ABSTRACT DERIVATION AND LIE ALGEBRAS*

BY
NATHAN JACOBSONY

The purpose of this paper is the investigation of the algebraic properties
of the set of operations mapping an algebra on itself and having the formal
character of derivation in the field of analytic functions. Some of the results
obtained are analogous to well-known theorems on automorphisms of alge-
bras.] The considerations in I are general and quite elementary. In IT and III
we restrict ourselves to the derivations of an associative algebra having a
finite basis and in the main to semi-simple algebras. A number of results of
the theory of algebras are presupposed. These may be found in Deuring’s
Algebren, Springer, 1935.

I. DERIVATIONS IN AN ARBITRARY ALGEBRA

1. Let R be an arbitrary algebra (hypercomplex system not necessarily
commutative or associative, or of finite order) over a commutative field §.
Then R is a vector space (with elements x, y, - - - ) over § (with elements
@, 3, - - - ) in which a composition xyeR is defined such that
(1) @+ y)z=2z+ 3z, s(x +y) =2z + 2y, (3y)a= (sa)y = x(yo).

A derivation D of R is a single valued mapping of R on itself such that
(2) @) (# + 9D = «D + yD, (b) (v)D = (2D)e, (c) (xy)D = (xD)y + x(yD).

Thus D is a linear transformation in the vector space R satisfying the special
condition (2c). It is well known that the sum D,+D,, difference D,—D,,
scalar product Da and product DiD. (defined respectively by x(D:=+ Dy)
=xD, +xD;, x(Da) =(xD)a, x(D1Dy) =((xD1)Ds) of linear transformations
are linear transformations. If D, D,, D, are derivations we have besides

3) (23)(D1 £ Do) = (x3)D1 £ (xy)D2 = («D1)y + x(yDy) £ («D2)y £ x(yD)
= (x(D1 £ Dy))y + x(y(D1 + D)),
(4) (#y)Da = ((xy)D)a = ((xD)y + x2(yD))a = (xDa)y + x(yDa),

* Presented to the Society, December 31, 1936; received by the editors November 6, 1936.

+ National Research Fellow.

1 A direct connection between derivations and automorphisms may sometimes be established.
For example if R is the ring of polynomials § [x] where § is a field of characiterstic 0, and D is defined
by f(x)D=f'(x) the usual derivative then exp D=1+D+D2?/2!+ - - - is an automorphism since
f(x) exp D=f(x+1).
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(xy)D1D; = ((xy)D1)Dy = ((xD1)y + 2(yD1))D,
= (xD1\D2)y + x(yD1D;) + (xDy)(yD,) + (xD:)(yDy).
Thus D+ D,, Da are derivations, but not in general D,D.. However (5) shows

that the commutator [Dy, D;]|=D,D,—D.D, does satisfy (2c) and so is a
derivation. We recall the relations

(6) [Dy, D] = — [Ds, Du], [[Dy, D2, Ds] + [[Ds, Ds], Di] + [[Ds, Di], D:] = 0.
As a consequence of (2) we have Leibniz’s formula:

(7) (xy)D* = (xD*)y + C1(«D*")(yD) + Cy,2(«D*?)(yD?) + - - - + x(yD*).

Hence if § has characteristic %0 we have

(8) (xy)D? = («D?)y + x(yD?);

i.e., Drisa derivation.

By a restricted Lie algebra of linear transformations we shall mean a sys-
tem of linear transformations closed relative to the operations of addition,
subtraction, scalar multiplication, commutation, and taking pth powers, if p
(=0 or a prime) is the characteristic of the field over which the vector space
is defined.* With this definition we have

THEOREM 1. The derivations of an algebra R over § constitute a restricted
Lie algebra D of linear transformations in R.

(5)

We call © the derivation algebra or, more briefly, the d-algebra of R over §.
It should be noted that we are regarding D as an algebra over §.

2. Suppose D, E, Dy, D,, - - - are elements of any associative algebra 9.
As a generalization of the multinomial theorem in a commutative algebra we
have
©) (Dl+Dz+---+D,)'°=Z{l.)‘ > D}

Ji g2t e

where the summation is extended over ji, - - -, j- such that j.=0 and
ji+ - - +j.=k and where {D,---D,/ji---j.} denotes the sum of the
(it - - -+ /(! - - - 7+1) terms obtained by multiplying ji of the D’s,
ja of the Dy’s,- - - , 4, of the D,’s together in every possible order. Let
D;+D;+ --- +D;=D,,,...., where iy, 13, - - - , i, are distinct and have val-
ues in the range 1, 2, - - - , k. Consider

Dfl...,-k —ZD?‘---M_, + -+ (= l)k_lEDﬁ =0,
¢

(4

* We use the convention D=0,
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where »_cD¥,...; denotes the sum of the Ci, terms obtained by letting
i1, -+ - , 1, run through all the combinations of 1, 2, - - - , % taken s at a time.
By (9), Q is a sum of terms of the form {D,, - - - Dn,/j1 - - - j:} Where jo >0
and 71472+ - - - +j.=k. Since

{Dml [ Dm} {Dml e sz Dn1 T Dn,}
i e ji - je 0 -0 J’
where n1, ns, - - - , #, are distinct indices different from m,, m,, - - -, m,, the

term {Dn, - - Dm/f1 - - - j} has the coefficient Ci_.,r in D ¢D%,. .4y, and
hence the coefficient of this term in Q is

Cr—tk—t — Citiimtmr+ - - + (—' 1)’°_'Ck-z,0 = Ok,

i.e., =0 or 1 according as £¢ or £=¢. Hence

Di---D *
(1) Doty = X Diigy + - -+ + (= D T Dy = { 1 }
C C i ---1
Since
{D1+~--+D, D} _Z{D1~~-D, D}
k 1f jiooge 1f°

where j, =0 and i+ - - - +j,=k, we may derive the following formula simi-
lar to (10):

Dijoiy D v~ fDi Dy _ Dy Du D
(1) { k 1}_“'+(_1) Zc:{k 1}_{1 S 1}'

If in (10) and (11) we set 7, of the D’s equal to Dy, j: equal to Dy, - - -, 71 equal
to D, then {Dy---Dy/1- -1} and {D,--- DiD/1--- 11} become re-
spectively (].1’ . jl'){Dl . 'Dz/jl' . jl} and (].1! . ].z!){Dl ..
D.D/jy - - - ji1} and we obtain expressions for these as sums of kth powers
and as sums of terms of the type { ED/k1}.

An analogue of (7) is

. (12) DE* = E*D + Cp E*¥'D' + - - - 4 D
- where D’=[D, E], - - -, D®=[D4WD, E]. Hence
EDE*!' = E*¥D + Cr1 1 E¥'D' + - - - + C_1,;E¥DD 4 - - - 4+ EDGD,

and summing on /=0, 1, - - - , 2 we have

* If we set Dy=Das= - - - =D=1 in (10) we obtain the identity
ke —Cra(k—1)*+Cio(k—2)%— - - - +(—1)F1Cs pa1k=Ek)
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E D
(13) {k 1} = Crp11E*D + - -+ + Ciyr, i1 B¥D@D 4 . .. 4 D0

since

Cri+Cri+ - +Cii = Cryripr.
If the characteristic of % is p %0 special cases of (12) and (13) are

E D

(14) (a) |[D, E?] =DW, (b) { } = D1,

p—11
Equations (11) and (14b) show that {D; - - - D,/1 - - - 1} is expressible as
a linear combination of (p—1)-fold commutators, i.e., of the type D>
where D=D, and E is a sum of the other D,’s. Hence we see also that
Gil---7) {Dy-- - Di/jr-- -7} where ji+ - - +j,=p is a linear sum
of (p—1)-fold commutators. If no ji=p, (ji! - - - 7:!) #0 (mod p) and so
{D\D; - - - Di/jrja - - - j1} is a linear sum of (p—1)-fold commutators and
(9) becomes

(15) (Di+Dy+---+D)»=D?+D?+---+DP + S5,

where S is a linear sum of (p—1)-fold commutators.

3. If ® is any system of linear transformations we define the enveloping
algebra A of D to be the totality of linear combinations of products of a finite
number of elements of ©. We call k the degree of the monomial D\D; - - - Dy,
D;eD. Suppose D is a Lie algebra of linear transformations and consider
D\D, - - - D; where k<p if p#0 and arbitrary if p=0. We have

Dy DiaDipDiDiys- - - Dy =D\Dy- - - Dy + D+ - Di_\D'Dyyy - - - Dy,

where D’ = [Dij1, D:]eD. Since any arrangement 412 - - -4, 0f 1, 2, - - - |
may be obtained from 1, 2, - - -, k2 by a sequence of transpositions of adjacent
indices

DilDiz ct e Dik = D1D2 te Dk+ R,
where R is a sum of terms of degree <k%. Hence

{DlDz"'Dk

— (A)DDs - - - D + S,
11'”1} (kY)D\D, +

where degree of S <k. Since the left-hand side of this equation is expressible
by (10) as a sum of kth powers of elements in D and k!0 (mod p), we have
by induction that DD, - - - D, is a linear combination of /th powers of ele-
ments of © where I< k.
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THEOREM 2. If D is a Lie algebra of linear transformations the elements
in the enveloping algebra N of degree k<p if p=0 and of arbitrary degree if
p=0 are expressible as linear combinations of lth powers I< k, of elements of D.*

If © is restricted (10) shows that {DiD:--- D,/jij2- - - j,} €D if
H+p+ - - - +j.=pand DeD. This transformation is also expressible as a sum
of (p—1)-fold commutators of elements of ®. Since (Di+D;+ - - - +D,)#
=((Di+Dy+ - - - +D,)*)rfors, js, - - - ,j-such that ji4+74 - - - +7,=p*,

we have
( Dl DZ s Dr Dl D? o 'Dr
D, D, - D, } }
. . }‘:Z ku k12"'k1r ~]?21 k22"'k2r ’
Jv J2 o g J
my s o
where the summation is extended over the non-negative integers such that
the ordered set (ku, ki, - - -, k1r) # (Bm1, Bm2, * + * , Bmr) fOr I#m and
ki + k4 + k= pFt I=12---),
mytme+ - =p,
kliml+k2im2+"'=ji (i=172,"';r)'

Hence we see by induction on % that {D\D, - -- D,/jijs - - - j.} €D for all
J1, Je, - - - Such that 14+ - - - +j.=p".

4. Because of (14a) we are led to the definition: A restricted Lie Algebra R
of characteristic p (=0 or not) is an algebra (i.e., satisfies (1)) in which the
composition [x, y] (in place of xy) satisfies

(16) [x’ y] = - [y7 x]’
(17) [[# 3], 2] + [y, 2], ] + [z, =], y] = 0,

for every y there exists an element denoted as y? such that
—————
(18) [ [, p19] - 9] = [, 7]
for all x. A restricted subalgebra & of R is a subalgebra containing y? for every
vy in &. Similarly we define restricted ideal, etc.t}
Suppose R is an associative algebra. We may define a new composition
[x, y] =2y—yx in terms of xy defined in R. It is readily verified that R is a

* This is a slight extension of a result announced recently by M. Zorn (Bulletin of the American
Mathematical Society, vol. 42 (1936), p. 485). Cf. H. Poincaré, Sur les groupes continus, Cambridge
Philosophical Transactions, vol. 18 (1899), pp. 220-255.

1 For definitions of the important concepts in the theory of Lie algebras the reader is referred to
Jacobson, Rational methods in the theory of Lie algebras, Annals of Mathematics, vol. 36 (1935), pp.
875-881.
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restricted Lie algebra if y7 is defined as the pth power of y in . We shall call
this Lie algebra the restricted Lie algebra determined by the associative R.

5. If R is any algebra the mapping a,: x—za is a linear transformation
and will be called the right multiplication determined by a. Suppose D is a
derivation in . Equation (2c) gives the commutation relation

(19) la,, D] = (aD),.

Similarly we define a; as x—ax and call this mapping the left multiplication
determined by a. In place of (19) we have [a;, D] =(aD),. If R is a Lie algebra
a.= —a; and, by (16) and (17),

(2, y]a. = [2a,, y] + [=, ya,].
Thus a, is a derivation which we call inner.

THEOREM 3. The totality of inner derivations of a (restricted) Lie algebra N
is a (restricted) ideal & in the d-algebra D of R. I=N/C where G is the centrum
of R.*

If a, and b, are multiplications associated with a and b it follows directly
from the definition of % that a,+b,=(a +b),, a,a = (ac),, [a., b.]=[a, b], and
if R is restricted (a,)? = (a®),. Hence & is a subalgebra of © and is restricted
if R is. Furthermore the correspondence ¢—a, is a homomorphism between
R and &. Since the elements of € are the ones corresponding to 0 in this
homomorphism ®/€=~=g. Equation (19) shows that & is an ideal.

Suppose R is associative and D a derivation. D is also a derivation in the
restricted Lie algebra determined by %. Hence the d-algebra of % as an asso-
ciative algebra is a restricted subalgebra of the d-algebra of & as a Lie algebra.
Moreover the inner derivations x— [x, a] are derivations of the associative it
since

[xy, a] = [=, a]y + =]y, a].
Thus & is a restricted ideal in the d-algebra of the associative %.

If R is associative, D its d-algebra, De® and ce€ the centrum of % then
¢,=c;=c and it is easily verified that Dce®D also. Hence D has € as well as
& as a set of multipliers under which it is invariant. A subalgebra € of ©
which contains with every element E also Ec for every ¢ in € will be called a
C-subalgebra of D.

If R is arbitrary, DeD the elements keR such that 2D =0 are called D-con-
stants. Their totality is a subalgebra. If 2D =0 for all D then & is a constant.
If R has an identity 1 we have 12=1 and hence 1(1D)+(1D)1=1D or 1D =0

* The centrum is the set of elements ¢ such that [¢, x]=0 for all xin R.
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so that 1 is a constant. More generally if D, is a subalgebra of © we denote
the set of elements % in &R such that £D; =0 for all D;eD; by R(D1). R(Dy) is
a subalgebra. On the other hand if ®, is a subalgebra of % we define D(Ry)
to be the set of derivations E such that x:E=0 for all 2;eR:. D(Ry) is a re-
stricted subalgebra of . Evidently D(R(D1)) 2 D; and R(D(RY)) o R If R
is associative with centrum €, D(R,) is a restricted €-subalgebra of D.

S is a characteristic subalgebra of R if it is mapped on itself by every ele-
ment of ©. The subalgebra of constants Ro, the centrum € and the powers of
R are characteristic. If & is characteristic, (&) is an ideal. In particular
D(Q) is an ideal containing & if R is associative or a Lie algebra. The deriva-
tions mapping R on the characteristic subalgebra © also form a restricted
ideal @. In the case of a Lie algebra or an associative algebra the ideal asso-
ciated in this way with € is the annikilator of J, i.e., the set of elements G
such that [a,, G] =0 for all a,. This is an immediate consequence of (19).

II. DERIVATIONS IN AN ASSOCIATIVE ALGEBRA WITH A FINITE BASIS

6. In the remainder of the paper ® will denote an associative algebra
with a finite basis over §. We propose to study the d-algebra D of R.

THEOREM 4. If R=R1DR> and R =NR1, RF =Re then D=, DD, where
D s isomor phic to the d-algebra of N;.

R, is characteristic; for N2 =R, and so the arbitrary element x, of R,
has the form Y_y:21, 31, z:6R1. Hence 2.0 = (y120) D =) (m:D)z1+2_y1(z21.D) eI
since this is an ideal. Similarly R, is characteristic. Let ©; be the ideals map-
ping R onto N;. Since RN R =0, D.N D, =0 and hence [D1, D] c DN D,
=0.1 If x=2x1+22, x;R; and D any derivation, the mappings x—x1D=xD,
and x—x,D =xD, are derivations in D; and D. respectively. Since D = D;+ D,
D=9 D,. The isomorphism between D, and the d-algebra of R; follows
directly from the fact that the transformations of ®, induce all the deriva-
tions in 9%, and map R, into 0. Similarly D, is isomorphic to the d-algebra
of RN..

Let «1, %, - - - , %, be a basis for R over § (R=u:F+%F+ - - - +#.F) and
SUDPPOSE X:%; =) _%,Yij, Ypii€F- If D is a derivation in &% and

(xlD, ng, Ty xTD) = (xlr Xy © 0 7y xT)A; A= (ati)y aiie%;
then the condition (x.x;) D = (x;D)x;=x:(x,D) gives
(20) Z QpYpii = Z Yioipi + Z Y kipQp g (G, k=1,2,---,1),
) 3 p

a set of #? linear homogeneous equations for the coordinates «;; of A. Con-

1 [%,9B] denotes the smallest subspace of D containing all the elements [4, B],where A€, BeB.
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versely if A is any matrix whose coordinates satisfy (20) the linear transforma
tion D determined by A satisfies (x:x;)D = (x:D)x;+x:(x;D) for all 7, 7 and
hence (xy)D = (xD)y+x(yD) for all x, y, i.e., D is a derivation. Now suppose
R is a field containing § and let Reg=x:8+ 2.8+ - - - +,8 and D* be the
d-algebra of Ry (over §). Evidently the matrix A also determines a deriva-
tion D* in Rg. Furthermore since the maximum number of linearly independ-
ent solutions of (20) in & is the same as in § it follows that if Dy, D,, - - -, D,
is a basis for ®© then D, D#, - - -, D} is a basis for ®*, and if [D:, D;]
=ZDp“niJ', D} =ZDPVPi (kois, ¥5i€), then [Aiy Ai] =ZAPNDH; A7 =ZAPVM' and
hence [D#, D¥]=2_D}u,i;, (D¥)*=2 Dx*v,;. Thus we have proved
THEOREM 5. If D is the d-algebra of R then Dy is the d-algebra of Rg.

7. We now consider the d-algebra of a semi-simple algebra 9. Since
R=FPR:D - - - &R, where N; are simple and R? =R, we have as a con-
sequence of Theorem 4

THEOREM 6. The d-algebra of a semi-simple algebra is a direct sum of alge-
bras isomorphic to the d-algebras of its simple components.

We suppose therefore that R is simple and let € denote its centrum. € is
an algebraic field over § and is characteristic. Let €, be the subfield of con-
stants of €. Because of (19),

[Dy, Ds]eo = [Dico, D2] = [Dy, Daco],

where ¢y here denotes the multiplication determined by the element ¢, of €,.
Thus D as well as i may be regarded as an algebra over €,. We may there-
fore suppose that €=, i.e., the only constants in € are the multiples of 1
by elements of §. In this case we shall show that € is an inseparable field of
a simple type over §.

Let ¢ be any element of € not in §. Since cDeG, we have

¢()D = (c"+cy1+ - +v)D
(21) = (re '+ (r = Deyvi+ -+ vr-1)(cD)
| = #()(eD),
where ¢’(\) is the formal derivative of the polynomial ¢(A) in the polynomial
ring §[A]. If ¢(c) =0 is the minimum equation of ¢ and D is chosen so that
cD#0, (21) gives ¢’(c) =0 and hence ¢’(\) =0. Thus ¢ is inseparable. In par-

ticular if the characteristic p=0, €=g and R is a normal simple algebra.
If p0, c» =v€§ since ¢*D = pcr—*(cD) =0 for all D.

LemMma 1. If § is a field of characteristic p#=0, the polynomial \?—a is
either irreducible or a pth power of a linear factor in F[N].
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Suppose A\? —a is reducible and ¢(\) of degree <p is an irreducible factor,
say

A —a=¢MNYN), (6N, ¥(N) = 1.
Differentiating we obtain
0 = r¢(N) o' NY(N) + o(N)¥'(N).

¥'(\) =0 implies that ¢(\)r divides r¢(\)"'¢’(M)¢Y(N\) and ¢(N\) divides
r¢’ (M) Y (N). Since ¢’(N) #0 and (p(\), ¢ (N)) =1, it follows that » = p and hence
Y¥(\) has degree 0 contrary to the assumption ¢¥’(\) #0. Hence y'(\) =0 or
¥ (\) has degree 0 and may be taken to be 1. Then r¢(N)™¢’(A) =0 and so
r=p, N2 —a=¢(\)”.

We return to the consideration of the structure of € in the case p#0. If
€ #=§ choose ¢1€G, ¢§. c1” =7v:1€F. The polynomial A\» —v; is irreducible in F[A].
For otherwise A»—vy;=(A—108)?, 8¢F and A»—vy,=A—c))?=(A—0)?, c; =8
contrary to the choice of ¢;. The order of F =F(c1) over § is therefore p. If
C=F choose c:6C, ¢F'. c2? =v26F and the polynomial A\» —+. is irreducible
in §'. Hence §2=F'(cs) = F(c1, ¢2) has order p over F and consequently p2
over . Continuing in this way we prove that €=§ (c1, ¢z, - - - , m), €2 =7
and € has order p™ over §.

8. We determine first the structure of the d-algebra D of a normal simple
algebra R, i.e., €=F. The following theorem is fundamental.

THEOREM 7. If & is a semi-simple subalgebra of R, any derivation in © may
be extended to an inner derivation in R.T

By Wedderburn’s theorem % is the totality of #X¢ matrices with coordi-
nates in a normal division algebra @. In particular the elements z of & are
such matrices and we have a representation z—z of @ by matrices in . We
suppose first that this representation is irreducible. If D is any derivation
in & it is readily verified that

@ =) G

are also representations of & by matrices (2¢X2¢) in @. Since, as E. Noether]
has shown, every representation of a semi-simple algebra by matrices in a
normal division algebra is completely reducible, any two representations with

t This proof is an extension of an argument communicated to me by R. Brauer.

1 E. Noether, Nichtkommutative Algebra, Mathematische Zeitschrift, vol. 37 (1933), pp. 514~
541. The theorem is stated here only for simple algebras but the proof given is also valid for semi-
simple algebras.
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the same irreducible parts are similar. Thus the two representations in (22)
are similar, i.e., there exists a fixed non-singular matrix

a a
4 = ( 11 21>’ aie R
12 Q22
(o) G o) -G ) G2)
zD z a91 Qg2 91 Q22 0z

2d;11 = @113, 2a12 = Q12%, (ZD)au + 2d21 = Q3;%,

such that

for all z¢&. Hence

(ZD)d]_g + 2Q99 = QA292.

By Schur’s lemma, @;; and ay, are either 0 or non-singular and both cannot
be 0 since A4 is non-singular. If a,,0, we set a = —auai! and if @, =0, we
set @ = —as0:5°". Then aeRt and 2D = [z, a] as was to be shown.

If z—z is not irreducible it is completely reducible and so there exists a
fixed matrix b in R such that

21
b~ 1zb =

21

and z—z; are irreducible representations of &. As before

(@) ()
2> y z2—>
(ZD).' 2 0 3z

are similar representations of & and there exists a matrix a; such that
(zD):= [z, a:]. Then if
a,

az

a
b-1(zD)b= [b~'2b, a] and zD = [z, bab~'], bab~leR.
As a special case we have

THEOREM 8. The d-algebra of a normal simple algebra contains only inner
derivations.

COROLLARY. If R is simple, D(C) =T.
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If DeD(C), (xc) D = (xD)c for all x and all ce€. Thus D is a derivation of %
considered as an algebra over €. By Theorem 8, D is inner and so D(€) ¢ &
Since & > D(€) we have equality.

Suppose again that %R is normal simple. Theorem 8 implies that
D =J~R/F where R is the restricted Lie algebra determined by the associa-
tive R and § is the centrum consisting of the multiples of 1. We may extend
& to the field R such that R = &, is the complete matrix algebra of order 2
over &, i.e., 8, has a basis e;; (4, 7=1,2, - - -, n) such that e;er;=dz6::.
We consider the structure of the Lie algebra R, having basis e.; also and
multiplication table

(23) less, ext] = Sinea — Sien;.

The centrum of &, is & the totality of multiples of 1 =e;;+e2+ - - - +épn.
This is an ideal as is &,/ = [R,, 8.]. From (23) follows that e, e, — e,
if #s. Evidently every element of &, has trace 0. Conversely if a =) _eo;
and tr(a) =an+an+ - - - +a.=0,

a = (611 - enn)all + (322 - enn)a22 + c + (en—l,n—l - enn)an—l.n—l

+ Z €500 ts€R
ts

and so R, is the set of matrices of trace 0 and is generated by e —eénn,
€22 = Cnny * * *  €n1,n—1— E€nn, €15 ($7%5). These n2—1 elements are evidently line-
arly independent and hence form a basis for .. Since (e, —e1)? =€, —ey,
e;=01if p=0 is the characteristic of &, & by (15) contains the pth power of
every element belonging to it, i.e., R, is a restricted ideal. ®, contains 1 if
and only if tr(1) =#=0 (mod p).

Suppose ¥ is an ideal =& in &, and b= e;;B:/B, ¢R. Suppose
first B.,#0 for some pair #, v, 0. If #>2, choose #v, #u and then
[[[2, v, €], €]Bit=eeB. If p£2, [[b, €w], ] (—2Bu)t =, eB. If
all B, =0 then b =enBu+e2982+ - -+ +€naBns and since b ¢, B B., for some
pair »=v and hence [b, ey,] (Buu—PB) ' =¢6,,€8. Thus in any case unless
n=p=2 B contains an e,;, s=¢ and since by (23), [e., £.]=8/, B> ..
If 8= R, B=K..

Any ideal of R,/8 the derivation ring of the associative algebra &, has
the form B/ ® where B is an ideal in the Lie algebra &, containing &. If pfn
the only such ideals are & and &,. Hence £,/8 is a simple Lie algebra, i.e.,
has no proper ideals.

If p|n and either p>2 or n>2, &,/ & has one proper ideal £, /® and this
is restricted. It may be shown by a direct argument similar to the above that
R. /R is simple except when p =# =2 and hence the Lie algebra &,/ & is semi-
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simple. Since R, /8 is the only proper ideal in £,/ the latter is not a direct
sum of simple ideals.f

THEOREM 9. If R is a normal simple algebra of order n* and p | n? then
the d-algebra D of R is simple.

THEOREM 10. If R is normal simple and p|n® but either p=2 or n>2 D is
semi-simple though not simple.

To prove these theorems we note that a proper ideal B of D becomes a
proper ideal B, of Dy the d-algebra of Re when § is extended to &. By choos-
ing R so that R =R,, De= R,/ R it follows that D has no such ideals if p}n2
If p|n? and either p>£2 or n>2, [D, D]g> R /R is a proper restricted ideal
of Dy and hence D' =[D, D] is a proper restricted ideal in D. D’ is simple
since Dy is.

If n=p=2 it is easily seen that ®/8& and hence D is solvable.

9. We consider next the d-algebra D of the other extreme case, namely,
R=C=g(c, ¢, - - -, cm) Where ¢ =v; and the order of R over § is pm,
p#0. Let D be any element of © and consider the correspondence D—

(aD, ¢:D, - - -, cwD) mapping D on the space R™ of ordered m-tuples of
elements of . This correspondence is linear relative to § and since
aD=cD= - - =¢,D=0 implies that D=0 it is (1—1). Moreover if

(dy, do, - - -, d») is an arbitrary element of R there is a De® such that
c:D=d;. For R~F [N\, Ns, - - -, A ]/B where P is the ideal having the basis
AP —Y1, AP Y2 ", >‘mp —Ym- If dlo\l) T )‘m): d2(k17 ) xm); IR
dn(\1, - - -, \») are arbitrary polynomials, then the transformation D de-
fined by
6, Ny, -, A)D = 2 it )‘2(;)‘ 2 An) Ay Nay -+ 5 Am)

is easily verified to be a derivation in F[A;, Ae, - -+, Am]. I 2(A;, Ng, - - -, A0) B
then zDeP also. It follows that D induces a derivationin F[Ay, A, - -+, An]/B,
i.e., in R and since di(\1, - - -, N\») were arbitrary, D may be chosen so that
c:D=d;. We have therefore established an isomorphism between © and R™
considered as vector spaces over §. The order of R is mp™ and hence the
order of ® is mp™ also.

LemMA 2. If R is any commutative field, D a derivation in it, and § the
subfield of D-constants, a necessary and sufficient condition that the elements
Vi, Ve, -+ -, Vr be linearly dependent over 5 is that the Wronskian

t If p=0 a fundamental theorem due to E. Cartan, Tkése, Paris, 1894, states that a semi-simple

Lie algebra is a direct sum of simple algebras. The algebras 8,/ for p|  show that this does not hold
for 0. A second example of this type will be given below.
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M Yo oY,

le y2D P yrD _ 0

ler—l y2Dr—1 P yrDr—l

The usual proof of this result for analytic functions is valid here.{ As a
consequence we have

LeMMA 3. The differential equation y(D'+D a4 - - - +a,) =0, a;eR,
has at most r solutions yy, ya, - - - , v in R linearly independent over §.

It has been shown by R. Baerfthat if R is a field of the type F(ci,ce, - - -, €m),
c® =v.e3, there exists a derivation D such that the D-constants are precisely
the elements of §. Let D denote a fixed derivation of this type and set ¢D =¢’
for any ceR. D», D?*, - - - are derivations and since % is commutative the
transformation Dao+D?a;+ - - - +D?" a,_; is a derivation for arbitrary
right multiplication a; (=a,) in R. If Dag+D?a,+ - - - +D?" 'a,,_1=0, i.e.,
y(Day+Dray+ - - - +Dr" 'a,,_,) =0 for all y in K, it follows by Lemma 3
and the fact that § is the set of D-constants that all a;=0. Thus as the a;
vary in % we obtain in this way mp™ linearly independent (over §) deriva-
tions and hence the complete algebra ©. We shall therefore call D a generator
of ®. Since D*™ is a derivation we have

D?" = D" bpy+ D*" "bny+ - - - + Dby
Taking commutators with D we have by (19),

0= Dby + D*"byi_s+ - - - + DbJ,
and hence b/ =0, i.e., b; =8¢, and
(24) D" = D" By + D*" Bng + - - - + Dfo.
As a consequence of (19), we note also
(25) [D?*a, D*ib] = Dr*a#Dp — Driptrhig,

where ¢ =gD¥. If E=Da>0 then the E-constants are the same as the
D-constants since the multiplication a is non-singular and hence E is a genera-
tor of D also.

THEOREM 11. The d-algebra of the field R=F (c1, ¢, - -+, Cm), €2 =7: IS
simple except when p=2, m=1.

t See, for example, T. Chaundy, Differential Calculus, Oxford, 1935, p. 106.
1 R. Baer, Algebraische Theorie der differentiierbaren Funktionenkirper. 1, Sitzungsberichte,
Heidelberger Akademie, 1927, pp. 15-32.
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Let 850 be an ideal in © and E=Dbo+D?b;+ - - - +D?b;, b;%0, j <m,
belong to B. We call j the length of E and suppose E chosen in B so that j
is minimal. We assert that j=0. For if >0 we may suppose b;=1. This is
evident if b/ =0 or b;=p;¢§ and if b/ =0, [E, D(b/)~'] =Dbs*+ Db+ - - -
+D7’l€5-8 But if E=Dbo+pr1+ cee +Dpi—lbj_1+Dpi then

[E, Da] = D(abo' _— (l,bo —_ s = d(pi_l)bj_l - d(pj))
+ Drab{ + - - - + D 'ab/_,;.

[E, Da] has length <j and may be chosen 50 since by Lemma 3 a may be
"chosen so that abd —a’bp— - - - —a®Vb;_;—a® 0. This contradicts the
minimality of 7 in 8 and shows that E=Db,, by>0. Since E as well as D is a
generator of ©, by changing the notation we may suppose that 8 5 D. Then
B> [Da, D]=Da’ also. Since the null space of the linear transformation D
in R has order 1, the order of %’ the set of all @’ is p»—1 over §. If 1 ¢R’ the
smallest space containing all ¢’ and 1 is R. Since 8> D and Da’, B will then
contain Da for all a in R. Also if p=2, 853 [Da’, Db]+1[Da’b, D]=Da’’b
and since ¢’/ is not identically 0 and b is arbitrary, 8 > Da for all a. Suppose
finally that p=2 and R’'>1, say «’=1. Here 8> [[D%, D], Db]=D%'"b
+Da’b"”’. If m>1, a’’ is not identically 0 and hence b may be chosen so that
a'’b=u. Set a'b’’=v. B>5[Du+Dv, Dal+D(va+wua’+a)'=D% and
[D%, Db)+D?a’b=Dab"’. Thus in any case unless p=2, m=1, 8> Da for
all a and since [D**b, Da]+Da®b=D?»b'a, B> all D?a so that B=2.

If p=2, m=1, D has order 2 and hence is solvable. In all other cases the
algebras D are simple algebras which, like inseparable fields, have no counter-
parts for p=0.

If E is any derivation, the totality of expressions E**a,+E” 'a;+ - - -
+Eag, a:eR is, by virtue of (15) and (19), a restricted R-(=G-)subalgebra
€ of D. Conversely if € is any restricted R-subalgebra of D, € is generated in
this fashion. To prove this let E=D?gy+D* g+ - - - +Dg., g0#0, be an
element of smallest length in €. Since € is an R-algebra we may suppose that
go=1and then E=D»"+D?»"'gi+ - - - +Dyg, is unique. If F=D?ho+D? '},
+ - - +Dhe€, fze and

Fy=F — Evhg= D? kg + - - - + Dhyy

by (135) and (25). F, has length <f—1 and belongs to €. Repeating this proc-
ess we obtain an expression for F of the form E*“gy+ - - - +Ea;_,.

If as in T we denote the elements of % which are constants for all the deri-
vations in € by R(€) it is clear that R(E) coincides with the subfield & of
E-constants. On the other hand if E is any derivation, & the set of E-con-
stants, then the argument at the beginning of this section shows that E gen-
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erates the d-algebra D(&) of R considered as a field over &. Hence D(&) =G,
i.e.,

DR(E®) = €.

If & is any subfield of R, D(S) contains an element E such that the E-
constants are precisely ©. Hence R(D(©)) cannot be larger than & and so

R(DE@)) = 6.

We have therefore proved

THEOREM 12. There is a (1-1) correspondence between the subfields S of R
containing § and the restricted R-subalgebras € of the d-algebra T of R over §.
The correspondence is given by either € =D(S) or S =R(E).

10. We now suppose that R is simple and that %> € > F where €=
S(c1, €2, +, €m), ¢ =7v; and p=0. Let D denote the d-algebra of R over
% and € that of € over §. If De®, D induces a derivation in € and hence ©
is homomorphic with a subalgebra @, of €. Since D(€) is the set of elements
corresponding to O in this homomorphism, we have E;~D/D(C). But by
the corollary to Theorem 8, D(€) =& and hence €,~D/F. We wish to show
that @1 = @

R may be regarded as a normal simple algebra over € and there exists a
separable field G(s) over € such that % X €(s) =E(s). the matrix algebra of
order n? with elements in €(s). As has been shown by Albert the separable
extension €(s) of the inseparable field € has the form R(ci, - - -, cm) =Cpq
where & is a separable field over §. Now consider Rg. The centrum of this
algebra is €p =GC(s) and if x1, 2,, - - -, *.. form a basis of R over € they are
also a basis for Rg over Cg = €(s). It follows that Re =R X C(s) =C(s),=(Cg)n.

The d-algebra of Ry is Dy and the ideal of inner derivations of Dy is Fe.
If E*is any derivation in Gy over &, the correspondence Y ei;c.f—p e:;(c:FE¥),
cifeCyq is readily verified to be a derivation in Ry inducing E* in €,. Hence
Dgp/Je is isomorphic to the complete d-algebra of €¢ and so has order mp™
over R. Since Dg/Fe2(D/F)e, D/ has order mp™ over F. Comparing or-
ders we have E~D/J.

THEOREM 13. Suppose R is a simple algebra of order n® over its centrum
C=F (c1, €2, - * , Cm), C® =7s, p7~0. Then the d-algebra of D over R is semi-
simple unless p=2 and either n<2 or m=1.

Let 8B be a solvable ideal in D. B+ 31 is an ideal and (B+3J)/J is a solva-

t A. A. Albert, Simple algebras of degree p* over a centrum of characteristic p, these Transactions,
vol. 40 (1936), p. 113.
1 B+ denotes the smallest space containing B and J.
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ble ideal in ©/32~E. But by Theorem 11, € is simple. Hence (3+3)/3 =0
or 8+3=3 and B ¢ 3. However, by Theorem 10, & is semi-simple and so
B=0.

® is not a direct sum of & and a second ideal. For we have seen (§5) that
the elements commutative with all elements in & are those mapping R into €.
If F is such an element, then F* the extension of F maps Re into €g (cf.
Theorem 5). If e;;F* =c¢,}eCy, it follows from e;;ex: = 8;1€:; that ¢;*=0. Hence
(es;c*)F* = e;;(c*F*) for c*eGgp. If this belongs to € we must have ¢*F*=0.
Thus F*=0, F=0, and D is not a direct sum.

III. THEORY OF D-FIELDS

11. In this part we propose to study R=F (c1, ¢, - -+ , Cm), €# =i, p=0
relative to the fixed derivation D and shall obtain several analogues of theo-
rems on automorphisms of cyclic fields. Without loss of generality we may
assume that § is the field of D-constants and hence D is a generator of the
d-algebra of R. We have seen that D satisfies (24),

D*" = D*"78; + D" By + - - - + DB,

and no equation of lower degree of the form D'+Dla,+ - - - +a,, a:eR.
Suppose 1, Y2, - * -, ¥pm is @ basis for R and

(le’ y2D7 T yp”'D) = (3’1, Yoy, © 0y yp”')A A= (aii)-

If f(\) is the characteristic function |[A\1—A|, then by the Hamilton-Cayley
theorem, f(D) =0. Since the degree of f(\) is p™ we have

(26) JOY =M — Al =" = A8 — - - — A

Since the characteristic and minimum equations of 4 are identical, 4 is simi-

lar to
(0 0

Bm
1 0
B
0

10
It follows that % has a basis of the form z, zD, 2D?, - - - |, 2D?™1 ie., Risa
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cyclic space relative to the linear transformation D.f

A polynomial of the form A»*+4X?7'p;+4 - - - +Np, will be called a p-poly-
nomial. A subfield @ of R containing § and »D for every v in & will be called
a D-subfield of ®. Thus & is a space invariant under the transformation D.

THEOREM 14. There is a (1-1) correspondence between the D-subfields of R
and the p-polynomial factors of f(N).

Any subspace & of R is cyclic with generator w. If g(\) is a polynomial
of least degree such that wg(D) =0 then g(\) is the minimum function of D
acting in & and the order of @=degree of g(\). g(\) is therefore uniquely
determined by & and is a factor of f(\). For if A(\) =f(\)g(\) +g(N)r(\)
=(g(\), f(\)) then wh(D)=0 and since g(\) is minimal, gA) =4(\). Con-
versely if g(\) is a factor of f(A), f(A\) =g(\)E(\), the vectors v such that
vg(D) =0 form an invariant subspace &. & > zk(D), zd(D)D, - - - if z is a
generator of R, and if the degree of g(\) is 7, zk(D), zk(D)D, - - -, zk(D)D"!
are linearly independent. Hence the order of & is 7. On the other hand the
minimum function of D in & is g(\) so that order of & is r, &= (zk(D),
zk(D)D, - - - ). Thus we have a (1-1) correspondence between the invariant
subspaces & of R and the factors g(A) of f(\). If & is a field, D is a generator
of the d-algebra of & over § and hence g(\) is a p-polynomial. Conversely
if g(\) is a p-polynomial and vy, 1:¢@, i.e., 1:1g(D) =1,g(D) =0, then since g(D)
is a derivation, 119,¢(D) = (v1g(D))v.+2:(v2g(D)) =0 so that & is closed under
multiplication and hence is a D-subfield of R.

Suppose gA\) =A"+N"Tpi 4 - - - HNpe, BN =N AN T'g 4+ - -0 Aoy
and e<f. Then g\) —A(\)*7 =N*"'71+ - . - 4+Ar._;. By repeating this pro-
cess we may express g(\) in the form

gN) = NP7 + ENZor + - - -+ B(Nweys + (V) (w1 =11,
where 7(\) is a p-polynomial of degree <p’. Sincer(\) is the remainder ob-
tained by dividing g(A) by 4(\), by continuing the euclid algorithm we find

that (g(\), A(N)) is a p-polynomial.
If (M) is any polynomial (coefficients in §), then

M= kN)g:(N) + si(N) (G=0,1,2,---),
where degree s;(\) <degree £(\) =7. Since there are at most » independent
polynomials of degree <r there exist elements, ay, s, - - - , a, not all 0 such

that s,(N)ao+s.—1(N)aa+ - - - +50(A)a, =0 and hence

t For a discussion of cyclic spaces see Jacobson, Pseudo-linear transformations, Annals of Mathe-
matics, vol. 38 (1937), p. 496.

1 This term is due to O. Ore, On a special class of polynomials, these Transactions, vol. 35 (1933),
p. 560.
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B(N) = NPag 4+ N lay + - -+ Ay = EQN) D ¢i(N) e,

i.e., any polynomial is a factor of some p-polynomial.} Since the h.c.f. of p-poly-
nomials is a p-polynomial, the p-polynomial of least degree divisible by £(\)
is unique. We denote it by {#(\)}.

Now suppose & is a subspace of & invariant under D and £(X) is the mini-
mum function of D in ©. Let {&} denote the enveloping field of &. {&} isa
D-field and D has minimum function {¥(\)} in {S}. If &, and &, are in-
variant subspaces, £:(\), k(\) the corresponding minimum functions, then
©:1+©; and &, N &, are invariant and the associated functions are respec-
tively [£:(N), 22(\) ] and (B1(N), &2(N)).

12. Let 9 denote the algebra of linear transformations generated by D
and the multiplications of R. Since D*"~'a;+D?"~%a2+ - - - +a,»=0 implies
all a;=0, I has order p?~ over § and hence is isomorphic to §,= the algebra
of all pmX p™ matrices in §. The multiplication of the elements of I may be
ascertained from the multiplications of the elements of % and the rules

(27)  (a) aD = Da+ &', (b) f(D) = D*™ — D?" '8y — - - - — DB = 0.

Let ¢ be an arbitrary element of i and consider the powers of D;=D+c¢.
From (27a) we obtain by induction

(28) D = (D + C)k = Dk 4 Ck'le_lvl(C) + C];,QD"_2V2(C) e I = Vk(C),

where

(29) Vile) = ¢, Vi(e) = Viale) + Vialo)e.
For k=p7, (28) specializes to

(30) Dri= (D + ¥ = Dv + V3(c).

D, evidently satisfies (27a), and from (30) and (27b) we have as the con-
dition that D, also satisfies (27b),

(31) V(e) = Von(c) = Vma(c)B1 — - - -+ — Vi(c)Bm = 0.

On the other hand if D, satisfies (27) the correspondence D—D;, a—a defines
an automorphism of M and conversely. Since every automorphism of
IM~F,m is inner there exists an element BeIN such that

B%wB=a, B'DB=D

for all ¢ in R. Since R has maximum order for a commutative subfield of I,
B =beR and hence the second condition gives

t This result is due to Ore, loc. cit., p. 581.
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(32) c= b,

i.e., ¢ is a logarithmic derivative. We have therefore proved

THEOREM 15. A necessary and sufficient condition that ceR be a logarithmic
derivative is that (31) hold.

This is an analogue of Hilbert’s theorem on the elements of norm 1in a
cyclic field. V(c) takes the part of the norm and derivation that of the gen-
erating automorphism of the cyclic field.

We denote the set of logarithmic derivatives by 2. Since —b /b
=("1'/(b~Y)and b'/b+c'/c=(bc)’/bc, R is a group under addition and the
correspondence b—b’/b establishes a homomorphism between the multiplica-
tive group of R and L. The elements corresponding to 0 here are those of §.
Hence SR/

By means of the recursion formula (29) we may prove by induction

33 Vi) = gP Pyi=Y —f'—~(f—)(f~)ﬁ .

alpl - \1! 2!
where the summation in P;; is extended over all non-negative integers such
that
at+B+yv+--- =14, a+28+3v+ - =

(The coefficients in P;; are understood to be the integers obtained by cancel-
ling the common factors in j!/(a!8! - - - )(1)=(2D)# - - - .) By (33) it is easily
seen that V,(c) =c?+c®D, Since

= (D" )P = (DY + Vi(c))? = D¥ + V,i(c),
we have
(B4 Vi) = (V1) + (Vimi(c) #=w ),
and hence
(35) Vi) = o# 4 (¢ )P f (¢PPD)EE £ gleiD),

Then V,i(c)’ =c® and so by (27b), (V(c))' =0, i.e., V(c)eF for any ¢ in R.
Also by (35), or more directly by (30),

(36) V(b +c) =V(®)+ V().
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