RATES OF MIXING FOR THE WEIL-PETERSSON GEODESIC
FLOW: EXPONENTIAL MIXING IN EXCEPTIONAL MODULI
SPACES

K. BURNS, H. MASUR, C. MATHEUS AND A. WILKINSON

ABSTRACT. We establish exponential mixing for the geodesic flow ;: T*S — TS of
an incomplete, negatively curved surface S with cusp-like singularities of a prescribed
order. As a consequence, we obtain that the Weil-Petersson flows for the moduli spaces
Mai,1 and My 4 are exponentially mixing, in sharp contrast to the flows for M, ,, with
3g — 3+ n > 1, which fail to be rapidly mixing. In the proof, we present a new
method of analyzing invariant foliations for hyperbolic flows with singularities, based
on changing the Riemannian metric on the phase space TS and rescaling the flow ;.
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INTRODUCTION

Let S be an oriented surface with finitely many punctures. Suppose that .S is endowed
with a negatively curved Riemannian metric and that in a neighborhood of each puncture
the metric is “asymptotically modeled” on a surface of revolution obtained by rotating
the curve y = 2", for some r > 2, about the z-axis in R? (where r may depend on the
puncture). The results in this paper allow us to conclude that the geodesic flow on T'S
mixes exponentially fast.

Before stating the hypotheses precisely, we recall some facts about the metric on
a surface R of revolution for the function y = z”. This surface is negatively curved,
incomplete and the curvature can be expressed as a function of the distance to the cusp
point py where x = y = 0. Denote by p(-,-) the induced Riemannian path metric and
0: R — R>( the Riemannian distance to the cusp:

6(p) = p(p;po)-

Then for r > 1, the Gaussian curvature on R has the following asymptotic expansion in
d,as d — O:
r(r—1) 1
K(p) = ——=3 T+ 0(6(p) ).

§(p)?
Our main theorem applies to any incomplete, negatively curved surface with singularities
of this form. More precisely, we have:

Theorem 1. Let X be a closed surface, and let {p1,...,pr} C X. Suppose that the
punctured surface S = X \ {p1,...,px} carries a C°, negatively curved Riemannian
metric that extends to a complete distance metric p on X. Assume that the lift of this
metric to the universal cover S is geodesically convex. Denote by 6;: S — Ry the distance
51,(p) = p(papl)f fOT’i =1,... 7k'

Assume that there exist rq,...,r, > 2 such that the Gaussian curvature K satisfies

k T‘Z‘(n‘ — 1) 1
K(p) :Z—W‘*‘O((Si(P) )
i=1 t

and
k
IVIE(p)| = 0(5:(p)"*7),
=1

forj=1,2,3 and allp € S.
Then the geodesic flow p;: T'S — TS is exponentially mizing: there exist constants
¢, C > 0 such that for every pair of C' functions uy,ug: TTS — R, we have

/ u1u20¢tdvol—/u1 dvol/u2dvol
TS

for all t > 0, where vol denotes the Riemannian volume on T'S (which is finite) nor-
malized so that vol(T'S) = 1.

< Ceurller|Juzllen,

The regularity hypotheses on uy,us are not optimal. See Corollary in the last
section for precise formulations.

Theorem [1| has a direct application to the dynamics of the Weil-Petersson flow, which
is the geodesic flow for the Weil-Petersson metric (-, -)wp of the moduli spaces Mg, of
Riemann surfaces of genus g > 0 and n > 0 punctures, defined for 3¢ —3+4+n > 1. For a
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discussion of the WP metric and properties of its flow, see the recent, related work [7].
As a corollary, we obtain the following result, which originally motivated this study.

Corollary 0.1. The Weil-Petersson geodesic flow on TlM(gm) mixes exponentially fast
when (g,n) = (1,1) or (0,4).

Proof of Corollary. Wolpert shows in [20] that the hypotheses of Theorem |1 are satisfied
by the WP metric on Mg, for 3g —3+n=1. o

Mixing of the WP flow (for all (g,n)) had previously been established in [9]. For
(g,m) ¢ {(1,1),(0,4)}, the conclusions of Corollary do not hold [7]: for every k >
0, there exist compactly supported, C* test functions u;,us such that the correlation
between u; and ug o ¢ decays at best polynomially in 7.

Remark: The geodesic convexity assumption in Theorem[I]can be replaced by a variety
of other equivalent assumptions. For example, it is enough to assume that d; = 5;+0(d;),
where 3; is a convex function (as is the case in the WP metric). Alternatively, one may
assume a more detailed expansion for the metric in the neighborhood of the cusps. For
example, the assumptions near the cusp are satisfied for a surface of revolution for the
function y = wu(x)z”, where u: [0,1] — Rsq is C°, with w(0) # 0 and r > 2. One
can easily formulate further perturbations of this metric outside the class of surfaces of
revolutions for which the hypotheses of Theorem [1| hold near § = 0.

To simplify the exposition and reduce as much as possible the use of unspecified
constants, we will assume in our proof that £ = 1, so that S has only one cusp.

0.1. Discussion. In a landmark paper [13], Dolgopyat established that the geodesic
flow for any negatively-curved compact surface is exponentially mixing. His techniques,
building in part on work of Chernov [I1], have since been extracted and generalized in
a series of papers, first by Baladi-Vallée [0], then Avila-Gouézel-Yoccoz [3], and most
recently in the work of Aratjo-Melbourne [4], upon which this paper relies.

Ultimately, the obstructions to applying Dolgopyat’s original argument in this context
are purely technical, but to overcome these obstructions in any context is the heart of
the matter. The solution to the analogous problem in the billiards context — exponential
mixing for Sinai billiards of finite horizon — has only been recently established [6].

To prove exponential mixing using the symbolic-dynamical approach of Dolgopyat,
Baladi-Vallée et. al., one constructs a section to the flow with certain analytic and
symbolic dynamical properties. In sum, one seeks a surface ¥ C T'1S transverse to the
flow ¢; in the three manifold 7'S on which the dynamics of the return map can be
tightly organized.

In particular, we seek a return time function R: ¥y — R defined on a full measure
subset Yo C %, with pg(,(v) € X for all v € Xy and so that the dynamics of F': v
PR(v) (v) on Xy are hyperbolic and can be modeled on a full shift on countably many
symbols. For ¢; to be exponentially mixing, the function R should be constant along
stable manifolds, have exponential tails and satisfy a uniform non-integrability condition
(UNI) (which will hold automatically if the flow ¢; preserves a contact form, as is the
case here).

Whereas in [5] and [3] the map F is required to be piecewise uniformly C?, the
regularity of F is relaxed to C'*® in [4]. This relaxation in regularity might seem
mild, but it is crucial in applications to nonuniformly hyperbolic flows with singularities.
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The reason is that the surface ¥ is required to be saturated by leaves of the (strong)
stable foliation W?* for the flow ¢;. The smoothness of the foliation W?* thus dictates
the smoothness of the surface ¥ which then determines the smoothness of F' (up to
the smoothness of the original flow ¢;). Ewven in the case of contact Anosov flows in
dimension 3, the foliation W$ is generally no better than C'*®, for some a € (0,1),
unless the flow is algebraic in nature

While it has long been known that this C'T® regularity condition holds for the stable
and unstable foliations of contact Anosov flows in dimension 3, this is far from the case for
singular and nonuniformly hyperbolic flows, even in low dimension. In the context of this
paper, the geodesic flow ¢, is not even complete, and the standard singular hyperbolic
theory fails to produce @;-invariant foliations YW* and W?, let alone foliations with C''*+¢
regularity.

The flows ¢, considered here, while incomplete, bear several resemblances to Anosov
flows. Most notably, there exist Dys-invariant stable and unstable cone fields that
are defined everywhere in T'S. The angle between these cone fields tends to zero as
the basepoint in 7''S approaches the singularity. The action of Dy; in these cones is
strongly hyperbolic, with the strength of the hyperbolicity approaching infinity as the
orbit comes close to the singularity.

The key observation in this paper is that by changing the Riemannian metric on TS
and performing a natural time change in ¢; one obtains a volume-preserving Anosov
flow on a complete Riemannian manifold of finite volume. This time change does not
change orbits and has a predictable effect on stable and unstable bundles. In particular,
since the weak stable and unstable bundles for the rescaled flow are codimension one, it
follows from the theory of Anosov flows that they are C'*®. This information transfers
to the original flow ¢; and gives that its weak stable and unstable bundles are also
C'*e. But ¢; has an invariant contact structure so this smoothness of the weak bundles
is inherited by the strong stable and unstable bundles for ¢;. One concludes that
possesses invariant stable and unstable foliations W* and W?* that are locally uniformly
C'*te. This gives the crucial input in constructing the section ¥ and return function R
defined above.

In the setting of Weil-Petersson geometry, one can summarize the results of this time
change: in the exceptional case 3g — 3 +n = 1, the Weil-Petersson geodesic flow, when
run at unit speed in the Teichmiiller metric is (like the Teichmiiller flow) an Anosov flow.
For 3¢ — 3+ n > 1, the WP flow is not Anosov, even when viewed in the Teichmiiller
metric (or an equivalent Riemannian metric such as in [19]), but it might be fruitful to
study the flow from this perspective. We remark here that Hamenstadt [15] has recently
constructed measurable orbit equivalences between the WP and Teichmiiller geodesic
flows for all 3g — 3 +n > 1.

A different approach, using anisotropic function spaces, has been employed by Liverani
to establish exponential mixing for contact Anosov flows in arbitrary dimension, even
when the foliations W* and W? fail to be C! [I8]. The arguments there take place in
the manifold itself (not a section) and avoid symbolic dynamics. This is the approach
employed in the recent work of Baladi, Demers and Liverani on Sinai billiards in [6]
mentioned above.

IThis issue is bypassed in the application to the Teichmiiller flow in [2 [3] because there the stable
and unstable foliations are locally affine.
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This paper is organized as follows. In Section [I] we recall some facts about geodesic
flows and basic comparison lemmas for ODEs. In Section [2| we establish (under the
hypotheses of Theorem [1)) C* regularity for the functions §; measuring distance to the
cusps in S. The arguments there bear much in common with standard proofs of reg-
ularity of Busemann functions in negative curvature, but additional attention to detail
is required to obtain the correct order estimates on the size of the derivatives of the J;.
In Section [3| we establish basic geometric properties of the surfaces considered here, in
close analogy to properties of surfaces of revolution. These results refine some known
properties of the Weil-Petersson metric.

Section [] addresses the global properties of the flow ¢;. Here we construct a new
Riemannian metric on 715, which we call the * metric, in which TS is complete.
Rescaling ¢; to be unit speed in the x metric, we obtain a new flow v; which we prove is
Anosov, with uniform bounds on its first three derivatives (in the x metric). We derive
consequences of this, including ergodicity of ¢; and existence and C'* regularity of ¢y
invariant unstable and stable foliations W?* and W*".

In the final section (Section , we construct the section X to the flow and return time
function R satisfying the hypotheses of the Araijo-Melbourne theorem. In essence this
is equivalent to constructing a Young tower for the return map to 3 and is carried out
using standard methods. Here the properties of geodesics established in Section [3| come
into play in describing the dynamics of the return map of the flow to the compact part
of T'S.

We thank Scott Wolpert, Sebastien Gouézel, Carlangelo Liverani and Curtis Mc-
Mullen for useful conversations, and Viviane Baladi and Tan Melbourne for comments
on a draft of this paper. We also thank the referee for a very careful reading of the text
and for suggesting multiple improvements.

1. NOTATION AND PRELIMINARIES

The book [10] is a good source for the background in this section. Let S be an oriented
surface endowed with a Riemannian metric. As usual (v, w) denotes the inner product
of two vectors and V is the Levi-Civita connection defined by the Riemannian metric.
It is the unique connection that is symmetric and compatible with the metric.

The surface S carries a unique almost complex structure compatible with the metric.
We denote this structure by J; for v € TPIS , the vector Jv is the unique tangent vector

in T[}S such that (v, Jv) is a positively oriented orthonormal frame.

The covariant derivative along a curve t — ¢(t) in S is denoted by D, % or simply ’
if it is not necessary to specify the curve; if V(¢) is a vector field along ¢ that extends to
a vector field V on S, we have V/(t) = Vc-(t)f/.

Given a smooth map (s,t) — a(s,t) € S, we let % denote covariant differentiation
along a curve of the form s — «(s,t) for a fixed ¢t. Similarly % denotes covariant
differentiation along a curve of the form ¢ — «(s,t) for a fixed s. The symmetry of the

Levi-Civita connection means that
D O« D O«
= (s,t) = = ——(s,t
95 01 0 = gras )

for all s and ¢.
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A geodesic segment v: I — S is a curve satisfying 7" (t) = D,3(t) = 0, for all t € I.
Throughout this paper, all geodesics are assumed to be unit speed: ||¥| = 1.
The Riemannian curvature tensor R is defined by

R(A,B)C = (VaVp —VEV4—Vp)C
and the Gaussian curvature K: S — R is defined by
K(p) = (R(v, Jv)Jv, v),

where v € TI}S is an arbitrary unit vector.

For v € TS, we represent each element & € T, TS in the standard way as a pair
& = (v1,v2) with v1 € T,S and vy € TS, as follows. Each element ¢ € T,,T'S is tangent
toacurve V: (—1,1) — T1S with V(0) =v. Let c=7woV: (=1,1) — S be the curve of
basepoints of V' in S, where w: T'S — S is the standard projection. Then £ is represented
by the pair

(¢(0), DV (0)) € T,S x T,S.

Regarding TTS as a bundle over S in this way gives rise to a natural Riemannian
metric on TS, called the Sasaki metric. In this metric, the inner product of two elements
(v1,w1) and (ve,ws) of T,T'S is defined:

((v1,w1), (v2, w2))Sas = (v1,v2) + (Wi, wa).

This metric is induced by a symplectic form dw on T'T'S; for vectors (v1,w;) and (va, ws)
in T,,TS, we have:

dw((v1,wy), (v2, w2)) = (v, wa) — (wy,ve).

This symplectic form is the pull back of the canonical symplectic form on the cotangent
bundle TS by the map from T'S to T*S induced by identifying a vector v € T,,S with
the linear function (v, -) on T},S.

1.1. The geodesic flow and Jacobi fields. For v € TS let , denote the unique
geodesic 7, satisfying 4,(0) = v. The geodesic flow ; : T'S — T'S is defined by

pi(v) = Fu(t),
wherever this is well-defined. The geodesic flow is always defined locally.

The geodesic spray is the vector field ¢ on T'S (that is, a section of T'T'S) generating
the geodesic flow. In the natural coordinates on TT'S given by the connection, we have
o(v) = (v,0), for each v € T'S. The spray is tangent to the level sets || - || = const.
Henceforth when we refer to the geodesic flow ¢, we implicitly mean the restriction of
this flow to the unit tangent bundle TS,

Since the geodesic flow is Hamiltonian, it preserves a natural volume form on 7'S
called the Liouville volume form. When the integral of this form is finite, it induces a
unique probability measure on T'S called the Liouville measure or Liouville volume.

Consider now a one-parameter family of geodesics, that is a map a : (—=1,1)2 — §
with the property that a(s,-) is a geodesic for each s € (—1,1). Denote by J(t) the

vector field 5
o

t)==—(0,¢

() = 5200

along the geodesic v(t) = a(0,t). Then J satisfies the Jacobi equation:
(1) J"+R(J.¥)7 =0,
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in which ’ denotes covariant differentiation along ~. Since this is a second order linear
ODE, the pair of vectors (J(0),J'(0)) € TyyM x Ty M uniquely determines the
vectors J(t) and J'(t) along v(t). A vector field J along a geodesic ~ satisfying the
Jacobi equation is called a Jacobi field.

The pair (J(t), J'(t)) corresponds in the manner described above to the tangent
vector at s =t to the curve s — %‘?(s,t) = ¢t o V(s), which is Dg(V'(0)). Thus

Proposition 1.1. The image of the tangent vector (vy,v2) € T, T'S under the derivative
of the geodesic flow Dyypy is the tangent vector (J (1), J'(t)) € T,,wT'S, where J is the
unique Jacobi field along v satisfying J(0) = vy and J'(0) = vs.

Computing the Wronskian of the Jacobi field 4 and an arbitrary Jacobi field J shows
that (J',4) is constant. It follows that if J'(tg) L 4(to) for some g, then J'(t) L ()
for all ¢. Similarly if 7 (to) L ¥(to) and J'(to) L (to) for some to, then J(t) L #(t) and
J'(t) L A(t) for all ¢; in this case we call J a perpendicular Jacobi field. If « is a variation
of geodesics giving rise to a perpendicular Jacobi field, then we call o a perpendicular
variation of geodesics.

The space of all perpendicular Jacobi fields along a unit speed geodesic v corresponds
to the orthogonal complement ¢ (v) (in the Sasaki metric) to the geodesic spray ¢(v)
at the point v = 4(0) € T'S. To estimate the norm of the derivative Dy; on TT!S, it
suffices to restrict attention to vectors in the invariant subspace ¢T; that is, it suffices
to estimate the growth of perpendicular Jacobi fields along unit speed geodesics.

Because S is a surface, the Jacobi equation of a perpendicular Jacobi field along
a unit speed geodesic segment can be expressed as a scalar ODE in one variable. Given
such a geodesic v: I — S, any perpendicular Jacobi field 7 along v can be written in the
form (7 (t),J'(t)) = (j(&)JJ¥(t), ' (t)J4(t)), where j: I — R satisfies the scalar Jacobi
equation:

(2) 7" (t) = =K (y(t)J(t).

To analyze solutions to (2)) it is often convenient to consider the functions u(t) =
J'(t)/4(t) and ((t) = j(t)/4'(t) which satisfy the Riccati equations u'(t) = —K(y(t)) —
u?(t) and ¢'(t) = 1+ K(v(¢))¢%(t), respectively. In the next subsection, we describe
some techniques for analyzing solutions to these types of equations.

1.2. Comparison lemmas for Ordinary Differential Equations. We will use a
few basic comparison lemmas for solutions to ordinary differential equations. The first
is standard and is presented without proof:

Lemma 1.2. [Basic comparison] Let F': R x [tg, t1] — R be C1, and let (: [to, t1] — R
be a solution to the ODE

3) '(t) = F(¢(t), 1)

Suppose that u,u: [to,t1] — R are C' functions satisfying u(to) < ((to) < u(to). Then
the following hold:

o If F(u(t),t) <@(t) for allt € [to,t1], then ((t) <T(t) for all t € [to,t1].
o If F(u(t),t) <u'(t) for all t € [to,t1], then ((t) <u(t) for all t € (to,t1].
o If F(u(t),t) > u/(t) for all t € [to,t1], then ((t) > u(t) for all t € [to,t1].
o If F(u(t),t) > u(t) for all t € [to,t1], then ((t) > u(t) for all t € (to,t1].
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We will have several occasions to deal with Riccati equations of the form ('(t) =
1 —k2(t)C?(t) on an interval [to,t1] (where typically —k%(t) = K(v(t)) for some geodesic
segment 7). Since the curvature of the surfaces we consider is not bounded away from
—o0, most of the ODEs we deal with will have unbounded coefficients. This necessitates
reproving some standard results about solutions. A key basic result is the following.

Lemma 1.3. [Existence of Unstable Riccati Solutions] Suppose k: (to,t1] = Rso
is a Ct function satisfying lim;_,;, k(t) = co. Then there exists a unique solution ((t) to
the Riccati equation

(4) ¢ =1k
for t € (to,t1] satisfying ((t) > 0 on (to,t1] and lims_y, (t) = 0.

Moreover, if k: (to,t1] — Rsq is any C* function satisfying k'(t) < 0 and k(t) < k(t),
for all t € (to,t1], then ((t) < k(t)™L, for all t € [to, t1].

Proof. Let k be a function satisfying the hypotheses of the lemma. Then there is a
function ko : (to,t1] — Rso such that kj(t) < 0 and k(t) < ko(t) < k(t) for all t € (to,t1]
and ko(t)~! — 0 as t — to. Observe that (d/dt)(ky'(t)) > 0 > 1 — k(t)?ko(t)~2 for
to <t <t

Now fix a decreasing sequence t,, — to in (tg,t1). For each n > 1 let (,, be the solution
to on [tp,t1] with ¢,(t,) = 0. We can apply Lemma to equation on the
interval [t,,t1] with u(t) = 0 and u(t) = ko(t)~!. This gives us 0 < (,(t) < ko(t)~! for
t, <t <t;. We can also apply Lemma [1.2] on this interval with { = (,, for m > n and
u = (. This gives us G, (t) > (u(t), for t, <t < t;.

The sequence of solutions ¢, is thus increasing, positive and bounded above by ky L
It follows that the function ¢ := lim,_, (, is a solution to , is positive on (to,t1],
is bounded above by ky 1 and thus satisfies limy 4, ¢(¢) = 0. Since kg 1 < %, we obtain
that ¢(t) < k()71 for all ¢ € [to, t1].

It remains to show that { is the only solution of with the desired properties.
Suppose 7 is another such solution. Since the graphs of two solutions of cannot
cross, we may assume that ((t) > n(t) > 0 for to <t < ;. But then

(C=m)'(t) = k(®)*[(n(t)* = ¢(H)*] < 0
for tg <t < t;. Since (( —n)(t) — 0 as t — to, this is possible only if ((t) = n(t) for
to <t<t;. ¢

We call the solution of the Riccati equation defined by the previous lemma the unstable
solution on (to, t1].

Lemma 1.4. [Comparison of Unstable Riccati Solutions| For i = 1,2, let k; :
(to,t1] — Rso be a O function satisfying limg 4, ki(t) = oo and let ¢; : (to,t1] — Rso
be the unstable solution. Suppose ki(t) > ko(t) for allt € (to,t1]. Then (1(t) < (2(t) for
all t € [to,tl].

Proof. Suppose (a(ty) > (i(t;) for some t;, € (to,t1]. Then we can apply Lemma
to the equation ¢/ = 1 — k3¢? with ¢ = (; and W = (» to obtain (o(t) > (i(t) for all
t € [ty,t1]. It now suffices to show that if there is t} € (o, 1] such that (;(t) > (a(t) for
all t € [to,t}], then we must have (1(t) = (2(t) for all ¢ € [to,t}]. But if (; > (2 > 0 on
(to,t}] we have

(G = @) (t) = ka2 (1)’ () — k1 ()G (1)* < 0



RATES OF MIXING 9

for tg < ¢t < t}. Since (¢1 — (2)(t) — 0 as t — ¢, this is possible only if (;(t) = (a(t) for
to<t<th o

Lemma 1.5. Let k: (0,t1] — Rsg be a C! function satisfying limy o k(t) = oo, and let
¢(t) be the unstable solution. Let r > 1.

(1) If k(t)? > r(r — 1)/t% for all t € (0,t1], then ((t) < t/r for allt € (0,t1].

(2) If k(t)? < r(r —1)/t% for all t € (0,t1], then ((t) > t/r for allt € (0,t1].

(3) Suppose N >0, 0 <ty < min{ty,(r —1)/N} and

k@ye[dr—l)_N'Mr—D_%N]

Then there exists M > 0 such that

2 PR ; for all t € (0,ts].

t t
¢(t) € [—MtQ,—i-Mtz} for all t € (0,t3].
T r
Proof. 1 and 2. These follow from Lemmal[I.4]because ((¢) = ¢/r is the unstable solution
for

4/21_7"(7“;1)(2‘

t
3. Choose § > 0 such that 0 <ty < 1/20 < (r —1)/N. Then,
(r—dt)(r— ot —1) < r(r—1) N and (r+dt)(r+ 0ot —1) > r(r—1) +E
12 t2 t t2 t2 t

for 0 < t < t9. It follows from parts 1 and 2 of this lemma that for each 7 €
(0,to] we have ((t) € [t/(r+7),t/(r—d7)], for all t € (0,7]. Consequently, ((t) €
[t/(r+ dt),t/(r — dt)], for all t € (0,t2]. Now choose M > 26/r. We then have

t 2t t

t
< - 4 Mt?
r ~ (r+ ) and (r—dt)_r+ t’

for 0 < t < ty. We conclude that ((t) € [t/r — Mt?,t/r + Mt?], for 0 <t < ty. o

2. REGULARITY OF THE DISTANCE 0 TO THE CUSP

Suppose S satisfies the hypotheses of Theorem [I| with k = 1. Before considering the
global properties of the metric on S, we introduce local coordinates about the puncture
p1 and study the behavior of geodesics that remain in this cuspidal region during some
time interval.

In this section and the next, we thus assume that the punctured disk D* has been
endowed with an incomplete Riemannian metric, whose completion is the closed disk D.
Assume that the lift of this metric to D* is geodesically convex: that is, any two points
in D* can be connected by a unique geodesic in D*.

Let p be the Riemannian distance metric on D and for z € D, let 6(z) = p(z,0). For
do € (0,1), we denote by D*(dg) the set of z € D* with §(z) < do.

Assume that that there exists » > 2 such that for all z # 0 the curvature of the
Riemannian metric satisfies:

(5) 0> K(2) = —
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and
(6) IVIK(2)| = O(5(2)*77),

for j =1,2,3.

The main result of this section establishes regularity of the function ¢ and estimates
on the size of its derivatives. We also introduce a function ¢ that measures the geodesic
curvature of the level sets of § and establish some of its properties. The results in this
section establish in this incomplete, singular setting the standard regularity properties
of Busemann functions for compact, negatively curved manifolds (see, e.g. [16]) — in
particular, Busemann functions for a C* metric are C¥~1. The main techniques are thus
fairly standard but require some care in the use of comparison lemmas for ODEs. To
avoid tedium, we have described many calculations in detail but have left others to the
reader.

Proposition 2.1. The cusp distance function 6 is C*. Let V = V6, and let c: D* — Rsq
be the geodesic curvature function defined by

(7) C = <VJ\/V, JV>.

i) VvV =[JV,V] =¢cJV;

(ii) for any vector field U: VyV = (U, JV)YJV, and VyJV = —c(U, JV)V;
(iii) c =7/ +0O(1);

(v) Vel = 06);

(v) [[V3c]| = O(677).

Corollary 2.2. The function § satisfies: |V6| = 1 and |V'§| = O(5'7%), fori = 2,3,4.

Proof. This follows from the facts: Vyd = (U, V), VgV = (U, JV)JV = O 1)||U],
and ||Vie|| = O(67177), j = 1,2, proved in Proposition o

Proof of Proposition[2.1. We prove first that ¢ is C*, in several steps.

Step 0: J is continuous. We realize the universal cover of the punctured disk D* as
the strip R x (0,1) with the deck transformations (z,t) — (z + n,t), n € Z. Endow
R x (0,1) with the lifted metric, which is geodesically convex by assumption, and lift
§ to a function o. By assumption, the completion of D* is D, and so the completion
R x (0,1) in this metric is the union of R x (0, 1] with a single point p*.

Since Rx (0, 1) is negatively curved and geodesically convex, it is in particular C AT'(0).
The C'AT'(0) property is preserved under completion, and so R x (0, 1] is also CAT'(0).
Thus for every for every Zy € R x (0, 1], there is a unique unit-speed geodesic from Zj to
p*. This projects to a (unique) geodesic in D from zg to 0. Except for the endpoint 0,
this geodesic lies entirely in D.

Fix zp € D* with lift % € R x (0,1], and let 794 : [0,6(20)] — D be the unit-
speed geodesic from 0 to zg found by the previous argument. It has the property that
(70,20 (t)) = p(0,70,2(t)) = t for every t € [0,0(z0)]. Let t, — 0 be a sequence of
times in (0,0(zp)), and define a sequence of functions d,: R x (0,1] — Rsq by 0,(2) =
p(2,%0.5(tn)). The &, are convex, C° away from g z, (t,), and [|V4,| = 1 for all n.
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Lemma 2.3. For every Z € R x (0,1] and all m > n, we have
(8) |Sn(5) - Sm(gﬂ Sty =ty < tp,
Proof. This follows from the triangle inequality. ¢
Since 4, is Cauchy, it converges (locally uniformly in R x (0, 1]) to a continuous, convex

function 8. Moreover 5(%) is the distance p(Z,p*). It follows that 6 is continuous (and
convex), and so 4 is continuous.

Step 1: § is C'. Let V,, = V4, be the corresponding sequence of radial vector fields
on R x (0, 1].

Lemma 2.4. Fiz Z € R x (0,1]. For all m > n sufficiently large, we have:

. . tn

Vi(Z2) = Vi (@) £ =—.
IVA2) =Vl < 55"
Thus Vi, is a Cauchy sequence in the local uniform topology.

Proof. This is a standard argument in negative curvature (in fact nonpositive curvature
suffices). This uses that |Vd,| =1 for all n. ¢

This lemma implies that § is C'. Let V be the local uniform limit of the V. by
definition, V = V§. Let V = V§ be the projection of V' to D*. It remains to show that
V is C3, which implies that ¢ is C*.

Step 2: V is C'.

Lemma 2.5. There exists 69 > 0, such that for every zy € D* with 6(z9) < &g, the
following holds. For every vector field U, ViV exists and is continuous in a neighborhood
of 70,20 ((0,(20)]). Moreover:

9) VvV (V0,20 (1) = C(8) TV (0,5 (1)),
for allt € (0,6(z0)], where ( is the positive solution to the Riccati equation
(10) ¢'(t) = 1+ K (70,5 (1))¢(1)?,

giwen by Lemma satisfying ¢(0) = 0.

Proof. Fix d9 > 0 (we will specify how small it must be later). Fix zg with §(z9) < do,
and denote by « the geodesic g .
For each n, define a perpendicular, radial variation of geodesics 7,(s,t) by the prop-

exties: 7a(0,8) = (1), Yn (5, tn) = (tn) and
Dy
do) = JA ]
9ep (500) = Jin(s; o),
for all s,t with t > ¢, (and s belonging to a small, fixed neighborhood of 0). Let
dn: D* — R be defined by 0,,(2) = p(z,7(ty)); then for t > ¢, and s sufficiently small,
we have

On(Yn(s,t)) =t —tp.
It follows that for any € > 0, and ¢ > 0, if n is sufficiently large so that ¢ > (1 + 2/e)t,,
we have

(11) 3(yn(s:1)) € [(1 =€)t + ety t].
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We have already shown (working on the universal cover) that in a neighborhood of
v, we have 6, — ¢ and V,, = Vd, — V uniformly on compact sets. Let 7(s,t) be
the limiting variation of geodesics, which satisfies v(0,t) = v(¢), and §(y(s,t)) = t. At
this point we have shown that v is C*, with 9v/9s(s, ) = JV(v(s,d0)). Note that
Vo (7(0,1)) = V(7,(0,t)) = V(7(t)), for all n, t > t,.

Since V,, — V, it suffices to show that

VVnVn(lyn(Svt)) — VVV(7(37t)) and VJVnVn(’Yn(svt)) - VJVV(IY(Svt))'
The proof that Vv, Vi,(7n(s,t)) = VvV (7y(s,t)) is immediate: since 7, is a variation
of geodesics, we have v/ =V V,, =0=VyV =+".
We now show that V v, Vi, (7n(s,t)) = VvV (7v(s,t)). Let jn(s,t) be the scalar Jacobi
field associated with the perpendicular variation ~,:

8878" = jn(8,8) T3 (5,1) = ju(s, )T Vi(s,1).
On the one hand,
D D2 ,
55 Vn(1n(5,1)) = 5 m(s,t) = (s, ) IVa(s, 1),

while on the other hand,

D .
%Vn(vn(s, t)) = an(s,t)JVn(s,t)Vn = ]n('s? t)VJVnVn(’}/n(S, t))

Writing Cu(s, £) = jn(5. 1)/74 (s, £), we thus have G (s, 1)V v, Va ({5, 1)) = TV (m (s, 1),
We prove that (,(s,t) converges to ((s,t), the positive solution to (|10)).

To see this, we first establish uniform upper and lower bounds for (,(s,t), for ¢ >
(14 2/€)t,,. Then, since (, = jn/j.,, the Jacobi equation implies that the (, satisfy
the Riccati equation:

(12) Cé(svt) =1+ K(’Yn(sat))gn(svt)2a
with (s, t,) = 0, for all s. Now
B r(r—1) -
K(yn(s,1)) = BCAC)E +O(8(ym(s, 1)) ).
By we thus have:
2 (r—1)2
(13) Ken(s.0) € | =75 - 5

if 6(z0) < do is sufficiently small, ¢ > (1 + 2/¢)t,, and n is sufficiently large.
We show that there exists p € (0,1) such that, for n sufficiently large, we have

(14) Cn(t) S [M(t - tn)a Mfl(t - tn)]
To see the lower bound, let u = p(t—t,). Then v’ = p. On the other hand, when ¢, () =
u, we have ¢/, = 1+ K p?(t—t,)?. This is larger than v’ provided that 1+ K p?(t—t,)? > p.
But this will hold if 1 — Z p2(t — t,)® > g, which will hold if 1 — r2u% > p, since
(t —tn)? < t2. By Lemma Cn(t) > wu(t — tp,) for all t > ¢, which proves . The
upper bound is similarly obtained.

We now use Lemma to prove that for some large but fixed C:

(15) [(Gm = Cu)(s,1)] < Ot



RATES OF MIXING 13

Cm(t) < pu~ Yt — ) in (14) implies that for ¢ > (1 + 2/€)t,, and m > n, we have:
(s, (14 2/e)tn) < p7 (1 + 2/t — ) < 11+ 2/t

We thus obtain

(G = ) (55 (1 +2/€)tn)| < G5, (14 2/€)tn)] + [Ga(s, (1 +2/€)tn)| < 257 (1 +2/€)ty,

and so ((15) holds for t = (1 + 2/€)t,, with C = 2u~(1 + 2/¢).
Subtracting the ODEs for (,, and (,, we have for ¢t > (1 + 2/€)t,:

(gn - Cm)/(sat) = K(’Yn(sat))gn(s’t)Q - K(’Ym(‘g?t))gm(S?t)Q =

(K (yu(5,1)) = K (ym(5,1))) G (5, 8)* + K (v (s, 1)) (uls,)* = Cmn(5,1)%)

for all s and t > (1 + 2@15”. To this end, fix m > n. First note that the inequality

Y
_0 <’fn<tt3tn>) + K (9 (5,0) (a5, 8) + G (5,8)) (G5, 1) = (s, 1)),

since |VK (yu(s, )| = O0(1a(s,8)7%) = O(t™?), plyn(s,t),ym(s,1)) = O(tn), and

Cm(s,t) = O(t — t,,) (these three facts follow from the standing assumption (6) on the

derivative of K, from the triangle inequality and from equations and )
Writing y = ¢, — G, we have that y satisfies the ODE

2
(16) v =0 (") 4 KOsl 8+ o0

Fix n and let u(t) = Ct,. Then «/(t) = 0, and y’ evaluated at y = u is

tn(t —tn)?
/=0 () )l )+ G0
We claim that if C' > 2u~1(1+2/¢) is sufficiently large, then 3’ < 0 = u’. To see this fix
N > 0 such that
Nt (t — t,)?
#+3
Then and imply that

Nt,(t —tn)?  _(r—1)? tn(t —tn)
/ n n n n
< 3 —2 p(t —tn)Cty, < —a

y' < + K (n(8,1))(Ca(s,t) + G (s, 1))y

(N —=2(r— 1)2,uC) .

Clearly this is < 0 for ¢ > t,, if C is sufficiently large. Since y(t,,) < t, < u, for all C' > 1,
this implies by Lemma [1.2| that y < w for all ¢ > (1 + 2/¢)t,; a similar argument shows
that y > —u, and hence if C is sufficiently large and m > n, then for all ¢ > (1 + 2/¢)ty,
inequality holds.

Thus |[(¢m — ) (s, t)| tends to 0 as t, — 0, with s, ¢ fixed. Thus the (,(s,t) converge,
and since they satisfy , their limit (s, t) satisfies . We obtain that the functions
(8, 0)V v, Vi(n(s,t)) = JViu(vn(s,t)) converge locally uniformly, and hence V ;i V
exists and is continuous.

Since Vv, V(1 (5,1)) = Cu(5,) LI Vi(m(s, 1)), ¢ — ¢, and JV,, — JV, we obtain
@ by taking a limit and setting s = 0.¢
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In light of Lemma [2.5] we define a function v: D* — R+ as follows. For each z € D*,
let ¢: [0,0(z)] — Rsg be the positive solution to (10]) given by Lemma We then set
v(z) := ((6(z)). It follows immediately from Lemma [2.5] that for every z € D*, we have

(17) Vi V(z)=v(z) LIV (z).

Step 3: v is C.
To prove that ¢ is C3, it thus suffices to show that v is C'. Equation implies that
Vy v exists and is continuous. It remains to show that V ji v exists and is continuous.
We fix §p > 0 as above and let zp € D*(Jp), and we reintroduce the variations of
geodesics vy, (s, t) defined by the properties: 7,(0,t) = 70,2, (t), ¥n (s, tn) = 70,2 (tn) and
2
20 (5,80) = 7 (5,00) Fin(s,8),
for all s. As above, write v = 70,5, and let y(s,t) be the limiting variation of geodesics.
We observe that Lemma also implies that 7, — j and j/, — j/, locally uniformly,
where 9v/0s = jJV and D*v/ds0t = j'JV. The convergence follows from the formulae:

Julont) = f‘) K s, 0)Gula) de ) /(5.6 = oxn " K (s, ) (a) i),

jn(S, t) = Cn(S; t)j';z(& t)v and j(S, t) = C(Sa t)j,(57 t)'
Thus the variation 7 is C? on D*, and satisfies v(s,0) = 0. We record here a lemma,
which follows easily from these formulae, combined with , and .

Lemma 2.6. For all t > t,, we have j/,(t)/jI.(t) = 1+ O (t,/t), and for all t >
(14 2/€)ty, we have j,(t)/jm(t) =14 O (tn/1).

As above, let (,(s,t) be the solution to , and let ((s,t) be the solution to (L0].
Note that v(y(s,t)) = ((s,1).

To prove that V jy v exists and is continuous, we show that 9s(,(s,t) converges uni-
formly to 9s((s,t), the unique bounded solution to

(18) 0s¢'(5,1) = s K (v(s,1))C(5,8)* + 2( (5, 1) K (v(s,1))8s( (5, 1),
which satisfies 05((s,0) = 0, for all s. Since 95¢ = j(s,t)V v ¢ and j, — j > 0 locally
uniformly, this will imply that V ;i ¢ exists and is continuous.

t

Lemma 2.7. There exists M > 0 such for allm > n and all t > (14 2/€)t,, we have

(19) |05Ca(8,) = OsCn (s, 1) < Mtyjn(s,t).
Proof. Differentiating equation with respect to s, we obtain:
(20) 05C(5,1) = OsK (v (5, 1)) G5, 1) + 2Ga (5, 6) K (Y (5, 1))DsCa (s, 1)

Note that since (,(s,t,) = 0, for all n, we have that 95(,(s,t,) = 0, for all n.

To simplify notation, fix s, and write wy(t) = 0sCu(s,t), un(t) = (u(s,t), and u =
((s,t). Then uy(t,) = 0, for all n. From equations and (15)), we have |u,| < Ct
and |u, — up| < Ct,. Then equation gives
(21) w, = jn(VJVnK)UEL + 2up (K 0 yn)wn

We first claim there exists C' > 0 such that |w,(t)| < Cj,(t), for all t > ¢,. Let y =
Cjn(t). Then ¢y = Cjl (t), whereas w!, evaluated at w,, = y gives w!, = j,(V v, K)u? +
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2Cun (K 0 ¥,)jn. Then w!, < 4/ if and only if j,(V v, K)u2 + 2Cu, (K o yp)jn < Cjl;
dividing through by j/, and recalling that u,, = j,,/j,, we are reduced to showing:
Vv, Kul +2Cu2 (K ov,) < C,

which holds if and only if C(1 — 2u2(K o~,)) > (Vv, K)u3. Since u, = O(t), K < 0,
and ||V v, K| = O(673) = O(t=3), for n sufficiently large, this will hold provided that
C and n are sufficiently large. We conclude that
(22) |wn ()] < Ciin(t),
for all t > t,.

We next claim that there exists M > 0 such that for m > n sufficiently large and
t > (14 2/e)ty, we have
(23) |wn (t) = win ()] < Mtnjp(t)
This will give the conclusion of Lemma

For m > n, subtracting the corresponding equations in , we obtain:

(24) (wp— wm)/ = jn(VJVnK)u?z —jm(VJva)ufn + 2, (K 0¥ )Wn, — 2 (K 0 Y ) Wi
We claim that there exists N > 0 such that for m > n, and t > (1 + 2/¢)t,,, we have

(25) |(wn — wm)/ = 2up (K 0 ) (Wn — wi)| <

Assuming this claim, let us complete the proof of . Let N be given so that
holds for m > n, and t > (14+2/€)t,,. Let y(t) = wp(t)—wm(t). Then |y —2u, (Kovy,)y| <
€jn/t?, and (22)) implies that
y((142/e)tn) = lwn((142/€)tn) —wm((1+2/€)tn)| < |wm((1+2/€)tn)|+|wn((1+2/€)tn)|

< CUm((L+2/€)tn) + jn((1 + 2/€)tn))
< C (G +2/)tn)um((1+2/6)tn) + 4 (1 + 2/ )tn)un((1 + 2/€)tn))
< Ninjp (1 +2/€)tn),
for some N > 0, since un,((1 + 2/€)tn), un((1 + 2/€)tn) < 2¢ tu~1t,, by , and
Jn() /il (t) = 1+ O(t,/t), by Lemmal[2.6] This shows that holds at t = (142/€)t,,
provided n is sufficiently large.

We claim that there exists M > 0 such that for all such m,n, we have |y(t)| <
Mt,jh(t), for t > (14 2/€)t,. We prove the upper bound; the lower bound is similar.
We will employ Lemma 1.2

To this end, let z(t) = Mtyj.,(t). Note that 2’ = Mt,j/! = —Mt, (K o ~v,)jn, whereas
evaluating 3/ at y = 2, we get

tnJm

s N . Nty
/(1) < 2Mtyun (K 0 3a)jh + =5 = 2Mtn(K 05+~

t2
To satisfy the hypotheses of Lemma we require that y/(t) < 2/(t) whenever y = z,
which is implied by:

) Nt,j .
2Mtn(K O'}’n)]n + t;z,]n < _Mtn(K O'Yn)]na

or: .
Ntypjn
t2

S _3Mtn<K © f)/n).jn
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Since —K o y,(t) > (r — 1)2/t% (by , we see that this will hold (for all n sufficiently
large) if M > N/3(r — 1)2. This establishes .

We return to the proof of the claim that there exists an N > 0 such that for m > n, and
t > (14 2/e)t, the inequality holds. The proof amounts to adding and subtracting
terms within the left hand side of , varying one at a time the multiplied quantity in
each term. The added and subtracted terms are grouped in twos and the absolute value
of the difference in each pair is bounded above. To illustrate, consider the difference
appearing on the left hand side of . The first two terms appearing in that difference,
coming from , are:

(Vv KUl = (Y v, K)ud,

= (Jn(Vov, K)up = jm(V v, K)u) + (jm(Vov, K)us = jm(V v, K)uz,) -

The quantity j,(V v, K)u2 — jm(Vy, K)u2 can be bounded, and the remaining term

Im (Vv K)u2 — jm(V v, K)u2, can be further decomposed, as follows. First, using

m

to bound |uy,|, the assumption that [|[VK|| = O(6~3) together with to bound
Vv, K[|, and the fact from Lemma [2.6] that (j,, — jn) = jnO(tn/t), we have that

<00 (%)

Second, to deal with the remaining term j,,(V v, K)u2 — jn(V v, K)u?,, we write:

(Vv KV — (Vv K >n\—ynunervnK\1—

I (Vv K up = (Y gv;, K ud,

= (Im(Vavi K)uz, = g (Vv K)uz,) + (Vv K, = jin(V v, K,
and bound each term separately in a similar way to give a bound on the initial quantity
|70 (V v, K)u2 — 5o (V v, K)u2,| of order j,t, /t?. The same procedure is used to bound
the remaining part of the difference appearing in , which is:

| (2un (K 0 vn)wn — 2um (K 0 Ym)wm) — 2un (K 0 ) (wn — wim)|

= | = 22U (K 0 Y)Wy, + 2Up (K © )Wy |.
In all, we use the following bounds:
6 is comparable to t, by ;
up, = O(t by .,
|Un - um| by ;
|7n — Jjml| = O(jntn/t), for t > (1 + 2/€)ty, by Lemma [2.6}
|K 07n — K 0m| = O(tat~2), since |K| = O(t~2) and d('yn,'ym) = O(ty);
Vv, K — Vv, K| = O(t,t—3), which uses the bounds on |[VK]| and ||[V2K]|,
as well as and Lemma

The details are left to the patient reader.

This finishes the verification of the claim in , and thus the proof of Lemma <>

To finish the proof that v is C!, note that equation can then be re-expressed

using :

(26)  10:Ca(s,0) — DuCon(5.1)] < MtnC (5, )jn(s, 1) < 2indun(8:1)  2MEnin(s,1)

p(t—tn) — pt 7
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for t > (1+2/€)t,. Recalling that j, — j, we conclude that 95, (s,t) — 0s((s,t) locally
uniformly in s,t. The bounds [9s5(,(s,t)| < Cjn(s,t) from become in the limit
|05C(s,t)] < Cj(s,t). But 05((s,t) = j(s,t)V ¢, and so we conclude that

(27) |Vvv| < C.

Step 4: v is C%. A very similar proof to the one in Step 3 (with more terms to estimate,
but using, in addition to the previously obtained bounds, the bound |[V3K| = O(67?))
gives that v is C? with |[V2v|| = O(671). One obtains this estimate as in the previous step
by bounding ||V v, VvV vvl, Vv Vvy|, and ||[VZ,v|. Each of these is controlled
by a differential equation, whose solutions can be estimated using a double variation
of geodesics 7(s1,s2,t). The key point, illustrated by the previous computations, is
that because K has the “expected” order of derivatives with respect to §, any quantity
obtained by solving a first-order linear differential equation derived from the Riccati
equation with coefficients expressed in terms of these derivatives will have the “expected”
order in 6 as well. Thus, |V!K|| = O(6~27%) for i = 1,2, 3 implies that | Viv| = O(§' %),
fori=1,2.
This completes the proof that § is C*. We now turn to items (i)-(v).

(i) VvV = VyJV = [JV,V] by the symmetry of the Levi-Civita connection. But
VyJV =0.

(ii) For arbitrary U, we have ViV = (U, V)VyV + (U, JV)V vV = (U, JV)JV,
giving the first conclusion: VyV = ¢(U, JV)JV. The second conclusion follows from
the first and the fact that J is parallel.

(iii) Note that v = ¢~!. Tt then is equivalent to prove that v = §/r + O(4?). Fix z
and let v = 7o,.. Along this geodesic, ((t) = v(y(t)) satisfies the equation (10). On the
other hand —K (y(t)) = r(r — 1)/t + O(t!). Part 3 of Lemma implies the desired
result.

(iv) The desired estimate Vjyc = O(62) is equivalent to Vv = O(1) because
Vv =—c 2V ycand c = O(67 ). But (27) gives that Vv = O(1).

(v) The estimate ||VZ¢| = O(673) is equivalent to ||V2v| = O(6~!). This estimate
was obtained in Step 4 above. ¢

3. GEOMETRY OF THE CUSP: COMMONALITIES WITH SURFACES OF REVOLUTION

We continue to work locally in D* with a metric satisfying and @ In this section
we establish properties of geodesics in this cuspidal region. The theme of this section is
that metrics of this form inherit many of the geodesic properties of a surface of revolution
for a profile function y = 2", with » > 2. In R3, coordinates on this surface are

(x,0) — (x,2" cos g, z" singp), x € (0,1], ¢ € [0, 27].
As remarked in the introduction, if § denotes the distance to the cusp (0,0,0) on this
surface, then d(z, ¢) = = + o(x) and holds. Other properties are:

e Area: The area of the region {J < to} is 27 (r + 1) 15T + O(t52).

e Clairaut Integral: Let v(¢) be a geodesic segment in the surface of revolution,
and let 6(t) be the angle between +(t) and the foliation {¢ = const.}. Then the
function t — x(y(¢))" sin6(t) is constant.
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We establish here in Sections the analogues of these properties in our setting. We
also establish in Section some coarse invariance properties of positive Jacobi fields
in D*.

3.1. Area. Fix §y > 0, and for ¢ty < dp, denote by D*(¢g) the disk § < ty. Let ¢ be
the geodesic curvature function defined in the previous section, df the arclength element
and dvol is the area element defined by the metric.
Let ~(s,t) be the radial unstable variation of geodesics described in the previous

section, defined by the properties

e v(s,0) =0, for all s,

o 7 (s,t) =V(y(s,t)), for all s,¢, and

e 05v(s,00) = JV(7(s,dp)), for all s.

The arclength element is found by differentiating (s, t) with respect to s:
dl(y(s,t)) = Osyds = j(s,t)ds.
Using part 3 of Proposition we estimate j(s,t) by

o) = itssexo ([ " () dx) — exp ( [ & +omy dx) o !

s T
and so dl(y(s,t)) = ("6, + O(t" 1)) ds. We obtain that:

r

(28) dvol(~v(s,t)) = ((5’" + O(tr+1)> dsdt.
0
The volume of the region D*(tp) is obtained by integrating dvol(vy(s,t)) over the region
s €10,£(d0)];t € [0, o], where £(dg) is the length of the curve § = dp. It follows that
Lot

vol(D*(tp)) = m +O(tyt?).

3.2. The angular cuspidal functions a and b. For v € T'D*, we define a(v), b(v)
by:

(29) a(v) = (v,V), and b(v) = (v, JV).

Thus the vectors v with b(v) = 0 and a(v) = —1 point directly at the cusp 0 — that
is, the geodesics that they determine hit the cusp in finite time — and the vectors with
b(v) =0 and a(v) = 1 point away from 0.

The functions a,b: T'D* — [—1,1] satisfy a® + b? = 1; in the example of the surface
of revolution mentioned in the beginning of the section we have a(v) = cosf(v) and b =
sin 0(v), where 0(v) is the angle between v and the foliation {¢ = const.}, measured from
the direction pointing into the cusp. Recall the definition ¢(p) = (V vV (p), JV(p))p
from @ We study here how the functions a,b and ¢ vary along a geodesic in D*.

Lemma 3.1. Let v: [0,T] — D* be a geodesic segment, and for t € [0,T], write a(t) =
a(¥(t)),b(t) =b(y(t)), and c(t) = c(y(t)). Then:

(1) &' =a;

(2) @ =b*c=rb%/6 + O(b?);

(3) ¥ = —abc = —rab/d + O(abd);
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Proof. This is a straightforward verification. From the definitions, we have ¢’ = (¥, Vd) =
(,V) = a, and o' = Vi(%,V) = (4, V3V) = (§,bcJV) = b*c. Similarly, ¥ =
(3, V4 JV) = —(%,bcV) = —abc. We apply conclusion 3 of Proposition to get the
final estimate. ©

3.3. Quasi-Clairaut Relations. We next prove that there is a Clairaut-type integral
for geodesic rays in D*. Recall that for dp € (0, 1), D*(d9) denotes the set of z € D* with
) (Z) < (5[).

Proposition 3.2. If &y is sufficiently small, then there exists C = 14 O(dp), such
that for every geodesic segment v, : [0, T] — D*(d), the following quasi-Clairaut formula
holds, for all ti,ty € [0,T]:

C710(70(£2)) (u(t2)) < 8(70(t1)) b(Fu(t1)) < Co(u(t2)) b(u(t2)).-

Proof of Proposition[3.3 First note that the statement is trivially true if b(%,(0)) = 0;
hence we may assume b(y,(t)) # 0. Let 7y : [t1,t2] — D*(do), where &y will be specified
later.

As in the previous section, write

a(t) = a(Yu(t)), b(t) = b(Yu(?)), c(t) = e(1u(?)), and &(t) = (7w (1)).
The first main ingredient in the proof of Proposition [3.2]is the following lemma.

Lemma 3.3. For every v € T'D*, the function § is conver along v, and strictly convex
if a(v) ¢ {—1,+1},
Proof. At any time ¢ where ¢'(t) = a(t) = 0 we have b(t) = 1 so that by Lemma we
have 6" (t) = a’(t) = b(t)?c(t) = c(t), which is positive, by Proposition o

Returning to the proof of Proposition let g = 0"b. We first calculate:

—rab

5
and so ¢'/g = O(|a|). Thus there is a constant C' such that |¢'/g| < Cla| = C|¢’|. Fixing
t2
< C|¥.

t1 < t9, we have
to 1 to
L 5=
t1 g t1 t1

to t2
exp <—C |5'\) < 9(t) < exp <C/ \(5'[) .
t1 g(t2) t1

Since ¢ is convex and §(t1),0(t2) < dp, we have d(t) < & for all t € [t1, 2], and there
is at most one t, € [t1,t2] where ¢’ vanishes. It follows easily that fttf |0’] < 280, which
implies the conclusion. ¢

g = (") =rd"1bd + 66 = ré"tab+ 6" + O(|a|bs™),

g/

g

Thus

Corollary 3.4. Every unit-speed geodesic in D* that enters the region D*(dg) leaves the
region in time < 2dg.
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3.4. Cuspidal Jacobi fields. For v a geodesic segment in D*, we consider solutions to
the Riccati equation:

(30) ¢'(t) = 1+ K(y(1))¢(1)%,
which is defined on a time interval containing 0. The next lemma shows that there is a

“cone condition” on initial data that is preserved by solutions to (30). We use this in
the next section to construct an invariant cone field for solutions to (30)) in S.

Lemma 3.5. For every e € (0,1) there exists 69 > 0 such that the following holds for
every geodesic segment ~y: [0,T] — D*(6p). Let ¢ be a solution to (30) for this .

(1) If 2(0) < 0((0))/(r =1 —¢), then ((t) < 6(¥(t))/(r =1 —¢€) for all t € [0,T],

(2) if ¢(0) = 6(~(0))/(r +€), then ((t) = 6(v(t))/(r +€), for all t € [0, T].

Proof. We establish the lower bound first. Let v be given, and let ¢ be the solution to
(30). As in the previous sections, denote by a(t) and 6(t) the quantitiies a(¥(t)) and
5(y(t)). In this notation, let w(t) = §(¢)/(r + €). Then w' = a/(r + €). To show that
w < ¢, it suffices by Lemma [I.2] to show that

r(r—1)

a 9 _1 52

r+e (T+6)2;

equivalently, it suffices to show that r — ar + 2re — ae + ¢ > O(§). Since a < 1, this
clearly will hold if dy is sufficiently small. The upper bound is proved similarly. ¢

4. GLOBAL PROPERTIES OF THE FLOW IN T1S

Now consider the surface S with one puncture, satisying the hypotheses of Theorem I}
Let § be the distance to the cusp. For dg > 0, denote by N () = {p : 6(p) < dp} the
convex dg-neighborhood of the cusp. In this section, we modify the function ¢ outside
of a neighborhood N (6;) and use the modified function § to construct a De;-invariant
conefield on TT'S. We also use the modified function § to construct a new Riemannian
metric on 719, called the x metric, that makes TS complete.

Having done this, we consider the flow ¢y on T'S given by rescaling ¢; to have unit
speed in the x metric. We prove that this flow is Anosov in the x metric and preserves
a smooth, finite volume. This allows us to conclude that ¢, is ergodic and has smooth
invariant stable and unstable foliations on which ¢; acts with bounded distortion.

4.1. Invariant cone field. In this subsection, we prove the following key technical
result, which we will use to prove that a rescaled version of ¢y is Anosov.

Proposition 4.1. [Cones] For every e > 0 sufficiently small, if 81 is sufficiently small,
then the following holds. B
There exists 3 > 0, an extension 6 : S — (0,00) of §|nr(s,/2) and a function x: S —

(8,7 — 1 ¢ satisfying x(p) = — 1 — ¢ for 3(p) < o1,
x() ~ IV3()| = 5.

for all p € S, and such that the following holds. Let v: [0,T] — S be a geodesic segment
i S. Then:
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(1) If u is a solution to below then
" x(1(0)) r+e " x(v(@) r+e
o< 520y domn) = “0 < owy fom)

for allt € [0,T],
(2) If u is a solution to below then

" _r+e  x((D) " _r+e  x(@®)
e | 5((T)’ 6<7<T>>} = ue | o)
for all t € [0,T].

Proof. The proof is broken into a few steps.

4.1.1. The lower edge of the cone: j'/j > g.

Lemma 4.2. For every € > 0, there exist u € (0,1) and for every 6o > 0 sufficiently
small, a continuous function g: S — (0,00) with the following properties:

(1) For every p € S, we have g(p) < (r—1—¢)/d(p).
(2) For every p € N(udp), we have g(p) = (r —1—¢€)/d(p).
(3) Let v: [0,T] — S be a geodesic segment in S, and let u be any solution to

(31) U (t) = —K(y(t) — u(t).
Suppose that w(0) > g(v(0)). Then u(t) > g(v(t)), for all t € [0,T].

Proof. Given e < (r—2)/2, we choose 8§y € (0, 1) sufficiently small according to Lemma/3.5
Let —Iﬁ}g be an upper bound on the curvature on S, and let

r—1—¢
f# = min < kg, inf ———— 5.
{OPGS 5(p) }

We fix u = p(e) > 0 very small (to be specified later). Let n: [udg, do] — Rs¢ be the
affine function satisfying

n(udo) =7 —1—¢, and n(do) = 6do,
and define g: S — (0, 00) by:

0 lfPES\N((So),
g(p) = { IS if p € N (Go) \ N (1udo),
—loeif pe N(udo).

T

(p)
By construction, g satisfy conditions 1 and 2. We check invariance of the condition
u(t) > g(y(t)); to this end, let v: [0,7] — S be a geodesic, and suppose that u is a
solution to satisfying u(0) > ¢(v(0)). By breaking « into pieces if necessary, we
may assume that one of the following holds:

Case 1. v[0,7] € S\ N(d),
Case 2. v[0,T] € N (o) \ N(udp), or
Case 3. 7[0,T] C N (o).
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Cases 1 and 3 are pretty trivial. In Case 1, g = 6, and the fact that —K > s > 62
implies that the condition v > @ is invariant. In Case 3, g = (r — 1 —¢€) /4, and we apply
Lemma [3.5)

In Case 2, we will apply Lemma [1.2] to the function ug(t) := g(vy(t)). Differentiating
ug, we have

(1) = (77(5(7@))))' _ n'00®)aty(®)  n(v(#)a(x(t)
’ o(t) 5(~(1)) o(y(8)*

Lemma implies that u(t) > wg(t) for all ¢ € [0,T] provided that w(0) > uo(0) and
—K(y(t)) — uo(t)? > u(t), for all t. The latter is equivalent to:

NN\ o 7 0(@)a(r(#)  nB(y(®))a((E)
@ oo~ () 2T e e
Since K = —r(r —1)/6% + O(1/9), if € and Jy are sufficiently small, inequality will
hold provided that

(33) r(r—1—¢ —n*>an's —an.

Since n € (0,7 — 1 — €] and 7' < 0, inequality holds automatically when a > 0. For
a < 0, inequality will hold provided that for all § € [udo, dp], we have:

(34) r(r—1—e€) —n*—n> 1.
Since —n < (r—1—¢€)/((1 — u)dp), we are reduced to proving the inequality
—1—€)
r(r—1—¢) —n®— >(T7.
( )mwon2 (1 =)o

To verify this, it suffices to show that the correct inequality holds at the endpoints
d = udp and & = dp; this is easily verified provided oy and p = u(e) are sufficiently
small.o

4.1.2. Definition of the modified distance function §. Fix e € (0, max{(r —2)/2,1}), and
let 6o > 0 and p € (0,1) be given by Lemma Let 61 = wdg. Since S\ N(d1) is

compact, we may assume that dy (and hence ;) is small enough that

. —1+4¢)
—Kk2(6) == f K >—(T+6)(T
K1(61) esibs) () 52

Fix A € (0,1) close enough to 1 that

(r+e)(r—1+e)
(Ad1)? ’

—Ii%((sl) > —

and By :=A(r—1—¢€)—1>0.

We extend & to a C* function §: S — Rs satisfying §(p) = 6(p) for p € N'(§1/2) and
&(p) = N1, for p € S\ N(81). We may do this so that A < §/6 < 1, and ||V4]| < 1 in
N(31). We also denote by & the function on TS defined by §(v) = &(w(v)), which is
constant on the fibers of T'S. Thus if v € TS, and t € R, we have:

3(pe(v)) = d(w (1)),

and we will at times write these expressions interchangeably.
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Let g: S — Ry be the lower cone function given by Lemma [4.2] Define x: S — Rxg
by x(p) = 0(p)g(p). As with §, we will lift x to a function on T1S and write x(v) =
X(m(v)). Our choice of A ensures that the following lemma holds

Lemma 4.3. For all p € S, we have Xx(p) <r—1—¢€. There exists f > 0 such that for
all p € S, we have x(p) — [|Vi(p)| > B.

Proof. The first assertion follows easily from the fact that §/§ < 1 and part 1 of
Lemma (4.2 B

If p € S\N (1), then Vi(p) = 0, and the conclusion holds with 31 = infg\ n(5,) x > 0.
If p € N(01), then x(p) = (r — 1 = €)d(p)/d(p), 0(p)/d(p) = A and |[Vi(p)|| < 1; thus
xX(p) = IVo(p)|| = AM(r—1—¢€)—1 =y > 0. We conclude by setting = min{5y, 81 }. ¢

4.1.3. The upper edge of the cone: j'/j < (r+¢€)/0. Using the modified cuspidal distance
function §, we now can define an upper edge to an invariant cone field for solutions to

(31).

Lemma 4.4. Let § be defined as in Section |{.1.9. Let v: [0,T] — S be a geodesic
segment in S, and let u be any solution to with w(0) < (r +€)/d(v(0)). Then

u(t) < (r+€)/86(v(t)), for all t € [0, T).

Proof. This is a straightforward application of Lemma [I.2} using only the facts that
Vo] <1,and =K (p) < (r+e€)(r—1+¢)/6(p)? forallpe S. o

Lemmas and can be applied as well to the flow ¢_; to obtain invariant
negative cones for solutions to the equation . One can do this using the same
functions y,d satisfying both (1) and (2) in the conclusion of Proposition This
completes the proof of the proposition. ¢

4.2. An adapted, complete metric on T'S. Define a new Riemannian metric on
TS by

1
6(v)?

<(’LU1, w/1)7 (w2> wé))*ﬂ) = <’UJ1, w2>7r(v) + <’UJ/1, wl2>7r(v)7

for v e T1S.

Remark: The * metric on TS is comparable (i.e. bi-Lipschitz equivalent) to the
induced Sasaki metric for the so-called Ricci metric on S. (The Ricci metric on S is
obtained by scaling the original metric by —K.) We briefly explain.

Define a metric (-,-)+ on S by conformally rescaling the original metric, as follows:

<'7 '>T =0 2<'7 >

This is comparable to the Ricci metric, since —K is comparable to 52

We claim that the metric on 7S induced by the Sasaki metric for (-, )4 is comparable
to (-, -)x. Here is a crude sketch of the proof. The unit tangent bundle 7S for the original
metric is clearly not the (-,-); unit tangent bundle, but angles remain the same, and so
(,-) angular distance in the vertical fibers of T''S coincides with (-, -); angular distance.
On the other hand, f-distance in the horizontal fibers of T'S (with respect to the original
connection) is the original distance scaled by 5", Thus the formulas are comparable.
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As it is more convenient to work with the x metric, we will not pursue here further
the properties of the 1 metric on .S, but one can prove that (for dy sufficiently small) it
is complete, negatively curved with pinched curvature, and of finite volume. In the case
where the original metric is the WP metric, the t metric is comparable to the Teichmiiller
metric, which is the hyperbolic metric. We will not be using the Riemannian properties
of the x metric beyond completeness and finite volume.

Let psx be the Riemannian distance on T'S induced by (, ).
Lemma 4.5. p, is complete.

Proof. By the Hopf-Rinow theorem, it suffices to show that any x-geodesic is defined
for all time. The only way in which a geodesic in TS can stop being defined is for its
projection to .S to hit the cusp. But the projection to S of a x-geodesic is a curve that
has speed § when it is at distance d from the cusp in the geometry of our Riemannian
metric (-,-) on S. It is clear that such a curve cannot reach the cusp in finite time. ©

4.3. Lie brackets and *-covariant differentiation on 7'S. If X is a vector field on
S, then X has two well-defined lifts X" and X to vector fields on TS, the horizontal
and vertical lifts, respectively. They are defined by

XMu) = (X (n()),0), and X*(u) = (0, X((u))),
for u € T'S. The following formulas for Lie brackets of such lifts are standard; see [17].

Lemma 4.6. Let X and Y be arbitrary vector fields on S. Then
o [ XV Y"],=0
o [X" Y], =(0,VxY)
o [X" Y, = ([X,Y],-R(X,Y)u)
Recall the definitions of V = V6 and JV. To simplify notation, and since the calcu-

lations that follow are only interesting in the thin part N'(d1/2) where § = §, we will
write V, JV, and § for their barred counterparts in what follows.

Lemma 4.7. Denote by V" JV" V¥ JV? the horizontal and vertical lifts, respectively,
of V and JV. Then for u € N(61/2), we have:

(1) [V, IV, = [V, JVY], = [V, VY], =0,

(2) [JV, VY], = (0,cJV)

(3) [Jvh7 Vh]u = (CJV7 _R(‘]V7 V)U)

(4) [JV JVY], = (0, —cV)
Proof. This is a direct application of the previous lemma and the fact that V jyV =
[JV,V] = ¢JV from Proposition o

Observe that ||[V"|, = ||JV"|, =671, and ||V = || JV?|lx« = 1. We have:

Lemma 4.8. Let X and Y be arbitrary vector fields on S with || X| = |Y|| = 1, and
denote by X", XV, Y" Y7 their horizontal and vertical lifts. Then

V50 Y e = O(672), [V Y lle = O(6 ), Vi Y"|ls = O(571),
and
Vi.Y" =0.
In particular, the x connection is summarized in Table 1.
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vh Jvh v Jve
Vh' *671JVh'
- FHRIV, V), VIV | =E(R(IV,V)u), VY IV —E(RIV,V )u, JV)JV"
+ LRIV, V)u, JV)JV?
Jvh (=67t +c)Jvh
~HRIV,V)u, V)V (6~1 =)Vt E(RIV,V)u), VIV | CAR(IV,V)u), JV )V
~ YRV, V)u, JV) IV +eJV? —cV
Vol —Z(RIV,V)u, VYV | E(R(IV,V)u), V)V 0 0
TV =EAR(IV,VYu), JVYIVE] EAR(IV, V), JV )V 0 0

Table 1: V%Y (u), for u € T'N(§1/2), where X is the row vector field,
and Y is the column vector field.

Proof. The proof is a calculation using Lemma [£.7] and Koszul’s formula:

2AVyY, Z), = X({Y,2))+Y (X, 2),) = Z((X,Y),)
+ <[X7 Y]?Z>* - <[Xv Z]aY>* - <[Y, Z]aX>*'

The details can be found in [§]. ©

Lemma 4.9. Let a(w) = (w, V(7(w))), b(w) = (w, JV (w(w))) be defined as above. Then
(1) V*(a) = V"(b) =0,

(2) JVh( ) = be, and JV(b) = —ac,

(3) V¥(a) =1, and V¥(b) =0

(4) JV¥(a) =0, and JV'(b) =1

Proof. 1. To differentiate a function ¢ on TS with respect to V* at w € TS,
we parallel translate w along the geodesic (t) through 7(w) tangent to V' to obtain
I} (w), and then differentiate the function ¢(I1} (w)) with respect to t at ¢ = 0. Since
7 is a geodesic tangent to V', the angle between IT) (w) and V' remains constant, and so
a(IY (w)) and b(IT} (w)) are both constant. Thus their derivatives are both zero.

2. Let II/V(w) be the parallel translate of w along the integral curve of the vector
field JV through 7(w). Then

d

TVh(@)(w) =

— (Y (w), V)|i=o = (w, V' V) = (w,cJV) = be,
and
h d v
TVR@B) () = STV (), V) oo = (0, Vo JV) = (w0, V) = -
3. To compute the derivative VV¢ at w, we differentiate ¢(w + tV') at ¢ = 0 in the
fiber over 7(w). Thus

d d
VY%a)(w) = g —(w +tV,V)|t=0 = @HV, V)i=o0 = 1,
and 4 p
Vv(b)(w) == $<w + t‘/, JVHt:() == %tﬂ/, JV>|t:() = O
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4. To compute the derivative JV"¢ at w, we differentiate ¢p(w +tJV') at t = 0 in the
fiber over m(w). The calculations are similar to those in 3. ¢

Proposition 4.10. Let X be any vector field on T'S with | X |« = 1. Then
Vi@l =00™).
In particular:
(1) Vi =—ad~'Vh — b gyt — BEyv 4 abK gy
(2) V¥ =067V —ad™ LIV + SKabV? — SKa?JVV
(3) Viug = Kab52 JVh & <—Kb252 i 1) Vvh
(4) V5 = <1 _ Ka252> JVh 4 Ka2b62 Vvh
Proof. The proof is just a calculation. To see 1, for example, observe that
Vi = Vi (@V" +bJV") = aVi, Vi + 0V, TV,

b
+ —(R(JV, V), JV)IV?,

b
= —ad W —bs LV 4 S BV, V)u, V)V 4+

where u = aV + bJV. Thus
1)2 bK
V*‘,hgb = —ad VP — sV — V”~|—L JV?.

The other formulas are proved similarly; see [§] for the details. ¢

4.4. Time change to an Anosov flow. As above, let » be the geodesic spray; i.e. the
generator of the geodesic flow on T'S. Define a new flow 1y on TS with generator

h(v) = 8(v)p(v).
One might ask first whether this flow is complete; that is, is it defined for all time ¢ € R,
for each v € T'S? Note that the original flow ¢, is not complete, since it is the geodesic
flow of an incomplete manifold. The completeness of 1, follows from the completeness
of T'S in the x-metric defined above, and the following lemma.

Lemma 4.11. The vector field 1/1 is C3, and there exists a constant C' > 0 such that for
every v € TS,

[l =1, and V9|, <C, fori=1,23.

The flow @ﬁt preserves a finite measure i on T'Y that is equivalent to Liouville volume
for the original metric: dy = 5 Ydvol.

Proof. By definition of the * metric, we have [|¢)[|, = [[d¢]x = 1.
Since §(v) = d(n(v)), the derivatives of § have no vertical component, and Corol-

laryglves that |[Vi§|| = O(0 5
form (£g7,0), where ||€x|| = 6. Thus

(35) IV*8]l = &'(IV'5]| = O(6),
fori=1,2,3.

). A unit horizonal vector in the x norm is of the
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Proposition implies ||V*¢||, has magnitude §(v)~! in the * metric. A similar
calculation taking higher covariant derivatives of the formulas in Proposition [4.10] and
using the facts that |[VK]| = 0@ °), |[V2K| = 0@ "), |Vic| = 617, and (35) gives
that
(36) Vgl =06,
fori=1,2,3.

Combining and , we obtain that

IV*(0)ll« = IV @)¢llx + 10Vl < [[V*(0) il ]l + 0l Vo]l = O(1).
Similarly, we obtain that |[V**(§¢)||, = O(1), for i = 2,3.
Let w be the canonical one form on the tangent bundle T'S with respect to the original
metric. Then ¢jw = w, for all ¢, and dvol = w A dw on T'S. We have that:

L, (3_1w A dw) =d (qu) (3_1w A dw)) = d(dw) =0,

since 5710.1(1&) = w(¢) = 1. Thus 9, preserves the smooth measure p defined by du =
5 lwAdw=10 "dvol.
To see that u(TS) < oo, we use the expression for dvol from and integrate:

,_ do
w(TLS) = 5 'dvol = O </ 2"t da:) < 00.
TS 0

The flow 1; is a time change of ¢; that is, it has the same orbits, but they are
traversed at a different speed, depending on the distance to the singular locus. Indeed,
defining the cocycle 7: TS x R — R by the implicit formula

7(v,t) dr
o A R

we have that 1(v) = () (v), for all v € T'S, t € R. This gives an alternate way to

see the completeness of the flow 1: the function ¢ clearly remains positive along orbits
of 7 for all time.

Theorem 4.12. The flow 1; is an Anosov flow in the x-metric. That is, there exists a
Di-invariant, continuous splitting of the tangent bundle:
T (T'S) = E} @ Ry @ Ej
and constants C > 0, X > 1 such that for every v € T'S, and every t > 0:
o L€ Ey(v) = [[IDY—t(§Il < CAT[E]ls, and

o L€ E(v) = [[IDYe(§llx < CATE]lw

From Theorem we obtain several important properties of both ¢, and ¢;. The
first is ergodicity. Since volume preserving Anosov flows are ergodic, the flows ¢; and
1y have the same orbits, and the * volume is equivalent to (i.e. has the same zero sets
as) the original volume on 7'\, we obtain:

Corollary 4.13. The flow i, is ergodic with respect to the invariant volume p. Conse-
quently, @ is ergodic with respect to volume.
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In the next corollary we obtain a splitting of T71S, invariant under De; .

Corollary 4.14. Dy, has an invariant singular hyperbolic splitting
T(T'S) =EoRp D E},
with E and E}, gwen by intersecting Eg ® Ry and E;Z &) ]R¢ with the smooth, Dyy-
invariant bundle ¢
Since the weak stable and unstable distributions of a C® Anosov flow in dimension 3
are O, for some a > 0, we also obtain:
Corollary 4.15. The distributions Ej, & R and E} @ Re) are CY2, for some a > 0.

The distributions Eg and EJ, are also C'™® when measured in the x metric. Thus in
the compact part § > 8o, the distributions EZ and E, are uniformly clte,

Remark: If §(p) < d1/2, then the vector V(p) = Vé(p) points directly away from
the cusp. It is not difficult to see that the unstable manifold Wy (V/(p)) consists of the
restriction of the vector field V to the circle § = d(v). For these vectors, the unstable
bundles £y and EZ coincide.

Finally we obtain the key bounds on distortion for the flow ¢; that will be used to
prove exponential mixing.

Corollary 4.16 (Distortion control). Fort € R and v € TS denote by || DS« and
|| Dip||« the x- norm of the restriction of Dyiy to Ey, and Ey, respectively. Similarly
define | Dypills and || Dyptl|« using the bundles Ef and EY. There exist > 0, C > 1
and o > 0 such that for every v € T1S:

(1) If w e Wy (v,0) and w’' € Wii(v,0), then for allt > 0:

log || D]l —log || Diytiells] < Cpulv, w)?,
and
log || Dy« — log | Ditytr—[l+| < Cpulw,w')’.
(2) If weW;(v,0) and w' € Wy (v,0), then for all t > 0:

s

log | D3|l — log | Diypel«] < Cpulv, w)’,

and
llog || DYl — log | Dityo—t ]| < Cpulv,w')’.

Proof. The results for v are standard properties of Anosov flows. For ¢, we need only
note that the map induced by ¢; between any two W7 manifolds on the same orbit is
just the composition of the map induced by v, between the corresponding W;Z manifolds
with projections along flow lines at both ends between the W and Wi, manifolds. These

latter projections are uniformly C2. o

Remark: It is not hard to see that the stable and unstable bundles Efp‘ and Ej are
not jointly integrable. It follows that the Anosov flow %, is mixing with respect to
the measure p. Indeed, Theorem 3 of [13] (see the Appendix to [14] for a corrected
statement) implies that 1); is superpolynomially mixing. This leads to the question: is
1y exponentially mixing (if, for example, Jj is chosen small enough in the construction)?
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4.5. Proof of Theorem By standard arguments in smooth dynamics, to prove
that vy is an Anosov flow, it suffices to find nontrivial cone fields C* and C~ over T'S
and constants C' > 0, A > 1 with the properties:

e CT(v)NC (v) = {0}, and C*(v) NRep = {0};

e D)1 (Ct(v)) C CT(¢1(v)), and Dy1p—1(C~(v)) C C~(¢—1(v)); and

e Forallt >0, and all ¢t € CT(v) and £~ € C~(v), we have

IDA () = CA and [ Dytb— (€7l = O

The derivative of 9 restricted to ¢ has a component in the ¢ direction of TT'S
owing to the time change. We have:

(38> Dv¢t(§) = Dv@r(v,t) (‘E) = DU(pS|s:T(v,t) (5) + DUT(”? t)(é.) W(v)
Our strategy to find the cone fields is summarized in two steps.

(1) Use the properties of D,¢,, previously obtained in Lemma to define the
perpendicular components (i.e. in ¢) of C*.

(2) Using a bound on the “shear term” D,7;(§) in the * norm, we then define the
components of C* in the R¢ direction.

We carry out these steps in the following sections.

4.5.1. Action of Dyps. Here we fix t > 0 and study the action of D,ps: o (v) —
ot (ps(v)) at s = 7(v,t). The derivatives of 7 do not enter into these calculations;
we are essentially establishing properties of the original flow g (as measured in the
*-metric).

Proposition 4.17. For any v € TS, and any real numbers yo, 20 satisfying zo0/yo €
[X(v),r + €], the following holds. For s >0, define ys and zs by:

DUQOS (yog(v)J% ZOJU) = (ysg(’Yv(S))J"Yv(S)a zSJ;Y’U(S)) :
Then:
(1) z5/ys € [x(ps(v)),r + €], for all s >0, and
(2) for everyt > 0:
Yr(v,t) > eﬁt.
Yo
Proof. For s > 0, let j(s) = 8(7(s))ys. Then, since (j(s)Jy(
pendicular Jacobi field, the definition of ys, zs implies that g5’
3'(8)/3(s) = 2s/0(70(s))ys-
Suppose that zo/yo € [x(v),r + €]. Then

o g x(1(s)) r+e
(30) Pt e | X0
6(70(s)) 0(w(s))
holds for s = 0, and Proposition implies that (39)) holds for all s > 0. We conclude

that zs/ys € [x(ps(v)),r + €], for all s > 0.
Turning to the second item in the proposition, we have that

Soulshe _ ) _ ([ 1),
30 40 P </0 j(u) I >

J'(s)J4w(s)) is a per-
= z,. In particular,

S)?
(s)
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which gives that ys/yo = 6(7(0))/0(7.(s)) exp( [ 2u/(8(7(u))yu)ds), and so

([ D)
ve = W0 p</0 3 (o)) +yua<sou<v>>d>‘

Since zy, /Yy > x(¢u(v)), for u < s, and x — [|[Vd]| > 8, we have

oz ™)

We make the substitution s = 7(v,t) and use the fact that fOT(U’t) 0(pu(v)) tdu =t to
obtain the conclusion. ¢

4.5.2. Invariant cone fields. We define invariant stable and unstable cones C~ and C*.
The angle between C* and C~ will be uniformly bounded in the x-metric, as will be the
angle between either of them and ). We establish the properties of C* in detail; the
analogous properties for C~ are obtained by the same proof, reversing the direction of
time.

Fix B > 0 to be specified later, and let

CT(v) = {(d(v) (zv +yJv), 2Jv) : z/y € [x(v),7 + €] &|z| < Bly|} U {0},
and
C™(v) = {(0(v) (xv +yJv) , 2Jv) : 2/y € [~(r + ), —x(v)] &|z| < Bly[} U {0}.

Note that since y is bounded below away from 0, if £ = (6(v) (zv + yJv), zJv) € CE(v),
then ||£]|« is uniformly comparable to both |y| and |z|.

Lemma 4.18. If B > 0 is sufficiently large, then Dy (Ct(v)) C Ct(¢1(v)), and there
exists C' > 0 such that

£eCt(v) = ID(E)]« = Ce™ ],

for allt > 0.

Proof. Recall that ¥ (v) = (6(v)v,0), and Dby (1)(v)) = 1 ((v)). Applying Dyt to
€= (6(v) (zov + yoJv) , z0Jv) and using , we get

Dutpe(€) = Dothy(20%(v)) + Dot (3(v)yo T v, 20.70)
= Dytr(w09(v)) + Do@sls—r(v) (400 (0) v, 20J0) + D7 (v, 1) (Y06 (v)Jv, 20Tv) (31 (v))
= (206 (¢t(v)) + Dy7(v,t) (y0d(v)Jv, 20Jv)) (Ye(v), 0)
+Dyps |s:7'(v,t) (yog(v)‘]wt(v)a ZOJwt(’U)) :

=t (270(r(v))pr(v),0) + (yTg(ng(v))JcpT(v), zrJ o7 (v)),

where in the last expression we’ve used the abbreviation 7 = 7(v,t).
Assume that £ € CT(v) and without loss of generality that yg > 0. This implies that
20 € [x(v)yo, (r + €)yo] and |xo| < Blyo|. Proposition implies that for any ¢ > 0:

(2] = [20t = Dyr(v,t) (503(v) Jv, 2070) | < [2ol-+]| Dor (£, )| (403 (0) Tv, 2070)s
5(pr(0))
< Jzo] + (1 + /)| Dur(t, )l 0l,

yr > e’lyo, and z; € [x(p7(v))yr, (r + €)ys].
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Now fix t = 1, and let 3 = 7(v,1). We want to show that D,¢1(§) € CT(¢1(v)) =

CH(pr (v)); ie. that zr, /yr € [X(¢1(v)),r + €| and |27, | < By, |.
From the previous discussion, we have z;, € [x(¢r (V))yr, (r + €)yr ], and setting
C1=1+1/8)||Dy7(1,)|l%, we also have:

|7, | < |zo| + Cil20] < Byo + Cilzo| < (B+ Ci(r+€))yo < (B + Cre(r +€))e Pys,.
Thus we want choose B such that (B 4 C1(r + €))e™® < B, which holds if

Ci(r +e)e™”

B>
- 1—e b

A similar argument works for yg < 0.
Finally if £ € C*(v), then || Dvy(€)]|« is uniformly comparable to |y.|; since |y,| grows
exponentially on the order e, so does || Dyt ||s. ©

5. EXPONENTIAL MIXING

As mentioned in the introduction, to prove exponential mixing of ¢;, we will construct
a Young tower — a special section to the flow — whose return times have exponential
tails (see [2I] for a definition of these towers and a discussion of their applications).
Since orbits of ¢, spend only a bounded amount of time in the cuspidal region, ensuring
exponential tails for the return time is not difficult. Chernov [12] has developed a general
method for constructing such towers in similar contexts, but rather than applying these
methods (which require verifying a long list of hypotheses), we have chosen to construct
the towers directly.

Let 01 > 0 sufficiently small be given by Proposition Fix do < 61/2 sufficiently
small, and denote by Z = Z(83) the circle {p : 6(p) = 2}. Then Z lifts to two distin-
guished circles Z%, Z° C TéS in the unit tangent bundle:

Z":={Vi(p):p€ Z}, and Z° :={-Vé(p) :p € Z}.

Then Z* is a closed leaf of the unstable foliation W* for ¢, and Z? is a closed leaf of the
stable foliation. In a neighborhood U of Z* in TS, there is a well-defined projection
7. U — Z" along local leaves of the weak-stable foliation W for ;. Since the foliation
We is O+ the map 7 is a C'1 fibration.

We will prove:

Theorem 5.1. For any vg € Z", there are constants C > 1, A\, € (0,1), a collection
of disjoint, open subintervals T = {A; : j > 1}, with Aj C Ag := Z" \ {vo}, for j > 1,
and a function R: |JZ — [C~1, 00) such that:
(1) |Ao \UZ| =0, where | - | denotes Lebesgue measure on unstable leaves.
(2) For each v € |JZ, there exists v' € Ng such that pp,)(v) € Wi (V).
(3) Define F: T — Ag by F'(v) = 7%ppg)(v). For each j > 1 there is a diffeomor-
phism hj : Ag — A; such that for all v € Ag:

Fo hj(v) = .

(4) hj is a uniform contraction: d(hj(vi), hj(v2)) < A.
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(5) log I is uniformly Cclto;
| log h'j(v1) — log B (v2)| < Cd(v1,v2),

for all vi,v9 € Ag.
(6) [[(Rohj) e <C forallj.
(7) For each k > 0, we have |{v € JT : R(v) > k}| < CN¥; moreover, there exists
€ > 0 such that
> " exp(el R 0 hyjloo) 1|00 < o0.

J

(8) (UNI Condition) Forn > 1, let R,, = Z?:_(]l Ro F' (where defined) and let
Hp = {hj = hj, 0 hj, yo---0hj 1 j=(j1,- - Jn)s Jr = 1}

be the set of inverse branches of F™, which satisfy F" oh; = ida,, for all hy € H.,.
Then there exists D > 0 such that, for all N > 1, there exist n > N and
h;,, hy, € Hyn such that
inf |(Ry o hj, — Ry o hy,) (v)| = D.
vEAQ
A recent result of Aratjo-Melbourne [4] shows that conditions (1)—(8) imply expo-

nential mixing of ;. For § € (0,1], define C?(T'S) to be the set of of L> functions
w: TTS — R such that [jullg := |u|eo + |ulg < 0o, where

u(v) - u(e)|

julg := sup ,

v#£v! p('U, ’Ul)

Corollary 5.2. The flow p; is exponentially mizing: for every 6 € (0,1], there exist
constants ¢, C' > 0 such that for every ui,us € Ce(TlS), we have

/ uluQocptdvol—/uldvol/quvol
TS

Proof. In the language of [4], conditions (1)-(8) in Theorem|5.1]imply that we can express
the ergodic flow ¢; as the natural extension of a C'*® skew product flow satisfying the
UNI condition. See the discussion in [4] after Remark 4.1. Theorem 3.3 in [4] then applies
to give that ¢ is exponentially mixing for a suitable function space of observables, in
particular those that are C3. A standard mollification argument gives exponential mixing
for observables in C? (see Remark 3.4 in [4]). o

< Ce"urllglluzllo,

for all t > 0.

The construction is carried out in two parts. First, in Subsection we isolate those
orbits that leave the thick part of T'S and travel deeply into the cusp. These orbits
are easily described on a topological level using the Quasi-Clairaut relation developed
in Section We give a precise description of the first return map to the thick part
for these orbits. Next, in Subsection [5.2] we analyze the orbits beginning in Z“ and
decompose into pieces visiting the thin part in a controlled way. We combine these
analyses to obtain the desired decomposition of Ay in Theorem
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5.1. Constfucting sections to the flow in the cusp. We will work with d2 < §;/2
so that for d(p) < da, we have §(p) = §(p) and x(p) = r — 1 — €, where  is the function
appearing in Proposition
Let 7 (62) C TS be the torus consisting of all unit tangent vectors to S with footpoint
in 2(52)2
This torus is transverse to the vector field ¢, except at the two circles
Ct:={JVi(p):pe Z}, and C~ :={-JVi(p):p € Z}.

Let W and W* be the laminations of T (92) obtained by intersecting leaves of the
weak foliations W and W with T (d2). On T (62)\ (CTUC™), the laminations W and
W are transverse foliations with 1-dimensional leaves. Each lamination W* and W*
has exactly one closed leaf, the curves Z“ and Z* respectively, which are also unstable
and stable manifolds for ;.

WS

u
W “ |
z¢ 0
C_ v

FIGURE 1. The laminations W* and W*. The singular loci C* are the
labeled circles where the leaves of W* and WW* become tangent.

For ng > 0 we define two open subsets T;,(d2,10) and Toui(d2,1m0) of T (d2) as follows:
Tin(62,m0) := {v € T(d2) : a(v) <0 & [b(v)] < no},
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and
Tout(82,m0) := {v € T(62) : a(v) >0 &|b(v)| <m0},

where a and b are defined by . Note that Z* C Tout(d2,m0), and Z° C Tin(d2,10), for
all ng > 0. . .

If ng < 1, then Toui(62,m0) and Tin(d2,m0) are disjoint from C*, and so W* and W*
form uniformly transverse foliations in these cylinders.

Proposition implies that if d9 is sufficiently small, then for all ny < 1/2, there is a
well-defined first return map

R: Tin(02,1m0) \ Z° = Tout(d2,210)

for the flow ¢, with a local inverse R™1: Tous (52, 770) \ Z¢ - Tin(d2,210). These maps,
where defined, are C® and preserve the fohatlons W and W*.

Fix vg € Z" and recall that W"(vg) = W“(vo) = Z". Fix n small, and let Iy =
W (v0,m). The image of In \ {vo} under R~ is the union of two infinite rays spiraling
into the unique closed stable manifold Z* in T (d2). Fix another point v € Z* (for
example, v, = —vp), and fix two points v}, v € W (vh, ) N R (1), to the left and
right, respectively, of v(, in 17\7“(1)6, 1) with respect to some fixed orientation.

Let v, = R(v}), and let vg = R(vj). The unstable manifold W“(UL) contains an
infinite ray from vy, spiraling into Z* from the left and cutting I infinitely many times.
Let wy, be the first intersection point of this ray with Iy; it lies to the right of vy, and
to the left of vg. The points vy, wy, define a closed curve ¢y, in T((Sg) consisting of the
piece of W“(UL) connecting vy, to wy, and the subinterval of Iy = ws (v, n) from vy, to
wip,.

W (vr)—

EoutE VR Wu ('UR)

FIGURE 2. The section X,,: of vectors pointing out of the cusp.

Similarly, let wg be the first intersection of the infinite ray WU(UR) spiraling into Z“
from the right, and let cg be the curve constructed analogously. The two curves ¢y, and
cr bound a cylindrical region X,,; in 7 (d2), which is depicted in Figure 2.

Let m°: Yoyt — Z" be the projection along leaves of 17\/\3, which is simply the restriction
of the projection 7 previously defined to the domain ¥,,;. Then 7° is C'*® and maps
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the boundary curves ¢y, and cg onto Z“. The map 7° is a diffeomorphism when restricted
to the interior of any interval of W?* that begins and ends in Iy and makes one revolution
around X,

FiGURE 3. The section ¥, of vectors pointing toward the cusp.

We define the section X, C Tin(d2,m0) similarly: it is bounded by two curves ¢},
and ¢, where ¢ is the union of two segments of W¥(vy,) and W?3(v}), and ¢}, is the
union of segments of W"(vy) and W?*(v};). See Figure 3. By construction, we have that
R(c}) = ¢, R(cy) = cr, and:

R (Zin\ Z°) = X0 \ Z%.

If the radius n of Iy was initially chosen sufficiently small, then there exists ng €
(0,1/8) such that
(40) %ut(627 770/2) C Yout C 7:)ut(527 770), and %n((s% 770/2) C Y C 7;”(52’ 770)-

Fix this np.

Let 7#%: ¥;, — Z° be the projection along leaves of W", which is the restriction of
the center-unstable 7% to Y;,. The fibers of 7% are pieces of WW*-unstable manifold.

Let us examine the return time function for the flow on the fibers of 7. Let N be
a small neighborhood of ¥;, \ Z° defined by flowing ¥;,, \ Z° under ¢; in a small time
interval. For v € N, let tx(v) be the smallest time ¢ > 0 satisfying ;(v) € Xous:

(41) tr(v) =1inf{t > 0: p1(v) € Tout};
thus R(v) = @y (v)(v), for all v € Xy, \ Z°.
Let v € Z% and let I C (7%)~!(v) be a closed interval. We say that I is a fundamental

interval if the endpoints of I lie on the same leaf of the WS foliation and the interior of
I contains no points on that leaf.

Lemma 5.3. There exists C1 > 1 such that for any fundamental interval I, the following
holds:

(1) 7 (R(I)) = Z*, and the restriction of ™ o R to the interior of I is a C'T¢
diffeomorphism, whose inverse has uniformly bounded distortion.
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Ein Zout

FIGURE 4. The action of R on fundamental intervals.
(2) For any w € I, we have |R'(w)|| < |I|~!, where R'(w) denotes the derivative of

the restriction of R to I.

Proof. Property (1) follows from the construction of fundamental intervals and the fact
that the foliation WS is uniformly C'+®. Property (2) follows from Corollary o

Lemma 5.4. There exist Co > 1 and a > 0 such that if I is a fundamental interval,
and b(I) = inf,¢cs |b(v)|, then

1] < Colb(D)|+.

Proof. We begin with the remark that if £ = (Jv, upJv) € E*(v), for some v € T},5, then
| Dppe(€)]| can bounded below by solving the Riccati equation along the geodesic
~» with initial condition u(0) = ug and noting that

t t
Do) = ([ s 730, ut) [ ute)as 7i0).
From this we obtain that

t
WW@m=ﬁ+mwéus@

If we assume that §(7(0)),0(y(1)) < d1, then Proposition implies that u(s) >r—1—
€/d, for all s € [0, t]; thus:

—1-
1Dyt (€)] = /T + ul?) / s)ds > /1 + u(t) /T ¢
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Finally, if in addition we assume that v(0) = (t) € Z (equivalently that 5((0)),5(y(1)) =
d2), then Proposition [4.1] implies that u(0) and u(t) are O(1), and so

1+ u(t)? tr—l—ev/tr—l—e
0

V14 u(0)? Jo 0 0

We use this estimate in the calculation that follows.

For a point v € I, let t; be the return time of v for ¢; to ¥,,:. Note that 6(py, (v)) =
§(v) = 02 and b(py, (v)) &~ b(v) (by Proposition [3.2)). Let ty € (0,¢1) be the point where
aliy (v)) = 0.

We write a(t),b(t), c(t) for a(pi(v)),b(ee(v)), c(@i(v)), respectively. Lemma im-
and so

to to b/
exo ([e) zew ([15) = et mo0) = o)
0 0
Thus, since ¢ = r/d + O(1) by Proposition we have

“op -1 -2
€xp < 2 C ’b(0)| ’
o O

hp_1—¢

IR = D B 2 exp [ 7=575) 2 o oy 200,
0
Then, since distortion is bounded on small intervals by Part (2) of Lemma , we have
] = R (w)| 71 < Cafb(0) P97 < Cofb(D)[+,

for some a > 0, since r > 2. ¢

[1Dppr E*|| >

for some C' > 1, and

As a corollary, we obtain:

Lemma 5.5. There exist C > 1 and o € (0,1) such that the following holds. If B

is a Wt-interval in Yin with Z* N B # 0, and I C B is a fundamental interval, then
|I| < C|B|**®. In particular, if |B| is sufficiently small then |I| < |B|/4.

5.2. Building a Young tower.

Lemma 5.6. Fiz a compact set K C T'S, >0 and o > 0. There exists Uy > 0 such
that for any v € K, there existsw € W*(v,0) andt € (0,Up| such that gi(w) € Tin(d2,7m).

Proof. This is a consequence of ergodicity (indeed transitivity) of ¢;, compactness of K,
and the Anosov condition on .

Let n,0 and K be given. Let 01 < 1/8 be small enough such that for all vy, ve € K,
if d(vi,v2) < o1, then W?*(v1,0) N W (vg,0) # O (because 1y is Anosov, this holds for
the restriction of the x metric to K, which is then comparable to the original metric,
since K is compact).

Since ¢y is ergodic (by Corollary there exists u € TS whose backward orbit is
dense in T'S and such that

Pl—01/2,01/2] ('LL) N 7;71<527 77/2) # 0.
Cover the compact set K with a finite collection of o7/2-balls. Fix sy > 0 such that
©-so W?(u,01/4))) has length > o. If s is sufficiently large, then ¢_y, _j(u) meets
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all of the o1 /2-balls, and thus meets every o-center unstable manifold. This implies the
conclusion, with Uy = s1 + 01. ¢

We now describe the procedure for partitioning Ag = Z* \ {vg} into a full measure
set of subintervals {A; : j > 1} mapping onto Ag under 7 o g, where R: (J; A; — R.

We assume o and 7 are very small, so that by Corollary [£.16] distortion is at most
4/3 on unstable intervals of length < 2ng:
Dol [3 4
we W (v,2n) = ————€ |-, =|,Vt>0.
©2m) = Dy © [4°3
Denote by £ > 0 the circumference of Z“, which is less than 1 if d5 is small enough, and
without loss of generality assume 7y < £/2. Let tg: i, \ Z° — R be the return function

defined by .
Fix © C T"S the thick part defined by

O ={veT'S:3(v)> ).

Note that X;, U 3¢ C ©. Lemma [5.6| implies that there exists Uy > 0 such that for
any v € O, there exists w € W"(v,n9) and t € (0,Up] such that ¢ (w) € Tin(d2,m0)-
Let sp be the maximum time needed for a piece of unstable interval to double in length
under ¢;. Let U = Uy~ sg+ 202. Denote by Z° the singular set consisting of all vectors
v € TS with §(v) < 82 and such that ¢;(v) hits the cusp in time ¢ < &o; that is:

2% = 90, (2).

We begin by chopping Z* into a collection Gy of intervals of length in [ng, 219). We
say that an open interval G C Z" is active gap interval at time t > 0 if @ 4y(G)NZ* = ()
and |p¢(G)| € [no,2n0). Thus Gy consists of active gap intervals at time 0.

Recall from Corollary that for all v € X4, \ Z%, pas,(v) € ©. This implies that if
G C Z" is any piece of unstable manifold of length less than 79 such that:

° Pto (G) N Zln # (2)7 and
o (4, (G)) contains a fundamental interval,

then there exists t; € (0,202) such that G is an active gap interval at time to + ¢;.

We now describe an algorithm for evolving an active gap interval to produce new
active gap intervals and other intervals called border intervals.

Let G C Z* be an active gap interval at some time ¢y > 0. We then flow G forward
until the first ¢ > ¢y when one of two things happens:

(a) |@i(G)] = 2no, or
(b) we(G) N Z* # 0.
Either (a) or (b) will occur within time so.

If (a) happens first, we chop G into two new gap intervals, G; and Gao, so that
lpt(G1)| = |pe(G2)| = no. We say that G and Go are born and become active at time
t and write t,(G1) = ta(G1) = ta(G2) = tp(G2) = t. Note that G = G71 U {vg} U G,
where v is the point where the interval G is cut. Since distortion is bounded by 4/3 on
intervals of length < 219, we have:

IGy| [3 4 Gsl 3 2] .
42 — - = d -, = =1,2.
( ) |G2| 6 473 Y an ’G| e 873 7Z Y
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We say that G is inactive in the time interval [t, 00), and that G1, G2 are inactive in the
time interval [0, t).

If (b) happens first, then G gives birth to two border intervals By and By and two gap
intervals G1, G2 as follows. Let v € G be the unique point satisfying ¢(v) € Z°. Let
X1 and X3 be the components of G\ {v} that lie to the left and right of v, respectively.
For i = 1,2, let B; C X; be the largest interval satisfying:

e {v} U B; is a closed interval,
o 1%y (B;) is a countable union of fundamental intervals, and
e %0 (G;) contains exactly one fundamental interval, where G; = X; \ B;.

For i = 1,2, we define the times of birth of B; and G; to be t,(B;) = t,(G;) = t.
Let t,(G;) to be the first time such that ¢y, (q,) is an active interval. Note that since
©(Gi) meets X4y, and 7 (p4(G;)) contains a fundamental interval, we have that ¢,(G;) €
(t,t + 2602]. Similarly, any fundamental interval in 7% p;(B;) will return to ¥, in time
at most 269.

To summarize, in case b) we produce a decomposition of the original active gap interval
G into disjoint subintervals

G =G1UB1UByUGs,

(up to a finite set of points) with the following properties:

e (G; and G5 are gap intervals that are born at time t,(G1) = t,(G2) € [to, to + So,
respectively. For i = 1,2, there exists t,(G;) € [ts(G;), ts(G;) + 202] such that G;
is active at time t,(G;). We say that G; is inactive in the time period (0, t,(G;))
and dormant during the period [ty(G;),to(Gi)).

e By and Bj are border intervals that are born at time t,(B1) = t,(Ba) € [to, to +
so], respectively. For i = 1,2, the set ¢, p,)(B;) is a countable union of funda-
mental intervals, and for any v € B;, we have tg (¢, (p,)(v)) € (0,202].

e Since each 7y, (¢,)(Gi) contains exactly one fundamental interval (and no
more), it has bounded length when it first returns to ©: when this forward
image is projected onto Z" it covers at least once, but not more than twice.
Thus, assuming that d1,79 etc. are small enough, we have that if t; > ¢,(G;) is
the smallest time such that ¢, (Gi) N Xour # 0, then

(43) o (Gi)| € [€/2,30).

e Since each 7%y, ,)(Gi) is contained in two fundamental intervals, Lemma
implies that |¢y, (@) (G1 U G2)| < %]g@tb(Gl)(Gﬂ; since distortion is bounded by
4/3 on intervals of length < 279, we have:

2
(44) ‘GlUGQ‘ < g‘G‘

Starting with the intervals in Gy and applying the algorithm to all active gap intervals,
we obtain for any time ¢ > 0, three disjoint collections of disjoint intervals A, By and Dy,
the active, border and dormant intervals. The set 4; consists of the gap intervals that
are active at time ¢, the set B; consists of border intervals B with birth time ¢,(B) < t,
and D; are the gap intervals that are dormant at time ¢. Let G; = A; U D; be the
collection of all gap intervals active or dormant at time .
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Observe that for any ¢ > 0, we have

z'=JB.ulJaulw,

where V), is a finite collection of points. (Note that at ¢ = 0, we have Gy = Ay, By =
DQ = (Z), and VQ = {’UD}).

Lemma 5.7. There ezists Ao € (0,1) such that for any k > 0:
’Zu \ UBk:U) = ‘ngU‘ < G-

Proof. Let G € Giy. Then G is either active or dormant at time kU. Since an interval
cannot be active for more than time sy < U and cannot be dormant for more than time
209 < U, it follows that G is inactive at time (k — 1)U. It follows that G has a unique
ancestor in G(,_1)y; that is, there exists G' € G_q)y such that G C G’ and G’ gives
birth in the time interval [(k — 1)U, kU].

Now suppose G’ € G—-1u- Then G’ will become active within time 2§, and some
point v € G’ will intersect Z* within time 205 + Uy < U. Thus during the time period
[(k — 1)U, kU], the interval G’ will divide finitely many times, and at least one active
piece will intersect Z°.

The number of times this division can occur is uniformly bounded. As the gap evolves
in the time interval [(k — 1)U, kU], it gives birth to new gaps according to rule (a)
or (b) above. The number of times that case (a) can apply between two occurrences
of case (b) is bounded: if a gap G” is produced by rule (b), then by , we have
lon (G")] € [€/2,30), where t1 > t,(G”) is the first time G” returns to Xyy. In ©, the
derivative D¢, is bounded above, and so any active interval meeting © can divide a
bounded number of times before some descendent meets Z° (which happens within time
Up). Thus the number of times (a) can apply within two occurrences of (b) is uniformly
bounded.

We conclude that G/ = GiU---UG,, UBy---U By, with n > 2m > 2, where
Gi,...,G, € Gyy, and By, ..., By, € Byy. Moreover, there exists N > 0, independent
of k, G’ such that n < Nm. Combined with and , this implies that there exists
Ao € (0,1) such that

|IGLU- - UG, < Xo|G.

Thus [Grrr| < Xo|Ge—1)vl; since |Go| < 1, we obtain the conclusion. o

Let Boo = U;s0 Bt Then B is a collection of disjoint intervals with |Z* \ J Boo| = 0.

Proof of Theorem[5.1, We create a countable collection Z of intervals A; as follows: we
decompose each B € By into a countable union B = | |;5; Ap ; such that for each j,
¢y, () (AB,;) is a fundamental interval. Then we set

I:{ABJ‘ZBGBOO,‘].Zl}.

Note that |Z%\ UZ| = |Z" \ U Bs| = 0, and so conclusion (1) of Theorem [5.1] holds.
We extend the definition of ¢, to intervals in Z in the natural way: if A; C B € B,
we set t,(Aj) = tp(B). For v e Aj CZ, let

Ro(v) = tp(Aj) + tr(#1,a,) (V)
Then Rp(v) is the the minimal time > #,(A;) such that @g () (v) € Zout-
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Lemma 5.8. There exist A € (0,1) and C > 1 such that the function Ry: |JZ — Rsg
satisfies
Hv € UI : Ro(v) > l{:}‘ < ONF,
for each k > 0.
Proof. Since tr is bounded it suffices to find A\; € (0,1) such that

)U (B€Bu: ty(B) > k}‘ < ONE,

But this follows immediately from the construction with \; = \¢ appearing in Lemmal5.7]
o

We now define the return time function R: |JI — Rsp. Recall the projection
7 Your — Z" along the leaves of W5. The fibers of 7° are local W* manifolds.
Over each point v € X,y there lies a unique point w(v) € W; (7°(v)) such that
w(v) = @) (v), for some small value of 7(v). Let Sour = w(Eout)-

Lemma 5.9. The function r: Loy — R is uniformly C1T, and Loy is a C1T mani-
fold. The map w: Sowr — Sour is a C1TY diffeomorphism. The manifold Yoy is C1T
foliated by local W?-leaves:
Eout C U Wlsoc(vl)?
v'EAp
and the projection T : Yo — Z* along these local leaves is a C'T submersion.

Proof. This follows from the fact that the foliation W?* is uniformly C'T<. o

We define R: (JZ — R by R(v) = Ro(v) + 7(¢Ry(v)(v)); it has the property that
PRw)(v) € Yout- Lemma implies that for each v € |JZ, there exists a unique v’ € Ag
— namely, v' = Tpp(,(v) — such that pp,)(v) € Wi (v'), giving conclusion (2).

For A; € Z, we define hj: Ag — A; to be the inverse of the map Fj = 7% o pp) =
T o gyt Aj = Ag. This is well-defined, because

T (Pr()(A))) = T (R(T 0 ¢y, (a,)(A))) = Ao,
since @y, ( Aj)(Aj) is a fundamental interval. Since 7° is a submersion, and the map
v = R(T%py,(p))(v) is a diffeomorphism from A; onto its image, the composition is a
diffeomorphism from A; to Ag. Thus its inverse h;: Ag — Aj is a diffecomorphism. This
establishes conclusion (3).

Note that [h;(v)| ~ ||D};j (U)cho(hj(v))H_l, and so conclusion (4) holds. Conclusion (5)
follows from the facts that ¢; has bounded distortion and the map 7 is uniformly C1*.
Indeed note that the map F}; = hj_1 can also be expressed in the following way. We fix
some point ¥ € A; and consider the image pg(;)(4A;) under the constant time flow ¢ p(s).
This is a piece of unstable manifold that meets ¥,,;. The map F; = h;l is just the
composition F; = m° o @p ;) of this flow with the center-stable projection 7°: U — Z*,
defined in the beginning of the section. This latter projection is a uniformly C'*+®
submersion and a local diffeomorphism when restricted to local unstable manifolds,
since the foliation W is uniformly C'*®. Thus h; is uniformly C'*.

Let’s examine the map R o h;. Again fix a point ¢ € Aj, and consider the image
©Ro(9) (Aj), which is a piece of unstable manifold meeting Yo, at the point @p ;) (0).
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It follows that there is a uniformly bounded C? function 7: ¢ Ro(9) (Aj) — R such that
)

@i,y sends the piece of unstable manifold ¢ g ;) (4;) to V/\7;j)c(<p Ro(9)(0)) C Xout- Then
Ro(v) = Ro(0) + 7(©Ro(5)(v)), and so R(v) = Ro(0) + 7(©Ry(5)(v)) + 7(PRo(v) (v)). Thus

| R ()] < |7 (@Ro(0) OIDy Ry )|

Hr' (o) ()] (1D5 2 R0 ) 1| + 122 R0(0) )T (0 R (0) D Dy 0 R 0)]1)

= 7 (©Ro(6) WDy ro (@) | (1 + [T (€ Ry () (W))]) + 17 (2 Ro () O D2 o () -
The derivatives 7’ and 7' are uniformly bounded. Since |h}(v)| < HDhj (0)® Ro(h; o)) I

we obtain that there exists a uniform constant C' > 1 such that |(R o h;)'| < C, for all
j. This gives conclusion (6).
Since the function 7 is bounded, Lemma implies that for each k > 0, we have

Hv S UI:R(U) > k:}’ < C')\k;

since |h}| < |A;l, this gives conclusion (7) of Theorem where € > 0 is chosen so that
Aexp(Ce) < 1.

Finally we verify that the UNI Condition in conclusion (8) holds. This is a direct
consequence of the fact that ¢; preserves a contact 1-form w, which implies that the
foliations W?® and W*" are not jointly integrable. The details are carried out in Lemma
12 of [1] (in the Axiom A context) and Lemma 4.2 and Corollary 4.3 of [4] (close to the
current context). ¢
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