THE COHOMOLOGY OF LIE GROUPS

JUN HOU FUNG

ABSTRACT. We follow the computations in [2], [5], and [8] to deduce the co-
homology rings of various Lie groups (SU(n), U(n), Sp(n) with Z-coefficients
and SO(n), Spin(n), G2, Fa, E¢, E7, Eg with field coefficients) using the Serre
spectral sequence.
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1. THE COHOMOLOGY OF CLASSICAL LIE GROUPS

1.1. The Leray-Serre spectral sequence.

Theorem 1.1. Let R be a commutative ring with 1. Let ' — E — B be a Serre
fibration, and suppose F' is connected and B is simply-connected. Then there is a
first-quadrant cohomological spectral sequence of algebras, {Ef*,d,}, where d, is
of bidegree (r,1 —r), such that EY'? = HP(B; H1(F; R)) and the spectral sequence
converges to H*(E; R) as an algebra. Moreover, the differential d, satisfies the
Leibniz rule.

Remark 1.2. When R is a field or with other additional hypotheses, we can identify
HP(B; HI(F; R)) with HP(B; R) ® H1(F'; R).

An analogous spectral sequence exists for homology. See [7] for a construction
of these spectral sequences; [9] is also an excellent reference.

Date: September 13, 2012.



2 JUN HOU FUNG

1.2. The cohomology of SU(n), U(n), and Sp(n). By well-known decomposi-
tions, Lie groups deformation retract onto their maximal compact subgroups. Thus
it suffices to restrict attention to compact Lie groups.

Notation 1.3. Unless otherwise stated, the subscripts on generators refer to their
grading in the cohomology ring, i.e., z; € H'. Also, we suppress coefficients in the
case of integral coefficients or when the coefficients are clear from the context.

Proposition 1.4.
(1) H*(SU(H)) = A[$3,$5, . ,J}Qn_ﬂ.
(2) H*(U(n)) = Alv1,23,. .., T2n-1]-
(8) H*(Sp(n)) = Alzs, z7,. .., Tan—1].

Proof. For (1), induct on n. If n = 2, then SU(2) = S3, and so H*(SU(2)) = A[x3].
Assume the result for n — 1 and consider the spectral sequence for the fibre bundle
SU(n — 1) = SU(n) — S?"~1. Because of the multiplicative structure, it suffices
to check d, on the generators. By lacunary considerations, the spectral sequence
collapses on the second page. There is no extension problem in this case and the
result follows.

Parts (2) and (3) are similar. For (2), U(1) = S, so H*(U(1)) = Alxy], and
we can use the fibre bundle U(n — 1) < U(n) — S?"~1. For (3), Sp(1) = S3, so
H*(Sp(1)) = Alz3], and we can use the fibre bundle Sp(n — 1) < Sp(n) — S47~L.
Both these spectral sequences collapse on the second page. (I

Remark 1.5. The above calculations can be condensed into the Gysin exact se-
quence, which in turn can be proved using the Serre spectral sequence.

Remark 1.6. For many of these calculations, the results are exterior algebras on
odd degree generators which are free graded commutative algebras, and therefore
there are no extension problems.
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FIGURE 1. The E; = E, page of the spectral sequence associated
with SU(n — 1) < SU(n) — S?"~!
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1.3. Characteristic classes. Let BG denote the classifying space of a group G.
For a simple explicit construction for matrix Lie groups, see theorem 6.16 of chapter
IT in [8]. For more general groups, universal principal G-bundles can be constructed
using Milnor’s join construction. Classifying spaces are unique up to homotopy
equivalence.

Theorem 1.7.
(1) H*(BSU(n)) = Z[ca, 3, . . ., ¢,) where ¢; € H?.
(2) H*(BU(n)) = Z|c1,ca, ..., cpn], where ¢; € H*.
(3) H*(BSp(n)) = Zlq1,q2, . - ., qn], where q¢; € H*.
The element c; is called the i-th Chern class and the element q; is called the i-th
symplectic Pontryagin class.

Proof. To prove, say (2), consider first the case n = 1. Since U(1) = S!, we have
BU(1) & BS! 2 CP>, and we know that H*(CP>) = Z[c;] where ¢; € H?.

If n > 1, consider the spectral sequence of the universal U(n)-bundle. (In this
case, the total space can be thought of as an infinite Grassmannian manifold.) We
see that H*(BU (n)) must be Z[cy, ca, . . ., ¢y, where ¢; € H?. O

It is possible to adapt this proof for the case of orthogonal groups. However, we
will take this opportunity to illustrate how the Weyl group can be used to deduce
facts about the cohomology of Lie groups and related spaces. (This approach will
be useful when we derive the Wu formula later — see proposition )

Let G = O(n) and let Z§ be the subgroup consisting of diagonal matrices in G.
It is clear that H*(BZY;Fa) = Fa[ty,...,t,] for t; € H'. Define the Weyl group
W = Ng(Zy)/Zy. If we think of BZY as EZY /ZF, then the Weyl group acts on
BZ3 by (nZy) - (aZ3) = anZ¥.

Lemma 1.8. Let p* : H*(BG) — H*(BZY) be the homomorphism induced by the
map p: BZY} — BG. For o € W, po (¢) = p. In particular, im p* C H*(BZ3)W.
Proof. We have p(aZy) = aG. Let ¢ € nZy € W. Then
plp-aZy) = planZy) = anG = aG = p(aZy).
So po (p:) = p, which implies (¢-)* o p* = p*. So imp* is fixed by (¢-)*, i.e.,
im p* C H*(BZM)W. O
In this case, it turns out that the action of W on H*(BZY) is permutation of

the elements {t1,...,t,} in H*(BZy;Fy) = Fa[ty, ..., ]

Theorem 1.9. Consider the fibration O(n)/Z3y < BZY £ BO(n) with Fy coeffi-
cients. Then
(1) p* : H*(BO(n)) — H*(BZY) = Fa[t1,...,ts] is a monomorphism.
(2) im p* = H*(BZMW = Fyo4,...,0,] where o; is the i-th elementary sym-
metric polynomial in the variables {t1,...,t,}.
(8) If we put p*(w;) = o4, then H*(BO(n);Fy) = Falwy,wa, ..., w,] where
w; € H*. The element w; is called the i-th Stiefel-Whitney class.

Proof. Assume that the spectral sequence for the fibration
O(n)/Zy & BZy 2 BO(n)

collapses. Then (1) is immediate. For (2), imp* C H*(BZ»)W is the previous
lemma and the other direction is supplied by the fact that im p* is a direct summand
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of H*(BZ53)W if the spectral sequence collapses. Finally, (3) follows from (1) and
(2).

The remainder of this proof will be devoted to showing that the spectral sequence
does indeed collapse. This happens iff i* is epic.

First, we claim that H*(O(n)/Z5;F5) is generated by H'(O(n)/Z%;Fs) which
has dimension n — 1. Induct on n. For the case n =1, O(1)/Z5 = . Now assume
that it is true for n, and consider the fibration

0(n)/Z8 5 O(n+1)/Z27 B O(n +1)/(0O(n) x Zy) = RP™.

Since the cohomology of the fibre and base spaces are generated by H', it is enough
to show that the spectral sequence for this fibration collapses, which happens iff
i* is epic. By induction, H'(O(n)/Z%;Fy) generates H*(O(n)/Z%;Fy). Thus it is
enough to show that i* surjects onto H'(O(n)/Z%;F3).

Consider the following Serre exact sequence:

H'(RP™;F,) , HYO(n +1)/Z07Y,Fy) S5 HY(O(n) /22 Fs).

To show that i* is epic, it is enough to that dimg, H*(O(n + 1)/Z3 1 Fy) = n,
since dimp, H'(RP™;F3) = 1 and dimg, H*(O(n)/Z3;F3) = n — 1. To show this,
consider another Serre exact sequence:

HY(BO(n +1);Fy) — HY(BZyt';Fy) — HY(O(n +1)/Z5 1 Fy).

Since dimg, H*(BO(n +1);F2) = 1 and dimp, H'(BZy ™ Fy) = n + 1, we have
dimp, H'(O(n +1)/Z1: Fy) = n as wanted.

The upshot of all this is that it is enough to show that the original i* surjects
onto HY(O(n)/Z5;Fy).

Consider the following commutative diagram, where SZ% is the group of diagonal
matrices in SO(n):

HY(BSZ3;Fs) —— H'(0(n)/Z3;TFy)

HY(BZY;Fy)

0= HY(BSO(n);Fs)

Note that i is injective. Since dimy, H*(BSZ%) = dimp, H (O(n)/Z3) =n—1,
iy is an isomorphism. Since p* is an epimorphism, ¢* is also an epimorphism as
wanted. O

1.4. The cohomology of SO(n) and Spin(n). We will compute the cohomology
ring of the real Stiefel manifold Vj(R™) with field coefficients, following the approach
in [5].

Lemma 1.10. If 1 < k <mn, then Vix;(R") is (n — k — 1)-connected and

" Z ifk=1o0orn—kis even, and k <n
"k (V(R™) ={ !

Z)2Z if k=n orn—k is odd.

Proof. Since Vi(R™) =2 S"~1 we have m,_1(V1(R")) 2 Z. Also, as V,,(R") = O(n),
we have mo(V,,(R™)) =2 Z/27Z. So we can assume 1 < k < n.
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First consider the case where k = 2. The long exact sequence of the fibration
572 5LV (RY) B 571 s

T (S S 0 2(S772) 25 1o (Va(R™)) — 7o (S™1) = 0.

Similarly, the long exact sequence associated with S"~% — Vi (R") — S7~!
proves that Vi (R™) is (n — k — 1)-connected.

We need to compute 0. Let B be the upper hemisphere of S™ and let Sr—1
be the equator of S”. Let * = {1,0,0,...,0} € S"~! be the basepoint. We can
think of Va(R") as {4 € Msy, | AA* = L,}. Define p : BY™' — V3(R") as
w(z) = (pij(x)), where p;(z) = §;; — 2zjzj for 1 < i <2and 1 < j < n. Let
p : Vo(R") — S™~! be the map p(a;;) = aij. Then (po p)(S"2) = {x}, and
po ,LL|Bi—1/Sn_2 : BYTljSnm2 2 gnml oy gnml /) &2 g s a homeomorphism,
and [po ] is a generator of m,_1(S"71).

Define 7 = p|gn-2 : S"72 — p~}{x} = S"72. Then [r] is a generator of imd
in m,_2(S""2). Moreover, 7(S" %) = {x} € "2 so0 T‘BQ—Q/S”,g is a map from
B}72/8"73 t0 §"2\ {x}. We can also check that 7(y) = 7(—y). So 7 represents
the sum of the identity map and the antipode map. The degree of the antipode
map on S""2is (—1)"7!, so degT = +(1 + (—1)""1). This shows that = 0 if n
is even and 0 = £2 if n is odd, whence the conclusion of the lemma.

Now consider the case kK = 3. We have the following commuting diagram:

gn—=3 — 1 (Rn—Q)

Vg(Rn_l)

V1 (Rn—1> — Sn—2

i

57 = Vi(R"?) Va(R") Va(R")

This yields the following commutative diagram:

71_”_2(‘5%72)

2

mn-2(V2(R")) —~ n—3(S"7%) — mn_3(V3(R")) — m_3(V2(R")) =0

=

Since 7, is epimorphic, im d = im &’, so the conclusions follow.

Finally suppose k£ > 3. The long exact sequence associated to the fibration
Vi2(R"2) < Vi(R") — Va(R"™) shows that m;(Vi(R™)) = m;(Vi_o(R"~2)) for
1 < n— 3, and so we can argue by induction. O

Remark 1.11. On the level of cohomology, this lemma can also be proven using the
Gysin sequence: the relevant transgression is the cup product with the Euler class
of the sphere, which is 0 or 2 depending on the parity of n.

Observe that V5(R?) =2 O(2) = SY x St so H*(Va(R?)) =2 H*(S°) ® H*(S!).

Lemma 1.12. Suppose n > 3. If n is even, then H*(Va(R™);Z) = Alxy—2, Tp—_1].
If n is odd, then H*(Vo(R™);Z) = Alxpn—1,%2n—3]/(2Tpn—1,Tp—1Tn_3).



THE COHOMOLOGY OF LIE GROUPS 7

Proof. Consider the spectral sequence for the fibration S"~2 — V5(R") — S™~ L
If n is even, then we have

H"2(Va(R™)) & H,,_o(Va(R™)) & m, _5(Va(R™)) = Z

by the universal coefficient theorem, the Hurewicz isomorphism, and the previous
lemma respectively. Therefore ngl_ 2 survives forever, so d,_1 = 0. If n is odd,
then the Hurewicz theorem and the previous lemma shows that

Hp2(Va(R")) = 7y 2(Va(R")) = Z/2Z.
By the universal coefficient theorem,
H" 1 (V3(R™)) = Hom(0,Z) © Ext' (Z/2Z,7) = 7./27Z.
So d,,—1 = 2, and the lemma follows. O

We now split the calculation in two cases depending on the characteristic of the
field.

Theorem 1.13. Let F be a field of characteristic # 2. Then the cohomology ring
H*(Vi,(R™);F) is
A{zgi1 | n—k <2i <n}] @ Al{yn—1 | n even}] @ A[{zn_k | n — k even}].

Proof. The theorem is true for £k = 1. The case k = 2 follows from the previous
lemma and the universal coefficient theorem. Assume k > 2, and we can induct
on k. If n — k is even, use the fibration S"=% < V(R") — V4_1(R"). The dif-
ferential dp,_gy1 : Eg’fk_fl — E;L:,’:jr_ll’o is zero since H" *+1(V,_;(R")) is zero
by the induction hypothesis, so the spectral sequence collapses. If n — k is odd,
use the fibration Va(R"7#+2) — V. (R") — Vi_2(R™). The spectral sequence col-
lapses because H*(V2(R"#%2)) is isomorphic to Alza(,—k)+1] and the differential

Aok + By Oy 07— BRI is zero since HXMP2(V3_(R")) = 0 by

the induction hypothesis. The result follows from the Leray-Hirsch theorem. ]
Corollary 1.14. H*(SO(n);F) = A[{z4i—1]0 < 2i <n}] @ A[{yn-1 | n even}].

Theorem 1.15. H*(Vi(R"™);F3) has a simple system of generators consisting of
{z;|n—k<i<n}.

Proof. The base case k = 1 is clear since V;(R") =2 S"~!. Assume the theorem for
k — 1. Consider the spectral sequence for S"~% < Vi (R") — Vj_1(R"). The only
possibly nonzero differential is d,, 1 : ngk_fl — EZ:’;I%’O. If d,_ri1 # 0, then
H"*(V,(R")) = 0. But by the previous lemma, together with Hurewicz theorem
and the universal coefficient theorem, H"~*(V},(R")) # 0. This is a contradiction,
so the theorem holds for &k as well.

(I

Figuring out the relations in the cohomology ring of SO(n) with mod two coef-
ficients requires a little more work.

Definition 1.16. There is a stable cohomology operation Sq’ of degree j and type
(F3,Fy) called the Steenrod squaring operation satisfying the following axioms:

(1) Let 2 € H7. Then S¢/ (z) = 22.

(2) Sq° =1id, Sq’ = 0 for j < 0, and Sq¢’ () = 0 if degz < j.

(3) Sq' is the Bockstein homomorphism.
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FIGURE 2. The FEy; = E, page of the spectral sequence associated
with S77F < Vi (R") — Vi_1(R") with Fy coefficients

n—k| m n n n
0 [ [ [ [
0 —k+1 ... n—1

(4) (Cartan formula) Sq’ (zy) = ZS_H:]. S (x) Sq* ().

5) (Adem relations) Sq® Sq® = L5) b=t-1y §q2tP =t Sqt for a < 2b.
t a—2t

Proposition 1.17 (Wu formula). Let w; be the i-th Stiefel-Whitney class, c; the
i-th Chern class, and q; the i-th symplectic Pontryagin class. Then

J .
; —k—-1
Swai:Z(l 7]{ )wi+jkwk fO'f'OS]SZ

k=0 J
2 N (i—k—1 o
Saei=) (* " Jewjoker for0<j<i

k=0 J

J .

j i—k—1 o

Sq¥ ¢; = E ( ik )qi+j_qu for0<j<i.
k=0

Proof. We will prove the Wu formula for the Stiefel-Whitney classes only; the other

versions of the formula are similar. Recall that p* : H*(BO(n);Fo) — H*(BZ%;F3)
is a monomorphism. Thus it suffices to show the equality

i,
, i—k—1
Sq’ o; = Z ( ik )Ui-i-j—ko'ka

k=0
where o; is the i-th elementary symmetric polynomial in {z1,...,z,}.
Define polynomials o (21, ..., 2,) by
n
H(l + it + 2u) = Z oapt®u’.
i=1 a,b

Observe that o, is a symmetric polynomial with term 1+ @23,y - 27,
and that 0,0 = 0, and ogp = af. Using Sq° = id, Sq'z; = 22, Sq’ z; = 0 for
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j > 1, and the Cartan formula, we have
qu 0 = quzxkl Tk = Z Sqel Ty Sqel Ty = Oi—j,j5-
€1+-tei=j
Thus it suffices to prove that for 0 < b < 4,

b
at+b—k—-1

k=0
by induction on n.
This is trivial for n = 1. Suppose n > 1, and denote by Uzlz,b and o} the corre-
sponding versions of o, and o; for the n + 1 variables {z1,...,2,,t}. We have
o, =0, +0;_1t and U(/l b = Oapb+ Ta—1pt + 0ap_11>. Now,

’ a+b k71 ) )
Z Oa+20—k0k

k=0
a+bf -1
= < )(0a+2b—k + 0gtrob—k—1t) (oK + oK_1t)
k=0
b
<a +b— k + 1)
= Oat2b—kOk
k=
b—1
a+b k—l a+b—k—2
Z S T Oat2b—k—10kL
— (a+b—Fk—2
+ Oatb—10pt + Z ( b—k—1 >0a+2(b—1)—k0kt2

k=0
a+b— k -2
= Oqtb + Z < >0a+2bk10kt + O'a,bflt2

=0qb+ O'a—l,bt + Ua,b—lt
o
- Ua,b

O

Theorem 1.18. H*(SO(n);F2) = Fa[r1,23,...,22m-1]/(z]*) where m = | 5| and
a; 1s the smallest power of two such that ia; > n.

Proof. The above theorem tells us that H*(SO(n);F3) has a simple system of
generators {x1,T2,...,Z,_1}. Thus it remains to show that z? = xy; if 2i < n
and zero otherwise.

Let o denote the cohomology suspension. By considering the transgression in
the spectral sequence for the universal bundle SO(n) — ESO(n) — BSO(n), we
see that z; is universally transgressive and that x; = o(w;41). Recalling that the
suspension commutes with stable cohomology operations and that decomposables
suspend to zero, we can use the Wu formula to obtain

Sq’ z; =S¢’ (0(wit1)) = o(Sq’ wis1)

= U((j)wiﬂ'ﬂ + (;:Dwi—‘r]‘wl 4+ (igj)wiﬂwj)

(;‘)xiﬂ"



10 JUN HOU FUNG

Taking ¢ = j yields the result. O

Remark 1.19. The homomorphism on cohomology induced by the quotient map
SO(n) — Vi(R™) shows that similar relations hold between the generators of
Vi (R™).

We now consider the group Spin(n), the universal (double) cover of SO(n).

Theorem 1.20.

(1) If p is an odd prime, then H*(Spin(n);F,) = H*(SO(n);F,).

(2) If p = 2, let s be the integer such that 2°~1 < n < 2°. Then H*(Spin(n);Fs)
has a simple system of generators {u; | 1 < i < mn,i # 2"} U{u} where u
has degree 2° — 1. These elements satisfy the following relations: Sq’ u; =
(;)uiﬂ- ifi >4, 8¢ u; =0 ifi < j, and u® = 0.

The following proof is mostly due to Borel [2].

Proof. For (1), consider the fibration SO(n) — Spin(n) — BZy = RP*. Since
H*(RP>;F,) 2 F,, we have H*(SO(n);F,) = H*(Spin(n); F,).

Now consider the mod 2 cohomology of Spin(n). As the quotient of SO(n) by
S0O(2), the homogeneous space V;,_o(R™) is also the quotient of Spin(n) by S*, so
we can study the fibration S* — Spin(n) — V,,_2(R").

Recall that H*(V;,—2(R™)) has a simple system of generators {xa, s, ..., Tn—1}.
The ideal generated by x5 as a vector space has a basis consisting of the monomials
T3y Tip - - Ty, Where 41 < iy < -+ < i and at least one of the i; is a power of
two. The n — s — 1 elements z; whose degree is not a power of two form a simple
system of generators of the subalgebra K of H*(V,,_2(R™)) that is complementary
to (x2) as a vector space. The height of xs is equal to 2° — 1, and the annihilator of

s—1_
2 L of degree

22, denoted Ann(zs) is the ideal generated by the element z* = x
2% — 2.

Consider the spectral sequence Ey = H*(V,,_2(R")) ® H*(S') = H*(Spin(n)).
Let y be the nonzero element of H'(S'). As Spin(n) is simply-connected, we have
E%1 = 0, so we must have doy = 2. This determines the differential do completely.
The ds-cocycles form the subalgebra C(Es) = Ann(hs) @ y + H*(V,—2(R™)) @ 1.

As vector spaces, Ann(hs) @y + K ®1 is complementary to da(F>) in C(Es) and
survives forever in the spectral sequence. This subalgebra admits a simple system
of generators of the n — s — 1 elements u; = x; whose degrees are not powers of two
together with the element u = 2* ® y of degree 2° — 1. Thus H*(Spin(n);F3) has
the desired simple system of generators.

The relations on the u;’s come from the relations on the z;’s in H*(V,,_2(R™)).
Finally by considering the spectral sequence for Spin(n — 1) < Spin(n) — S"~1,
we also deduce that u? = 0. See figures 4] and

O

Remark 1.21. The cohomology of Spin(n) can also be obtained from the fibrations
Spin(n — 1) — Spin(n) — S™~! and Spin(n) — SO(n) — RP> alone. See [§].

For a different approach, May and Zabrodsky has demonstrated how to compute
H*(Spin(n)) using the Eilenberg-Moore spectral sequence. See [6].



THE COHOMOLOGY OF LIE GROUPS 11

FiGUrE 3. The F5 page of the spectral sequence associated with
St — Spin(n) — V,,_2(R™) with Fy coefficients

Y | | | 7y | |
1 Nazs B sm x Dwyr g m -
0 1 2 n—1 2% —2

FIGURE 4. The E5 page of the spectral sequence associated with
Spin(n — 1) <= Spin(n) — S"~1. Case n — 1 < 2°. Observe that
degu = 2° — 1 and u? = 0 by induction.

[ ] [ ]
22 -1 o -
[ ] [ ]
n-21 m |
[ ] [ ]
3 [ ] [
0 - v
0 n—1
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FiGure 5. The F5 page of the spectral sequence associated with
Spin(n — 1) < Spin(n) — S"~!. Case n — 1 = 2°. In this case,
write ' = uv. Then degu/ = 2571 — 1 and (u/)? = 0.

| |

2° —1 u uv
| |

| |

3 [ | [ |
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2. THE COHOMOLOGY OF EXCEPTIONAL LIE GROUPS
2.1. The structure of Hopf algebras.

Theorem 2.1 (Hopf-Borel). Let k be a field of characteristic p where p is zero or a
prime. Let A be a monogenic (connected) Hopf algebra generated by a homogeneous
element x of positive degree. Then

(1) If p# 2 and degx is odd, then A= Alx].

(2) If p # 2 and degx is even, then A = k[z]/(x") or k[x], where h is a power

of p.
(3) If p=2, then A = k[z]/(z") or k[x], where h is a power of two.
Moreover, a commutative Hopf algebra H of finite type over a perfect field is

isomorphic as an algebra to a tensor product of monogenic Hopf algebras.

The following proof is found in [7].

Proof. Let A be a monogenic Hopf algebra with coproduct A that is generated by
x. If degx is odd, then by commutativity 2> = —22, so 22 = 0 if p # 2. Now
suppose x has even degree and that its height is h. Since x is the element of least
nonzero degree in A, x is primitive, and it follows that

h—1
0=A"=A@)"=1@z+z21)= Z <i;)£ﬁz ® zh=,
i=1

If p = 0, the right hand side is never zero, which is a contradiction, so x is free in
A. Otherwise, note that (?) is congruent to zero mod p for all 0 < ¢ < h iff h = p°.
Thus we have shown the first part of the theorem (there are no other relations).

For the second part of the theorem, we argue by induction on the number of
generators of H. If H is monogenic, then this is the first part of this theorem.
Suppose the theorem holds for Hopf algebras with less than or equal to n generators.
Order the generators {x1, x2, ...} of the algebra H in nondecreasing degree. Let A,
denote the subalgebra of H generated by 1 and {1, z2,...,2z,}. The coproduct A
is closed on A,,, so A, is a sub-Hopf algebra of H and similarly, A, _1 is a sub-Hopf
algebra of A,.

Let Hy be a sub-Hopf algebra of H and define Hy//H; to be the quotient
H,/(Hy - Hy) where Hy is the degree positive part of Hy. Let B,, = A,//An_1.
This quotient is a monogenic Hopf algebra generated by, say, Z,.

Suppose we can choose x,, € A,, such that the quotient map from A,, to B,, maps
Zy, to T,, and such that the height of x,, is the same as that of Z,,. Let n: B,, — A,
by the algebra monomorphism satisfying n(z,) = .

Consider the composite

Ay 1 @B, 2 A oA, A DA, @A, 22 A 9B,

Applied to an element a®z,,, we get a®T,, + (other terms not equal to —a ® Z,,),
so the composite is a monomorphism, and hence ¢ = po(inc®mn) is injective. On the
other hand, since A,,_1 and x, = n(Z,) generate A,,, ¢ is surjective and therefore
an isomorphism. Thus the inductive step holds and the result follows.

It remains to show that we can choose z,, € A, appropriately. The interesting
case is when p = 2 or degz, is even. In this case, B, = k[Z,]/(Z?) for some
s > 0. We need to show that there is a representative for z,, such that 22" = 0. Let
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¢ : H — H be the Frobenius map, i.e., {(a) = a?, and let Z = (*(A,—1). Consider
the diagram

-

An_1/]Z —> An]]Z —> B,

Note that this makes sense because k is perfect; otherwise, Z need not be a sub-
Hopf algebra of A, _;. Also, we have used the fact that (A, //2)//(An-1//Z) =
An//An—1.

Since 7 is onto, there exists y € A, //Z such that n(y) = z,,. We will show that
y?" =0. Wehave A(y) =y@1+ 1@y + >.;a; ®@aj. Since w(a}) = w(a}) =0, we
have aj, a7/ € A,—1//Z. Hence AP) =y” @1+1®@y"", ie., y? is primitive. On
the other hand, there are no primitives in B, or in A,,_1//Z with degree p° deg Z,,.
By the exact sequence of primitives 0 — P(A,_1//Z) = P(A,,//Z) — P(B,), the
only primitive element in A,,//Z is zero. So y?" = 0.

Let w € A, be such that q,(w) = y. Then g,(w? ) = y?" =0, so w? € Z. As
Z = (*(A,_1), there exists v € A,,_; such that v»" = w? . Then (w —v)?" = 0 and
gn(w —v) = y. Thus we can take w — v as our representative of z,, and it has the
same height as z,,. O

2.2. The rational cohomology. The cohomology ring H*(X; R) of a H-space of
finite type with a R-free multiplication u (for example, any compact Lie group) is a
commutative Hopf algebra whose product is the cup product and whose coproduct
is given by p* : H*(X; R) - H*(X x X;R) 2 H*(X; R)@ H*(X; R). The structure
theorem of Hopf algebras gives us:

Definition 2.2. Let G be a compact Lie group and let k be a field of character-
istic zero. Then H*(G; k) = AlX2m,+1, T2mot1s - -« T2m;+1]. We call the sequence
(2my 4+ 1,2mo + 1,...,2m; + 1) in ascending order the (rational) type of G.

To deduce the type (2m; + 1,...,2m; + 1) of an exceptional Lie group, we
use certain facts about the root system of the Lie algebra. Consideration of the
infinitesimal diagrams of Lie groups also gives us a couple of theorems that relate
the type to these data. For more details see [g].

Fact 2.3. We have dim Fg = 78, dim F7; = 133, dim Fg = 248, dim F; = 52, and

Knowing the dimension of the group G, we can figure out the sum of the m;’s,
ie., Zizl m; = 3(dim G — ).

Fact 2.4. Let G be an exceptional Lie group. Let {a1,...,a;} be the simple roots
of the Lie algebra associated with G. We can express the sum of positive roots in
G as a linear combination of simple roots, namely:
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Group Sum of positive roots
FEg 161 4+ 22as + 303 4+ 42a4 + 30a5 + 1605
E; 34a; + 49as + 663 + 96y + Thas + 52ag + 277
Eg 92ar1 + 1362 + 182a3 + 27004 + 2205 + 168ag + 1147y + 58ag
F4 160[1 + 300[2 + 420&3 + 220[4
G2 ].0041 + 6&2

Fact 2.5. We can also express the dominant root as a linear combination of simple
roots:

Group Dominant root
FEs a1 + 209 + 2a3 + 3ay4 + 2a5 + ag
E; 201 + 2a0 + 3ag + 4oy + 3as + 206 + a7
Eg 2@1 + 30[2 + 4043 —+ 60é4 + 50[5 + 4046 —+ 3047 + 20[8
Fy 201 + 3ais + 4dag + 20y
G2 3o+ 120[2

Theorem 2.6. Let G be a compact simply-connected simple Lie group. Then
H3(G;Q) =2 Z. This implies that mi; = 1 and m; > 1 fori > 1.

Proof. For the classical simple Lie groups, the theorem is easily deduced from the
results in the previous section. For the Lie groups G5 and F}, one can (and we will)
consider the fibrations S? — Ga — V2(R7) and Spin(9) — Fy, — OP?2. Finally,
there exist homomorphisms Spin(10) — Eg, Spin(12) — FE7, and Spin(16) — Eg
that induce isomorphisms on H?3. O

Remark 2.7. Indeed, one can show, without even invoking the classification theo-
rem, that m(G) = 0 and that 73(G) = Z.

Theorem 2.8. Let G be a compact connected Lie group, and suppose it has type
(2my +1,...,2m; + 1). If the sum of the positive roots in terms of simple roots is
diaq + - -+ dyag, and the dominant root is ajaq + - - - + ajoy, then we have
l l

H dz =1 Haimi.

i=1 i=1
Proof sketch. There is a Morse-theoretic formula for the Poincaré series of G,
expressed in terms of parameters of the roots of the Lie algebra associated with G,
namely the coefficients {a;} and {d;}. The equation above is obtained by equating
this expression of the Poincaré series evaluated at ¢ = 1 with that obtained from
the type of G. O

Using the previous theorems and the data for the Lie groups above, we can
compute the sum and product of the m;’s. In each case, there is a unique possible
combination for the m;’s, and we obtain the following theorem.

Theorem 2.9. The types of the exceptional Lie groups are:

Group Type
Eg (3,9,11,15,17,23)
E; (3,11, 15,19,23,27,35)
Eg (3,15,23,27,35,39,47,59)
F, (3,11,15,23)
Go (3,11)




16 JUN HOU FUNG

Remark 2.10. Slightly more is true: if G has type (2m1+1,...,2m;+1), there exists
amap f:[[S?*t! — G that induces the isomorphism on rational cohomology.

This gives us the rational cohomology of the exceptional Lie groups. Another
approach starting from de Rham’s theorems can be found in [3].

In the subsequent sections, we will analyse the mod p cohomology of these Lie
groups. The following theorem is useful:

Theorem 2.11. Let (2my + 1,...,2m; + 1) be the type of a compact, simply-
connected, simple Lie group G. If m; < min(pma,p® — 1), then H*(G) has no
p-torsion and H*(G;Fp) = Alxs, Tomat1s - -« s T2my+1)-

Remarks on the proof. The proof of this theorem is broken into two parts, depend-
ing on the height of the generator yo of H?(QG;F,). In either case, we perform
calculations that are similar to those in section [2.5] to obtain the mod p cohomol-
ogy of G. They coincide with the rational cohomology, from which we infer the
non-existence of p-torsion. The inequality in the hypothesis is used to show that
there are very few transgressions that need to be considered, so the calculations are
easier. As such, we do not prove this theorem here. O

Remark 2.12. It turns out that the converse is also true. So G2 only has 2-torsion;
Fy, Eg, and E7 have 2- and 3-torsion; and Fg has 2-, 3-, and 5-torsion.

2.3. The cohomology of G,. For this section and the next, more information
can be found in [2].

The compact form of the group G2 can be thought of as the automorphism
group of the octonion algebra Q. Let {e;}7_; be the standard vector space basis for
ImO = R7, and let fi, fo € ImQ be two orthonormal purely imaginary octonions.
Let f4 = fi1f2, and choose f3 to be orthonormal to fi, fo, f4. Define f5 = fs5f3,
fo = f3fs, and fr; = fafs. The collection {f;}7_, forms a vector space basis for
the octonion algebra, so the map sending e; to f; defines an automorphism of the
octonions.

The group G acts transitively on fi, f» — two orthonormal vectors in R7, i.e.,
Vo(R7). The isotropy group fixing fi, fo corresponds to the unit vectors f3 in the
four-dimensional space orthogonal to f1, fa, fa, i.e. S2. Thus we have the following:

Go/S3 = Vy(RT).

On the other hand, the octonion algebra can be related to the special orthogonal
group:

Theorem 2.13. Let A, B,C € SO(8) satisfy A(x)B(y) = C(zy) for all z,y € O.
Then given ezactly one of A, B, and C, the other two exist and are unique up to
stgn.

Consider now the subgroup H of SO(8) x SO(8) consisting of pairs (B, C) such
that there exists A € SO(8) satisfying A(z)B(y) = C(vy) and B = C. Observe that
A(1) = 1 since A(1)B(z) = B(x). Thus the map H — SO(7) sending (B, C) to the
restriction of A onto Im @ is a double cover of SO(7), i.e., H = Spin(7). Indeed, H
is generated by (L., L,) where L, is the isometry corresponding to multiplication
on the left by z € @. This shows that H acts transitively on S7 C O since L,
acts transitively on unit vectors. If (B,C) € H is in the stabilizer of 1 € S7, then
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B(1) = 1, so by the relation A(z)B(y) = C(zy), we have A(z) = B(z) for all
z € O, so we have B(z)B(y) = B(zy), i.e., B € G2. Thus we have

Spin(7)/Ga =2 S7.
Theorem 2.14.

(1) H*(Ga;Z) = Z[xs, x11)/ (x3, 231, 23311, 223).
(2) H*(G2;F2) = Falws]/(25) ® Als).

Proof. Consider the spectral sequence for the fibration S — G5 — Vo(R”). Recall
that H*(S%) = A[x3] and that

yA k=011
HY(Vo(R7);Z) 2 Z/22 k=6
0 otherwise.

By lacunary reasons, the spectral sequence H*(Vo(R")) @ H*(S?) = H*(G»)
collapses on the second page, and we obtain the result in (1), modulo showing
23 = 6. This will be shown once we show the same in (2).

For Fy coefficients, we use the same fibration, but with the observation that
H*(Vo(R7); Fy) = Alzs, 76]. The spectral sequence collapses and therefore we have
H*(Gg; Fg) = A[,:Eg, Is5, 566].

To show that 22 = x4, we can use the fibration Gy ~ Spin(7) — S7. The spectral
sequence for the mod two cohomology collapses too on the second page too, so i*
is an epimorphism. By counting dimensions, we see that ¢* is an isomorphism for
dimensions < 6, Since x3 = x¢ holds in H*(Spin(7);F3), it holds in H*(Gg;F2) as
well.

FIGURE 6. The Fy; = E, page of the spectral sequence associated
with S < Gy — Va(R") with integer coefficients

3 Z 7.)(2) Z

2

1

0 Z Z)(2) Z
0 6 11
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FiGure 7. The FE; = E, page of the spectral sequence associated
with S% < Gy — Vo(R") with Fy coefficients

3 Fq Fo Fq Fo

2

1

0 F2 Fy Fy Fa
0 5 6 11

FIGURE 8. The Fy; = E, page of the spectral sequence associated
with G < Spin(7) — S” with Fy coefficients

Te Tex7
Ts T5T7
T3 Tr3x7
1 x7
0 7
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2.4. The cohomology of Fj.
Theorem 2.15. H*(F4; Fg) = s [mg]/(l‘%) X A[l‘g, T7,211, $15].

Proof. The group F} acts transitively on the Cayley plane QP? with isotropy group
Spin(9). Consider the spectral sequence for the fibration Spin(9) < Fy — QP?. Re-
call that we have H*(Spin(9); F3) = Alz3, 27, 211, 715) and H*(QP?) = F3[ag]/(z3).
The elements x3 and z1; are cocycles for all the differentials, and we have z7 = Plzs
and z15 = Plxq; (see [1]), so z7 and x15 do not transgress either and Spin(9) is
totally nonhomologous to zero mod 3 in Fy. Hence

H*(Fy;F3) = H*(OP?;F3) ® H*(Spin(9); F3) = F3[xs]/(23) @ Alxs, 27, 211, 15).

O

Before we compute the mod 2 cohomology of Fy, we will need a few preliminary
calculations. Fix a collection of embedded subgroups Fy D Spin(9) D Spin(7) D Gs
such that Spin(9)/ Spin(7) = S5 and Spin(7)/G2 = S7. See [2] for more details.

Lemma 2.16.

(1) H*(Spin(g)/Gg;Fg) = A[$7,$15].
(2) H*(F,/Spin(8); F2) = Falxs]/(x3) © Alys].
(3) H*(Fy/G2;Fa) = Al1s, 223).

Proof.

(1) Consider the fibration Spin(7)/Gy < Spin(9)/G2 — Spin(9)/ Spin(7). This
is the same as S” — Spin(9)/G2 — S'°. The spectral sequence collapses,
and the result follows.

(2) Consider the fibration Spin(9)/Spin(8) — F,/Spin(8) — F,/Spin(9).
This is the same as S® < Fy/Spin(8) — QP2 The spectral sequence
collapses, so the result follows.

(3) Consider the fibration Spin(9)/Ga < Fy/G2 — Fy/Spin(9) = OP2. Let z7
be the generator for H (Spin(9)/G2) and let zg be a generator for H8(QP?).
Tt suffices to show that the transgression 7(z7) = zs. In this case, the only
nontrivial differential would be dg and H*(Fy/G2) = Alx15, z23] as wanted.

So suppose that 7(x7) = 0. Consider the fibration

Go < Spin(9) 2% Spin(9)/Gy.

We know the cohomology of all three spaces, so the spectral sequence col-
lapses on the second page, and in particular p% is an isomorphism on H”.
Next consider the fibration

Spin(9)/ Spin(8) =2 S® < F,/ Spin(8) X2 F,/ Spin(9) = OP2.

Again, the spectral sequence collapses and in particular p}(zg) = zs.

Finally consider the fibration Spin(8) < Fy — Fy/Spin(8). The only
possible nonzero differential is dg. Let i* be the map induced by the in-
clusion of Spin(8) into Spin(9). By naturality, the following diagram com-
mutes:
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HT(Spin(8)) === H™(Fi/ Spin(8))

*

i* P2
H7 (Spin(9)) # H3(Fy/ Spin(9))

*

by~

H(Spin(9)/G2) == HY(Fi/ Spin(9)

Since the transgression on the third rung is zero, all the horizontal arrows
in the diagram are zero, so xg survives forever in the spectral sequence
Spin(8) < Fy — Fy/Spin(8). Clearly, 22 survives as well so H*(Fy;Fs3)
would be F3[zs]/(z3) ® Alrs, x5, 6, 7] which contradicts the dimension of
Fy. So we have 7(z7) = zs in the original spectral sequence.

|
Theorem 2.17. H*(F4, IFQ) = ]FQ [Ig]/(:Cé) X A[I’5, 15, 1’23}

Proof. Consider the spectral sequence G2 — Fy — F4/G2. We know the coho-
mology rings of G and of Fy/G5. The spectral sequence collapses by lacunary

considerations, and so the result follows.
|



THE COHOMOLOGY OF LIE GROUPS 21

FIGURE 9. The Fy; = E, page of the spectral sequence associated
with Gg — Fy — F;/Go with Fy coefficients

6 mg m15m§ x23x§

5 s T15T5 T23%5

4

3 T3 T1523 T23T3

2

1

0 1 T15 T23
0 15 23

2.5. The cohomology of Eg, F7, and Es.

Theorem 2.18. Let G be a simply-connected compact Lie group. Then we have
H*(QG;F,) = ®Fp[y2nj]/(y;;j), where s; is a power of p (or infinity). If the type
of G is (2m1 +1,...,2my + 1), then the integers n; and s; satisfy

H(l _ thi)fl _ H(l _ t23jnj)(1 _ t2n_,»)71.

i J

Proof. Consider the spectral sequence for the path-loop fibration QG — PG — G
with rational coefficients. This shows that H*(QG; Q) is a polynomial algebra whose
elements are of even degree, namely 2m, = 2,...,2m;. Using the Morse series, we
can show that the Poincaré series of ()G is independent of the field. Hopf’s theorem
gives us another form for the cohomology ring of QG since G is a H-space, and
equating the Poincaré series for QG gives us the above relation. (]

Definition 2.19. Let p be an odd prime. There is a stable cohomology operation
P HY(X;F,) = H"*2(@-1(X;F,) for each positive integer j called the reduced
p-th power operations satisfying the following axioms:

(1) Let x € H?). Then PJ(z) = aP.

(2) PY=id and P’(z) =0 if degz < j.
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(3) (Cartan formula) P’(zy) = 3, P*xP'y.
(4) (Adem relations)
L5
“Db—t)—1
PP? = Z(—l)“*t((p )6 1) )P“*b_tPt it a < pb

P a—pt
o (-1

Paﬂpb _ Z(l)a+t( ot )ﬂPaertPt
t=0

L52)
- -Hb—-t) -1 _ ,
_1)att+l (p patb—tgpt if o < pb
©3 e 6P ifas<ph
where 3 is the Bockstein operation.

Theorem 2.20. Let yz be a generator of H*(QG;F)).
(1) yg27é 0 Zf (G,p) = (E673) or (E875)

(2) y5 #0if (G,p) = (E7,3) or (Es,3).

Proof. There are maps Spin(10) — FEg, Spin(12) — FE7, and Spin(16) — Fjg
that induce isomorphisms H?(QG) — H?(QSpin(n)). So, it suffices to show
the result for these loop spaces on these spin groups. Recall that if p # 2, then
H*(Spin(2m);Fp,) = Alws, 27,.. ., Zam—5, Y2am—1]-

Let p = 3, and let n = 10,12, or 16. Consider the spectral sequence for the
fibration QSpin(n) — * — Spin(n). Clearly, 7(y2) = z3 € H3(Spin(n)). Since
o(x7) = o(Plas) = Plys = 43, y5 # 0.

If n = 12 or 16, then 7(y9) = 7(P3(v3)) = P3(7(y3)) = P3(x7) = 19 also, so

y5 # 0.

Now let p = 5 and n = 16. We have 7(y3) = 7(Ply2) = Pl7(y2) = Plas = 211,
so y5 # 0.

Finally let p = 2. In the spectral sequence for € Spin(10) — * — Spin(10) with
Fy coefficients, we have 7(y3) = x9, so y3 # 0. O

As G is 2-connected and 73(G) = Z, there is amap G — KN(Z, 3). We can convert
this map via the mapping cocylinder to obtain a fibration G — G — K(Z,3). In
light of this, we will also need to know the cohomology of K(Z,3).

Fact 2.21. The cohomology rings of K(Z,3) in Fy, F3, and F5 are as follows:
H*(Z, 37IF2) = FQ[UB,U57UQ, ceeyUgigq, .. ]
H*<Z7 37F3) = A[U37U7,U19, s U2.3i4 7, - ] ® IF?)[u87 U20, U565 -+ -, U2.314-2, - - }
]{*(Z7 3;]F5) = A[U3,U11,U51, e, UDpig, - ] X F5[u12, U525 U2525 « - - s UD.5i4 2,y - - ]

Proof sketch. We know that H*(Z,2;F,) = H*(CP>*;F,) = F,[ug]. Consider the
spectral sequence associated with K(Z,2) — x — K(Z,3), first in the Fy case.
We will prove that H*(Z,3;Fy) 2 Fa[us, Sq us, Sq* Sq® us, Sq® Sq* Sq® us, . . .]. Set
uz = 7(ug). It is easily verified that

7(ud) =78¢% S¢* S uz = S® Sa¥ -+~ Sq? us.

The other differentials are worked out similarly.
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In the case of ), coefficients where p is odd, we shall show

H*(Z,3;F,) = Aus, Plus, PPus, PP PPPlug, .. ] @ F,[3P us, BPPPlus, .. .

i—2

Again set uz = 7(u2), and we have as above T(ugi) =P PP Plug. We
also see that the other differentials are
d2pi(p—1)+1(1DpF1 - Plus@ub V) = BPP . Plus,
O

Remark 2.22. In general, the cohomology of a space of type K (Z,n) is given in terms
of admissible sequences of Steenrod operations. This can be proved inductively.

Consider again the fibration G — G — K (Z,3). We can continue to extend this
map to the left, ie., K(Z,1) = QG — QG — K(Z,2) - G — G — K(Z,3), so
that every consecutive triple forms a Serre fibration. Thus the general outline of
computing the cohomology ring of G is to first obtain an estimate of H*(QG), and
use that to compute H*(QG). This will allow us to compute partially H*(G) and
finally H*(G). Counting dimensions along with Hopf’s theorem will in most cases
allow us to recover the rest of the cohomology ring. See [8].

Proposition 2.23. H*(Eg;F3) = F3[xs]/(23) @ Alxs, v7, 79, 211, T15, 17
Proof. The type of Eg is (3,9,11,15,17,23). Using the relation in theorem [2.18]

we have

[T =) =] —e2m)- (1 =) (1 —%)(1 = £10) (1 — £")(1 — £19) (1 — £22).
J J

Equating coefficients, we see that 2n; = 2, 2ny = 8, 2n3 = 10, 2n, = 14, and
2n5 = 16. Moreover, since we know that y3 # 0, s; > 9 holds, and that in general
sj > 3, the terms from [],(1 — t215%5) do mnot interfere for degrees < 18. Thus
H*(QFEg) = F3[y2, s, Y10, Y14, y16] for degrees < 18.

Now consider the spectral sequence for K(Z,1) — QFEs — QFg. (Recall that S*
is a K(Z,1).) This shows us that H* (QEG) >~ Fslys, Y10, Y14, Y16 for degrees < 18.

Next consider the spectral sequence QEG — * —> Eg. This shows that H (Eg) is
isomorphic to Alzg, 11, 215, x17] for degrees < 18.

Finally consider the spectral sequence for Eg — Eg — K(Z,3). Since the image
for a transgression must be a p-th power of a generator by Hopf’s theorem, there
are no trangressions for this spectral sequence, and hence for degrees < 18 we
have H*(Eg) = Fslzs] ® Alzs, 27, 29, 11,215, T17]. By dimensional reasons, since
dim Eg = 78, we have H*(FEg;F3) = F3[wg]/(23) @ Alxs, w7, 29,211,715, T17] as
wanted.

O

Remark 2.24. For the mod p cohomology of G (p odd), passing from the cohomology
of QG to QG to G is entirely mechanical. The only part of the calculation that
needs to be considered in detail is the possible transgressions in G — G — K(Z, 3).
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1 u [ | [ | [ | [ | [ |
0 1 /r@w /I Ys Y10 Y14 Y16
0 2 8 10 14 16

FIGURE 10. The E5 page of the spectral sequence associated with K(Z,1) — QEs — QEg with Fs coefficients




FIGURE 11. The spectral sequence associated with QFEg — % — Eg
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FIGURE 12. The Es = E,, page of the spectral sequence associ-
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ated with Eg — Eg — K(Z,3)

17 T17 ] u u
15 T15 ] | u
11 Z11 | L u
9 T9 ] | |
0 1 u3 Uz us

0 3 7 8
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Proposition 2.25. H*(E7;F3) = F3[zs]/(23) @ Alzs, v7, 11, 215, T19, T27, T35].
Proof. Using the same method as before, we can reconstruct
H*(QE7) = F3[y2, Y10, Y14, Y18, Y22, y26] for degrees < 30.
This implies that for degrees < 30,
H*(QE7) = F3[y10, y14, Y15, Y22, Y26]
H*(E7) = Alzy1, 215, 219, T23, T27].

In the spectral sequence Er > E, > K (Z,3), the only possible nontrivial trans-
gressions are 7(719) = ugp and 7(xa3) = u§.
Hence H*(E7) = Alug, ur, 211, T15, 19, T27] ® A ® B ® C, where

4 [Fslwsl/ ) it 7(2s) = o
Alzoz] @ F3 [us]/(ug) where f > 9 is a power of three, if 7(x93) =0

B = F3 if 7'(3?19) = U20
Alz1g] ® Fslugg]/(udy) where g > 3 is a power of three, if 7(z19) =0
C = Az, ® Fg[.fﬁ]/(l‘gﬂ) where deg zo, x5 > 30 and hg is a power of three.

Since the total dimension of E; is 133, we must have A = Fs[us]/(ud), B = F3,
and C = Axss]. Relabelling, we obtain

H*(Eq) = F3[xs]/(23) ® Alzs, 27, 211, ¥15, T19, T27, T35].

Proposition 2.26.
H*(Es;F3) = Fa[s, 20)/ (23, 250) ® Alws, w7, 215, T19, Ta7, T35, T30, Ta7].
Proof. Reasoning as above, we have for degrees < 42,
H*(QEg) = F3[y2, y14, Y22, Y26, Y34, Y3s]
H*(QEs) = F3[y14, Y22, Y26, Y34, Y3s)
H*(Es) = Alz15, 223, Ta7, T35, T39)].

The only possible transgressive elements are x19 and x3. From this we infer
that H*(Eg) = Alzs, 27,15, Ta7, T35, T39) ® A ® B ® C, where again

A J Falus)/(u5) if 7(z25) = ug
Alos] © Fsus]/(ul) where f > 9 is a power of three, if 7(x3) =0

B = Fg if T(’I’lg) = U220
Alx19] @ F3lugo]/(udy) where g > 3 is a power of three, if 7(z19) =0

C=Alz,] ® IE“;[xg]/(xZﬁ) where deg x4, 25 > 30 and hg is a power of three.

From dimensional reasons alone we can conclude that A = Fa[ug]/(u3). Next,

since o(ug) = o(P3ug) = P3(o(ug)) = 0, the transgression 7(z19) = 0, and so
B = Alr19] ® F3[ugg]/(u3y). Hence C = Alxy7], and our result is obtained. O
Proposition 2.27.

H*(E3;F5) 2 Fs[212]/(255) ® Alzs, 211, ¥15, T23, T27, T35, T39, Ta7).
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Proof. Reasoning as above, we have for degrees < 50,
H*(QEg) = Fs5[y2, y14, Y22, Y26, Y34, Y38, Y46)
H*(QFEs) = Fs[y1a, Y22, Y26, Y34, Y38, Ya]
H*(Es) = Alz15, 223, To7, T35, T39, Ta7].
By lacunary reasons, there are no nontrivial transgressions, so for degrees less

than 50, we have H*(Eg) = Fs[z12] @ Alxs, 211, X15, T23, X27, T35, T39, T47]. Counting
dimensions, we must have

H*(FEg;Fs) = Fs[212]/(25,) ® Alws, 211, 15, T23, Tar, T35, T39, Ta7)-

We now consider the mod two cohomology of these exceptional groups.
Proposition 2.28. H*(Eg;Fs) = Fa[z3]/(23) ® Alzs, 9, 215, T17, T23)-
Proof. Assume for now that y§ # 0. Then as before, we have for degrees < 28
H*(QFs) = Fay2] © Alys, Y10, Y14, Y165 Y16 Yao» Y22
H*(QEg) = Alys, Y10, Y14, Y16+ Y16+ Yho» Y22 |-

Note that it does not matter for this whether y2 or 4%, is zero or not.

In the fibration QE’G — * —> Eﬁ, the elements ys,y10,y14 are transgressive. If
both 16 and ' were transgressive as well, then H*(Eg) = Fy[xg, 211, 15, Z17, )7
for degrees < 21. Using the Adem relation Sq” = Sq? Sq” 4+ Sq® Sq', we see that
3 = Sq” 29 = 0, which is a contradiction. So at least one of Y16, Ylg 18 not
transgressive, say dg(y16) = Tgys. On the other hand, y}4 is transgressive, so we
have H*(Eg) 2 A[xo] ® Folx11, 215, 2] for degrees < 21.

Now consider the fibration Eg — Fg — K (Z,3). The possible transgressions
are 7(z9) = u2, 7(x11) = ui, and 7(z};) = u3. Hence for degrees < 20, H*(FEg) is
isomorphic to Alus, us, u%, ug, u17, z15] @ A[{z4}], where {z,} is some combination
of {xQ’ug}a {xllauél}v {x/177uS2)}a and {zg | degzg > 20}.

By dimensional reasons, we have A[{z,}] = Alx11,u3] or Azes]. Since {xq,u2}
is not possible, we must have 7(x9) = uZ, so u? = 0 in H*(Es). Observe that
us = Squs and ug = Sq* us, because these relations hold from H*(Z,3). Using
the Cartan formula and the Adem relation Sq' Sq** = Sq* ™!, we obtain

uz = (Sq” u)® = (Sq" Sq”u3)* = (Sq' us)* = Sq”uj = 0
uj = (Sq*us)* = Sq uf = 0.
So A[{z,}] # Alx11,ui]. Therefore by relabelling, we get that H*(Eg) is iso-
morphic to Fa(x3) @ Alzs, z9] ® Alz1s, 217, 223). No other relations are possible,

S0
H*(Eg;Fo) = Faolxs]/(23) @ Alws, 29, 215, T17, T23).

We still need to show that y§ # 0.

Lemma 2.29. If yo is the generator of H*>(QEs;Fy), then y§ # 0. Since the
inclusion maps Eg C E; C FEg induce isomorphisms on H*(QG;Fs), v§ # 0 in
H*(QFE7;Fy) and H*(Es; Fy) as well.
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Proof. Suppose for sake of contradiction that y§ = 0. Then we have
H*(QEg) = Faya]/(y5) ® Alys, Y10, Y14, Y16, Yie: Yier Yoo Y22]  (deg < 28)
H*(QEs) = Alys, Y10, Y14, Y15, Y16, Y16, Yie: Unor Y22]  (deg < 28)
H*(Eg) = Alwo) ® Falz11, 215, T16, )7, 27]  (deg < 21).
By dimensional reasons, 7(z16) = u17 in the spectral sequence associated with

Fs > Es L K (Z,3); in fact, all possible transgressions are realized. So relabelling,
we have
H*(Eg) = Fy[z3)/(23) © A[ws, 2o, 15, 217, Ta3)-
Observe that in this case
Sq® xg = j*(Sq® ug) = j*(urr) = j* (r(216)) = 7(j* (216)) = 0.
We will show that this is false by deriving part of the Steenrod squares on H*(Eg; F2)
using the Wu formula for Chern classes and the isomorphism 73(SU(6)) = w3(FEg).

Consider the spectral sequence for the universal Fg-bundle: Eg — x — BFEg
with Fy coefficients. For degrees < 16, we have H*(BEs) = Falya, ys, Y7, Y10]-
Specifically, we have Sq® 310 = Sq® 7(z9) = 7(Sq® z9) = 0 modulo decomposables,
say Sq® y10 = P(y4. Y6, Y7, y10) for some polynomial P.

Now consider the inclusion SU(6) — Eg. This map induces an isomorphism
m3(SU(6)) — m3(FEs). By the long exact sequence of the fibration Eg — * — BFEg,
m4(BSU(6)) — m4(BEg) is an isomorphism. By the Hurewicz isomorphism and
the universal coefficients theorem, the map p* : H*(BEg) — H*(BSU(6)) is an
isomorphism of H*, i.e., p*(y4) = co where c; is the first Chern class. Now applying
Sq?, Sq*, and Sq® successively and using the Wu formula, we have p* (ys) = cs,
p*(y10) = ¢5 + c3ce, and p*(Sq8 y10) = cgcs + cscq + (higher order terms). Also,
p*(y7) = 0 since H'(BSU(6)) = 0.

We have

P(c2,¢3,0,¢5 + csca) = p*(P(ya, Yo, 97, y10)) = p*(Sq® 10)
= cgc3 + cs¢q + (higher order terms).

But this is absurd. So Sq® zg # 0 and Y5 # 0 as wanted. O
Proposition 2.30. H*(E7;Fy) = Falxs, w5, 20)/ (23, 78, 28) @ Alz15, 217, 223, T27].
Proof. As before, we have for degrees < 29,

H*(QE7) = Falya] © Aly10, Y14, Y18, Y205 Y22, Y26, Yas]
H*(QE7) = Alyio, Y14, Y15, Ys0» Y22, Y26, Yos)-
For this range of degrees, there are two possibilities for H* (E7):
H*(Fy) = {A[ﬂCu] ® IF2[51715756/19, Tag, Ta7) %f d11,'ly/20 = 37/112/10
Folz11, 15, T19, Thy, Tag, Ta7]  if T(yhy) = xh;.
Using the Adem relation Sq* Sq” = Sq** +Sq” Sq?, we see that
at; =Sq' 211 = Sq* Sq” 11 + Sq” Sq” 211 =0,

so we have H*(E7) > Alx11] ® Falz1s, 219, T23, X27 for degrees < 29.
There are three possible transgressions for the fibration F; — Er — K(Z,3),
namely 7(z11) = u3, 7(z19) = u2, and 7(x93) = u§. Moreover, if 7(x11) = uj, then
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7(x23) = 0. By dimensional reasons, z19 must transgress to us and exactly one of
x11 and x93 transgresses. We thus have two possibilities for degrees < 29:

Falzs, 25, 9]/ (24, 23, 28) ® Alz1s, 217, 23, Ta7]

Folxs, 135@9]/(1'2@‘51, w%) ® Alz11, 215, T17, T27).

H*(E;) = {

We claim that the second possibility does not occur. Assume the contrary and
consider the spectral sequence associated to Eg — E7y — FE;/Es. We thus have
Alx2, 211,23, 23, 297) C H*(E7/Eg). But

deg xéx%xéxnxw =78 > 55 = dim E;/FEs.

This is a contradiction.
No other relations are possible, so

H*(Er;Fy) = Faolxs, x5, 19] /(23,73 75) @ Alw15, 217, T3, T27].

Proposition 2.31.
H*(Eg;Fy) = Folws, 5, 29, 215] / (38, 28, 5, 215) @ A[x17, To3, To7, Ta9).
Proof. As before, we have for degrees < 32,
H*(QEg) 2 Falys] ® Aly1a, Y22, Y26, Yag)
H*(QEg) = Aly14, Y22, Y26, Ubs)
= {F2[$15, T23, Ta7, Tag]  if T(y5g) = w29

H*(Eg) = .
) Alz15) @ Folxos, xa7]  if disyos = T15y14.

We now consider the fibration Eg — Eg — K(Z,3). The only possible trans-
gression is 7(z23) = u§, but o(ul) = 0(Sq*?Sq® Sq® uz) = Sq'?Sq° Sq® o (us) = 0.
So 7(x23) = 0.

Suppose that H*(Eg) & A[z15] ® Fa[x2s, z27]. Then for degrees < 32,

H*(ES) = A[UP,, u§7 Uév u§7 us, uga uéa Ug, UEM U7, T15, L23, 3327}.

For dimensional reasons this is a contradiction: there is no way to complete the
cohomology ring with additional generators. Therefore H*(FEg) & Fa[x15, 223, Tag)
and hence

H*(Es; Fo) = Falxs, x5, m9, 215]/ (23°, 28, 25, 215) @ Al17, T3, T27, T29].
O

Remark 2.32. The Steenrod squares in H*(Eg), H*(E7), and H*(Es) are more
fully worked out in [§].

Now that we have calculated the cohomology rings of all the exceptional Lie
groups with field coeflicients, we can make an observation:

Proposition 2.33. In the chain of subgroups Go C Fy C Eg C E7 C FEg, every
group s totally nonhomologous to zero modulo two in the group that contains it.

Also, we can compute the cohomology of the loop spaces and classifying spaces
of these Lie groups, or their quotients, and so on.
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