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Abstract. I give an overview of 0-1 laws in logic. I give a proof of the 0-1 law
for first-order logic, and then guide the reader through a series of extensions

of the logic in which the law fails or continues to hold.
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1. Introduction

In this paper, I give an overview of 0-1 laws in logic. This is a fun topic about the
limits of what a language can say. The intended audience of this paper is people
who have some level of mathematical maturity, though no experience in logic is
assumed. All logical concepts or results that are used in this paper are defined
or stated beforehand. Because I try to go over a large amount of results, it is an
unfortunate necessity that not all proofs are given. In many cases, the proofs are
long enough to require a paper of their own, or at very least too complicated to
easily give at the appropriate level. The purpose of this paper is above all to bring
0-1 laws to the attention of the reader, and to excite them. If sufficiently excited,
the curious reader is encouraged to look into the sources which the omitted proofs
come from.

The name “0-1 law” seems out of place in logic. In probability theory, a 0-1 law
says that under certain conditions, a certain event has either probability 0 or 1.
The field of logic is concerned with what can be said within a specific mathematical
language–exactly what structures a sentence picks out. To bring 0-1 laws into logic,
we have to introduce a notion of the probability of a sentence. It turns out that
in first-order logic with only relation symbols, the probability of every sentence is
either 0 or 1. This is an interesting result, because it says that no sentence of
first-order logic can divide the space of structures into two decently-sized halves.

The first proof of this fact was found by Fagin in [1]. Although the actual proof
itself is not terribly challenging, what is interesting about it is how it establishes a
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correspondence between countable random structures and asymptotic probability.
This correspondence is not obvious at all, and exciting to consider, since countable
random objects are not just used for the proof of the 0-1 law, but are interesting
in their own right.

2. Background

This section is meant to serve as a brief overview of first-order logic for those not
familiar with it. Here we give the definitions of a language and a model, as well as
the statements of some some classic and useful theorems. Those who are already
familiar with first-order logic may skip this section.

To be able to talk about the formulas of a logic, we first need a vocabulary. A
language L is a collection of relation, function, and constant symbols. Relation
and function symbols also have specified arities: the number of arguments they
take. A language with only relation symbols is called relational. Also featured in
logical formulas are the standard propositional connectives, parentheses, variables,
and quantifiers. Formula are formed as follows: a term is a variable, a constant,
or a k-ary function applied to k terms. An atomic proposition is a k-ary relation
applied to k terms. Formulas are defined inductively as follows: atomic propositions
are formulas, boolean combinations of formulas are formulas, and quantifications
over formulas are formulas. Any variable which is quantified over somewhere in a
formula is bound, and otherwise it is free. A sentence is a formula with no free
variables.

It is common to write ϕ(x, y) to indicate that ϕ has x and y as free variables. A
formula such as ϕ(a, b) is to be be interpreted as the substitution of a and b for x and
y, respectively. We will also often deal with arbitrary but finite lists of variables.
In that case, it is convenient to use ~x to refer to them. So ∃x1 . . . ∃xnϕ(x1, . . . , xn)
may be written more succinctly as ∃~xϕ(~x). In general, we will use ϕ,ψ, χ, and θ to
mean formulas, P to mean a unary relation, R to mean a general relation, a, b to
mean elements, and x, y to mean variables. Another piece of notation worth noting
is ∃!x, which is to be read “there exists a unique x such that”. ∃!xϕ(x) is defined
to be equivalent to ∃x(ϕ(x) ∧ ∀y(ϕ(y) → y = x)). Finally, ⊥ is used to denote
a sentence which is always false (such as ∃x, x 6= x), and > is used to denote a
sentence which is always true (such as ∀x, x = x).

A sentence is the kind of object which can be true or false depending on context.
On the other hand, a formula with free variables is to be thought of as only being
true or false once we know what the variables mean. To use an analogy from
English, something like “all birds can fly” is like a sentence, while “he knows how
to swim” is like a formula. The former has a truth value: false, because penguins
cannot. The latter’s truth value depends on what is meant by “he”. One way of
interpreting “he knows how to swim” might say that it is true if, no matter who
“he” is, the sentence is true. We call this the universal closure of “he knows how
to swim”. The universal closure of a formula is the formula, with the universal
quantification of each free variable appended to the front. This can be used as a
notion of “truth” for a formula when it is convenient to have one.

A model is a setting in which sentences can be true or false. More specifically, a
model for the language L, also known as an L-structure, consists of a base set A and
a collection of interpretations for each symbol in the language: for each constant,
an element of A is picked out, for each k-ary relation, a subset of Ak is picked out,
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and for each k-ary function, a function Ak → A is picked out. Formally, the model
is all of these choices put together in a tuple. We call an element of the base set an
element of the model, and often as an abuse of notation we use the same symbol
for both the whole model and its base set. A sentence is true in a model if it is true
when all relations, functions, and constants are interpreted as the model specifies.
If ϕ is true in the model A, we write A |= ϕ. For technical definitions of all of the
above, the reader can refer to [2]. The size of a model is the size of its domain.

Models are all around us–while they might not capture all the structure of a
mathematical object, they give us a way to choose what part of it we are looking at
and abstract away the structure. N, the natural numbers, gives birth to a variety
of models. We can look at its order, the addition operation, the multiplication
operation, the exponentiation operation, or any combination thereof, to pick out
different models.

Two important concepts are validity and satisfiability. A sentence is said to be
valid if it is true in every model, and a sentence is said to be satisfiable if it is
true in at least one model. These concepts also have finite analogues: a sentence
is said to be finitely valid if it is true in all finite models, and it is said to be
finitely satisfiable if it has a finite model. Finite validity and satisfiability are not
the same as validity and satisfiability. For example, the sentence “if a function
is surjective, it is injective” is expressible in first-order logic, and this is true in
every finite model, since the function’s domain and range are the same finite set.
This is false in general models, though: for example, we can map N onto itself by
mapping every n to bn2 c. On the other hand, “R is a dense linear order without
endpoints” is satisfiable, since Q is a model, but is not finitely satisfiable, since
density necessitates infinitely many elements.

Two models A,B are said to be isomorphic if there exists an f such that for every
atomic formula ϕ(~x) and every ~a consisting of elements of A, A |= ϕ(~a) if and only

if B |= ϕ(~b), where ~b is the result of applying f to each element of ~a. Essentially,
this definition says that an isomorphism is a map that respects functions, relations,
and constants.

Technically, there exists an empty model for every language. This model is
very strange, and plenty of properties that we expect of most models do not work
here–all existential statements are false, because nothing exists, and all universal
statements are true, because they quantify over an empty set. Since the empty
model is so strange, it is convenient to pretend it does not exist, rather than state
it as an edge case whenever necessary. In this paper it is assumed that the empty
model is nonexistent.

When considering formulas, we care less about their syntactic forms and more
about their meaning. For example, no one would dispute that ϕ ∧ (ψ ∧ χ) and
(ϕ∧ψ)∧χ mean essentially the same thing. We say that two sentences ϕ and ψ are
equivalent if they are true in exactly the same models. We say that two formulas ϕ
and ψ are equivalent if in every model exactly the same elements (or tuples) satisfy
both formulas.

If we only care about formulas up to equivalence, we can pick nice representa-
tives for each formula. A formula is said to be in prenex normal form if all of its
quantifiers are at the front. The following proposition says that we can always put
a formula into prenex normal form. Its proof is by induction, the main method of
proving properties of all formulas.
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Proposition 2.1. Every formula is equivalent to one in prenex normal form.

Proof. (Sketch) First, note that any atomic proposition is trivially in prenex normal
form, because it has no quantifiers. Now, suppose ϕ is in prenex normal form. Then
∀xϕ and ∃xϕ are too, where x is an arbitrary variable. Furthermore, ¬ϕ is, because
¬∀xϕ is equivalent to ∃x¬ϕ and vice versa, so we can shuffle the negation past each
quantifier. Now suppose that ψ is in prenex normal form too. We may assume that
ϕ and ψ do not share any variables, because we can simply rename all of the
variables in ψ and get an equivalent formula. Now, in ϕ ∧ ψ and ϕ ∨ ψ we can
simply put all of the quantifiers from ϕ in the front, and all the quantifiers from ψ
after that. Since neither of them capture variables in the other, this does not cause
a problem. So any boolean combination of formulas, each of which can be put in
prenex normal form, can also be put in prenex normal form. Since any formula
is either atomic, the quantification over a formula, or the boolean combination of
some, it follows that all formulas may be put in prenex normal form.

There is a slight caveat in that (∀xϕ) ∨ ψ and ∀x(ϕ ∨ ψ) are not completely
equivalent, because in the empty model all universal sentences are trivially true.
But this problem disappears if we banish the empty model, as we were already
planning to do. �

One thing to note about this proof is that it provides an algorithm for turning
formulas into prenex normal form, as well, so it is never mysterious to which prenex
normal form formula a formula is equivalent. Essentially, this allows us to assume
that all formulas have all of their quantification in the front, which lets us classify
formulas based on their quantifiers.

First order logic also comes with its own notion of what is provable. I will not go
into the details here, but some notation is in order. Let Γ be a set of sentences. We
say Γ ` ϕ if ϕ can be proven from Γ. Any ϕ such that Γ ` ϕ is called a consequence
of Γ. We say that a set of sentences Γ is consistent so long as it cannot prove a
contradiction (like ∃x(x 6= x)). A crucial property of proofs is that they are finite
in nature: if ϕ follows from Γ, then it follows from finitely many elements of Γ.
One foundational result in logic is the soundness-completeness theorem.

Theorem 2.2 (Soundness-Completeness). For any language L and set of sentences
Γ, Γ � ϕ if and only if Γ ` ϕ.

The backwards direction is called soundness and the forwards is called complete-
ness. Soundness can be proven by showing that if the premises of a proof hold in
a model, the conclusion does. Completion requires a more elaborate construction
first given by Gödel in [3]. An alternate phrasing of this theorem is “Γ is consistent
if and only if it has a model.” This is because being inconsistent is the same as
saying Γ ` ⊥, which by soundness-completeness is the same as Γ � ⊥, which means
that the set of models satisfying Γ is empty. This statement of the theorem is useful
in the proof of another important theorem, the compactness theorem.

Theorem 2.3 (Compactness). For any language L and set of sentences Γ, Γ has
a model if and only if all of its finite subsets Γ′ have a model.

Proof. If Γ has a model, then that model is already a model of all of its finite
subsets. On the other hand, if Γ does not have a model, then by completeness
a contradiction can be deduced from Γ. As proofs are finite, this means that a
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contradiction can be deduced from a finite subset of Γ. So there is a finite subset
of Γ without a model. �

This theorem gives a profound limit on what can be defined by sets of sentences
in first-order logic. One consequence is that if a set of sentence has infinite models,
we can add constants to the language and axioms saying that they are unique to
get models of higher cardinality. This is the “upwards” part of the following result.

Theorem 2.4 (Upwards-Downwards Löwenheim-Skolem-Tarski). If the set of sen-
tences Γ has an infinite model, then it has models of every infinite cardinality.

A proof of this fact can be found in [2]. True to its name, it was proven inde-
pendently, at least in part, by Löwenheim, Skolem, and Tarski.

A set of sentences is also often called a theory. A theory is said to be complete if
for every sentence in the language, either it or its negation is a consequence of the
theory. The following is a useful criterion for proving if a theory is complete.

Proposition 2.5 ( Loś-Vaught test). Let T be a consistent theory with no finite
models, and suppose that for some cardinal κ, T only has one model of size κ up
to isomorphism. Then T is complete.

Proof. Suppose T is not complete. Then there is some ϕ for which T ∪ {ϕ} and
T ∪ {¬ϕ} are both consistent. Thus both have models, and since both models are
models of T , they are infinite. Thus by upwards-downwards Löwenheim-Skolem-
Tarski, for every infinite cardinality there is both a model of T ∪ {ϕ} and one of
T ∪{¬ϕ}. Both are models of T , and they cannot be isomorphic, so T does not have
exactly one model up to isomorphism for any infinite cardinality. By contraposition,
if T does have exactly one model up to isomorphism for some infinite cardinality,
then it is complete. �

Some more concepts that are useful in logic are those of computability and de-
cidability. A set is said to be computable if there exists an algorithm for deciding
whether or not an element is in that set. There is a formal definition of com-
putability, but for most purposes an intuitive notion suffices. A theory is said to
be decidable if the set of consequences of the theory is computable. A theory is
said to be computably axiomatizable if there is a computable set of sentences of
which every sentence of the theory is a consequence. A complete and computably
axiomatizable theory is decidable: to decide whether ϕ is a consequence, we can
list all the proofs from the axioms of the theory, and since the theory is complete
eventually either ϕ or ¬ϕ will show up.

3. 0-1 Law for First Order Logic

In order to prove the 0-1 law for first-order logic, we first need a reasonable notion
of the probability of a sentence. When considering a finite class of structures, this
appears to be simple: just take the fraction of structures in which the sentence is
true. Unfortunately, the space of models is impossibly large, so our approach will
be to take the limit of a series of finite approximations instead.

For a sentence ϕ, let ln(ϕ) be the fraction of all models of size n where ϕ holds.
Let l(ϕ) = lim

n→∞
ln(ϕ). In the case that this limit exists, l(ϕ) is called the (labeled)

asymptotic probability of ϕ. When l(ϕ) = 1, we say that ϕ is almost surely true,
and when l(ϕ) = 0 we say it is almost surely false. The following lemma shows that
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the propositional connectives treat almost-sure truth and falsity the same as truth
and falsity.

Lemma 3.1. (a) l(ϕ) = 1 if and only if l(¬ϕ) = 0.
(b) l(ϕ ∧ ψ) = 1 if and only if l(ϕ) = 1 and l(ψ) = 1.

Proof. (a) Suppose l(ϕ) = 1. Since, in a model, ϕ is true if and only if ¬ϕ is false,
it follows that ln(¬ϕ) = 1− ln(ϕ). So lim

n→∞
ln(¬ϕ) = 1− lim

n→∞
ln(ϕ) = 0. The other

direction is the same.
(b) Suppose l(ϕ ∧ ψ) = 1. Since ϕ and ψ have to be true for ϕ ∧ ψ to be,

ln(ϕ) > ln(ϕ∧ψ) and ln(ψ) > ln(ϕ∧ψ) for all n. As lim
n→∞

ln(ϕ∧ψ) = 1, it follows

that lim
n→∞

ln(ϕ) and lim
n→∞

ln(ψ) are 1. Now suppose l(ψ) = 1 and l(ϕ) = 1. By

inclusion-exclusion, l(ϕ) + ln(ψ)− ln(ϕ ∧ ψ) ≤ 1. So we have:

ln(ϕ) + ln(ψ)− 1 ≤ ln(ϕ ∧ ψ) ≤ 1

Taking the limit n→∞, we get that 1 ≤ l(ϕ ∧ ψ) ≤ 1, so l(ϕ ∧ ψ) = 1. �

Since every Boolean combination of formulas is built up from ¬ and ∧, this means
that the propositional truth conditions of ∨ and→ also carry over with almost-sure
validity. In particular, this means that if l(ϕ) = 1 and l(ϕ→ ψ) = 1, then l(ψ) = 1.
That is, the consequence of almost-surely true sentences is almost-surely true.

With this notion of the probability of a sentence, we can now state the 0-1 law
for first order logic.

Theorem 3.2. Let ϕ be a sentence of first-order logic over a finite relational vo-
cabulary. Then ϕ is either almost surely true or almost surely false.

To prove this, we construct a model known as the countable random graph, first
constructed in [4]. Then we prove a transfer principle, showing that being true in
the graph is equivalent to being almost surely true. Because the countable random
graph is a model, every sentence is either true in it or false in it, so it will follow
that every sentence is either almost surely true or almost surely false.

To construct the countable random graph, we take a countable infinite set and,
between any pair of points, assign an edge with a probability of 1

2 . It turns out that
if you do this, then with probability 1 the graph will have the following property,
(∗):

(∗) For any finite set of vertices S, for any partition of S into U t V , there is
a vertex x such that x is adjacent to every element of U and not adjacent
to any element of V .

This property means that we can build up any finite graph as a subgraph of the
random graph, since when picking out points we can always pick out a point which
is related to the other points in exactly the way that we want. In addition, we will
show that all graphs which satisfy (∗) are isomorphic, which is why we call our
graph the countable random graph.

Proposition 3.3. There exists a graph satisfying (∗).

Proof. Take the natural numbers as our vertex set. We construct a graph by,
between any two points, assigning a 1

2 chance that there is an edge between them.
Now, given any finite S ⊂ N, with S = U tV , |S| = n, we can calculate the chance
that there is an element of N connected to all elements of U and none of V . Let x
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be the first number not in S. The chance that x is connected to or not connected
to any element of S is 1

2 , and since these events are independent, the chance that

x is connected to all of them in the “right” way is 1
2n . Similarly, the chance that

x+ 1 is connected to all of them in the “right” way is also 1
2n , and this is the same

for any element above x. Since there are infinitely many of these, and the same
finite chance that the event occurs for each of them, the event that there is a point
which connects to U and V in exactly the right way has probability 1.

Now, there are countably many choices of S and finitely many ways of decompos-
ing each S into U t V , so the chance that (∗) holds is the intersection of countably
many events of probability 1. Thus, (∗) holds with probability one. �

This does not give an explicit construction of a graph satisfying property (∗), but
it does show that such a graph exists–in fact, many constructions of this graph exist,
since by flipping a coin to assign edges between points you will almost surely come
across such a graph. The following proposition shows that the graph constructed
is unique up to isomorphism.

Proposition 3.4. Any two countable graphs satisfying (∗) are isomorphic.

Proof. Let A and B be graphs satisfying (∗). We will use a “back-and-forth”
construction, showing that we can always extend a partial isomorphism between
finite subsets of A,B by adding either a point to the range or to the domain.
Let A′, B′ be finite subsets of A,B with f an isomorphism between them. Let
x ∈ A, x /∈ A′. To extend f to include x as an input, we need to make sure that
f(x) is related to all of the other members of B′ in the “right” way. By (∗), there is
an element y of B which is connected to exactly the elements of B′ that correspond
to elements of A′ which x is connected to. So let f(x) = y. Similarly, given a
y ∈ B, y /∈ B′ we can use (∗) in A to find a suitable x, and again set f(x) = y and
maintain f as an isomorphism. These are called the back-and-forth properties.

Now we can construct an isomorphism between A and B proper. We will define
it in stages. Enumerate A = {x1, x2, . . . } and B = {y1, y2, . . . }. Let f0 be the
map from ∅ to ∅. Given f2k, we construct f2k+1 as follows: if xk is already in
the domain of f2k, do nothing. If it is not, find a suitable y to map it to, and let
f2k+1 = f2k ∪ {(xk, y)}. Given f2k+1, we construct f2k+2 the same way in reverse:
if yk is already in the range of f2k+1, do nothing, but if not, find a suitable x and
set f2k+2 = f2k+1 ∪ {(x, yk)}. So, at odd stages we ensure that every element of A
is in the domain, and at even stages we ensure that every element of B is in the
range.

Let f =
⋃

n∈N fn. By construction f is a bijection between A and B, and for
any a, b ∈ A, there is a partial isomorphism fk which f extends that has both in
the domain, which guarantees that a and b are adjacent if and only if f(a) and f(b)
are. �

Unfortunately, L-structures are not exactly the same as graphs. However, an
analogue version of (∗) for L-structures can be stated, and analogues of propositions
3.3 and 3.4 can be proved. For any L, the analogue of (∗) for L-structures, (∗′), is
given as follows:

(∗′) For any finite subset S of the domain, with for each k-ary R ∈ L, UR ⊂
(S ∪ {x})k such that every tuple in UR has an occurrence of x, there exists
an x /∈ S such that for all R, R~a ⇐⇒ ~a ∈ UR.
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This says that for any finite subset of S, we can find an x which relates to all of its
elements in exactly the way that we want. The analogue of proposition 3.3 can be
proved by more or less the same argument.

Proposition 3.5. There exists a countable L-structure satisfying (∗′).

Proof. Again, let the domain be N and decide each relation with probability 1
2 .

For any given choice of S and the URs, there is a finite probability for any point
not in S that it is a suitable x, so with probability 1 there is a suitable x. Since
our vocabulary is finite there are a countable amount of choices total, and the
intersection of countably many events of probability 1 has probability 1. �

Similarly, the analogue of proposition 3.4 can also be proved:

Proposition 3.6. Any two countable L-structures satisfying (∗′) are isomorphic.

Proof. Given two such L-structures, it is not hard to see that they satisfy the
back-and-forth properties, so that we can always extend a partial isomorphism
with either an element from the domain or the range. Because of this, the exact
same construction as in the proof of proposition 3.4 also constructs an isomorphism
between these two L-structures. �

So, in the same way that a countable random graph exists, there is also a count-
able random L-structure for any L.

In order to study this model with methods from logic, we need to give it an
axiomatization. Luckily, the property (∗′) fundamentally concerns finite objects,
so we can give a set of axioms which capture it. These are called extension axioms.
In a given L = {R1, . . . , Rm}, for any n and UR ⊂ {x1, . . . , xn, xn+1}k for every
k-ary R ∈ L, the extension axiom ψn,UR1

,...,URm
is defined as follows:

∀x1, . . . xn(
∧

1≤i6=j≤n

xi 6= xj → (∃xn+1(
∧

1≤i≤n

xi 6= xn+1∧
∧
R∈L

(
∧

~x∈UR

R~x∧
∧

~x/∈UR

¬R~x))))

In other words, this says that for any collection of n elements, and a specific way
a new element might be related to them, there is such an element. Let Text be the
set of all such extension axioms. Put together, all of the extension axioms have the
same meaning as (∗′). The property we will make use of for the proof of the 0-1
law is that Text is complete.

Proposition 3.7. Text is complete.

Proof. The countable random L-structure is a model of Text, and since every model
of Text satisfies (*′), it is the only countable model of Text up to isomorphism. Text
must also not have any finite models, because for any finite set there is an extension
axiom demanding that there exist an element outside that set. Thus, by the  Loś-
Vaught test, Text is complete. �

With this in hand, we can finally connect this all back to asymptotic probability.
The following lemma will do the majority of the work:

Lemma 3.8. Every extension axiom is almost surely true.

Proof. Consider the extension axiom ψn,UR1
,...,URm

. Given any tuple of distinct
elements a1, . . . , an, we add an additional element a, randomly deciding all of its
atomic relations with the other elements. Let δ be the probability that a1, . . . , an, a
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satisfy every element of every UR and no atomic relations not in a UR. In other
words, this is the chance that a finite (although large) number of coin flips turn out
the right way. So δ > 0.

Now, let’s calculate lk(¬ψn,UR1
,...,URm

). This is the chance that there exist dis-
tinct a1, . . . , an such that any new a we add will not be related in the right way. For
any given choice of a1, . . . , an, the chance that it is such a tuple is (1− δ)k−n, since
this is the chance that every other element fails to be related to a1, . . . , an in ex-
actly the right way. Taking the union bound over all choices of a1, . . . , an, the total
chance is bounded above by k!

n! (1−δ)
k−n, which is bounded above by kn(1−δ)k−n.

Taking the limit as k →∞, this goes to 0, because the exponential (1− δ)k−n de-
cays much faster than the polynomial kn grows. Therefore, l(¬ψn,UR1

,...,URm
) = 0,

so l(ψn,UR1
,...,URm

) = 1. �

Now we can finish the proof of the 0-1 law for first-order logic, restated below
for convenience.

Theorem 3.2. Let ϕ be a sentence of first-order logic over a finite relational vo-
cabulary. Then ϕ is either almost surely true or almost surely false.

Proof. Let ϕ be a sentence of first order logic with relations from L. Since Text
is complete, either Text |= ϕ or Text |= ¬ϕ. Suppose the former is true. Then
by completeness, Text ` ϕ. This means that ϕ is the consequence of some finite
subset T ⊂ Text. So ϕ is true in every model in which

∧
T is true. But

∧
T is the

conjunction of almost-surely true sentences, so it is almost surely true. Therefore,
ϕ is almost surely true. Similarly, if Text |= ¬ϕ, then ¬ϕ is almost surely true, so
ϕ is almost surely false. �

An objection one might have to the 0-1 law, as presented, is that, in considering
all finite models of a certain size, we are repeating a lot of the same structure. At
some level, isomorphic models are essentially the same. By looking at all finite
models, models which have isomorphic, differently labeled copies will have more
say in deciding the asymptotic probability of a sentence. As is, l weights models
which have more isomorphic copies as more important than models without them.
In other words, we are weighting models based on how symmetric they are– how
many automorphisms they have. To rectify this, we define un(ϕ) as the fraction of
isomorphism classes of models of size n which satisfy ϕ, and u(ϕ) as lim

n→∞
un(ϕ).

This quantity is called the unlabeled asymptotic probability of ϕ.
It turns out that this coincides with the asymptotic probability of ϕ in first-order

logic. Although when considering small graphs, we see a lot of graphs with plenty
of automorphisms, which might be cause for worry, it turns out that on a larger
scale, the vast majority of graphs have no nontrivial automorphisms. We call a
graph with no nontrivial automorphisms asymmetric.

Theorem 3.9. Let an be the number of asymmetric graphs of size n, and #n be
the number of graphs of size n. Then lim

n→∞
an

#n
= 1.

A proof of this fact can be found in [4]; it is combinatorial in nature. Suppose we
have a relational language L with at least one non-unary relation. This guarantees
that every L-structure defines at least one graph: with k-ary R, define a, b adjacent
if Ra . . . ab holds. Any automorphism of our L-structure must be an automorphism
of this graph. It follows from this that as n→∞, the proportion of models with any
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nontrivial automorphisms goes to zero. So, when calculating (labeled) asymptotic
probabilities, the share of the vote given to models with nontrivial automorphisms
goes to zero, so the labeled and unlabeled asymptotic probabilities are the same.
This is the unlabeled 0-1 law for first order logic.

Theorem 3.10. (Unlabeled 0-1 law) Let L have at least one non-unary relation
symbol. Then for any first order sentence ϕ, its unlabeled asymptotic probability is
either 1 or 0.

Proof. See [5] for the full proof. The idea is given in the above paragraph. �

There is an interesting divide between the finite and the infinite in this case.
Most finite graphs are asymmetric, having no nontrivial automorphisms. But if you
randomly pick a countable graph it will be extremely symmetric–proposition 3.4
constructs a symmetry of it. In fact, the proof of proposition 3.4 can be modified so
that if you start with any two isomorphic finite graphs within the countable random
graph, you can extend the isomorphism between them to an automorphism of the
whole graph. Thus it is interesting that the proof of the unlabeled 0-1 law relies
both on the asymmetry of most finite graphs and on the symmetry of the random
graph.

It is worth comparing almost-sure validity to finite validity. The proof of the
0-1 law gives a complete and computable axiomatization for the set of almost-
surely valid formulas. On the other hand, the set of formulas which are finitely
valid is not decidable, a result known as Trakhtenbrot’s theorem. For the proof of
Trakhtenbrot’s theorem, see [6]. All finitely-valid sentences are, of course, almost-
surely valid, but by expanding the set of finitely-valid sentences to almost-surely
valid ones, the set becomes computable.

4. The Frontier of 0-1 Laws

After seeing a result like the 0-1 law for first-order logic, a natural question arises:
how far does this go? In any formal system with a notion of “finite model” and
sentences which can be true or false in models, we can formulate the concept of the
asymptotic probability of a sentence. A good path towards understanding whether
0-1 laws hold is seeing how fragile or durable they can be. If we want to keep
our definition of models the same as in first-order-logic, there are two ways we can
change a system to get new 0-1 law statements. First, we can restrict what kinds of
models are allowed when we are calculating our asymptotic probability, making it
into some sort of conditional asymptotic probability. Second, we can change what
can be said by adding new sentences to our logic. Both ways have places where 0-1
laws still hold and where they do not. In this section, I give examples of where 0-1
laws remain and where they no longer hold.

4.1. Restricting the class of finite models. Most of the time, when we do
abstract math, we do not care about arbitrary models, but rather models that
have certain properties. So it is natural to ask whether 0-1 laws still hold when
restricting the properties of the models under consideration.

We have already, in fact, mostly proven a result of this sort, barring a few details:
the 0-1 law for graphs. It is important to note that (simple) graphs are not exactly
the same thing as models–the adjacency relation is required to be symmetric and
irreflexive. So taking a fraction of all graphs is different from taking a fraction of all
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arbitrary binary relations. For example, the asymptotic probability of the sentence
∀x¬Rxx is 1 when restricted to graphs, because this is always true in a graph.

To finish the proof of the 0-1 law for graphs, instead of dealing with the countable
random L-structure, we deal with the countable random graph, axiomatizing it via
a set of (easier to state) extension axioms, and showing that truth in that model
corresponds to almost sure truth or falsity. More or less the same proofs that are
used in the case of arbitrary L-structures apply to graphs. In general, for any type
of object where we can construct a random version of it by independent coin flips,
we can adapt the above arguments to prove a 0-1 law for it.

This is not true of more complicated objects, though. Consider the case of
countable functions. It is still totally possible to construct a random function–
just assign a probability distribution P to N and for each x, decide the value of
f(x) from there. Now we can ask a question like “Does f have a fixed point?”
and calculate the probability of it being true. Well, the chance that any individual
point n is fixed is P (n), and since these flips are independent, the probability that
any point is fixed is

∑∞
n=1 P (n), which is 1 since P is a probability distribution.

However, consider the finite case. What is the asymptotic probability that the
sentence “f has a fixed point” is true in the language of functions? Well, for a given
function on n elements, for each element, the probability that it is sent to itself is
1
n , so the probability that f does not have any fixed points is is 1− 1

n . So the total

probability is (1 − 1
n )n. Taking limit as n → ∞, we find that this is 1

e , which is
decidedly not 0 or 1. So our notion of asymptotic probability does not coincide
with truth for a random function.

In fact, a random function itself is not completely determined: even with a
specific distribution, models created from it may not be isomorphic. Suppose our
distribution P is geometric: P (n) = 1

2n . Consider the property “f has (at least)
two fixed points.” This is bounded above by the probability that 1 is a fixed point
and something after is, plus the probability that 2 is a fixed point and something
after is, and so forth, which is

∞∑
n=1

1

2n
(

∞∑
k=n+1

1

2k
) =

∞∑
n=1

(
1

2n
)2 =

∞∑
n=1

1

4n
=

1

3

However, this probability is also bounded below by the chance that 1 is a fixed point
and something after is. This is the first term in the series, which is 1

4 . In other
words, the probability that a function chosen from this distribution has at least two
fixed points is neither 0 nor 1; it is somewhere between 1

4 and 1
3 . Since having at

least two fixed points is a property preserved by isomorphism, there is no “random
function” in the same way that there is a random graph, because when picking two
random functions, there is a nonzero chance that they are non-isomorphic.

We can think of adding functions to our vocabulary as having a binary relation
and restricting the models under consideration to those in which that relation is the
graph of a function. Similarly, adding a constant to our vocabulary can be thought
of as adding a unary relation and restricting the models under consideration to
those in which that unary relation has a unique element that satisfies it. We have
shown above that the introduction of functions kills the 0-1 law. It turns out that
adding constants does too, and this is even easier to see.

Suppose we have a vocabulary with at least one unary relation symbol P and a
constant symbol c. Consider the sentence Pc. P is a randomly chosen set, and c
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is a randomly chosen element, so this will be true in exactly half of the models, no
matter what the size of the models are. So this sentence has asymptotic probability
1
2 .

Still, it turns out that in both the case of functions and constants, a weakened
form of the 0-1 law still holds. In the above cases, the asymptotic probability still
did converge, although it did not converge to 0 or 1. It turns out that this happens
so long as we are limited only to unary functions.

Theorem 4.1. In a first-order language with only relations and unary functions,
for every sentence ϕ, lim

n→∞
ln(ϕ) exists.

The proof of this fact is too long and too challenging for the scope of this paper,
although the interested reader should refer to [7] Unfortunately, the moment we
allow even binary functions, the above result fails.

Theorem 4.2. In a language with just a binary function symbol, there is a sentence
ϕ whose asymptotic probability does not converge.

The proof of this fact is also outside of the scope of this paper, though it can
be found in [8]. So even in fairly simple extensions of relational first-order logic,
the 0-1 law fails, and asymptotic probabilities can even fail to exist. So there is a
jump in the power of first-order logic when we go from only allowing relations to
allowing functions and constants: it gains the capability to say things that are not
either almost surely true or almost surely false.

4.2. Extending the language. One common way to extend first-order logic is to
move to second-order logic. In first-order logic, we can only quantify over individual
elements. Because of this, it is impossible to define things such as a well-order,
which requires the ability to quantify over sets. Second-order logic fixes this by
allowing us to quantify over relations too. For example, to say “R is a well-order,”
the formula ∀P∃x∀y(Px∧ (Py → (xRy))), conjoined with the order axioms, would
suffice. The notion of a model of second-order logic stays the same, but the 0-1 law
is affected because there are more sentences to consider.

In full second-order logic, the 0-1 law from first-order logic does not carry over.
In fact, not all sentences need to have an asymptotic probability. This is because
sentences in second-order logic can keep track of the size of the model in nontrivial
ways.

Proposition 4.3. The 0-1 law fails in second-order logic.

Proof. Let ϕ be the sentence ∃R∀x∃!y(y 6= x ∧ Rxy ∧ Ryx). This essentially says
that there is a relation which matches each element of the domain with a unique
other element. This can be done if and only if the size of the model is even. So
un(ϕ) alternates eternally between 0 and 1, and hence never converges. �

Therefore, full second-order logic is too strong to maintain the 0-1 law. How-
ever, there are plenty of interesting fragments of second-order logic to consider.
Monadic second-order logic is the fragment of second-order logic where only unary
relations may be quantified over. Existential second-order logic only allows existen-
tial quantification over relations. And existential monadic second-order logic only
has existential quantification over unary relations. Note that the above counterex-
ample also shows that the 0-1 law fails for existential second order logic, since its
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only second-order quantifier is existential. The following counterexample is adapted
from [9], and shows that the 0-1 law fails for existential monadic second-order logic,
and thus also for monadic second-order logic.

Proposition 4.4. The 0-1 law fails for existential monadic second-order logic.

Proof. The majority of the work in this proof is done by the following lemma from
[9].

Lemma 4.5. There is a first-order formula ϕ(x, y) in a vocabulary with a sequence

of unary relation symbols ~P such that ∃~P“ϕ(x, y) defines a linear order” has as-
ymptotic probability 1.

With this lemma in hand, the proof becomes a lot easier. The key here is that we
are going to make another sentence which captures the parity of the model, using
this linear order. The sentence is as follows:

∃~P∃Q“ϕ(x, y) is a linear order”∧
“not both the first and last element are in Q”∧

∀x∀yϕ(x, y)→ (Qx↔ ¬Qy)

(4.6)

This says that Q is a relation which targets every other element of our linear order,
and does not contain both the first and last elements. Thus, this sentence is true
precisely when our model has even size, so long as ϕ is actually a linear order. But
asymptotically, ϕ does become a linear order, so the asymptotic probability of the
sentence for even models approaches 1, and for odd models approaches 0.

�

A quick corollary of this is that the 0-1 law fails for universal second-order logic
as well. This is because the negation of a purely existential sentence is a purely
universal sentence–you can shuffle the negation past all of the quantifiers, flipping
them. So the negation of the above counterexample also does not converge.

We have found that in a large number of restrictions of second-order logic, the
0-1 law fails. It turns out, however, that there are interesting classes of second-
order logic for which the 0-1 law does hold. To state these classes, rather than
just restricting the second-order quantifiers, we also restrict the first-order part.
A prefix class is a set of first-order sentences, in prenex normal form, defined by
their quantifiers. Two prefix classes of note are the Bernays-Schönfinkel class and
the Ackermann class. The former consists of all sentences of the form ∃∗∀∗ϕ, that
is, with as many existential quantifiers as necessary followed by arbitrarily many
universal quantifiers. The Ackermann class is all sentences of the form ∃∗∀∃∗ϕ,
consisting of one universal quantifier sandwiched between existentials.

For a prefix class C, Σ1
1(C) is the set of sentences consisting solely of elements

of that prefix class with existential second-order quantifiers. Σ1
1 on its own is just

existential second-order logic. Similarly, Π1
1(C) and Π1

1 represent universal relation
quantifications over sentences from C or any formula, respectively. It turns out that
for both of the above classes, with existential relation quantifiers appended, the 0-1
law still holds. This was first proven in [10] by Kolaitis and Vardi.

Proposition 4.7. The 0-1 law holds for Σ1
1(Bernays-Schönfinkel).

Proof. Again, we will show that almost sure validity corresponds to truth or falsity
in the countable random L-structure. First, for one direction, we show the following:
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Lemma 4.8. Suppose ϕ is Π1
1 and true in the countable random L-structure. Then

there is a ψ such that l(ψ) = 1 and ψ → ϕ is valid. In particular, l(ϕ) = 1.

Proof. Let ϕ = ∀~Rθ(~R), where θ contains no second-order quantifiers. Let Text
be the set of extension axioms for our language, L, and let L′ be L ∪ ~R. Let

T = Text ∪ {¬θ ~R}. Now, suppose that there is no ψ such that l(ψ) = 1 and ψ → ϕ
is valid. Then for each sentence which is almost surely true, there is a model of it
in which that sentence is true and ϕ is false.

In particular, this means that any finite subset of T has an L′-model. By com-
pactness, T has a model, A. Now, the reduct of A to L satisfies all the extension
axioms, so it is isomorphic to the random graph. However, by construction there

is a choice of ~R such that θ(~R) is false, so ϕ is not true in A. Therefore, ϕ is false
in the random L-structure. By contraposition, if ϕ is true in the countable random
L-structure, then such a ψ exists. �

This directly implies that if there is a Σ1
1 sentence which is false in the countable

random graph, its asymptotic probability is 0 (because the asymptotic probability
of its negation is 1). Note that for this direction it does not matter which prefix
class we are in.

Now, suppose ϕ is a Σ1
1(Bernays-Schönfinkel) sentence which is true in the count-

able random graph. We need to show that its asymptotic probability is 1. We can

then write it as ∃~R∃~x∀~yθ(~R, ~x, ~y). Now, let ~a = a1, . . . , an be elements of the

countable random L-structure such that ∃~R∀~yθ(~R,~a, ~y) is true. Let A be the fi-
nite substructure of the countable random L-structure with domain equal to these
elements. Since A is finite, we can describe the property “this model has A as a
substructure” via a sentence in first order logic, which states that there exist unique
elements x1, . . . , xn which relate to each other in the same way that a1, . . . , an do.
This sentence is true in the countable random L-structure, so it is a consequence
of finitely many extension axioms.

Let ψ be the conjunction of these finitely many extension axioms. Since it is the
conjunction of almost surely true sentences, it is almost surely true. Hence, there
is a finite model B in which ψ is true. Note that B has an isomorphic copy of
A as a substructure. Now, within the countable random L-structure, we can use
the extension property to extend A to an isomorphic copy of B, call it B′. Let
P1, . . . , Pn be the relations which witness the second-order existential quantifiers in

ϕ. Now, ∀~yθ(~P ,~a, ~y) is a universal statement that is true in the countable random
L-structure, so it is true in any substructure, so it is true when restricted to B′.

Therefore, ∃~R∃~x∀~yθ(~R, ~x, ~y) is true in B′, and thus true in B.
Thus in all models of B, ϕ is true. So ψ → ϕ. As ψ has asymptotic probability

1, it follows that ϕ does too. �

Proposition 4.9. The 0-1 law holds for Σ1
1(Ackermann).

The proof of this fact is too involved for the purposes of this paper, though it
can be found in [11]

A prefix class is called solvable if the task of determining whether one of its
members is satisfiable is decidable. It is known that the only solvable prefix classes
in first order logic with identity are the Bernay-Schönfinkel class and the Ackermann
class. Kolaitis and Vardi conjectured that a 0-1 law holds for Σ1

1(C) precisely when
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the prefix class is solvable. The proof of this fact was finished by Pacholski and
Szwast in [13].

Theorem 4.10. The 0-1 law holds for Σ1
1(C) if and only if the prefix class C is

solvable.

Naturally, it is interesting to ask whether there might be a reason for this cor-
respondence. To prove that both prefix classes are solvable, it was used that they
are both finitely controllable. A class of sentences is finitely controllable if for each
of its elements, it is either unsatisfiable or finitely satisfiable. From finite control-
lability, we can computably enumerate the satisfiable members of a class by listing
all finite models, and we can computably enumerate the unsatisfiable members of
a class by the completeness theorem. So satisfiability in a finitely controllable class
is decidable.

The following observation, made by Kolaitis and Vardi in [12], connects finite
controllability of a class to asymptotic probability.

Proposition 4.11. Suppose that for every ϕ ∈ Σ1
1(C), ϕ is true in the count-

able random structure if and only if it is almost surely true. Then C is finitely-
controllable.

Proof. Let θ be a sentence in a language with ~R as the relations, and suppose it is
satisfiable. We need to show that it is finitely satisfiable. Well, by turning all of

the relation symbols in θ into variables, we get that ∃~Rθ(~R) is satisfiable. Let A
be a model of it–if it is finite, we are good, and if it is infinite, we can assume it is
countable by downwards-Löwenheim-Skolem-Tarski. Now, since A is a countable
structure, it is embeddable in the countable random structure. This means that

the sentence ∃P∃~Rθ(~R)P is true in the countable random structure, where θ(~R)P

is θ(~R) with all quantifiers relativized to P , i.e. ∀x replaced with ∀x, Px → and
the same with ∃. This is true because the copy of A in the random structure is

a suitable P . Now, by hypothesis, this means that ∃P∃~Rθ(~R)P is almost surely

true. Thus, ∃P∃~Rθ(~R)P has a finite model. Now, within this finite model, take as

a submodel the elements picked out by P . This will be a finite model of ∃~Rθ(~R),
and thus a finite model of θ when the relations are chosen the right way. �

This gives at least a partial explanation for the correspondence between the
solvability of prefix classes and 0-1 laws. Fleshing out the connection in greater
depth is still an interesting open question.

Acknowledgements. I would like to thank my mentor, Sarah Reitzes, for her
help on this project throughout the summer. I would also like to thank Peter May
for organizing the REU.

References

[1] R. Fagin. Probabilities on Finite Models. Journal of Symbolic Logic 41 (1), 1976.

[2] C. C. Chang and H. J. Keisler. Model Theory. North-Holland Publishing Co., Amsterdam,
Third edition. 1990.
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