ 'hg.

The nontrivial element of O(2n + €)/SO(2n + €) is represented by the matrix

1 0

among others. This representative normalizes T C SO(2n + €) and hence induces
an action on BT". Conjugation of 7™ by A induces complex conjugation of the
first factor of 7. Hence, the action induced on H*BT™ sends y; to —y; and fixes
the other generators. It follows from the definition of the Euler and Pontrjagin
classes that B¢ 4 sends x to —x and fixes each P;. Therefore,

H*BO(2n) = H*BO(2n + 1) = P{Py,...,P,} C H*BSO(2n +¢),

where we define P, € H*BO(n) to be (j)71(P;).

We can now finish the proof of Theorem Statement (i) is immediate from
the definition of P; and y since U(1) =2 SO(2) < T!. In statement (i), j:(P;) = P;
is definition while ¢ (P;) = P, and % (x) = 0 follows by an easy diagram chase
using the fact that the map H*BT"™ — H*BT"~!, induced by inclusion of the first
n — 1 factors T"~! — T™, is the quotient map sending y, to 0. In order to prove
(iii), we will use (v). Since Py = v}, ;((—1)¥cax), we have

ij(Pk) = p;‘ij;:rj((_l)chk)
= (v; @ v))pi;((—1) car)

= (=" Y ()P (-1)'P,

a+b=k

Z P, ® P,.

a+b=k
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To show that pj;(x) = x ® X, first note that if exactly one of 7 and j is odd, then
equality is trivial since both sides are zero. If i = 2n + 1, j = 2m + 1 then
pfj(Xg) = Pfj(Pn+m+1)

= Z P, @ P,.

a+b=n+m+1

But P, =0 for a > n and P, = 0 for b > m. Thusp;fj(xz) =0. Now x®@x =0
since y = 0 in H*BSO(2n+1). The proof when i and j are both even is immediate
from the commutative diagram

T x 1™ Tntm

Pon X Pam l l P2nt+2m

SO(2n) x SO(2m) ——=2" = SO(2n + 2m),

using the fact that oy rm (Y1, -« s Untm) = 00 Y1y - s Un)Om(Ynt1s - - - s Yntm)- State-
ment (iv) is immediate from the definitions. Now the uniqueness of the Euler and
Pontrjagin classes follows inductively from (i) and (iii) as for the Chern classes.

To prove (v), first note that we need only consider va, : BSO(2n) — BU(2n)
since j3,,, jon 41, and i3, : H*BSO(2n+1) — H*BSO(2n) are all monomorphisms.
We wish to compare the maximal tori of SO(2n) and U(2n) under the map va,.
However, this is not possible using the standard maximal tori. Hence, we use a
different maximal torus for U(2n). This presents no problems because all maximal
tori induce the same homomorphism in cohomology. To see this we need only recall
that any two maximal tori are conjugate and that conjugation

G H*BG
o o N
g()g 1
7" G o BG 20 BT

by g € G induces the identity map H*BG — H*BG. The maximal torus we need
is obtained from the standard one by conjugating with

A 0

i A
A= .
0 A
1

where A = 1/y/2 <1 z) € U(2). We can express vo¢y : TH — U(2) by

vada(a +iff) = (_aﬁ g)

and ¢y = Apa A~ : T? — U(2) by

_ B Ar+ A i = A)
P2(A1, Ag) = 1/2 <_i(i2 - 2,\1) /\12+ Azl )
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We have a commutative diagram

" " 5 (T2)n

¢;i l;
2 n

50(2n) 22> U(2n)

where v(c)
so that (™

_( ) Let H*BT" = P{xla"wxn}andH*BTzn:P{$17y17~..7$n7yn}
)" ($1) =z; and (7")*(y;) = —x;. Then

P3nVan(ci) = (V") 93, (ci)
= (’yn)*(ai(xhylv oo 7xn7yn))

=0i(T1, =1, ooy Ty, —Tn).
Using the relation
0i(T1,—X1, ..o Ty — ) = 0i(T2, —Ta, ..., Ty, 7£En)*$%0'i_2($2, —Zo, ..., Ty, — L)
it is easy to see that this is 0 if 4 is odd and is (—1)*oy(z?,...,22) if i = 2k. This

proves (v).
Again for (vi) we need only consider u,, : U(n) — SO(2n). We have a commu-

tative diagram

/
\90 (2n)

Now pi P; is the unique element which is mapped to ¢35, (P;) = o:(y%,...,42).

Hence i, (P;) = vy (ki) = 32,4 p—0i(—1)*"cacy. Finally ¢35, (x) = on(y1, .- yn) =
¢ (cn) and therefore uX (x) = ¢,. This completes the proof of Theorem O

If ¢ is an O(n) bundle, let {c denote the U(n) bundle induced by v, : O(n) —
U(n). If € is a U(n) bundle, let ¢® denote the SO(2n) bundle induced by pu, :
U(n) — SO(2n). Define the total Pontrjagin class P(§) of an O(n) bundle £ to be
14+ Pi(&) 4+ P(€) + - --. Recall that A is a ring in which 2 is invertible.

Corollary 5.3. All A-characteristic classes of O(n) bundles can be expressed as
polynomials in the Pontrjagin classes. All A-characteristic classes of SO(n) bundles
can be expressed as polynomials in the Pontrjagin classes and the Euler class. These
classes satisfy:
(i) if & is an SO(2) = U(1) bundle, then Pi(€) = (c1(&c))? and x(§) = c1(&c)-
If & denotes & regarded as an O(2) bundle then P;(&') = Pi(€).
(i) Pi(§®1) = Pi(§), x(§®1) =0, and P;(§') = P;(§) if § is an SO(n) bundle,
& is & regarded as an O(n) bundle and 1 denotes the trivial SO(1) or O(1)
bundle.
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(iii) P(E®n) = P(E)P(n) if £ and n are O(n) and O(m) bundles (or SO(n)
and SO(m) bundles). x(& @& n) = x(&)x(n) if £ and n are SO(n) and
SO(m) bundles.

() Py(§) =1 and P;(§) =0 if i > [n/2] and & is an SO(n) or O(n) bundle.
X(&) = 0if € is an SO(2n+1) bundle and x(£)* = P, (&) if € is an SO(2n)

bundle.

(v) cait1(&c) = 0 and cai(éc) = (—1)'P;(€) if € is an O(n) bundle or SO(n)
bundle.

(vi) Pi(€%) = 34 4pm0i(=1)"ca()en(§) and x(€F) = ca(§) if & is a U(n)
bundle.

Remark 5.4. By (v) we could have defined P;(¢) as (—1)%ce;(éc). This is often
done. Many properties of the P; follow directly from the analogous properties of
the ¢;.
The formula for P;(¢®) in (vi) can be written
L= P+ Po(€F) = = (L +a(@) +ea&) +- )L —er(§) +ea(§) =)
c(€)e(8),

since this product has non zero components only in degrees 4.

From (iii) and (iv) it follows that if x(§) # 0 (in A-cohomology) then & cannot
split as the Whitney sum of two odd dimensional bundles.

Since ¢2;41(&c) = 0 in A-cohomology by (v), it follows that c¢g,11(éc) has order
a power of two in integral cohomology (take A = Z[1/2] to see this). We will
improve this is result in Chapter 8.

Corollary 5.5. With coefficients in which 271 exists, we have the following.
(i) As Hopf algebras,

H*SO(2n) = E{xs,z7,...,Tan—5} @ E{yan_1},

H*SO(2n+1) = E{xs,x7,...,Zan—1},
and H*SO = E{xy;—1 | i > 1} where x4;—1 = 0*(P;) and yan—1 = 0" (x)-
(i) As algebras

H*BSO = H*BO = P{P, | i > 1}.
(iii) As algebras
n+1

=)
H*SU(n)/SO(n) = E{z4i—3 | 2 < i <n/2} @ P{x}/(x) (n even),

and H*SU(n)/SO(n) = E{x4;—3 | 2 <i<n/2} (n odd).
The natural maps U(n) — U(n)/O(n) and SU(n) — SU(n)/SO(n) send
Zai—3 to dtself and the natural map SU(n)/SO(n) — BSO(n) sends x to
itself.

(iv) As algebras,

H*U(n)/O(n) = E{z4i—3 |1 <i < |

H*U/O = E{I4¢_3 ‘ ) 2 1},
and H*SU/SO = E{x4;—3 | i > 2}.
Again the natural maps U — U/O and SU — SU/Sp send x4;—3 to itself.
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(v) As an algebra,
H*SO(2n)/U(n) = P{c1,...,cn}/T

where I is the ideal generated by c, and

{ Z (=1)* eaep | 1§i§n—1}.

a+b=21

The natural map SO(2n)/U(n) — BU(n) sends ¢; to ¢; mod I.
(vi) As an algebra

H*SOJU = P{c; | i >1}/I
where I is the ideal generated by

{ > (=) [1<i<n - 1}

a+b=21

and the natural map SO/U — BU sends ¢; to ¢; mod I.

Further, none of the above spaces has p-torsion for odd primes p.

PRrROOF. Results (i) and (ii) follow in exactly the same manner as the analogous
results in previous chapters. Once we have shown (iii) and (v), (iv) and (vi) will
also follow in standard fashion. Having shown (i) through (vi), it will follow that
none of these spaces have p-torsion for odd primes p since we may take A = Z[1/2]
and p-torsion in integral cohomology would have p-torsion in A-cohomology. Recall
that in Corollary [2.4] we have shown that P{c¢;}/I is torsion-free.

To prove (iii), consider the Eilenberg-Moore spectral sequence of U(n)/O(n) —
BO(n) — BU(n). The E; term is the homology of Epy.3{a;} ® H*BO(n) where
1 < i < mn,da) = vi(c), and |a;] = (—1,2¢). Hence, F3 = E and the re-
sult follows. Now in the Eilenberg-Moore spectral sequence of SU(n)/SO(n) —
BSO(n) — BSU(n) for odd n, the FE5 term is the same except that z; is
not present. Hence the result follows as above. If n is even, however, we have
Ey = E{xyi3 | 2 < i < n/2} @ P{x}/(x?) since x> = P,/ is in the im-
age of v} while x is not. Clearly Es = FE. since the generators lie in Eg’*
and Ey L* " Now FE is not free so our previous results do not allow us to con-
clude that H* = H*SU(n)/SO(n) & E.. However, F., is close enough to
being free. Let Fy C F_y C F_5 C --- be the filtration of H* which gives
Ew : E%Y = F,HPY1/F, 1 HP*9. Since E{z4—3 | 2 < i < n/2} is free there
is a homomorphism E{z4;_3} — H* which projects to the obvious homomorphism
E{z4;—3} — Eo. This and the inclusion P{x}/(x?) = Fo C H* define a homomor-
phism f: E{x4;_3} @ P{x}/(x?) — H* which is filtration preserving if the domain
is given the obvious filtration. Clearly, f induces an isomorphism of associated
graded algebras, hence must be an isomorphism. Therefore, H*SU(n)/SO(n) is as
claimed. In general this shows that ‘deviation from freeness’ when confined to the
‘bottom’ filtration does not prevent the conclusion A = EYA.

To prove (v) consider the Eilenberg-Moore spectral sequence of SO(2n)/U(n) —
BU(n) — BSO(2n), where the last map is p,. As in Corollary we conclude
that H*BU (n)/im(u)) — H*SO(2n)/U(n) is an isomorphism. It is clear that
im(pr) = I is as stated. O



6. INTEGRAL EULER, PONTRJAGIN AND STIEFEL-WHITNEY CLASSES 65

Note that once we have shown that BO and BSO are H-spaces whose product
is given by the Whitney sum map it will follow from Theorem [5.1]that the coproduct
on H*BO = H*BSO is given by ¢(P,) =>_,,,_,, 5 ® ;.

We now calculate H*BSpin(n) and H*Spin(n) (with A coefficients, 1/2 € A).
We have the fibration

BZ/27Z. — BSpin(n) — BSO(n).

Since O(1) = Z/2Z we know from Theorem that H*BZ/27Z = H*BO(1) =
H°BO(1) = A. Hence in the Serre sequence of the above fibration Ey = E;’O =
H*BSO(n). It follows immediately that Fs = Eo, = H* BSpin(n). This establishes
the first part of the next result.

Proposition 5.6. The natural maps BSpin(n) — BSO(n) and Spin(n) — SO(n),
and their limits BSpin — BSO and Spin — SO induce isomorphisms in A-
cohomology.

PROOF. We have just shown that BSpin(n) — BSO(n) is a A-cohomology
isomorphism. By the map of fibrations

Spin(n) —— ESpin(n) — BSpin(n)

L l

SO(n) —— ESO(n) — BSO(n)

and the naturality of the Eilenberg-Moore spectral sequence, it follows that Spin(n) —
SO(n) is also an isomorphism in A-cohomology. The statement about the limit
spaces is an obvious consequence. (I

6. Integral Euler, Pontrjagin and Stiefel-Whitney classes

Let H* denote integral cohomology and let A be a ring in which 2 is invertible.
As before, we shall use the following names for the indicated natural maps:

jn : BSO(n) — BO(n) in : BSO(n — 1) = BSO(n) in : BO(n—1) = BO(n)
pij : BSO(3) x BSO(j) — BSO(i + j) pij : BO(i) x BO(j) = BO(i + j)
tn - BU(n) — BSO(2n) v, : BSO(n) — BSU(n) vy 1 BO(n) — BU(n).
By our calculation of the mod 2 Bockstein spectral sequence of BO(n) and

BSO(n) (Proposition [£.8)), we know that all torsion in H*BO(n) and H*BSO(n)
has order 2 and that

H*BO(2 H*BO(2 1
& ® 727 = ﬁ ® /2.
torsion torsion
o H BSO(.Qn +1) ©7)27
torsion
o~ P{w%,wi, e ,w%n}
and
H*BSO(Qn)

7./27. = P{w3, w3, ..., w3 e
torsion ®Z/ {wz, wi, » Wo(n—1), W2 }
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This tells us that there are classes of infinite order which reduce mod 2 to the classes

of w; (and for BSO(2n), wa,) and which generate the torsion free part modulo

torsion and elements divisible by 2. We will give a more precise description shortly.
The following trivial fact will be used repeatedly.

Lemma 6.1. Let B be a space such that all torsion elements of H* B have order 2.
Let K denote the kernel of H*B — H*(B;F2) and let Ko be the kernel of H*B —
H*(B;Z[1/2]). Then K1 N Ky = 0. Hence, an element of H*B is completely
determined by its images in H*(B;Fy) and H*(B;Z[1/2])

ProOOF. K, is the set of elements divisible by 2 and K is the set of torsion
elements. Since all torsion has order 2, no torsion element is divisible by 2. (I

Definition 6.2. The i** Pontrjagin class P; in H* BO(n) or H* BSO(n) is defined
to be (—1)iv} (c2;)-

Note that /% (c;) reduces mod 2 to w? by Theorem (Vi). Since w3, survives
to Eo of the Bockstein spectral sequence, v (co;) has infinite order. Since w3, ; =
B(wgi,wgiﬂ), V,:(CQH_l) has order 2.

Theorem 6.3. The integral Pontrjagin classes have the following properties:
(i) The mod 2 reduction of P; is w3;. The A-reduction of P; is P;. The
integral classes P; are characterized by this condition.
(ii) i5(P,) = P, and j%(P;) = P;.
(ii1) pi;(Py) = Za#b:k P, ® P, modulo 2-torsion.
(w) vy (c2i) = (=1)'F; _
(v) py(Pi) = Za+b:2i(*1)aﬂcacb
(vi) H*BO(2n + €) and H*BSO(2n +€), ¢ = 0 or 1, contain P{Py,...,P,}
as a subalgebra.
PROOF. We treat each case separately.
(i) vji(cai) = w3, mod 2 by Theorem (Vi) and v} (co;) = (—1)'P; in A-
coefficients by Theorem [5.1}(v). Hence the first two statements follow.
The third statement is immediate from Lemma [6.11
(ii) This follows immediately from the corresponding statement about the
Chern class c¢;.
(iii) This is easy:
P} (Pe) = pi; (1) v (con))
= (=1)*(; ® v))pjj(can)

= (D ev) Y wea

a+b=2k
= Y Pa@Pot Y v (coas1) @V (cap1).
a+b=k a+b=k

We can drop the sign (—1)* in the second sum because the elements
involved have order 2. Part (iii) is now immediate since the second sum
has order 2.

(iv) This is the definition.

(v) This holds in Z[1/2] coefficients. Since the homomorphism H*BU(n) —
H*(BU(n);Z[1/2]) is monic, it must also hold in integral coefficients.
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(vi) Since there are no relations among the P; in A-cohomology, part (i) implies
that there are no relations among the P; in integral cohomology. ([

Let the total Pontrjagin class of an O(n) bundle £ be P(§) = 1+ Py (§)+ P2 (&) +

-, If £ is an O(n)-bundle, let {c be its complexification. If £ is a U(n)-bundle,

let ¢® be the underlying SO(2n) bundle. We have the following interpretation of
Theorem in terms of characteristic classes.

Corollary 6.4. The Pontrjagin classes satisfy:
(i) the mod 2 reduction of P;(&) is (wo;(€))%. The A-reduction of P;(€) is
P;(&).
(ii) P(§@1) = P(&) if 1 is the trivial line bundle. If £ is an SO(n) bundle
and &' is & regarded as an O(n) bundle, then P;(§) = P;(&').

(iii) P ®n) = P(§)P(n) modulo 2-torsion

(i) c2i(§c) = (=1)"Pi(§)

() Pi(§%) = Xappmni cal€)es(&), or, equivalently, 1— Pr(€%) + Po(€¥) = -+ =
c(§)e(6)-

Note the following useful fact. If we work mod 2, then v};(c2i41) = w3, =
B(wa;wa;+1). Therefore, v (ca;4+1) has order 2 and so does c2;+1(&c)-

The Euler class x € H"BSO(n) was defined in Definition Using Theo-
rem we choose the orientation of the universal SO(2n) bundle which makes
x reduce to the Euler class in H?"(BSO(2n);A) defined in Chapter 6. In odd
dimensions, x = —x so it does not matter how we orient the universal SO(2n + 1)
bundle.

Theorem 6.5. The Euler class x € H"BSO(n) satisfies:

(i) The mod 2 reduction of x is wy,. The A reduction of x is x (which is zero
in H*BSO(2n+1)). The class x is characterized by these two conditions.
In H*BSO(2n), x has infinite order, while 2y =0 in H*BSO(2n + 1).

(ii) 15(x) = 0

(i1i) pi;(x) = x ® x

(iv) vi(en) = (~D)Lr/2x2

(0) 155(X) = en (1 - BU(n) = BSO(2n))

(vi) x* = P, in H*BSO(2n). H*BSO(2n) contains P{Py,...,P,_1,x} as
a subalgebra. H*BSO(2n 4 1) contains P{Pi,...,P,} ® Pz/oz{x} as a
subalgebra.

(vii) The canonical automorphism BSO(n) — BSO(n) obtained from the bun-
dle O(n)/SO(n) = Z/27Z — BSO(n) — BO(n) sends x to —x.

PRrROOF. We treat each case separately.

(i) For the first two statements, see Theorem and the remarks following
Definition 3.2l The third statement is implied by Lemma [6.1} Since
X € H*(BSO(2n);Z[1/2]) is nonzero, x € H*BSO(2n) has infinite order.
Since x € H*(BSO(2n+1);Z[1/2]) is zero, x € H*BSO(2n+1) is torsion
and hence of order 2.

(ii) Mod 2, i} (wy,) = 0 and with A coefficients i} (x) = 0. The result follows
by Lemma [6.1

(iii) Mod 2, pj;(wit;) = w; ® w; by Theorem (iii). With A coefficients
i ()1() = x ® x by Theorem [5.1}(iii). By Lemma (i), this proves the
result.
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(iv) Mod 2, v} (c,) = w2 = —w?2. With A coefficients v3,(c2,) = (=1)"P, =
(=1)"x? while 13, ,1(c2nt1) = 0 = x. By Lemma and part (i) the
result follows.

(v) This is true with Z[1/2] coefficients. Since H*BU(n) — H*(BU(n);Z[1/2])
is a monomorphism, it also holds integrally.

(vi) With A coefficients, x? = P, in H*BSO(2n). Mod 2, x is ws, and P,
is w3, in H*BSO(2n). Lemma [6.1] completes the proof that x? = P, in
H*BSO(2n). Since there are no relations among Pi,...,P,—1 and x in
H*(BSO(2n); A), there can be none in H*BSO(2n). In H*BSO(2n + 1)
we can write any relation between P, ..., P, and x in the form yYA+B =0
where B does not involve y. Since x reduces to 0 in A coefficients and
there are no relations between the P; in H*(BSO(2n +1);A), B must be
trivial and hence our relation has the form yA = 0. Mod 2, the P; and
x reduce to w3, ..., w3, and wa, 1 among which there are no relations.
Hence A must be divisible by 2: YA = 2yA’. But 2y = 0 and thus the
relation is trivial.

(vii) In Chapter |V] we showed that Z/2Z acts by reversing orientations. Since
x = (v*) " (p*uy) where (7, u,) is the universal SO(n) bundle

BSO(n) <—— D, 2~ TS50(n)
the result follows immediately. O

Corollary 6.6. The Euler class of an SO(n)-bundle satisfies:

(i) The mod 2 reduction of x(§) is w,(£). The A-reduction of x(§) is x ().
If £ is odd dimensional then 2x(§) = 0.
(i) x(€ ®1) =0 where 1 denotes the trivial line bundle.
(iii) x(§ &n) = x(E)x(n).
(iv) If & is an SO(n) bundle then c,(&c) = (—1)1/2x(€)2.
(v) If € is a U(n) bundle then x(£®) = c,(€).
(vi) If € is an SO(2n) bundle then x(£)? = P, ().
(vii) If € denotes € with the opposite orientation then x(€) = —x(£).

The Euler class and the Pontrjagin classes are the most important integral
characteristic classes. They account for all of the torsion-free classes. We now
consider a family of torsion classes. In H*(BSO(n);Fy) we have 8(wg;) = wa;yq.
Hence, there exists a (necessarily unique) class of order 2 in H*BSO(n) which
reduces mod 2 to wa;y1.

Definition 6.7. The (2i+1)% integral Stiefel-Whitney class we;+1 € H*T*BSO(n)
is the unique class of order 2 which reduces mod 2 to wag;41.

Note that in H*BSO(2n + 1), wa,41 is the same as x.
Some properties of the wo; 1 are given in the next proposition.

Theorem 6.8. The integral Stiefel-Whitney classes wa;11 € H*BSO(n) satisfy:

(i) wait1 reduces mod 2 to wa;r1 and has order 2. The class wa;yq is char-
acterized by these properties.
(ii) iy (Wait1) = Woit1-
(iti) iy, (wiy1) = 0.
(iv) vi(c2ip1) = w3, .
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(v) H*BSO(2n +¢), € = 0 or 1, contains Pyjoz{ws,ws, ..., wa,_1} as a
subalgebra. In H*BSO(2n + 1), wan+1 = X.

Note that in (v) we have omitled wap4+1 in the case € = 1 because wap4+1 1S X.

PROOF. We treat each case separately.

(i) To say that wy;4+1 has order 2 is equivalent to saying that it reduces to 0
in A coefficients. Hence this follows by Lemma [6.1

This is true in Fy and A coefficients. Apply Lemma

H*BU(n) is torsion free so this is forced on us.

Same as (ii).

Mod 2, there are no nontrivial relations among the ws;41. Since these
classes have order 2, this is sufficient to imply (as in Theorem [6.5](vi)
that there are no nontrivial relations integrally. O

Corollary 6.9. The integral Stiefel-Whitney classes of a bundle satisfy:
(i) wait1(§) has order 2 and reduces mod 2 to wa;t1(§).
(i) wair1(§ ® 1) = wait1().
(iii) waiv1(ER) = 0 for a U(n) bundle €.
(iv) cait1(éc) = wair1(€)*.
(v) If € is an BSO(2n + 1) bundle, then wap+1(§) = x(§).

Conspicuously absent is any result on integral Stiefel-Whitney classes of Whit-
ney sums. This is because wo;11(§ ® n) is difficult to describe.

The single most important fact about the integral Stiefel-Whitney classes is
that the ordinary (mod 2) Stiefel-Whitney classes ws;+1 of an oriented bundle are
reductions of integral classes which satisfy (i)-(v) above. For example, if B is a space
such that H* B has no 2-torsion then, for any SO(n)-bundle £ over B, wg;1+1(£) = 0.

In summary, we have examined the following subalgebras of H*BO(n) and
H*BSO(n):

.P{.Pl7 . ,Pnfl,g} X Pz/gz{’u)g,’lﬂ5, - ,wgn,l} C H*BSO(271)
P{Py,..., P} ® Pyjoz{ws, ws, ..., woni1 = x} C H*BSO(2n +1)
P{Py,...,P,} C H*'BO(2n) and H*BO(2n + 1).

There are, of course, other classes in the integral cohomology of these spaces.
For example, v} (coi41) = “w%H_l 7 in H*BO(n) (“ws;+1” because theres no wa; 1
here). These form another polynomial subalgebra Py, {w?, w3, ..., w3, _;}in H*BO(2n—
1) and H*BO(2n). Also, from the Bockstein spectral sequence it is apparent that

w1 Wa; + wai1 € H*(BO(n);Fs) is the reduction of a unique integral class of order
2. However, these classes are of no great importance in practice.



CHAPTER V

The Thom Isomorphism

WHERE IS Lemma Lem:6.3 7

We define Thom spaces and orientations, then prove the Thom Isomorphism
Theorem. After a discussion of orientations and orientability, we show that the
Stiefel-Whitney and Euler classes of a bundle can be defined in terms intrinsic to
the bundle, i.e., without reference to a classifying map for the bundle. We then
define the homology tangent bundle of a topological manifold, define orientations in
this context, and give a version of the Thom Isomorphism Theorem for topological
manifolds. We then prove the topological invariance of the Stiefel-Whitney and
Euler classes of a manifold by showing that the tangent bundle of a smooth manifold
is equivalent to its homology tangent bundle.

1. Thom spaces, orientations, and the Thom isomorphism

Let H* denote cohomology with coefficients in a ring A (commutative with
unit). Given a principal O(n)-bundle £ : E — B we have the associated vector
bundle

Rn%E/:EXO(n)Rn%B
and the associated disk and sphere bundles
Dn—>D§:EXO(n)Dn—>B
and
[ A— Se=FE XO(n) Ci—— >
If we let EY) denote the complement of the zero cross-section in E’ then we have an
obvious map of relative fibrations

(R",R" —0) —— (E',E)) —— B

| |

(Dn, Sn_l) E—— (Dg, Sg) —B
which is easily seen to be a homotopy equivalence.
Definition 1.1. The Thom space of £ is the quotient space T¢ = DE/S¢E.

A commonly used alternative notation is M§&. The Thom space of the univer-
sal G-bundle is often denoted TG or MG, e.g., TU(n), MU (n),TU, MU. These
universal Thom spaces are the representing spaces for bordism and cobordism just
as BU, BO, etc. are representing spaces for complex or real K-theory.

Observe that T'(€) is homotopy equivalent to the mapping cone of S¢ — B.
Clearly the Thom space is a functorial construction: a map of fibrations f :
(D¢, S¢) — (D¢, Ser) induces a map f : T(¢) — T(¢'). Fiber homotopic maps

70
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F; and F, induce homotopic maps F; and F (this follows directly from the fact
that T'({) may be obtained as the mapping cone of S¢ — B). It follows that, up
to homotopy, T'(£) is an invariant of the fiber homotopy type of (D¢, S¢) — B or
S§ — B.

Frequently, we are given an n-plane bundle with group GL(n,R) rather than
O(n). However, since GL(n,R)/O(n) is contractible [18], the natural map BO(n) —
BGL(n,R) is a homotopy equivalence and hence there is no significant distinction
between O(n) bundles GL(n,R) bundles. This is the homotopy theoretic proof that
every manifold has a Riemannian metric.

Note also that the above discussion applies to U(n) bundles and Sp(n) bundles.
Recall H*T(€) = H*(Dg, Se).

Definition 1.2. A A-orientation (an orientation if A = 7Z) of £ is a class
ue € H"T¢ = H"(DE, S¢)
which restricts to a generator of
H" (D&, 8&) = H"(D",5"7") = A
under the inclusion £71(b) = (D&, S&,) C (Dg, Se) for every b € B.

If we have a bundle map

7
(Dgr, S¢r) —— (D¢, S¢)

5’i lf
B—7' .p
and a A-orientation u € H"™(Dg,Se¢) of &, then f*(u) € H™(Dg,Se) is a A-
orientation of £. In fact, this holds whenever we have a map of fibrations f :

S¢r — S¢ whose degree on each fiber is a unit of A.
If @: Ay — As is a ring homomorphism (preserving unit) and if

u e Hn(Df, Sf; Al)

is a Aj-orientation of £ then
ay(u) € H"(Dg, S¢; As)

is a Ag-orientation of £. Hence, an orientation (that is a Z-orientation) provides us
with a A-orientation for every coefficient ring A.
The following theorem is fundamental.

Theorem 1.3. The following are equivalent:
(1) & has a A-orientation uge € H"(Dg, Se).
(2) there is a class w € H™ (D¢, S¢) which restricts to a generator of

H™(D&,, S&,) for some b in each path component of B.
(3) the local coefficient system H* (D&, S&) of € is trivial.

If (1)-(3) hold then the homomorphism ® : H*B — H"'*(D¢, S¢) defined by
O (a) = £*(a) Uue is an isomorphism where § : Dg — B and

U: H*Df ® H*(Dg,SE) — H*(Dg,55).

The map ® is natural with respect to orientation preserving bundle maps.
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PROOF. Obviously (1) implies (2). For (2) implies (3), consider the Serre
spectral sequence of (D¢, S¢) — B. We have Ey = H*(B;H*(D", 5" 1)). Since
HI(D™, 8" 1) = 0if i # n, By = E.. Clearly we may assume B is con-
nected. Then Ey™* = HO(B; H*(D", ")) = (H*(D", 8" 1)) 5 the elements of
H*(D", §"1) fixed by .

Let iy : (D™, 8" 1) — (Dg, Se) be the inclusion of the fiber over b € B. Since
iy, factors as

Hn(Dg,Sg) _ Eg(,)n _ Eg,n _ (Hn(Dn“Svnfl))ﬂlB c Hn(Dn“Svnfl)
and 4} is onto by assumption, all elements of H"(D™, S"~1) are fixed by 71 B and
thus the local coefficient system is trivial. Thus (2) implies (3).

Assume (3) holds. Then Ey = H*B & 1, where 1, € EY" = H"(D", S" 1)
is a generator. Obviously, H*(D¢, S¢) = Eo = E3. Let ug correspond to 1 ® ¢,
under these identifications. Then u¢ restricts to a generator of each fiber by the
naturality of the Serre spectral sequence applied to the diagram

(D", S"1) "= (D¢, S¢)

|

(b} B.

Hence (3) implies (1).

Now assume (1)-(3) hold. There is a pairing of spectral sequences E,(D¢) ®
E, (D¢, S¢) = E.(Dg, Se¢) which yields the cap product on E,. Now E?9(D¢) =0
if ¢ # 0 and E}9(D¢) = H*B. On E, the pairing is just left multiplication by
H*B and ® corresponds to the isomorphism sending = to x ® t,,. Since this is an
isomorphism, @ is also.

The statement that ® is natural is expressed by the equality f*f*(x) U?*ug =

£ f*(z) U ug when ?*u5 = ug in the situation

Lo,

]

Dg/ —_—> Dg

o, |

B/

O

Clearly we may also think of ® as an isomorphism H*B — H"T*(T'(¢)).

By condition (3) we see that any bundle has a Z/2Z-orientation since the only
automorphism of Z/2Z is the identity and that an SO(n) bundle has an orientation
(and hence a A-orientation for any A) since BSO(n) is simply connected.

A word about the connection between this notion of orientation and orientations
of vector spaces is in order. An orientation of R™ is an equivalence class of ordered
bases, where two bases are equivalent if the linear transformation sending one to
the other has positive determinant. Taking Z coefficients, this is the same as a
choice of generator for H"(R™,R™ — 0) = Z. The correspondence is given by
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taking a simplex linearly embedded in R™ representing the chosen generator of
H"(R™,R™ — 0) and letting the i*" basis vector of the corresponding basis be the
vector connecting vertex i — 1 and vertex 4. Since (D", S""1!) C (R",R™ — 0) is
a homotopy equivalence, it is equivalent to supply a generator of H™(D", S"~1).
Letting ip, : (D™, 5" 1) — (Dg, Se) be the inclusion of the fiber over b € B we see
that an orientation u € H™(Dg, S¢) provides us with orientations i} (u) of each fiber.
These orientations are locally compatible in the sense that for each b € B, there is a
neighborhood V of b and a class 7 € H"(671(V),£71(V) ® Se) such that 7 restricts
to the chosen orientation of each fiber lying over a point of V. Conversely, given
orientations of the fibers which are locally compatible in this sense we can recover an
orientation u € H"(Dg, S¢) inducing them by Mayer-Vietoris sequences and a limit
argument [17, p. 212]. If one considers orientations with respect to a generalized
cohomology theory, orientations as in Definition [1.2] are no longer equivalent to
locally compatible families of orientations (see [, pp. 253-255]). Definition is
the one which generalizes.

Observe that any two A-orientations of a bundle differ by a unit of A. Hence
7./2Z-orientations are unique, while Z-orientations occur in pairs {u, —u}.

Definition 1.4. A bundle is A-orientable if it has a A-orientation. A A-oriented
bundle is a pair (£, ue¢) consisting of a bundle ¢ and a particular A-orientation
ue € H™T'(§).

2. Orientations and the classifying spaces BO(n) and BSO(n)

These ideas can be expressed most clearly in terms of classifying maps and
characteristic classes. We need the following fact.

Theorem 2.1. Let A = Z. Then conditions (1)-(3) of Theorem [1.9 are equivalent
to either of the following:

(1°) the classifying map & can be lifted to BSO(n)
(2) wi(§) = 0.

PROOF. The equivalence of (1’) and (2’) was demonstrated in Corollary
As noted before (1’) implies (3) since if w;(§) # 0 then ¢ is not orientable. Let
¢ : E — B have classifying map f : B — BO(n). Since w1(§) # 0, f* :
HY(BO(n);Z/2Z) — H'(B;Z/2Z) is nonzero. By universal coefficients and the
Hurewicz theorem, f. : mB — mBO(n) = Z/2Z is nonzero. Pick a: S' — B
such that f.(a) # 0. Then o*¢ is the nontrivial O(n) bundle over S'. Now if &
were orientable, a*¢ would be also. Since there is only one nontrivial O(n) bundle
over S, it remains only to exhibit a nonorientable O(n) bundle over S!. Since the
transformation

-1 0
1
0 1
in O(n) induces the nontrivial automorphism of H™(D", S"~1), this is easy. O

Remark 2.2. The following remarks are immediate.

(1) Condition (1’) is equivalent to saying that the group of the bundle can be
reduced to SO(n).
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(2) If we are given an n-plane bundle £ : E — B with group GL(n,R), let Ey
be the complement of the 0-cross section B — E. Then (E, Ey) — B is a
bundle pair with fiber (R”,R™ — 0). Although we cannot define a Thom
space from the pair (E, Ey) as we did with (Dg, S¢), Theorem holds
with the pair (D¢, Se) replaced by (E, Ep) and Theorem holds with
SO(n) replaced by SL(n,R).

Recall the fibration sequence
Z/2Z — BSO(n) — BO(n) — BZ/2Z.
For any space X, we have an exact sequence
(2.3) [X,Z/27) - [X, BSO(n)] SN [X, BO(n)] *, [X, BZ/27).

The elements of [X, BSO(n)] correspond to oriented bundles since an orientation of
the universal SO(n) bundle induces an orientation on each SO(n)-bundle which is
preserved by SO(n) bundle maps. The image of [X, BSO(n)] in [X, BO(n)] consists
of orientable bundles. The various lifts of a map f : X — BO(n) to BSO(n)
correspond to the various choices of orientation. Z/2Z acts on [X, BSO(n)] by
reversing orientations (sending (&, u¢) to (€, —ug¢). To prove the last statement,
recall the situation of Lemma ??. Let £ : ESO(n) — BSO(n) be the universal
SO(n) bundle, let ¢ : BSO(n) — BSO(n) give the action of Z/2Z = O(n)/SO(n)
on BSO(n) and let & : E' — BSO be classified by . Then we have an SO(n)
bundle map

El

Lk

BSO(n) —Y~ BSO(n)

We want to show that ¢ is the same O(n) bundle as ¢ but with the opposite
orientation. This is accomplished by exhibiting an O(n) bundle map

E’ XS0(n) Rl — ) X50(n) Sn—l

i |

BSO(n) ! BSO(n)

covering the identity and noting that it has degree -1 on the fibers. Details are
similar to Lemma ?7.

We can identify [X, Z/27Z] with the set of orientations of the trivial O(n) bundle
over X in an obvious way. Then sequence can be interpreted as

orientations ‘ ) .
of the — { oriented } 2 {n-bundles} — { two-fold }
trivial bundle n-bundles covers
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which may be split into

orientations ) ) .
of the LN { oriented } . { orientable }
Vi n-bundles n-bundles

trivial bundle

{ orientable two-fold }
n-bundles covers

where im(j) C [X, BO(n)] is identified with the set of orientable bundles. The map
k takes an O(n) bundle E — B to the double cover

E X o) O(n)/SO(n) = E/SO(n) — B.

By exactness of , we observe the amusing fact that, for connected base space
B, the (principal) O(n)-bundle E — B is orientable if and only if F is discon-
nected (since SO(n) is connected, F is disconnected if and only if E/SO(n) is
disconnected).

} — { n-bundles } i> {

3. The Stiefel-Whitney classes and Euler class revisited

A remarkable feature of the Thom isomorphism is that it enables us to define
Stiefel-Whitney classes and an Euler class in terms intrinsic to the bundle.

Theorem 3.1.
w; = & 1Sq'®(1) € H'(BO(n); Z/27Z)
Note: Clearly this implies that w;(£) = ®~*Sq’ug for any O(n)-bundle &.

ProoF. We shall prove this by explicitly analyzing the Thom space T'O(n).
Let v : EO(n) — BO(n) be the universal O(n) bundle. Then

S,y =F X0(n) Sn_l =F XO(n) O(n)/O(n - 1) = E/O(n — 1) = BO(’FL - 1)
and there is an equivalence
S, =—=DBO(n—-1)

N

BO(n) BO(n)

of fibrations. From the diagram
Sy ——B
D,—~B
in which v : D, — B is an equivalence, we see that the inclusion S, — D, is

equivalent to BO(n—1) — BO(n). Since i* is an epimorphism in Fa-cohomology,
the long exact sequence becomes

*y—1 % I
0 — H*TOm) "5 H*BO(n) 5 H*BO(n —1) — 0,

where p : D, — TO(n) is the natural map and H* denotes H*(—;F3). Hence, p* is
a monomorphism which identifies H*T'O(n) with the ideal in H*BO(n) generated



76 V. THE THOM ISOMORPHISM

by wy,. It follows that p*u, = v*(w,). We want to show ®(w;) = Sq'u,,. Since p*
is a monomorphism, it is enough to show p*®(w;) = p*Sq"u,. But

P e (wi) = p*(y* (wi)uy)

= 7" (wi)y* (wn)
and
p*Sq'uy = v*Sq'wy,
= 7" (wiwn)
so we are done. g

Definition 3.2. The Euler class x of an oriented bundle (&, u¢) is defined to be
<I>_1(u§) € H*B.

Note that we could have defined x as (£*)™'p*ue,

H*D¢ <X— H*T:

%i(ﬁ*)’l
H*B
since ®((£*) ™ 'p*ug) = p*(ug)ue = ug.
If € is an n-bundle with n odd then
ug = (—1)"21@ = —ug.

Thus 2uf = 0 and hence 2x(§) = 0. With Fy coefficients, u = Sq™ug¢. Hence the
mod 2 reduction of x is wy,.

The next thing we must do is check that this definition agrees with the definition
given in Chapter 6 when 1/2 € A. In the following theorem, let x denote the Euler
class defined in Chapter 6. Assume A contains 1/2.

Theorem 3.3. The A-reduction of @fl(ug) is x € H"(BSO(n); A) for an appro-
priately chosen orientation u., of the universal bundle v : ESO(n) — BSO(n).

PRrROOF. Let H* denote H*(—; A). As in Theorem Sy — D, is equivalent
to i : BSO(n — 1) — BSO(n) so we have the long exact sequence

o — HTIBSO(n—1) — HITSO(n) X HIBSO(n) -5 H'BSO(n—1) — - -
The even and odd cases differ:
H*BSO(2k) = P{Py,...,Px_1,x}
H*BSO(2k+1) = P{P,...,P}

When n = 2k+1, 2u2 = 0. Since 2 is invertible in A, u2 = 0. Thus ®~'(u2) = 0.
This is as desired, since x =0 in H*BSO(2k + 1).

When n = 2k we have the exact sequence

0= H*1BSO(n — 1) — H*TSO(n) X H*BSO(n) - H*BSO(n — 1).

The kernel of i* is generated by x so p*u, = £x. Choose u, so that p*u, = x. By
the remark following Definition this implies ®(z) = u2. O

Note that this determines a choice of canonical orientation for SO(2k)-bundles.
Further properties of the integral Euler class x will be developed in the next chapter.
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4. The Thom isomorphism in generalized cohomology theories

The Thom isomorphism is true in a more general setting. To show this, we first
express the Thom isomorphism in a more geometric form, following [10]. There are
three ingredients:

e a ring spectrum R,

e an R-oriented n-plane bundle £ : F — B, and

e the Thom diagonal Ap : T¢ — TE A By
The Thom diagonal expresses T¢ as a comodule over By as follows. The map
S¢ — B from the sphere bundle to B is homotopy equivalent to the inclusion
S¢ — D¢ of the sphere bundle into the disk bundle. The Thom diagonal is
then given by the middle row in the following diagram. The vertical maps are the
collapse maps p : D€y — D&, /SE, = DEJSE = TE. Tt is simple to verify that
(p A 1)A factors through p, inducing Ar, and that composing with 1 A p gives the
diagonal map for DE/SE.

De, 2 D¢y A Déy
Pl \Lp/\l
DE/SE ——=" > (DE/SE) A DEy,
o
Dg/SE ——=—= (DE/SE) A (DE/SE)
Replacing D¢ by B and DE/SE by T€, this takes the more pleasing form:
B+ A% B+ A\ B+
I)\L ip/\l
ar T¢A B,

)
|
A

TE—— 2 L TEATE

An R-orientation of ¢ is a cohomology class u € R"T¢ which restricts to a
generator of R*Te,;, = R*S™ over each point b of the base. Here €, is the
(necessarily trivial) n-plane bundle over b € B. See [I] and [13].

If R is a ring spectrum with multiplication pur : R A R — R, consider the
composition

1IANAT 1AuAl

RAT(E) RAT(E) A B, RAS'RAB, —"™_ RAsrB,.

By construction, applying m.(—) to this composite yields the homological Thom
isomorphism

R.T¢ — R,X"B,,
and this implies that the composite induces an equivalence R A T¢ — R A "B,
Since this is an equivalence of R-modules, we also get an equivalence of function
spectra

F(T&,R) ~ Fr(RATE,R) <— Fr(RAX"By,R) ~ F(X"B,,R).
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Here Fi denotes the function spectrum of R-module maps. Taking homotopy of
this yields the cohomological version of the Thom isomorphism,

R*T¢ «— R*S"B,.

Observe that the Thom diagonal (together with the Kiinneth map) induces the cup
product

R*T¢® R*B, —= > R*T¢

R*D¢/S¢ @ R* D&, —— R*DE/SE

Using this product, we may express the Thom isomorphism ® : R*B, — Rkt"T¢
as ®(z) = £*(x)ue. (WARNING: ORDER ERROR. NOT TRIVIAL TO FIX)

The method just used to define Stiefel-Whitney classes and the Euler class can
now be used in other situations. Let ¢ : R* — R* be a cohomology operation
of degree k (i.e., 1 : R — R™*). Assume given a bundle ¢ : £ — B with an
R-orientation ug € R"T¢ with associated Thom isomorphism ® : R'B;, — R Ty
given by ®(x) = £*()ue.

The class cy(€) = @ 1p(ug) € R¥B, is a characteristic class of the bundle &,
characterized by the equation

& (e (§))ue = P(ug).
The naturality of ¢ and ® implies the naturality of c¢,,. Here are our two examples:

(i) R* = H*(—;Fy), ¥ = Sq' and our orientation is the unique Fs-orientation
of an O(n)-bundle (so all bundle maps are orientation preserving). Then
¢y = w;, the i'" Stiefel-Whitney class.

(ii) R* = H*(—;F3), v : H® — H?" by ¢(x) = 2? and our orientation is
the ordinary orientation of a vector bundle. Then ¢y, = X, the Euler
class. Of course this example works equally well in the general situation:
if ug € R"T is an R-orientation of ¢ define xg(§) to be ®~'(ug). The
remark following Definition applies here also to show that xg(§) =
(&%)~ 'p*(ug), p: D¢ — T¢ the natural map.

We have noted that the Thom space is an invariant of the fiber homotopy type
of a bundle. Theorems and therefore show that the Stiefel-Whitney (and
Euler) classes of a bundle depend only on the (oriented) fiber homotopy type of the
bundle. This is of particular importance in the study of manifolds.

5. The homology tangent bundle of topological manifolds

Let M be a smooth manifold. We define characteristic classes of M by use of
the tangent bundle 7 of M. Thus we can speak of the Stiefel-Whitney classes of
M (w;(M) = w;(1)), the Euler class of M if M is oriented (x(M) = x(7)), etc.
Now it turns out that any topological manifold has a “homology tangent bundle”
for which we can define a Thom isomorphism in the presence of an orientation.
Thus we can define Stiefel-Whitney (and Euler) classes for (oriented) manifolds
using the formulas of Theorems [3.1] and [3.3] Further, if M has a smooth structure
then the tangent bundle and the homology tangent bundle are equivalent in an
appropriate sense. It follows that the new definition extends the previous one and
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that the Stiefel-Whitney and Fuler classes of a manifold M depend only upon the
topological type of M. We proceed to the detail.

Let M be a topological manifold without boundary (add an open collar if M
has a boundary). Let A C M x M be the diagonal {(m, m)}. Let

(M x M, M x M — A)

M
be projection on the first factor. Then 7 has fibers
7 (m) = (m x M,m x (M —m)) = (M, M —m).

If V is a coordinate neighborhood of m then {V,V — m} is an excisive couple.
Hence H*(M,M — m) = H*(V,V —m) &2 H*(R",R" — 0). Further, 7 is locally
trivial [Spanier, p.293]. If m,m’ € M are in the same component of M then
M —m = M —m’. Thus, if M is connected, 7 is a fiber bundle pair with fiber
(M, M — m) for any m € M.

Definition 5.1. The map 7 is called the homology tangent bundle of M. A A-
orientation of M is a class w € H"(M x M,M x M — A;A) such that ¢ (u) is
a generator of H"(m x M,m x (M —m)) = H"(R",R™ — 0) for the inclusion
im : (mx M,mx (M —m)) C (M x M,M x M — A) of each fiber.

The proof of Theorem goes through to give the following version of the
Thom Isomorphism Theorem.

Theorem 5.2. Let M be an n-manifold without boundary. The following conditions
are equivalent:
(1) M has a A-orientation w € H"(M x M, M x M — A; A)
(2) there is a classw € H"(M x M, M x M — A;A) such that i¥,(T) is a
generator of H"(m x M, m x (M —m); A) for some m in each component
of M.
(3) the local coefficient system H™ (M, M — m;A) is trivial.
If (1)-(3) hold then the homomorphism
®: HY(M;A) — HF™(M x M,M x M — A;\)

defined by ®(x) = m*(x)u is an isomorphism, where w*(x) € H*(M x M;A). @ is
natural with respect to orientation preserving maps.

Taking Theorem and as our cue we now define characteristic classes of
M.

Definition 5.3. The it" Stiefel- Whitney class of M, w;(M) € H'(M;Fy) is ®~'Sq'u
where u is the unique Fy-orientation of M. If (M,u) is an oriented manifold,
u € H"(M x M, M x M — A), the Euler class x of (M,u)is ®~(u?) € H"(M;Z).

It is easy to check that if we choose the opposite orientation —u of M then the
Euler class changes sign. Also, if n is odd then 2u? = 0 so 2y = 0. Since H"(M;Z)
is torsion free, this implies that x = 0.

It remains to prove that these definitions coincide with our earlier definitions
when M has a smooth structure. Let M be a smooth n-manifold with tangent
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bundle 7 : TM — M. Choose a Euclidean metric g : TM — RY for 7 (a Rie-
mannian metric on M). The metric provides us with an exponential map defined
on a neighborhood of the zero cross section of T'M as follows. For v € TM, let
g : R = M be the unique geodesic with g(0) = 7(v) and ¢’(0) = v. Then if u(v)
is small enough so that g(1) is defined, we let exp(v) = g(1). Recall that for each
fiber 7~ (z) there is a small disk D, . = {v € 77!(x) | u(v) < €} such that exp[p, ,
is a diffeomorphism. Let € : M — R be a positive continuous function such that for
each o € M, expp_  is a diffeomorphism. Let D = {veTM | uw) <e(r(v))}
and let S; = {v e TM | u(v) = e(7(v))}. Then D, is the n-disk bundle and S, be
the (n — 1)-sphere bundle associated to 7. We define a map

Y (DyySr) — (M x M,M x M — A)
by
P(v) = (r(v), exp(v)).

Since 1 maps fibers to fibers, it is a map of fibrations

(D", 871 (M, M — )

| |

(Dy,S,) — = (M x M, M x M — A)

v v

Now 1 restricted to a fiber is a homotopy equivalence so by the five lemma,
is a homotopy equivalence. Hence, orientations of the tangent bundle 7 and the
homology tangent bundle 7 correspond via 1* and we have a commutative diagram

/\

H™ (M x M, M x M — A) H"™ (D, S,),

if we choose orientations u and u, so that u, = ¥*(u). Clearly this implies that the
two definitions of Stiefel- Whitney and Euler classes coincide. Since the homology
tangent bundle depends only upon the topological structure of M, it follows that
the Stiefel-Whitney classes and the Euler class are topological invariants; they are
independent of any possible smooth structures on M.
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Applications and Examples

We compute the characteristic classes of various bundles and apply them to the
solution of typical problems.

The tangent bundle of a manifold M is denoted 7, or 7.

The first space to consider is the sphere S™. The usual imbedding S C R"+!
has trivial normal bundle. Hence 7g» @ €; = €,,41 where ¢; is the trivial bundle of
dimension ¢. That is, 7o~ is stably trivial.

Remark 0.1. w(rgn) =1 and P(7gn) = 1.

PRrROOF. Note that w(rgn) = w(rsn @ €1) = w(eny1) = 1 and similarly for
P. More generally, the Stiefel-Whitney and Pontrjagin classes of stably equivalent
bundles are equal. ([

Since Tgn is orientable, x(7gn) is defined. For odd n, x(7gn) is clearly zero since
H*S™ has no elements of order 2. For even n, the following lemma will enable us
to determine x(S™). It is proved by studying the pair (M x M, M x M — A) where
A is the diagonal. Recall that the Euler characteristic of a manifold is defined by

Xar =Y _(—1) rank H'(M).

i>0

Lemma 0.2. If (M,u) is an oriented compact n-manifold with orientation class
(fundamental class) v € Hp(M) then (x(tar),u) = xm. If M is a compact n-

manifold and v € H, (M;Z/2Z) is the unique Z/2Z-orientation class then (w, (Tar), u)

Xy mod 2.

PROOF. See [Spanier, p.348]. Recall that the mod 2 Euler class is wy,. a

Now xgzn = 2 so x(7g2n) = 2u* where u* is dual to the fundamental class
u € Hy,(S?"). Thus y distinguishes 742 from the trivial bundle. Note that y is
the only characteristic class we have defined which is not stably invariant. In fact
X(T @ e1) = 0. Of course we know that 7g2» is nontrivial for geometric reasons also.
If Tg2n were trivial, it would have a nowhere zero cross section v : S?" — 7,2. which
would allow us to define a homotopy between the identity map and the antipodal
map by h(z,t) = cos(t)z + sin(t)v(x). Since the antipodal map of S?" has degree
—1, this is impossible.

The next simplest spaces are the projective spaces RP™ and CP”™. To avoid du-
plication, let K denote R or C and let K P™ be the associated projective space.
To handle Txpr» we must relate it to simpler bundles. Recall that BO(1) =
0(00)/(0(1) x O(o0)) = RP> and BU(1) = U(c0)/ (U(1) x U(c0)) = CP*°. The

81



82 VI. APPLICATIONS AND EXAMPLES

universal O(1) and U(1) bundles are the Hopf bundles

exO(oo)_S and exU(oo)_S
O() U()
= RP>® =CP=.
O(1) x O(0) U(1) x U(c0) ¢
If we restrict to K P™ C K P we obtain the Hopf bundles
O(n+1) Un+1) o1
e x O(n) S an ex U(n) S
O(n+1) Un+1)
O(1) x O(n) U(1) x U(n)
The associated line bundles
Sm X0(1) R and 52n—1 XU(1) C
RP™ cpm

admit a description which is more convenient for our purposes. Let E = {([z],v) €
KP" x K™ | v € [2]} where we consider the point [z] € KP" as a line in
K"+l Let 7, : E — KP" be projection on the first factor. We then have obvious
isomorphisms of bundles

S™ X0(1) R ! E and §2n—1 XU(1) (Cf E
| | | |
RP" =——=RP" CP" =—==CP"

where f([z, A]) = ([z],2)). By abuse we will also call ~,, the Hopf bundle over K P".
Recall that H*CP> = H*BU(1) = P{c1} and H*(RP>;Z/2Z) = H*(BO(1); Z,/2Z) =
P{w;}. Ifi : KP" C KP* is the standard inclusion then H*CP> = P{z}/(z"*!)
where z = i*(c;) and H*(RP";Z/27) = P{z}/(x"*!) where x = i*(w;).

Lemma 0.3. The total Chern class of v, : E — CP™ is 1 + x. The total Stiefel-
Whitney class of v, : E — RP™ is 1+x. The total Pontrjagin class of v, : E — RP™
is 1.

PROOF. Since 7, is the restriction of the universal bundle, these all follow

immediately from the corresponding facts about the universal bundles over BO(1)
and BU(1). d

Now 7, is a subbundle of the trivial bundle €, : KP" x K"t — KP". Its
orthogonal complement is denoted w, : E — KP™. The total space E may be
described as {([z],v) € KP™ x K"™! | v is orthogonal to z}. By definition we have
Y B Wy, = €,41. We can now give a convenient description of 7x pn.
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Proposition 0.4. 7k pn» = Hom(yy,,wy).

PROOF. Suppose f € Hom(y,w) is in the fiber over [x] € KP™. Then f
is a K-linear map 7[;] — wpy (the subscript [z] means take the fiber over [z]).
If 0 #y € vy C K" define a path in K" by a(t) = y + tf(y). Letting
7 : K" —0 — K P" be the projection, ma is a path in K P" with 7a(0) = [z]. Then
(ra)’(0) is independent of the choice of y. Thus we have a map Hom(y,w) — Txpn.
It is easy to verify that it is a bundle map and hence an isomorphism O

Corollary 0.5. Txpn @ €1 = Hom(v,, €nt1) = (n+ 1) Hom(yp, €1)

Note that is £ is a bundle and m an integer, then m& denotes the sum £®- - -BE
with m factors.

PRroOF. Since Hom(vy,,vn) = €1 and 7y, ® w, = €,41, we have

T pr @ €1 = Hom(yy,, wy) ® Hom(v,,, )
= Hom(yn, €n,)
= Hom (v, (n + 1)e7)
= (n+ 1)Hom(y,, €1) O

Now, a quick glance at the effect on transition functions shows that the op-
eration which sends a bundle £ to its dual bundle Hom(¢&, €1) corresponds to the
homomorphism O(n) — O(n) or U(n) — U(n) which sends A to (A~!):. Note that
the inverse enters in because Hom(—, K) is contravariant.

Lemma 0.6. If £ is an O(n) bundle then Hom(&,e1) = &. If € is a U(n) bundle
then Hom(¢, €1) = & where £ denotes the conjugate bundle.

t

PROOF. In O(n), A7' = At so (A1) = A InU(n), A~' = A
A.

so (A71)t

o

Now we have a grasp on Tx pn. Briefly,
TRpn B €1 = (n+ 1)y, (vn, = Hopf O(1) bundle on RP™)
Tepn B ep = (n+1)7, (v, = Hopf U(1) bundle on CP™).
Proposition 0.7.
c(repn) = (1 —2)" € H**CP"
w(tgpn) = (1 + )" € H*(RP";Z/2Z)
Proor. By Corollary ??, ¢(¥,,) = 1 — . Hence ¢(1cpn) = c(7cpn @ €1) =

c((n=1)7,) = (1 —z)"*L. Similarly, w(tgps) = w((n + 1)7y,) = (1 + )" since
w(y,) =14z O

We may also write Proposition in the form

atrem) = (" T1) (o

7

w;(Trpn ) = (n + 1) zt

7
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Other characteristic classes of Tgp» and 7¢p» can be computed from these. For
example,

n+1
n

(7o )®) = enlrepn) = ( ) (—a)" = (“1)"(n + ™.

For another example, let y € H2(RP"; Z) be the unique class which reduces to 2% in
H?(RP";Z/2Z). Thus 2y = 0 and 3" is the unique class which reduces to 2% mod

2. Now H(g) reduces to (wgl(f))z mod 2. Since wgi('ern) = <n;; 1> I’Zi, Pi(TRP")
n+1

9 ) y?'. This gives an example of a case in which P(£@n) # P(£)P(n).

Recall that P(£@n) is congruent to P(£)P(n) modulo elements of order 2. We have
. 1

P(y,) =1 (so P(y,)"™ = 1), while P((n + 1)7y,) = P(trpn) = 1 + <n+ ) v+

must be

1
+1
(n 4 y4 + e,
By Proposition w1 (TRpn ) = (n + 1)z, that is
wy (RP™) = { 0 nodd
x n even.

Hence RP?"*! is orientable and RP?" is not. The Euler class x(7gp2n+1) must be
zero since the Euler characteristic of RP?" 1 is 1 4 (—1)2"+! = (.

We now turn to non-immersion and non-imbedding results. Let M™ and N™
be smooth manifolds and let f : M — N be an immersion. Then 7); is a subbundle
of f*7n. The normal bundles of f, vy, satisfies Tas vy = f*7n. It may be obtained
by choosing a Euclidean metric on 7 (which then induces one on f*7y) and letting
v¢ be the orthogonal complement to 7as in f*7y. We may also take 7¢ to be the
quotient bundle (f*7n)/7ar. The important feature of vy is that

w(T]V[)U)(Vf) = f*’LU(TN).

The most important special case is when N = R". Then 7 is trivial so we have
™M Qv =c¢€,. Ifg: M — R is also an immersion then 7y & vy = €. It follows
that v and v, are stably equivalent, for

Vi Depr =V DT BVg =€y DUy

Hence we write v, for the normal bundle of any immersion M — R™. Since 7 ®vy,
is trivial, we have

w(rp)w(vy) = 1.

Let us define w(7ys) to be w(var) = w(rpr)~t. Then we have the inductive formulas

wy =1

i
w; = E WjW;—j
Jj=1
where we have dropped a sign since we are working mod 2.

Theorem 0.8. If M™ immerses in R™* then w;(Tar) = 0 fori > k.

PROOF. wW;(Tar) = w;i(var). Since vy is a k dimensional bundle, w;(vpr) = 0
for ¢ > k. g
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Corollary 0.9. If M™ immerses in R™™1 then w;(tar) = wi(7ar)®.

PROOF. By the above inductive formulas and the proposition, we have w, = w;
and, for ¢ > 1, w; = w;, W1 = w;, wy. O

For imbeddingss, we can improve these results by using the tubular neighborhood
theorem:

Theorem 0.10. Let M be a manifold without boundary and let f : M — N be an
imbedding with normal bundle v. Let E, be the total space of v anﬁ lets: M — E,
be the zero cross-section. Then we may extend f to an embedding f : £, — N such

that f(E,) is a neighborhood of f(M)
N
S
Iy
I
M—sFE,
PROOF. See [Liulvicus, On Characteristic Classes, 5.7 O

Note that if M were a manifold with boundary, the imbedding f would still
exist by f(FE,) would no longer be a neighborhood of f(M).
We apply this result in the following theorem.

Theorem 0.11. Let M™ be a manifold without boundary which imbeds as a closed
subset of R™T* with normal bundle v. Assume v is orientable over the coefficient
ring R. Then the Euler class x(v) in R cohomology is 0. In particular, wW;(tpr) =
w;(v) =0 fori > k.

PROOF. Let f : M — R™** be the imbedding and let s : M — FE be the
zero cross-section of v. Extend f to f : E — R™* by Theorem m Recall
that if u, € H*(E, Eg; R) is an R-orientation of v (where Ey = F — s(M) is the
complement of the zero cross-section), then x(v) = s*i*(u, ) where

H*(E,Eq;R) 5 H*(E; R) %> H*(M; R).

Consider the following diagram

Rm—i—k @Rm+k)Rm+k _ f(M))

f _ _
s I
M—° s F : (E, Ey)

Since f(M) is closed and M has no boundary

T (B, Bo) — (R™FH R™HE — f(M)
is a cohomology isomorphism by excision. (Note that this would fail if either
of these hypotheses were dropped). It follows that w, = ?*(u) for some u €
H*(Rm+E R™+F — f(M); R). Then x(v) = s*z*f*(u) = f*i*(u). But i*(u) =0
since H*(R™**) = 0. Hence x(v) = 0. The last statement follows since every bun-

dle is Z/2Z-orientable and the mod 2 Euler class is the top Stiefel-Whitney class

Note that the proof also shows that x(v¢) = 0 for an imbedding f : M — N
(as a closed subset) if H*(N; R) = 0 where k is the codimension of M in N.
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Corollary 0.12. If M™ embeds in R™t! as a closed subset then the normal bundle
is trivial, v = €. Hence Tp; is stably trivial: Ta; @ €1 = €41

PROOF. The normal bundle n is a line bundle with w; (v) = 0. Since BO(1) =
K(Z/2Z,1), w; classifies line bundles. Thus, v is trivial. O

The requirement that M be embedded as a closed subset is necessary. For
example, let M be the total space of the canonical line bundle over RP! = S!.
Then M is just the open Moebius band which can be imbedded in R? (though not
as a closed subset). The following proposition will enable us to calculate w(7ps).

Proposition 0.13. Let{ : E — B be a smooth vector bundle (E and B are smooth
manifolds and £ is a smooth map). Then

Te =& (1) ® £7(8).
Proor. The tangent bundle 7¢ splits into the sum of the bundle of vectors

tangent to the fiber and the bundle of vectors orthogonal to the fiber. These
bundles are isomorphism to £*(¢) and £*(7p) respectively. O

Let v : M — S! be the canonical line bundle as above. Now 7g1 is trivial so
v*(Ts1) = €1. Also v* is a homotopy equivalence and wi () # 0 so wi(v*(7y)) # 0.
Hence w1 (7ar) = wi(7ar) # 0. It follows that M cannot be imedded as a closed
subset of R3.

We can use the preceding results to obtain information on the immersion and
imbedding of projective spaces in Euclidean space. We have shown that w(rgpn) =
(14 z)"*1. Choose k so that n < 2% < 2n. Then

1+2)¥ =1+22 =1.
Thus (14 2)"*(1 + 2)2"~"~1 = 1. We conclude that
W(rape) = (1+2)2 "1 (n< 2k <2n).

Proposition 0.14. If RP" immerses in RM then m > 2F — 1. If RP™ embeds in
R™ then m > 2F. (n < 2F < 2n).

PROOF. Since RP" is compact any embedding has closed image. Now Wak _,,_1(Trpn ) #
0 so if RP™ embeds in R™ then 2 —n —1 < m — n so m > 2%, If RP” immerses
in RP™, then 2 —n —1 <m—n+1som >2F—1. (I

Remark 0.15. (i) By Whitney’s embedding and immersion theorems RP"
embeds in R?" and immerses in R2"~!. When n = 2*~! the proposition
shows this is the best possible.

(ii) At the other extreme, if RP™ immerses in R"*! then n > s¥ — 2 so either
n=2"_—-2o0rn=2_—1If RP" embeds in R then n > 2¥ — 1 so
n=2F_1.

Recall that a manifold is said to be parallelizable if its tangent bundle is trivial.
This is equivalent to requiring the existence of n cross-sections of the tangent bun-
dle, linearly independent at each point, where n is the dimension of the manifold.

Lemma 0.16. If RP" is parallelizable then n = 2F — 1.

PROOF. If 7gpn is trivial, then w(rgpn) = 1. Let n + 1 = 28m with m odd.
Then w(mgen) = (1+2)2™ = (1422 )™ = 1422 +--- £ 1if m > 1. Hence
m=1andn=2"—1. [
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In fact RP!, RP3, and RP" are the only projective spaces which are paralleliz-
able.

The question of the existence of division algebras over R is related to the
parallelizability of S”~! and RP™"!. A division algebra of dimension n over R
gives a nonsingular bilinear pairing R™ x R™ — R”, It is this which is easiest to
work with.

Proposition 0.17. If there is a nonsingular bilinear pairing p : R x R™ — R™
then RP™~ ! is parallelizable and hence n = 2% for some k.

PROOF. Write ab for u(a,b). Let {E1,...,e,} be a basis of R”. For a € R™ the

elements aeq, aes, . .., ae, are linearly independent. Let v;(ae;1) be the projection of
ae; 41 on the plane perpendicular to ae;. Then for z € S~ {vi(z),...,v,—1(z)}
is a basis for the tangent space of "' at . Thus v1,...,v,_1 are linearly inde-
pendent cross sections of T7gn-1. Now v;(—x) = —wv;(x) so the v; also define n — 1
linearly independent cross sections of the tangent bundle of RP®~!. Thus ™!
and RP"! are parallelizable. By Lemma, this implies n — 1 = 28 — 1. ([l

For n = 1,2, 4, and 8 such pairings exist; they are the real numbers, the complex
numbers, the quaternions, and the Cayley numbers. It can be shown that these
are the only possibilities. The existence of a structure of division algebra on R™
is closely related to the existence of elements of Hopf invariant one in 7o, _1(S™).
For references and a proof that n = 1,2,4 and 8, see [Adams, Hopf Invariant One,
Annals v.72].

Regarding cross sections of general bundles, we have the following result.

Proposition 0.18. If the n-plane bundle & has k linearly independent cross sections
then
Wn—k4+1 = Wp—k42 =+ Wy = 0.
PrOOF. If £ has k linearly independent cross sections then they span a trivial
k-dimensional subbundle of £&. Thus we can split £ as e @y where « is an (n — k)-
plane bundle. Then w;(§) = w;(y) which is zero for ¢ > n — k. O

Let us apply this to the projective space RP™.

Corollary 0.19. Let n+ 1 = 2"m with m odd. Then Trpn has at most 2" — 1
linearly independent cross sections.

PROOF. w(rgpr) = (1 + )"t = (1 + ;E)T"m = (1+ x2’")m =14 ... 4+
(T) 22" (m=1 " Since m is odd (?) # 0 and hence wyr(;,—1) # 0. If k is the

maximum number of linearly independent cross sections then n —k > 2"(m — 1) so
k<27 —1. O

Obviously there are perfectly analogous results for complex bundles and Chern
classes or for symplectic bundles and symplectic classes.

The Euler class will sometimes give more information about the non-existence
of cross sections. Recall the following result.

Proposition 0.20. If 2x(&) # 0 then & has no odd-dimensional subbundles. In
particular, & has no nowhere zero cross sections.

PrOOF. If £ = v @ n, then x(&) = x(v)x(n). If v is odd-dimensional then
2x(v) =0. O
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If £ = 7g2n then w(€) = 1 so the Stiefel Whitney classes give us no information.
However, 2x(£) # 0 so we know there cannot be a nowhere zero cross section.

Characteristic classes has important applications in the theory of cobordism.
We will only sketch these briefly.

Let M be a smooth, compact n-manifold and let [m] € H,(M;Z/27Z) be the
Z.27Z-fundamental class of M. For any partition of n, n = j; + jo + -+ - + Jjg, con-

sider the class wj,w;, - wj, in H"(M;Z.2Z) where w; = w;(7ar). The Kronecker

product

k

<wj1wj2 s Wi [m]>
is an element of Z/27Z. The Stiefel Whitney characteristic numbers of M are these
elements of Z/27Z defined for each partition of n. Similarly, if M is a smooth,
compact, orientable 4m manifold with fundamental class [m] € Hyp, (M;Q) then
we have rational Pontrjagin characteristic numbers

<Pj1Pj2 ...ij, [m]) S Q

for each partition j; + --- + jr = m. In the same manner we obtain the Chern
numbers of a complex manifold. Characteristic numbers are important because
they are invariants of cobordism. If M and N are smooth, compact n-manifolds
(without boundary) then we say that M and N are (unoriented) cobordant if there
exists an (n + 1)-manifold with boundary, W, such that OW = M U N. If M and
N are oriented then we say that M and N are oriented cobordant if there exists an
oriented (n+1) manifold with boundary, W, such that OW = MU(—N), where —N
means N with the opposite orientation. The application of characteristic numbers
in cobordism then comes from the following facts.

M and N are unoriented cobordant if and only if they have the same Stiefel
Whitney numbers. M and N oriented cobordant if and only if they have the
same Stiefel Whitney numbers and the same rational Pontrjagin numbers. For an
exposition of these results see [Liulevicos, On Char classes] or [Milnor, Char classes].



APPENDIX A
Bott periodicity

1. Definition of the Maps
Our goal here is to prove the following theorem:

Theorem 1.1. There exist maps of H-spaces, which are all weak homotopy equiv-
alences (hence homotopy equivalences):

BU — .~ qsU
BO "~ QSU/SO U/~ ~ QSp/U
Sp/U —2~ Qsp BSp -2 QSU/Sp
U/Sp—2= QS0 /U S0/U —* = 0Spin

Corollary 1.2. m;(U) = mi42(U) fori >0, and mo =0, m((U) = Z.

Corollary 1.3. If G is any of O, Sp, U/Sp, Sp/U, OJ/U, or U/O, then m;(G) =
mirs(G) for all i > 0; if G is BO or BSp, then m;(G) = mi4s(G) for i > 0. For
i>0

7i(0) = i1 (BO) 2 mi2(U/O) & mi45(Sp/U) & mi44(Sp

)
= m;+5(BSp) o mi+6(U/SPp) & mi+7(0/U) % Ti+8(0).
Further, mo(O) = m(0) = Z/2, m3(0) = w7(0) = Z, and m2(0) = m4(0) =
7T5(O) = WG(O) =0.

PRrROOF OF COROLLARY [L3l 7y(0) = 1(0) = Z/2 is clear; m2(0) = mo(U/Sp) =
0; m3(0) = m(U/Sp) = Z. 7;(0) = mi_4(Sp) = 0 for 4 < i < 6, and 77(0) =
m(U/O)=7Z,by O — U — U/O. O

The method of proof is to produce maps ¢; which induce isomorphisms on
integral homology. When there is no torsion, we will work directly with integral
homology or cohomology. In the other cases, we shall prove that ¢; induces an
isomorphism on mod p homology or cohomology for all primes p and shall then be
able to conclude that ¢; induces an isomorphism on integral homology by means
of the following lemma.

Lemma 1.4. Let f : X — Y be a continuous map between connected spaces
having integral homology of finite type. If either f. or f* is an isomorphism for
mod p coefficients and all primes p, then f. : H (X;Z) — H.(Y;Z) is also an
isomorphism.

PROOF. Replacing Y by M f, we may assume that f is an inclusion. By as-
sumption, H,(Y, X;F,) = 0 for all p, hence H, (Y, X;Z)®F, C H.(Y, X;F,) is also
zero and H, (Y, X;7Z) = 0. The result follows. O

89
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We next show that the ¢; will induce isomorphisms on homotopy if they induce
isomorphisms on integral homology. This conclusion follows from the fact that the
¢; are H-maps (the point being that not all of our spaces are simply connected).

Lemma 1.5. Let f : X — Y be a fibration and a map of connected H-spaces.
Then each o € fiom(X,xg) operates trivially on the homology of the fibre F =
F~Y(yo), where xo and yo are the identities of X and Y.

PROOF. Let ¢ : I — Y be a loop at yo such that ¢ = fr foraloopr: [ — X
at xg. For any s : A, — F, define h(s) : I x A, — X by h(s)(t,u) = r(t)s(u).
Then h(s) satisfies the properties

(1) h(s)(0,u) = zos(u);
(2) h(s)(t,u) = a(t)yo;
(3) h(s)(1 x ;) = h(d;s), where §; : A1 — A, is the inclusion of the i-th
face;

(4) h(s)(1,u) = xos(u).
If we let S, F denote the singular n-simplices of F', then the function h; : S, F —
SN F, given by hq(s) = h(s)|ixa,, induces the action of ¢ on H,(F). Since h; is
homotopic to the identity, this action is clearly trivial. (Il

Proposition 1.6. Let f: X — Y be a map of connected H -spaces which induces
an isomorphism on integral homology. Then f is a homotopy equivalence.

PrOOF. Let X' = {(p,z) |z € X,p: I — Y,p(1) = f(x)}, define [ : X' —
Y by f'(p,x) = f(z), and define (p, z)(p’, 2") = (pp’, xza’), where (pp')(t) = p(t)p'(¢).
Then X is a deformation retract of X’ and f’ is a fibration and a map of H-spaces.
Replacing X by X', we may assume that f is a fibration. Since X and Y are
H-spaces, their fundamental groups are abelian, hence equal to their homology
groups, hence equal to each other. By Lemma m1(Y) operates trivially on
H.(F), F = f~(yo). F is connected since 71(f) is an isomorphism and, in the
integral Serre spectral sequence of f, E" = H,(Y;H.(F)) and E2;, = H.(Y).
Since f, : Ho(X) = H.(Y), E2, = EX, = E,. By induction on ¢, E2 , = 0 for
all ¢ > 0, hence E§,, = Hy(F) = 0 for ¢ > 0. In detail, if E2 = 0 for ¢ > 0,
then E& ¢+1 = 0, since its elements are permanent cycles which cannot bound, and
therefore EZ ., = 0 for all p, etc. Now H.(F) = Ho(F) = Z. Since F is an
H-space, m1(F) is abelian, hence 71 (F) = Hy(F) = 0. By the Hurewicz theorem,
mq(F) = 0 for all ¢, and the result follows from the long exact homotopy sequence
of the fibration f. O

With these technicalities out of the way, we proceed to the definition of the
maps ¢;. In order to relate our various classical groups conveniently, we start
with Z = Z/ ¢ Z”, where Z' and Z" are right inner product spaces of countable
dimension over H. Regarding Z as a direct sum of copies of H, we may also define
a structure of a left quaternionic inner product space on Z. The reader may check
that this is independent of the implicit choice of basis, since left actions commute
with right actions. Define

Y={:€Z|zi=iz}
and define
X={yeY|yj=jy}
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The left inner product on Z restricts to a complex inner product on Y and to a real
inner product on X. In fact, we have identifications of left inner product spaces:

Z=Yy=HacY =Xg=Hepr X

and
Y=Xc=C®r X.

where we write Z for Z regarded as a left inner product space.
Now, it is easy to check that

Sp(Z) N Sp(Z) = {T e Sp(Z) | T(X) C X}

using the fact that any z € Z can be written z = > g;z; = Y 2;¢; for elements
z; € X and ¢; € H. We take the liberty of writing

O(X) = Sp(Z) N Sp(Z)
since the two natural maps

(x5 X)— Hox X “SHep X
and

(X 5 X)— X0 H X @z H
are the same. Similarly

UY)=U(Z%NnSp(Z) ={T € Sp(Z) | T(Y) C Y}.

Thus, looking solely at right actions, we have the inclusions
(1.1) Sp(Z') x Sp(Z") ¢ Sp(Z) c U(Z%) c 0(Z®),
and the intersection of this sequence with Sp(Z) is
(1.2) O(X') x O(X")y Cc O(X) cU(Y) C Sp(Z).

The last two inclusions can be viewed as resulting from tensoring up: given a map
a: X = X in O(X), we get ac : X¢ = X¢ in U(Y), and similarly for 5: Y =Y

in U(Y).
Take
BO(X) = O(X)
 O(X') x O(X")
Uy)
BUY) = T < U’ and
BSp(Z) — Sp(Z)

Sp(Z') x Sp(Z")

Then the inclusion of into induces the further inclusions
(1.3) BO(X) ¢ BSp(Z), U(Y)/O(X) € U(Z°)/Sp(2)
and

(1.4) Sp(Z)/U(Y) C O(Z%)/U(Z"), Sp(Z) C O(Z").
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Now, for 0 < 0 < 7, define «;(0) : Z — Z by the formulas

2\2

ao(0)(2', 2"
a1(0)(z, 2"
2(0)(#',
(¢

3(0)(2", 2"

) =
(1.5)

t\z

1"

Q
Y

)
)
)

jo

Using paths of length 7, define 51 :
[T, ci(0)]

(1.6) 6i(T)(0) =

Since «a;(0)
then a;(m) =

determinant one. Thus, ¢;(T) is
is continuous.

Proposition 1.7. By restriction and passage to quotients, the maps al induce

(2/610 71'6)

ag(0)(2',2") =
as5(0) (2, 2") =
ag(0) (2, 2"
O(Z®) — PSO(Z®),0<i <

"
z

120/2 e

(2
(z €j9/2 Z//6J9/2)
(e

/16 Z//eze)

a path in SO(ZR) and ¢; :

continuous functions, which are maps of H-spaces,

¢o: BU(Z) =

d)l : BO(X)

¢4 : BSp(Z) =

b5 :

SO(Z)

Ps 0(2)

where Qg denotes the component of the loop space containing the trivial loop.

PRrROOF. In each case, to prove that ¢; : G;/H; — QG./H! is well-defined, we

U(z)

—U( X U(Z7) — QSU(2)

0(X) SU(Y)
ox) xoxn  Ysox)
uy) Sp(Z)
ox) U
) asu2)

Sp(2) ,SU2)
Sp(Z') x Sp(Z") Sp(Z)
U(2) S0(2)

sz )
— QS0(Z) ~ QSpin(Z),

must verify the following three points

(i) ¢:(T)(0) € G} if T € G;

(ii) (b( )(0) =1if T € H; (so that [ST, «;(0)] =

(iii) ¢i(T)(r) € H! for all T

(5, ai(0)], S
€ G;.

1", —i6/2

)

6, by
=T ()T a;(0)71,0< 0 <.

= id, the paths a, all start at the identity of SO(Z®). If i = 0,3, or 6,
—id, and hence the paths ¢; also end at the identity. Each ¢;(T")(9)
is a linear transformation of finite type, since T' is, and is clearly a real isometry of

O(Z%) — PSO(Z®)

< Gl)
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Note that ¢1, ¢, and ¢3 are obtained from ¢4, ¢5, and ¢g, respectively, by restrict-
ing to linear transformations which commute with left multiplication by quater-
nions. Therefore ¢1, ¢2, and ¢3 will be well-defined provided that ¢4, ¢5, and
¢¢ are well-defined. Now, (i) is satisfied for ¢y and ¢4 since, if T € U(Z), then
[T, a; ()] is a composite of linear transformations of Z regarded as a complex vector
space (since ag(6) and ay(0) involve only ¢ and not j or k), and is easily seen to be
isometric for the complex inner product. Condition (i) is trivially satisfied for ¢
and ¢g.

Condition (ii) is satisfied for ¢y and ¢4 since ag(f) and ay(f) are just scalar
multiplications when restricted to Z’ or to Z”. Condition (ii) is satisfied for ¢
since [T, a5(0)] = 1 for T € Sp(Z). This follows from the fact that as(6) is right
multiplication by a quaternionic scalar. Similarly, [T, ag(0)] = 1 for T' € U(Z) since
ag(0) is right multiplication by a complex scalar, hence (ii) is satisfied for ¢g.

Condition (iii) is trivially satisfied for ¢¢ and ¢g, since ap(m) = 1 = ag(m). It
remains to verify (iii) for ¢4 and ¢5. For ¢4, note that ay(w)(2’, 2") = (2'i, —2"4).
Writing the components of T € Sp(Z) as T, T”, we must show that [T, as(7)] €
Sp(Z). Since T~! € Sp(Z), it suffices to show that ay(7)Tas(—7) € Sp(Z).
Computing,

ag(m)Tay(—m) (2", 2") = au(m)(T'(=2"1,2"%), T"(=2"1,2"%))
= (T'(=2"i,2"1)i,=T"(=2"i,2")i)
- ()T ),

from which it is clear that a4(m)Tay(—7) commutes with multiplication by j:
ag(m)Tou(=m)(2'5,2"j) = au(m)Toau(-m)(z, 2")j.

Hence, [T, a4(m)] € Sp(Z). Finally, as(w)(2,2") = (2'4,2"j). For T € U(Z) we
must show that [T, as(7)] € U(Z). We have the formula

as(m)Tas(—m)(2', 2") —as(m)(T'(<'5,2"5), T" (<5, 2" 5))
= _(T/(Z/.ja Zﬂj)j7 T”(Z/j7zllj)j)'
Since T' € U(Z), it follows easily from this that

as(m)Tas(—m)(2'i,2"1) = as(m)Tas(—n)(Z,2")i.

This proves (iii) for ¢5 and completes the proof that the ¢; are well-defined.

We must prove that the ¢; are weak H-maps. We use the product induced
from that on G'/H' on QG’'/H' rather than the loop product. Let {e; | ¢ >
1},{e | i > 1} be orthonormal symplectic bases for Z' and Z”. Define pp: Z — Z
by p(el) = e, and u(ef) = ef;_, and define v : Z — Z by v(e}) = eb, and
v(el!) = elj;. We can use p and v to define maps O(Z%) — O(Z®) by

(T (e2:) = ez v(T)(e2) = v(T'(e:))
w(T)(e2i—1) = p(T'(e:)) v(T)(e2i—1) = eai—1
so that the diagrams
ZR 4T> ZR Z]R 4T> ZR

zr 1) or z& 2T or
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are all induced from
) by restriction and
(S

)(0) - $i(T)(0) for

will commute. The products on both the G/H and Q(G’/H')
¢ : O(Z) x O(Z) — O(Z) defined by ¢(S,T) = u(S) - (T
projection. To see this, it suffices to show that %(ST)( 0) = qbl
all S, T, and 6

(ST, as(8)] = p[S. s(8)] - v[T, i (6)).
Visibly, a;(0) = p(a;(0))v(a;(0)) and p(S)v(T) = v(T)u(S) for any S and T.
Using these facts, we obtain the desired relation by a simple expansion of the
relevant commutators. (I

Remark 1.8. This technique of separating even and odd coordinates is also used
to show that the space of linear isometries £(V,R>) ~ .

2. Commutative Diagrams in the ¢;

Observe that ¢g is defined for Y and that ¢s, ¢3, ¢5, and ¢ may be defined
using Z' or Z" instead of Z (since classifying spaces are not involved). We take
Z" to be a copy of Z', Z = Z' & 7', for convenience. We write p for the inclusions
of and any maps induced from them and v for the inclusions of and
any maps induced from them. Thus we have from and the commutative
diagram

w

Sp(Z) > U(z) —~ 50(2)

]

O(X) —L=U(Y) —2= Sp(2)

(2)
For notational convenience, we write U(Z) and SO(Z) rather than U(Z®) and
SO(Z®). Let U'(Z') denote those elements of SO(Z') which commute with right
multiplication by j, rather than i (i.e. use the inclusion C C H via i — j instead

of the usual ¢ — ¢), and U (Y') =U'(Z') N Sp(?). We must next define maps p/
and v’ so as to have diagrams

Sp(2') —L>U'(2') —~ Sp(2)

I3 iu
’

7" L= SU(Z) = S0(2)

(2.2)

and

(2.3) l l

Sp(Z') —L= SU(Y) —L= Sp(Z).

Here will be obtained from by restriction to transformations which com-

mute with left multiplication by quaternions. Thus to obtain and .7 it

suffices to define v/ : SO(Z') — SU(Z) such that v (U’(Z’)) C Sp(Z). For

T:7 — Z'"in SO(Z'), define v'(T) = (T, T)r~1, where 7 : Z — Z is given by
1

(2.4) 7(2',2") = 7

(Z/ + Z//i, (Z/ - Z//Z)]) )
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so that
1
P = s (= 2 ().
Equivalently,
V(T ") = %(T(z’) ~T(:") = T('4)i + T("k)i,
(2.5) T(z)j—T(("5)j+ Tk —T(("k)k).

Careful inspection of formula (2.5) reveals v/(T)(2'i,2"i) = v'(T) (7, 2")i; and
it T(2'5) =T(2")j, then v'(T)(2'4,2"5) = V' (T)(2',2")j. For T € SO(Z"), v'(T) is
easily verified to be a complex isometry of determinant one and this gives diagrams

(2.2) and (2.3). Note that if T € U(Z’), so that T'(z'é) = T'(z')i, then (2.5)) reduces

to
(2.6) V(T)(Z,2") = (T(2), =T (2" 5)j).

The maps v’ and p’ are equivalent to the standard inclusions and induce the same
maps on homology and cohomology. In fact, if Z is given a new quaternionic
structure Z in such a manner that 7 : Z — Z is symplectic, then Z = Z’ @¢
H where C' = {a + bj|a,b € R} and 7" =2z ®r C (C = {a + bi}), and v/
is just symplectification (on U’(Z’)) or complexification (on SO(Z")) followed by
conjugation by 7.

We shall also need the map A : U(Z) — U(Z) defined by

(2.7) NT)(2) = [T, 4] (2) = =T(T~(24)3).
where j,. denotes right multiplication by j.

Proposition 2.8. The following diagrams are either commutative or homotopy
commutative.

U\ o ,Se(Z) Unz') s o502
O(X") U'(y’) Sp(Z') Uz’
w Az Qp") v/ As Q')
¢ SU(Y) b4 SU(Z)

BO(X) QSO(X) BSp(Z) Q 0
v A Q) 1 Ay Q)

BU(Y) —~ QSU(Y) BU(Z) — = QsU(2)
W Ag (') v Ag ()
Sp(Z') o 5 SO(Z") s o
T ——=QSp(Z") 02 —— QSpin(Z’)

PROOF. The left-hand diagrams are the restrictions of the right-hand diagrams
to transformations which commute with left multiplication by quaternions, hence
it suffices to prove that A4, As, and Ag either commute or homotopy commute.
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(i) The diagram Ag is commutative:
Proof: First, v/ is well-defined here in view of formula (2.6). By the definitions,

Q)e(T)(0) = V[T, 06(0)]
= 7([T,as(0)], [T, as(O)])7~
= 7((T,T),(a 6(9),046( N
= [r(T. 1), m(ae(0), a(0)) 7],
¢V (T)(0) = [V (T),00(0)] = [7(T, )7, a0 (6)].

ag(0) : Z' — Z'is right multiplication by ¢*?, hence commutes with right multipli-

cation by i. By , 7(ap(0), a6(0))77 ! = (a6(0), —jrae(0)jr). Since e?j = je=i
T(a(0), a(0))7 1 = (e, e;7%) = ap(h), as desired.

(ii) The diagram As is commutative:

Proof: ¢ is defined from af(0) = /2 . 71— 7', since the roles of i and J
must be reversed by the definition of U’(Z’). Here v’ is again well-defined in virtue
of . Precisely, as in the previous proof,

T(ah(0),a5(0)7" = (2, —je?5,)
(€2, €,701%) = aq(0),
and

QW)g5(T)(0) = [F(T.T)r" (a5 (6), a5(0))77]
[V (T), 0 (6 )] = ¢/ (T)(0).

(iii) The diagram A4 is homotopy commutative:
Proof: NT) = [T,j,] = 1if T € Sp(Z), hence Q(A) is well-defined. Clearly
do(T)(0) = [T, ()] = [T, aa(20)], since ap(0) = a4(20). jras(0) = ay(—0)j,;

QNea(T)(0) = ([T’ a(0)], jv]
= Ta4(G)T_la4(—9)j4a4(9)Ta4(—9)T 1 _1
= Tas(0)T tay(—20)Tay(0)T*

(for T € BSp(Z), [T,jr] =1). If h: BSp(Z) x I — QSU(Z) is defined by the
formula h(T,t)(0) = Tay(0+t0) T ay(—20)Tay(6 —t0)T~1, then h is a homotopy
from Q(\)¢p4 to ¢op. This completes the proof of the proposition. ([

We shall need certain auxiliary diagrams to study some of the ¢;. Let P(G, H)
denote the paths of length 7 in G which start at the identity and end in H. Let
m:G— G/H and let p: PG — G and p : P(G, H) — H denote the endpoint
projection maps. We have Q(G/H) = P(G/H,H/H) and thus a commutative
diagram
™

P(G, H) P(G) G/H

P(‘n’)l P(ﬂ')l

Q(G/H) —— P(G/H) -~ G/H

P(n): P(G,H) — Q(G/H) is a weak homotopy equivalence, which, by abuse, we
treat as an identification. Note that, by construction, ¢1, ¢2, ¢4, and ¢5 all factor
through the relevant P(m).
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Lemma 2.9. The following are commutative diagrams of Serre fibrations:

QS0(2)/U(2") QSU(Y')/SO(X")

P(SO(Z2"),U(Z")) —2=U(2) P(SU'(Y"), SO(X")) —2= SO(X")
PSCOJ/(Z’) Vv E(iJJ/(Z) PSCUl’(Y’) wr Esiol(X)
SO(Zﬂ’p)l/U/(Z’) —r s B:J/(Z) SU/(YijSO’(X’) L B;Ol(X)

Denote the left diagram by I'y and the right by I's.

PROOF. EU(Z) = U(Z)/e x U(Z') and ESO(X) = SO(X)/e x SO(X'),
while ¢(T) = T x 1. The maps g/ and v/ are well-defined here in view of for-
mula above. Diagrams I'y and T’y commute since 7/ = v/7 and mp’ = p'w. If
F € P(30(Z),U(Z')), then v/p(f) = o/ f(x) = (f(x), jnf(m)j:) by (BG), while
ip(f) = (f(xw),1). These are equal in EU(Z) since the second coordinate has no

effect in
Uz xu(z" UZ' o2

C
ex U(Z" ex U(Z"
The upper square of I'y commutes for the same reasons. ([

Lemma 2.10. With A and X induced from , we have commutative diagrams

= EU(Z).

U(2")/Sp(Z') —2= QS0(2') U (") U(Y")/O(X") —2= QSp(Z") /U (Y")
Tﬂ \ pl TW \ lp
U(z' ¥ A Uy’ ¥ Uy’

Write H*(U, Z) = E{$2i_1|i 2 1}, Toi—1 — O'*(Ci)*. Then /\;(xgi_l) = [1 —
(71)i]1'2i_1, 7 Z 1.

PROOF. The right-hand diagram is the restriction of the left-hand diagram to
transformations which commute with left-multiplication by quaternions, hence it
suffices to prove the result for the left-hand diagram. Note that A(T) = p¢s(T) =
[T, as(m)] = [T, jr], hence N(T) = M\ (T) = [T, j,| = T3, T 15 = ¢(1 x ay)A(T),
where A is the diagonal, o(T) = 5,751, v(T) = T, and gb is the group product.
Since p(y x A(T) =1, 0 = ¢ (7 @ 1) A (x;) = xi—i-'y*(xz) and v.(x;) = —x;. s
an automorphism, hence au(z;) = (=1)%x;. In H*(BU; Z), (—1)%¢; = (Ba)*(¢),
since o*(Ba)* = a*c*, and ¥(Ba)* = (Ba)* ® (Ba)*1, hence

(—=1)% Z ¢ ®cp = Z (=1)5%% ¢; @ .
jAk=i JAk=i
Thus €; + € = €4, and ¢; = ie;. To compute €;, observe that x; is the image of
the fundamental class of S* under i : S = U(1) — U, i(e?) = € on the first
coordinate of U = U(Z") and i(e?) is the identity on the remaining coordinates.
Since j,€j, = e it is clear that a.(z1) = —z1, &1 = 1. Now the result follows
since X, (z;) = qb*(l ® Y ) As(;) = [1 — (—1)%z;, because x; is primitive. O
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3. Proof of the Periodicity Theorem

We prove in turn that each ¢;, or ¢; is an isomorphism either integrally or
mod p for all primes p. This will suffice.

Lemma 3.1. ¢, : H.(BU;Z) — H.(Q2SU;Z) is an isomorphism.
ProOF. H*(BU) = P{c;}, hence H,(BU) = P{v;}, where < ci,~+* >= 1.

Thus H,(BU) = P(j,H,(BU(1))), j : BU(1) — BU.
Consider ¢g : BU(Y) — QSU(Yf] Y = Y’ @ Y”, where Y’ and Y" have

complex orthonormal bases ...7 ([l

4. Proof of Complex Periodicity

Before delving into the proof of real Bott periodicity, we first work out the
simpler complex case. The complex case will serve as a guide to working through
the proof of real Bott periodicity. We start with a bit of intuition behind the proof.

Using the Bott map vg : U(n + 1) — QSU(n + 1), we first show the map out
of the quotient 1 : CP™ — QSU(n + 1) is well-defined and further show how to
obtain a map ¥y : BU — QSU. The effort is spent on the finite stages, working by
induction one cell at a time. Specifically, we show that the image of H,CP"™ under
o« generates H,QSU(n 4+ 1). This is done via induction using the cofibration
YCP* ! — NCP" — S§?"*!. By keeping track of the effect on the top cell, we
obtain the desired result. Finally, in the limit we note that the ranks of H,.(BU)
and H,(Q2SU) are the same, with the map Wy, : H,BU — H,QSU being onto the
aforementioned generators. This will complete the proof.

It should be noted that, by abuse of notation, we use a map homotopic to ¥q
below. The only difference is in the map ag: before we split C?* =2 C"* @ C" with
ao(u = ) (2, 2") = (e, 2"e~). Now, we're working with C**! = C* @ C!,
with ag(u)(2’, 2") = (2, uz”). Even though I'm being sloppy here, these are essen-
tially the same map.

Proposition 4.1 (Douady). The following diagram is commutative, with the canon-
ical maps x and x, and € s a homeomorphism.

SCP ! = ¥CP" X %(8%)

3 fs |-

SU(n) ——=SU(n+1) X %&‘;) &~ G2n+1

PROOF. The map x is given by acting on the last factor:

X(y) = ylent1)-

If £ € CP™, let = denote reflection in the hyperplane perpendicular to @. The

composite x¢q(u, 7) = rag(u)r  ag(u) " (ens1), for (u,4) € XCP™. Now

e ecCr
wot@={ &, CEE

Therefore, if © € CP™ is a line in C"*!, we have that zag(u)x~! scales the line =
by u, and fixes the orthogonal complement to z in C™*1.

L0(T)(0) = [T, a0 (9)] = Tao(0)T a0 (0) ™1, 0 < 0 <, ao(0)(y',y") = (€9, e Py”)



5. BSp 99
Choose a unit vector & € . Decompose the last basis vector

eni1 = (€nt1,2)T + eng1 — (eng1,2)T

into its components in & and in i+

formula, we find

, respectively. Now plugging into the above

Xo(u, &) = zag(u)z ™" (en)
= ulen, BT + e — {en, )T

=e,+ (u—1){e,, T)a.

Therefore, xdo(u, &) = ey, so that (u, ) maps to the basepoint in SU(n+1)/SU(n) =
52+l precisely when w = 1 or & L ey, i.e. & € CP?!. Therefore, the map
g: %(CP"/CP" 1) — SU(n +1)/SU(n) is well defined.

Since the domain of ¢ is compact and the codomain is connected, it suffices to
show its image is open. By invariance of domain, it suffices to prove ¢ is injective.
To see this, suppose e(u,t) = e # e,. Then 0 # e — ¢, = (u — 1){e, e,,)E. Hence,
e — e, and = determine the same line in C**! and hence the same point in CP™.
Re-writing this, we find

e—e
u=1+ "
(e, en)
Therefore, € is injective and hence, a homeomorphism. ([

Proposition 4.2. H,(QSU(n+ 1)) is generated by ¢o. : H.CP™ — H,(QSU(n +
1)).

PRrROOF. We proceed by induction on n. Suppose ¢g, : H,CP"~! — H,QSU(n)
generates. By [Thm 3.1.3], we know that H.QSU(n+1) = Z[za, 4, . . ., Tan—2, T2n)],
and by induction, the generators xs,...,x2,_2 are in the image of ¢p.. Consider
applying homology to the previous diagram

H.CP™! — -~ H.CP" — X . H.(5™)

| |- |-

H.QSU(n) — H,QSU(n + 1) = H,(Q82"+1)

The Wang sequence of the fibration O

5. BSp

The proof that &, : BSp — Q(SU/Sp) is an equivalence is almost identical
to the proof of cpomplex periodicity.
First, we observe that there is a fiber sequence

SU(2n) SU(2n +2)

— i) S4n+1
Sp(n) Sp(n+1)

by applying Verdier’s axiom to the first map, written as the composite of two maps.
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Naturality of ¢4 gives a commutative square

Sp(n+1) b4 <SU(2n+2))
Sp(n) x Sp(1) Sp(n+ 1)

| |

Sp(n +m) b4 (SU(2n+2m)>
Sp(n) x Sp(m) Sp(n +m)

Precisely, if we write H**! = H" @ H = C?" @ C? and similarly for H**™, then
ay(0) : H*T™ — H™T™ is given by

a4(9)(z/,zn) — (Ziei9/2,2:”e_i9/2).

Since ¢4(x)(0) = [z, @a(0)], the square commutes.
As in the complex case, we then have the following simple geometric lemma.

Proposition 5.1. The following diagram is commutative, with the map x as above
and the canonical map x. The map € is a homeomorphism.

SHP" ! — ~ SHP" — X o 5(§4n)
0k
SU(2n) SU(2n+2) x

Sp(n) Sp(n +1)

PROOF. x acts by evaluating on the last factor, x(y) = y(eant2,

S4n+1
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